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Abstract

Theoretical Analysis of Marangoni Instability of an Evaporating
Droplet by Random Forcing Theory

The stability analysis for a time-dependent fow is difficult because the disturbances
are continually interacting with the basic flow field which itself is evolving with
time. In addition, there still exists no universal instability criterion. In order to
simulate the constantly introduced disturbances and its interaction with the basic
flow field, the random forcing theory with a stochastic formulation is applied to
analyze the onset of Marangoni instability of an evaporating droplet. Results from
the previous studies are included for comparison. It is indicated that similar trends
for the onset of instability are predicted by different methods which include the
linear stability analysis with a frozen temperature profile, the energy method, the
initial-value technique, and the random forcing theory. However, due to the lack of
experimental data, it is hard to decide at this moment which method is the most
appropriate one. Nevertheless, they are all in some way helpful in understanding the
physical mechanism and the onset of the Marangoni instability of an evaporating
droplet.
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Chapter 1

Introduction

1.1 BACKGROUND

The stability of fluid systems in a transient basic state is a very complicated phe-
nomenon. There exists strong coupling between the transient basic state and the
perturbed fields. Hence, not only the criterion for the onset of instability but also
the onset time is crucial to such a transient problem.

Most theoretical works on the determination of the onset time of the instability of
a time-dependent flow can be classified into three categories, namely, the method
of “frozen” time, the energy method, and the method using initial-value technique.
The first method is to obtain the marginal stability by freezing the diffusing basic
state at a specific time of interest ([1], [5], [18], [26], [27], [67] ). The energy method
can determine the lower bound of the onset time {[15], [16], [17], {25], [32], [33], [38],
[39], [40], [41], [51], {52], [60]). These methods can predict the onset time of convec-
tion without any arbitrariness since the time appears only parametrically, but the
calculated onset time is, in general, considerably lower than the experimental obser-
vations. The initial-value technique was introduced by Foster [21] and investigated
afterwards by other researchers ([10], [24], [48]). With suitably chosen initial dis-
turbances and amplification factors, the onset time predicted by this method agrees
well with that measured. However, the results show a marked sensitivity to the ini-
tial data [24] and, to fit the experiments, amplification factors ranging over several
orders are necessary. Another theoretical weakness of the initial-value approach lies
in the assumption that the disturbances are present only at the initial instant.

In an actual laboratory experiment, disturbances of unknown amplitudes resulting



from several disturbances sources {e.g., vibration, roughness, unevenness in heating,
etc.) are always present. It is unlikely to have identical initial disturbances in two
experimental runs. Some investigations ([4], [22], [48], [53]) regarding the experi-
mental determination of the onset time have been reported, indicating that when the
same experimental run was carried out in two different apparatuses, no substantial
difference in the measurements of the onset time was found. Thus it was suggested
that the initial disturbances had no effect on the onset time and all evolutions in
an experiment were statistically correlated so as to have reproducible average trans-
port. Moreover, they might have evolved from a statistical distribution of the initial
disturbances. In light of these observations, it seems appropriate to develop a model
in which the random nature of the disturbances is treated statistically.

At the earlier stage, the study of random convection problems was mainly on the ef-
fects of the randomly chosen initial conditions. With the controlled and uncontrolled
initial conditions, the effects of the random noise on the onset of fluctuating flow in
a layer heated from below have been examined experimentally [7] and theoretically
{6]. Because of the existence of several possible static solutions, the randomness in
the initial conditions and the small imperfections became amplified and would not
be so easy to die away as in the case when the static sclution was unique. Small
amounts of noise in the initial conditions would cause contimuous variations of the
flow pattern. Although they did not dominate the development of the convection
pattern exclusively, they tended to obscure qualitatively the differences in the con-
vection flows in different parametric ranges of the system. Similar results regarding
the stability of the convective flow in a cubic box of fluid-saturated porous material
heated from below have been reported by Straus & Schubert [64] and by Horne [34].
The flow pattern at a particular value of Rayleigh number was not unique and was
determined by the initial conditions (randomly chosen). They led to either steady
two-dimensional or steady three-dimensional convection. In view of the indetermi-
nacy of the final steady-state configuration, the authors suggested that, if a sufficient
number of numerical calculations was taken, it would be possible to characterize,
from a probabilistic point of view, the set of random initial conditions leading to a
particular form of convection.

Furthermore, a random force term has been added to the governing equations with
the consideration of the continuous presence of noise during the evolution of insta-
bility. By adding the Gaussian white noise to a dynamical system, Ludwig [46] has



shown that a system, at an asymptotically stable equilibrium state, would eventu-
ally lose its stability with the influence of random effects. The persistence of the
system, which was referred as the expected time elapsed before leaving its stable
state, could be evaluated approximately by means of the asymptotic solution of the
resulting diffusion equation when the strength of the noise was small. Including the
random-force terms suggested by Landau and Lifshitz [44], Zaitsev & Shliomis [70]
and Graham [23] studied the hydrodynamic fluctuations near the critical Rayleigh
number of a liquid heated from below with different boundary conditions. The
velocity and temperature fluctuations increased strongly when the critical Rayleigh
number was approached, and their time-dependent correction functions were also ob-
tained. Later, the onset of Rayleigh-Benard convection was reconsidered by Jhaveri
& Homsy [36]. By introducing the thermodynamically determined fluctuating forces
into the governing equations, they tried to describe the time evolution of a periodic
solution (two-dimensional rolls in horizontal direction) to an ordered convection.
An ensemble mean Nusselt number was calculated from N independent sample re-
alizations. Three stages in the evolution of an ordered convection from random
fluctuations were identified and discussed.

Following their earlier work, Jhaveri & Homsy [37} then solved the randomly forced
initial value problem numerically at high Rayleigh numbers for both the cases with a
step change and a temporally linear increase in surface temperature. The onset time
was defined as the time at which the mean Nusselt number first reached the value
M,, which corresponded to the smallest value of mean Nusselt number. The wave
number at the onset of convection was still considered to be the fastest growing
one. Excellent agreements were found between the analysis and the experiment.
Kim et al. {[42], [43]) considered a similar case, where an initially isothermal fluid
layer confined by two rigid horizontal surfaces was suddenly heated from blow with
& constant heat flux. The dependency of the onset time (defined as the ensemble
mean of the time at which the bottom-surface temperature started to decrease for the
first time) on the heat flux and the effects of Prandtl number and Rayleigh number
were examined; the results agreed quantitatively well with the experimental data.
Motivated by the works of Jhaveri & Homsy, Chen et al. [9] performed numerical
calculations on the stability of an unsteady circular Couette low with random-force
effect. Compared with previous theoretical works, the results showed significantly
improved agreement with the experiment.



In order to consider the effects of continually imposed, random disturbances in a
stability study of unsteady flows, the random-force theory is employed in the present
study to seek the onset time of instability of an evaporating droplet. The mechanism
for the onset of instability induced by the surface tension in an evaporating liquid
is similar to that of the classical Marangoni instability. A condition of constant
heat flux from the free surface is usually used to model the evaporation. Since the
temperature distribution in the liquid phase is destabilizing, the system will become
unstable under certain circumstances. Many studies have been made to analyze the
instability of a planar liquid layer suddenly cooled from above or heated from below
(12}, [3], (15], [26], [27), [32], 3], (5], [52), [54), (53], [58], [59], [61], (63, [65], {66,
[68], [71]). Much less work has been done on the onset of Marangoni instability in
a spherical geometry.

With a constant heat and mass flux, the instability of a deformable spherical droplet
suspended in another immiscible liquid was investigated by Sorensen et al. [62] us-
ing linear stability analysis. In recent years, Pirotte & Lebon [56] analyzed the
Marangoni instability of a spherical liquid layer with an undeformable free surface.
The critical Marangoni number obtained was higher than that of the planar case
[54]. They suggested that it was mainly due to the existence of surface curvature.
Investigations were also focused on the problem of instability in a spherical liquid
layer with a non-deformable or deformable free surface ([11], (12], {29], [30],[31]). A
review of recent work concerning the Marangoni instability in spherical geometry can
be found in the research by Lebon, Dauby and Cloot [45]. Wilson [69] extended the
earlier work of Pirotte & Lebon [56] to include the effect of a deformable free surface.
Ha [26] and Ha & Lai [27] modeled a configuration similar to that of Wilson. The
effect of phase change during the evaporation process was considered by simultane-
ously solving the energy and species equations. With the quasi-steady assumption,
the sufficient conditions for the onset of Marangoni instability of an evaporating
droplet were determined. The results indicated that, for a non-deformable droplet,
both the critical Marangoni number and the critical wave number increased with
the initial temperature and decreased with time. Generally, surface deformation is
a destabilizing factor. Later, Ha [28] solved the same problem by energy method.
Results were in accord with her previous work. In addition to the estimation of
the onset time of Marangoni instability of an evaporating droplet with initial-value
techniques, Chou [10] further illustrated the physical mechanism of the instability



by analyzing the linear energy balance of the onset mode.

In the above studies, disturbances are present only at the initial instant. Such a
classical approach of examining the fate of disturbances introduced at some initial
time seems unrealistic. Therefore, it is of interest to model more appropriately the

effects of these ever present disturbances by introducing the random-foree terms.

1.2 OBJECTIVES OF THE RESEARCH

The aim of the present study is to simulate the situations close to the laboratory
experiments by investigating the stability of an evaporating droplet with the inclu-
sion of continually imposed random disturbances. Firstly, the governing equations
of the system are derived. The stability criterion are then cbtained. Comparison
with the results obtained previously will be discussed finally.

The basic assumptions and the corresponding mathematical formulation for an evap-
crating droplet are described in Chapter 2. In Chapter 3, the onset time of the
Marangoni instability of an evaporating droplet is obtained and the results are pre-
sented and discussed. Finally, conclusions from the present study and the future
work will be given in Chapter 4.



Chapter 2

Mathematical Formulation

Evaporation at the surface of a liquid is an unsteady process involving heat and
mass transpcrt.. The process of evaporation also leads to a local reduction in the
temperature of the bulk liquid near the surface. Marangoni instability may then be
induced by such a surface temperature reduction and the consequent variation in

surface tension.

General descriptions of the onset of Marangoni instability of an evaporating droplet
can be referred to Ha [26] and Ha & Lai [27]. Attention is paid specifically to the
evaporation of a quiescent droplet. The mathematical formulation and the criterion
of the onset of instability will be given in the following.

2.1 THE GOVERNING EQUATIONS AND BOUNDARY
CONDITIONS

The physical system consists of a motionless droplet of radius rg, surrounded by a
passive gas with an initial mass fraction Y, of the evaporating component and at
temperature T and pressure po,. The droplet is criginally at pressure py and the
same initial temperature Ty as the surrounding gas. A schematic diagram of the
physical model is depicted in figure 2.1.

Strictly speaking, evaporation is never a steady process since the position of the
free surface is changing and the surface temperature and evaporation rate keep
decreasing during evaporation. However, by comparing the time scales of the gas
phase and the interface regression (referred to table 2.1) with the time scale of the
heat diffusion in the liquid phase, the gas phase (the surrounding air) can be treated



as asymptotically steady and the position change of the interface is negligible in this
study. This approximation will become more reasonable by choosing a material with
a higher density ratio between the liquid phase and its vapor and a larger size of

droplet.

To addition, all physical properties of the fluid except the surface tension, which is
linearly dependent on temperature, are assumed constant. Throughout the work,
the gravity effect, viscous dissipation and radiative heat transfer will be neglected.
The free surface is undeformable and both the liquid and gas phases are assumed

incompressible.

With these basic assumptions and by introducing the following dimensionless vari-

ables

T ~ v t
R=—, V'= , T= \
o o1 /To T /oy
T D Y
= ——— e ——— Y'=— , 2.1
mphigrolki P oo frd Yo (2.1)

the dimensionless governing equations for the flow, which take the same form as in
a previous study by Ha [26], are

v-Vy =0, (2:2)

V-V =0, (2.3)
%(ﬁ*-vﬁ*+¢pr;) = V), (2.4)
Pin(a;f+ﬁ*-vﬁ*+vp;*) = vV, (2.5)
¢(Vy VT}) = VT, (2.6)

Tl sipvr = v, @)
buLe(V; - VY]) = VL. 29

In the above equations, V is the velocity vector; T is the temperature; p denotes
the pressure and 7 is time. Y, is the mass fraction of the liquid vapor and Yj is
its initial value at the droplet surface. ¢, = f;- is the thermal diffusivity ratio and
P = f:r- is the density ratio. Pr = ¥ is the Prandtl number and Le = £ is the Lewis
number. Subscripts g and ! refer to the gas phase and liquid phase, respectively,
and superscript * indicates that the physical quantity is dimensionless.

7
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The initial conditions, 7 = 0, are

V=0, Tr=0. (2.9, 2.10)

Vi=0, T'=0, (2.11, 2.12)

p,=pL, Y =Y.=0 (2.13, 2.14)
At the center of the droplet, R = 0, the boundary conditions are
V=0, 77 = finite. (2.15, 2.16)

At the droplet silrfa,ce, R = 1, the continuity of velocity, mass flux, temperature
and heat flux, the non-condensible condition of the passive gas and the balance of

forces must be satisfied. They are expressed as follows.

Ugy = Upgs  Ugr = Uggs (2.17, 2.18)
* ’ 1 . -
uR‘: - R - —('U,ng - R) = EU, (219)
ba
T; = 17 =15, (2.20)
ary 10T, m
B3R —¢—k SR + —y (2.21)
1 o 1
> o= (g - )u; 2.22
daLle OR (Yo v )uR,g’ ( )

4 uaz 1 Oup,

9 u3.9 1 3‘11."3‘3
A R +

3R R =/ R 94 ]
= —, (2.23)
1 Ouy b uj 1 Ou} 8 uj
R, X )] [ R.g R X} )]

Sl mmeos TR RN T (Reme 5e

—¢u[R5 ]+ [Rag

_ gMaoT
= Remoog 2



oue 2Py, Ol P
(=5l +2Pr—it) = (= p) + 2= L (2.25)

— Ay gl Tt

Y a, OR ) Cr’

where ¢, = % is the heat conductivity ratio and ¢, = % is the viscosity ratio.
Ev = % is the dimensionless evaporation rate per unit area per unit time at the

free surface. The expression for Ev will be obtained later by using the velocity field
of the gas phase. Cr = &2 is the Crispation number with g being the surface

ooro
{8 /8Ty mihy 'r'g
Har k|

initial evaporation rate at the droplet surface and hy, represents the latent heat of

tension at T, Ma = — is the Marangoni number, where m{ is the

evaporation at Ty. R is the regression rate of the droplet which will be neglected in
the later analysis while is still retained here for the sake of mass balance.

2.2 THE BASIC FLOW

Since the attention is focused on the evaporation of a quiescent droplet, no motion
occurs in the liquid phase. The pressure in the droplet is then constant and can be
determined by the condition of normal-force balance on the surface, equation (2.25),

as follows

* QPT; 4PTg 1
R o Py PLALRRCC M Fyrry

The radial velocity, pressure, temperature, and liquid vapor distribution in the sur-

In*(1 - Yo(1)) + 9. (2:26)

rounding gas phase can be derived analytically in the following forms from the
corresponding equations and boundary conditions.

In(l-%) 1

Uhe = o T (2.27)
S ((11_—};(11)));: T (229
Y= gli-0-Yw, (2.30)
hrgel _ 1
where Y, (1) = — Ii)-[lTexT;[%itl—i] ~ ]



is the mass fraction of liquid vapor at the droplet surface. The dimensionless evap-
oration rate is then determined by the condition of continuity of mass flux, equa-
tion (2.19), i.e.,

1

Bv = " Legald, - 1)

In(1 — Y,(1)). (2.31)

The temperature field of the droplet, 7} (R, 7), can not be solved easily in an analytic

form and has to be determined from the following energy equation and conditions:

oIy 1 8 0Ty
5 T REBR GR (2:32)
= 0’ TE"‘ — 0, (233)
R=10, T;" = finite, (2.34)
R= I iyl ' 2,
1, 7 3R TrBi+ @ (2.35)

In equation (2.35), the first term of the right hand side represents the heat transfer
to the ambient by convection and the second term denotes the heat flux due to
evaporation at the free surface, with the parameters defined as

1 _ (1 -Y,(1))z:
Bi = T In(1 ‘.r’,,(l))(l TYE 1 (2.36)
Q = _?11_' _ In(l - Y,(1)) (2.37)

mh  In(l—Yo(1))’
2.3 THE STOCHASTIC FORMULATION

It is the purpose of this work to develop a simple but more realistic theoretical model
to predict the onset of the instability of an evaporating droplet. Generally, the
random force due to the continually imposed random fluctuations can be considered
to be a stochastic variable with a specified probability distribution. The most basic
mode is the molecular thermal fluctuations, which can be represented by a Gaussian
white noise [44]. In order to demonstrate the analysis as mathematically simple as
possible, only a Gaussian distribution of the infinitesimally small fluctuations within

10



the droplet is assumed. Hence, the linearized dimensionless equations {of the liguid

phase) for the fluctnating quantities, are as follows

V-V o= 0, (2.38)
¥4
%(%"; +Vy) = VAV + V.8, (2.39)
¢
%—iJrV’-VT* = V¥4 Vdq. (2.40)

The effect on the Marangoni instability of an evaporating droplet due to the sur-
rounding atmosphere is directly determined by the thermal and mass boundary

“f”

conditions on the interface (shown later). The superscript is used here to de-
note the disturbances while I, used for the liquid phase previously, is omitted for
simplification. $’ and q' are, respectively, the Gaussian random stress tensor and
Gaussian random heat-flux vector. The statistical corrections of the dimensionless

random quantities are given as follows:

<§> =0, (2.41)

<qd> = 0, (2.42)

< SRy, 1) S4(Ra, 1) > = ®183(Ry — Rp)di(m — 7), (2.43)
<qgh > = $o83(R1 — Rp)di(n — 1), (2.44)

<Spg> = 0, (2.45)

with ®; and @, being the variance of the random stress tensor and the random heat
flux vector respectively. d; and &, are the three dimensional and one dimensional
delta functions. Usually, ®; is a much smaller parameter compared with @, for most
fluids ({36), {42]), and so q' can be neglected in what follows.

The boundary conditions at the center of the droplet are
V', T' = finite. (2.46, 2.47)

On the free surface, the boundary conditions are

, OPBuv

11
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PR W R < TR (249
Rsline%iff R%(% - _REEH%TJ’ (250
_p'+2p-r%;ﬁ = %PrMaT’, (2.51)

—% = (Bz‘+g§fT"+%)T’,
= T (2.52)

Equations (2.38)-(2.52) are solved numerically to find the onset mode of the Marangoni
instability of an evaporating droplet.

2.4 THE DISTURBANCE KINETIC ENERGY EQUATION

One difficulty encountered in the stability analysis of a time-dependent flow is that
there is no obvious definition of instability. To detect the onset of convection, some
statistical mean value properties of the ensemble are chosen for representing the
evolution of disturbances. To evaluate the onset time, Jhaveri & Homsy ([36], [37])
have defined the onset time as the time at which the ensemble mean Nusselt number
reached a prescribed number M,. The value M (> 1) corresponds to the smallest
mean Nusselt number the measuring instrument could detect. Kim et al. ([42],
[43]) introduced a modified Nusselt number whose value started to grow at the
onset time. Chen et al. [9] determined the onset of instability by measuring the
departure of the axial velocity from a nonzero mean velocity, which was computed
by averaging the axial velocity over the time interval of interest. However, in the
present study, the growth characteristics of the disturbance kinetic energy is chosen
for the determination of the onset of Marangoni instability of an evaporating droplet.

First, consider the mechanism of the classical Marangoni convection as described
by Pearson [34]. The physical system is a static liquid layer heated from below.
When a hot spot appears on the interface as a result of some random temperature
disturbances, the resultant thermocapillary stresses generate a surface flow away
from the spot in all directions. Conservation of mass is then satisfied by a vertical
upflow underneath the spot. Since the temperature of the fluid increases downward
from the interface, this upflow heats up the spot. If the vertical temperature gradient
in the layer is large enough, the convective heating will overcome the cooling effects

12



of conduction and the temperature of the surface hot spot will increase. The system
is then unstable. Hence, energy being continually extracted from the basic-state
temperature field to the perturbed field is a good indication for the occurrence of
convection. A similar situation is involved in the onset of the Marangoni instability
of an evaporating droplet. Therefore, the energy transfer between the basic state
and the perturbed field would be an appropriate criterion to determine the onset
time of instability. In the present study, the onset time of instability is defined as
the time at which the disturbance kinetic energy is equal to or greater than 1000

times of its initial value as suggested by Chen et al. [8].

By taking the dot product of equation (2.39) with V' and, then, integrating over
the whole droplet with the aid of the continuity equation (2.38), the equation de-
termining the rate of change of the kinetic energy, Eii,, is derived:

1 dEn 1d |V 1 . L .
— = —— = AV AV f
Pr dr Prd-r<< 2 > Pr<<v( P> +<«<V-(VxVxV)>
- (VxV) - (Vx V>
~ €V (V-8 >, (2.53)

where <« > denotes the volume integration over the whole droplet. Taking into
account the boundsry conditions and using Green's theorem, the rate of change of
the kinetic energy can be written as

i dEkin
Pr dr

=pm+ D1+ D2+ Ds. (2.54)
In the above expression, p; denotes the pressure work done by perturbed field, i.e.,
p = _L«v. (V'p') >
1 PT 3
, Oug

TJ
= 2 [ (@ 28)ds + 2Ma f U dS. 2.55
[g( Ra_R) s °R (2:55)

where ¢ has been replaced by equation (2.51) and symbol § denotes the evaporating
surface of the droplet. I); is the rate of viscous dissipation
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D-——<<(V><E?’)-(Vx?')>>+2f(i‘2_?é%+£“ Uy 8u’R)dS
a sS\RE "R R Ren0 dp /™
(2.56)

Dy is the work done by Marangoni forces acting on the droplet surface in the lati-
tudinal and azimuthal directions

o uaan w, o7 .
= M/ R 50 Rsin@c’iqﬁ)ds’ (2.57)

and Ds is the work done by random forces

D= V' (V-8)>. (2.58)

Details of the derivation can be referred to the work of Chou [10]; besides, the
random-force terms have to be included in the momentum equation.

The disturbance kinetic energy equation (2.53) must be exactly satisfied by any
solution of the linearized stability problem. If the rate of change of kinetic energy is
positive (8, Fyin > 0), the basic flow is unstable. Therefore, terms on the right hand
side of equation (2.53) with a positive (negative) sign are destabilizing (stabilizing).
Sine I is negative, referring to the results of Chou [10], it is stabilizing. How-
ever, the sign and the magnitude of D3 depend sensitively on both the form of the
onset mode of instability and the random forces. Unlike I3, the work done by sur-
face forces (D;) and pressure (p;)} depends solely on the perturbation solutions of
equations (2.38) - (2.40) on the surface.

Therefore, the numerical calculations of the perturbed fields and the disturbance
kinetic energy are presented in next chapter. The the onset time of instability
is then determined by investigating the time evolution of the disturbance kinetic

energy.
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Chapter 3

Numerical Simulation

The random fluctuations in an evaporating droplet are taken into account as a
Gaussian white noise source, by adding the fluctuating §-correlated force. With ob-
servation of the growth characteristics of the disturbance kinetic energy, the onset
time of Marangoni instability of an evaporating droplet can be obtained. In the
following, the random fluctuating problem, equations (2.38) - (2.52), and its distur-
bance kinetic energy (2.53) are solved numerically. The results are then discussed
and compared with that obtained by the other theoretical works ({26], [27], [28],

[10])).

3.1 SOLUTION PROCEDURE

By virtue of the continuity equation, the two tangential stress boundary conditions,
equations (2.49) & (2.50), can be combined into a single one (see Appendix A):

52 ; (2+ L) (Rufy) Ma ,
W(R’L&R) - R2 = B L T, (31)
where
c_ L8 6, 1 &
L= sin969(31n639)+sin293¢2’
d 0
. p2o2_ Y pe @
with V? denoting the Laplace operator in the spherical coordinates, i.e.,
2 _ 10 g0, 1 8. ..,6, 1 &
V' = %R T Eawese 0 T mamgag Y
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By eliminating the pressure term in equation (2.39), the perturbed R-momentum
equation in terms of u; can be derived as follows (see Appendix B):

(VP — ===} V*(Rup) = F, (3.4)

where F = B-V x ¥V x V- & arises due to the random stress tensor.

Motivated by the operator L?, the spatial dependence of the fluctuating flow can
be simplified and the random dependent. variables are represented as spherical har-

monics components with random time-dependent amplitudes, i.e.,

Rup = U(R,7)Y"(6,9), |
T = S(R,7)™(0,¢) (3.5)

The spherical harmonics Y;™ satisfies the following equation

1 & 0 1

me26" 58 * 75 a¢2]Yfm(9 #) =l DYE4),  (39)

wherein

Y (0,4) = P(cos )™, (3.7)

and Fy*(cos @) is the associated Legendre polynomials.

Substituting equation {3.5) into the dimensionless governing equations and bound-
ary conditions and using the orthogonality property of the spatial functions in the
fundamental region (0 < ¢ < 27,0 < @ < 7} , the following time evolution of the
random amplitudes U(R, 7) and $(R, 7) are obtained, viz.

2 24 I(+1) 2 d  Kl+1)

[E}ﬁ;ﬁﬁ' 7 ][dR2 RaEE_ @ U=h 33
2d +y,, ver
[ﬁ RdR~  R? I = R AR’ (3.9)

where the random forcing term f(R, 7} is

(2n+ 1) (n — m)!
2r  (n+m)!

o
f(R,7)= fo /; F P*(cos#) cosme sin 8 d0 d¢. (3.10)

Moreover, the random forcing function f( R, 7) given by the above equation is Gaus-
sian, as is the random shear-stress tensor §’ to which it is linearly related. Its mean

and variance satisfy the following relations
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<f> = 0, (3.11)
<f(B1,n)f(Rp, 1) > = ®61(R1 — Ry)di(my = 72), (3.12)

where ® is equal to 1071, In fact, the value of ¢ should be chosen by referring to the
experimental investigations. However, not much quantitative measurements were
done for an initially isothermal droplet cooled from its surface due to evaporation.
Following the modeling as employed in the work of Chen et al. (9], $ is assigned as
10! (This value is about 10000 times higher than that associated with thermody-
namic fluctuations used in the paper of Jhaveri & Homsy [36] but simulates those
fluctuations due to the mechanical vibrations [48].).

At R = 0, the following conditions must be satisfied,
U=0 <& = finite. (3.13, 3.14)

At R =1, the boundary conditions are

U aFv

B ﬁ%‘, (3.15)
PU 2-11+1),.  Ma
Fr:c0 g dg = ——Ef(l + 1S, {3.16)

In order to obtain the solutions of the partial differential equations (3.8) and (3.9),
it is needed to specify the initial conditions for U/ and $. Random initial conditions
are considered here. The initial values of U/ and ' are assigned a positive random
value (between 1 and 0) multiplied by a constant 10 where j = —5 to render the
disturbances small. Finally, numerical simulations are computed using a FORTRAN
program with the IMSL subroutine DLSLXG. The central difference formulas with
second order accuracy are used for all spatial derivatives and the time derivatives are
discretized using Crank-Nicolson method with second order accuracy. In summary,
the main steps for the computational procedure are as follows:

1. Initial guesses for I/ and & are generated numerically from a FORTRAN pro-
gram with the IMSL subroutine RANDOM_NUMBER and, then, multiplied
by a constant 1073,

2. Uand S at R=0and B =1 are set to satisfy the conditions {3.13) - (3.17).
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3. The basic temperature field is computed.

4. The random force term is generated numerically under the condition that a
Gaussian distribution with a vanishing mean and the relation (3.12) for its
variance are satisfied.

The discretized forms of the time evolution equations, {(3.8) and (3.9), are solved
using the IMSL subroutine DLSLXG.

’_;H

6. Evaluate the ratio of the disturbance kinetic energy to its initial value. If it
is equal to or greater than 1000, stop. The time at this instant is defined as
the onset time of Marangoni instability of an evaporating droplet. Otherwise
advance in time and repeat from step 3. |

7. Generate N (N = 5) times of the same simulations and then calculate the mean
average of the onset time from this approximate ensemble.

3.2 RESULTS AND DISCUSSIONS

The stability conditions are investigated for an evaporating octane droplet at two
different initial temperatures. The values of the physical propefties of octane are
referred to the book edited by Dauber & Danner [14]. The evaluation of the physical
properties of a gas mixture is provided in Appendix C. Random perturbations are
imposed continually during the entire time period of interest. The growth curve of
the disturbance kinetic energy is examined to determine the onset time of instability.

Calculations have been made for Mq = 100, 200, 300, 400, 500, 600, 800, 1000,
1500, 2000,... 4000 with Ty = 293K, 353K. For each of the selected Marangoni
numbers, the growth of the disturbance kinetic energy, Eyy, is calculated for dif-
ferent values of wave number I; that particular value of { with greatest growth of
Ejin is defined as the critical wave number. For all the cases calculated, the growth
rate of the disturbance kinetic energy presents a maximum with respect to the wave
number. As an example, the disturbance kinetic energy, Fiin, s & function of the
wave number, for Tp = 293K, Ma = 800, and r = 0.09, is shown in figure 3.1. As
indicated in that figure, the critical wave number is equal to 3. The critical wave
numbers for all the cases calculated are summarized in tables 3.1 & 3.2 and are
shown in figure 3.2.
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The evolution of the kinetic energy of the disturbances at the critical wave numbers
for several cases considered are shown in figure 3.3. As energy is being extracted
from the basic flow to the perturbed flow, the disturbance kinetic energy grows
continually. The time at which the ratio of the disturbance kinetic energy is equal
to or greater than 1000 times of its initial value are listed in tables 3.1 & 3.2. These
are also presented graphically in figure 3.4.

It needs to be noted that the amplitudes of the initially perturbed velocity compo-
nents are of the order 1072 (referred to section 3.1). After attaining a thousand-fold
increase, the disturbance kinetic energy is of order 10~7 and the perturbed velocity
components are of order 1073, The validity of the linearized theory is still ascer-
tained.

As an example, the critical Marangoni numbers for an an evaporating octane droplet
at an initial temperature of 293 K and 333 K are calculated. The results indicate
that the critical Marangoni number is 190 for that with an initial temperature equal
to 293 K and 440 for 353 K. The critical wave number are both equal to 1. The
evolutions of the disturbance kinetic energy at the critical state for Tp = 293 K
are shown in figure 3.5. For the case with a subcritical Marangoni number, the
disturbances decay finally.

From these results a clear picture of the flow instability is displayed. For an evaporat-
ing octane droplet, if the Marangoni number is subcritial, any random perturbation
present during the entire time of interest decays steadily. When Marangoni number
is increased beyond the critical value, there exists an onset time beyond which the
disturbances grow and a new flow pattern becomes observable finally. The lower the
supercritical Marangoni number is, the longer it takes for the disturbances to grow
into an observable flow pattern.

The onset time for Marangoni instability of an evaporating droplet has been studied
by Ha using the quasi-steady approach [26] and the energy method [28), respectively.
Moreover, the same problem was then solved by Chou [10] using the initial-value
technique. Hence, a comparison between these available mathematical models can
be made and possible suggestions might be provided.

For a quasi-steady analysis, the instantaneous temperature profile at a certain in-
stant of interest is frozen first and then the growth of the disturbances are calculated.
With the energy method, the variational technique is used to obtain the sufficient
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condition for stability. By using the initial-value technique, the initial values of the
perturbed fields have to be assumed, and the growth characteristics of certain flow
properties are then examined to determine the onset time of instability. The onset
of the instability and the corresponding critical wave number calculated by these
three different methods are shown in figures 3.2 and 3.4 together with the data from
the present study.

Results predicted by the random forcing theory and the initial-value technique are
about the same. With the continually imposed disturbances, the onset of instability
as predicted by the random forcing theory occurs earlier than that predicted by the
initial-value technique. However, the quasi-steady approach which over-estimates
the growth rate of the disturbances [47) predicted the earliest occurrence of the
instability. Furthermore, the critical wave number obtained by the quasi-steady
approach and that by the random forcing theory are not consistent. One possible
reason for this discrepancy is that, in the quasi-steady approach, the evolution of
the disturbances coupled with the transient basic flow is not considered and the
disturbances which grow first are not necessary the ones which grow fastest eventu-
ally. With the energy method, Ha [28] obtained the sufficient condition for stability.
However, similar trends for the onset of Marangoni instability of an evaporating oc-
tane droplet have been predicted by all these different theoretical approaches. The
results all indicate that the higher the Marangoni number is, the sconer the droplet
becomes unstable due to a greater driving potential for instability. Moreover, the
critical Marangoni number increases with the initial temperature, i.e. the droplet
with a higher initial temperature seems to be more stable.

As required, an desirable theoretical approach for investigating the behaviour of a
system is the one which can simulate those of the laboratory experiments. Due
to the lack of available experimental data for comparison, it is difficult to suggest
the appropriate instability criterion for the present case. However, the random
forcing theory teking into account the random nature of the disturbances observed
in experiments might have a big advantage in simulating the realistic onset behaviour
of instability of a time dependent flow while the quasi-steady approach could usually
provide a clear and direct understanding of the physical mechanism of the onset of
instability [28].



Chapter 4

Conclusions and Future Work

4.1 THEORETICAL ANALYSIS OF MARANGONI IN-
STABILITY OF AN EVAPORATING DROPLET BY
RANDOM FORCING THEORY

In this study the stability of an evaporating octane droplet has been examined by
random forcing theory. A comparison of the present results with previous theoreti-
cal calculations is made. Stability theories usually consider the fate of disturbances
imposed at an initial instant while, in random forcing theory, unknown disturbances
are imposed continually during the entire time period of calculation (a realistic
phenomenon observed in experiments). Similar trends are obtained with different
methods. A higher Marangoni number, indicating a greater driving potential for the
interfacial convection, is conducive to the onset of instability. The critical Marangoni
number increases with the droplet initial temperature. Due to the lack of available
experimental results, it is not easy to determine which method is a desirable theo-
retical approach for investigating such an instability problem but each of them has
its own merit in explaining the related instability phenomenon of an evaporating
octane droplet.

4.2 RECOMMENDATIONS FOR FUTURE WORK

4.2.1 Effect of moving boundary

During the eva.pofation process, the position of the free surface is subject to a
certain change due to boundary regression. Although the time scale for the interface
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regression is, in general, about one order larger than the heat diffusion time scale of
the liquid phase, the effect of boundary regression may become significant to the flow
instability of & highly volatile liquid or when the initial temperature is close enough
to its boiling point. A modified model is then needed to incorporate appropriately

the surface regression effect.

4.2.2 Effect of nonlinear interaction

The time evolution equations {3.8) and (3.9), derived in the present study are,
strictly speaking, valid only for small fluctuations, However, the approximations
involved would become invalid as the Marangoni number approaches its critical
value. It is, therefore, of interest, to supplement the linear fluctuation theory with
the nonlinear effects. Generally, the convolution sums resulting from nonlinear terms
will appear in the time evolution equations and special numerical method has to be
used to evaluate them.
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Appendix A

Derivation of the condition of tangential stress
balance at the free surface

At the free surface, the condition of tangential stress balance (equation (3.1)), as
~ derived in Chapter 3, is obtained from the following equations:

& . 18u, Ma 8T
= Moy, B o A0 4
AV LN R 08 (2.49)
1 dui 8 uy. Ma 8T
Renb 06 ' "BR\R’ ~ “Rsnd0p (2.50)
Applying the operator [L (i sin )] to equation (2.49) and the operator [L 2]
sinf 86 sin® @ 8¢
to equation (2.50), the summation of these two resultant equations leads to
8., 1 &8, ., 1 0Bu 1 8, 8. 1 &,
5% [ Remg 2 0% + Fang B¢ 1+ lgamaae 5 + Rsin”@W]uR
Ma, 1 8, ,08 1 &
- ?[mﬁ(fﬂﬂ 96—6) + —"-szg—a—qgi] . (ﬁl)

With the aid of the continuity equation (2.38) and the definition of operator L? (see
equation (3.2)), a new form of the balance of tangential stress is then derived as

follows:
b2 (24 L) (RuR) Ma

W(Rﬂ%) - R2 R LzT (31)
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Appendix B

Derivation of the Perturbed
R-Momentum Equation

The momentum equation (3.4) in terms of the radial component of the perturbed
velocity (up) can be derived as follows.

First, the pressure term of equation (2.39) is eliminated by taking curl of the whole

equation. The vorticity equation becomes

(Vie =) ¥ =-VxV-§, (B.1)

where €} is the vorticity. Then, taking curl of this equation again, it leads to

[V% - 51;39;] VWV =V xVxV-§. (B.2)

With the aid of the continuity equation (2.38), it can be verified that

R VW = VIR V). (B.3)

Therefore, by taking inner product of equation (B.2) with R and using relation
(B.3), the perturbed momentum equation in terms of u; can then be derived, i.e.,

1 8

ez L O
v [V Prér

](Ruf) =F. (3.4)

where F=R.- VY xVxV-8.
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Appendix C

Evaluation of physical properties of a gas mixture

Values of the physical properties of octane are referred to Dauber & Danner [14].
The diffusivity of component 1 in mixture 1 and 2 (Di3) can be calculated by the
following equation [57): _

0.001858T32[( My + M) /My M)\ /?

Dhe =
12 Pﬂ“?z QD

) (C.1)

where T and p are the temperature and total pressure of the mixture, respectively.
M, and M, represent the molecular weights of these two components involved. The
collision integral for mass diffusion Qp is a function of kT /€ 2, where & is the Boltz-
mann constant. The Lennard-Jones force constants ;2 and ¢33 must be obtained
from the empirical relations

1
o1 = L—,(O'l + 02), (C.2)
€12 = +/€ity, (C.3)

where ¢ is the collision diameter and ¢ is the maximum energy of attraction between
a pair of molecules, for each individual species.

To accommodate the variation of the gas phase properties, a simple 1/3 rule [35] is

used. According to that rule, the reference temperature is evaluated as
1

Tref=T,+ E(TO - Ts), (C.4)

and the reference mole fraction of liquid vapor, m, res, used for the evaluation of
the mixture properties is expressed as

1
Myref = My,s T+ E(mu,oo - 'im'u.a)a (05)

31



where 7, , is the mole fraction of liquid vapor at the free surface. Moreover, the
Mason-Monchik mixture rule {49] is used for the evaluation of the mixture viscosity
and the Wilke rule is used [20] for the mixture thermal conductivity. The thermody-
namic properties and molecular weights of the mixture are calculated by assuming

an ideal gas mixture.
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process

gas phase flow
transport in gas phase

a) diffusion of momentum
b) diffusion of heat

¢) diffusion of mass

transport in liguid phase
a} diffusion of momentum

b) diffusion of heat

droplet regression

timescale
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Table 2.1 Comparison of the various time scales during evaporation; based on data for
octane and heptane from Daubert & Danner (1985): g/p, ~ O(10%),
Pri~O(1 ~10), afcg ~ O{1072), mfue ~ O(10%), Pry~1, Le~1,
Re = Agrg/vy = radial Reynold number ~ O{1),
Ap = evaporating velocity at free surface.
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Ma critical wave number Onset time

[ T
100 - -
200 1 0.8402
300 1 ' 0.4225
400 2 0.2569
500 2 0.1854
600 3 0.1417
800 3 0.0939
1000 4 0.0680
1500 5 0.0378
2000 6 0.0242
2500 7 0.0168
3000 8 0.0121
3500 9 0.0090
4000 10 0.0066

Table 3.1 The onset time and the corresponding critical wave number at the occurrence
of the Marangoni instability of an octane droplet with 7, =293K .
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Ma critical wave number Cnset time

{ T
100 _f -
200 - -

- 300 - -
400 - -
500 1 0.5073
600 2 0.2584
800 3 0.1423
1000 3 0.0965
1500 5 0.0493

2000 6 0.0302
2500 7 0.0205
3000 8 0.0146
3500 8 0.0106
4000 9 0.0078

Table 3.2 The onset time and the comresponding critical wave number at the occurrence

of the Marangoni instability of an octane droplet with 7}, =353.
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Figure 3.1 Determination of the critical wave number for T, =293 K, Ma =800, and 7 = 0.09.
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Figure 3.2a The critical wave number for different Marangoni numbers at T, =293 K,
0, random forcing theory; V , initial-value technique; A, energy method,;
0, quasi-steady analysis.
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Figure 3.2b The critical wave number for different Marangoni numbers at T, =353 K;
0, random forcing theory; V , initial-value technique; A, energy method;
0, quasi-steady analysis.

a0 © 0O
k(4

38



2.0E-05
1.8E-05
1.5E-05
1.3E-05
1.0E-05
ki 7 5E-06
5.0E-06

2.5E-06

IIIIIIIIIIIIIIIIIFIIIII{IIIllllilfllllfll

1.08-09

Figure 3.3 The evolution of the disturbance kinetic energy at the critical wave numbers
for different Marangoni numbers with T, =293 K; , Ma =200;
————————— , Ma =400; — -- — —, Ma = 600.

39



0.05 0.1 0.15

0.2

Figure 3.4a The onset time of the Marangoni instability for different Marangoni
numbers at T, =293 K; 0, random forcing theory; V, initial-value

technique; A, energy method; o, quasi-steady analysis.
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Figure 3.4b The onset time of the Marangoni instability for different Marangoni
numbers at T, =353 K; 0, random forcing theory; V, initial-value

technique; A, energy method; ¢, quasi-steady analysis.
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