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Abstract — One of the major differences of Evolution
Strategies (ES) from other Evolutionary Computation
(EC) is self-awareness of the distinction between
parental and offspring populations. This feature is all the
more prominent when it comes to the availability of two
ES variants: COMMA and PLUS ES (i.e. (&, 1) and
(1+A). ES). Even though these two schemes capture,
respectively, the antipodal emphases on exploration and
exploitation, conventional practices of ES still suffer
from the problem of premature convergence. By the
proposition of an adaptive parental population sizing
approach, the authors wish to buttress the original ES
scheme. This population sizing approach differs from
previous ones in that only size of the parental population
is adjusted. Simulation on several benchmark problems
vindicates the virtue of this modification. Moreover, the
modified algorithm also sheds light on convergence
status of the population for a given optimization task,
hence allowing further improvements on ES toward
premature convergence checking and parallel search
mechanisms.

1. Introduction

Evolution Sirategies (ES) were developed by Rechenberg
[1] and Schwefel [2] to solve difficult parameter
optimization problems. Like Genetic Algorithms (GA) [3]
and Evolutionary Programming (EP) [4], this methodology
falls into the generic discipline of Evolutionary Computation
(EC). EC are biology-inspired techniques most often
employed for optimization and search problems. The
rationale behind these techniques is fitness-driven random
walk after a (global) optimum by an evolving population of
possible solutions. Over generations, the population
improves in fitness values with search directions and
convergence velocity determined by evolution operators. A
typical evolution cycle can be summarized into the loop
shown in Figure | (after the figure given in [5]). As can be

observed, recombination (crossover), mutation, and
selection are all common evolution operators among

different EC branches.

The performance of these population-based algorithms
depends greatly on interaction between evolution operators
and the optimization problem at hand. The operators’
inclination shapes the virtual fitness landscape as seen by
the population, while this sampled terrain leads the direction
of subsequent search. This complication often results in a

0-7803-6657-3/01/$10.00 ©2001 IEEE

1351

Yung-Yaw Chen
Institute of Electrical Engincering,
National Taiwan University,
Taipei, Taiwan, ROC, 106
yychen@ipmec.ce.ntu.edu.tw

prolonged search process or even premature convergence to
some local optimum. Moreover, the interactive nature of
these operators also makes it very difticult to hand-tune EC
for the wide array of problems. In recognition of this fact,
adaptive  evolutionary  operators  are  studied and
implemented.

Among these researches, the self-adaptive mutation
mechanism in ES presents itself as a promising contrivance.
It is assumed that strategy parameters for surviving
individuals are better than those perish. Under this
assumption, the seif-adaptive mechanism should be able to
moderate the degree of mutation for each individual
according to its proximity to the (global) optimum.
However, real-world implementations of ES still suffer from
slow convergence or even premature convergence due to a
lack of coordination among its evolutionary operators. This
difficulty results mainly from: (1) blind belief in the
spontaneous correspondence from self-adapted mutation
step sizes to focal fitness terrain, and (2) greediness of the
ranking-based selection which erase the trace of interaction
between mutation and problem surtace. This paper tries to
address the second shortcoming by adjusting dynamically
the size of the parental population from generation to
ceneration. Not only do simulation results vindicate the
virtue of this modified ES. the evolution behavior also
demonstrates interesting links between population diversity
measures and solution convergence.
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Figure 1. A Generic KC Evolution Cycele (after |5])



2. Evolution Strategies

The Evolution Strategies used in this paper are as those

described in [6]]7]. Each run of ES computation starts with a

randomly gcnerated initial population

P(0) = {a,(0).---. a, ()} of ;individuals.

Definition 1.
For standard ES employing n-dimensional uncorrelated

self-adaptive mutation over an p-dimensional optimization

problem, the ES population at the I generation is denoted
as

Individual in an ES Population ( a (k)

Pk = {a, (k). .

in which the /"

a,(k)=(X (k). G(k)) ' ),
where
X (ker 3)

is the vector of object variables in the n-dimensional search
space, and v

g;(kek” 4)
is the vector of strategy parameters.

The object variable portion of an individual signifies the
actual position in the real-valued search space for that
individual. On the other hand, strategy parameters of an
individual are responsible for mutation, and are often
referred to as “step sizes™.

At the k" generation, these g individuals act as parents to
produce an intermediate population (P’(k)) of A individuals
(I £ u £ 2) through recombination. Usually, the ratio
between g7 and A 1s sct to 1:7 [24]. When mating parents are
chosen to generate offspring, they not only recombine their
object variables but also their strategy parameters.
Definition 2. Recombination (ryp)

There are many recombination mechanisms used in ES.
The most common ones are discrete recombination and
intermediate recombination. This paper employs binary
discrete recombination, through which A offspring are
created

a'j(ky=rnypla(k)a,k)y; Vji=l...4 (5).
where s and ¢/ are the indices of two randomly drawn

G, (k)} (.

individual is of the form

parents. Each component in a',(k) (objective variables as

well as strategy parameters) is designated as the
corresponding  component of a chosen parent. This

contributing parent is drawn randomly for each component
of the offspring individual with replacement.

As mentioned earlier, there are many recombination
operators employed by researchers. The algorithm proposed
by this paper is applicable with any of these operators.

Once the intermediate offspring population of size 1 is
obtained, it itself undergoes self-adaptive mutation. A
standard implementation of #s-dimensional self-adaptive
mutation looks like the following:

Definition 3. Self-adaptive Mutation (inga)

For each child in the offspring population, self-adaptive

mutation is performed so that

Zi”/.(/r):ms_\(&‘j(k)) . Vii=l..A 6),
where strategy parameters are varied first according to
o (k) =o', (k)-explr" N (0. )+7-N, (0, D];
V=l Avi=l...n 7N,
which are then used to mutate object variables
XU kY =Nt Ry a (k)N (00 1)
V=l Avi=l.n (8).

In this paper, 7'=(y27) ' and r=(y2Jn)". and N0, 1)
represents a normally distributed random variable with zero
expectation and unity variance.

After mutation, the intermediate population (k) will
enter the selection pool (#"'(k)) where a new population of u
individuals will be chosen as parents for the next generation
(P(k+1)). Conventionally, the selection pool can be either
the entirety of offspring alone or the union of offspring and
parents together [10], i.e.

Definition 4. COMMA LS and PLUS ES (i.e. (1, Ay and
(1 + A ES)

In COMMA ES, the selection pool is made up of the

cntirety of A offspring alone

PU(kY=4a" (k). dt, () 9
whereas in PLUS ES, the intermediate population consists
of the union of  parents and 1 offspring

Pk = a k), sa, (kLa " (k),-.a ™ (k)Y (10).

The COMMA and PLUS ES are special cases of the
more general strategy of (4, k. A) ES, where « denotes the
maximal lifespan of an individual. With & = |, the strategy
resembles COMMA ES, while with & = oc, it resembles
PLUS ES [25}.

Once pooled, these candidates are subject to the selection
operator (s1) so that

PO+ 1) = 5, (P (kY) (.

Usually, truncation selection operator based on fitness
ranking is used, although tournament selection and other
selection operators could be used.

With these definitions, algorithm of the standard ES used
in this paper are given as follows:

Algorithm L. Standard COMMA/PLUS ES
k=0,
initializing P(0):
evaluating /(0);
while (termination criteria is not tulfilled) do
recombination: éi‘i(/() = nola (k). a, (k) ;
Yi=l..A
mutation: " (ky=mg,(d'(k)); Vji=1..}A
evaluating P'(kY={a' (k),---.a',(k)}
selection:
it COMMA ES
PrkY=4a" (k) dm (Y,
clse if PLUS ES
PUkY = a (k) va (kaa ™ (k) a (k)Y s

fi
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3. Improvements to Evolution Strategies

3.1  Previous Researches

Because standard XS use deterministic truncation selection,
whose selective pressure is high [13]. the population tends
to search “locally™ after few generations [15]. Despite its
simplicity and the high convergence rate it encourages, the
truncation selection operator ironically undermines ES'
capability to overcome local optima. Once the population is
trapped, self-adaptation in mutation step sizes does nothing
more than to aggravate the situation. Especially when the
ratio between gnd g is very small, there exists such a
crowding effect that only top-ranking individuals survive
onto the next generation, whose strategy parameters are
limited in size and otten have great similarity. This

phenomenon contributes to the fast convergence rate of

COMMA ES.
There have been innumerable attempts to improve global
- performance of S, Most of these improvements focus on
explicitly replacing conventional crossover, mutation, and
selection operators with new ones. In general, these efforts
can be classified into two major categories. One attempts to
deploy the population over search space with sufficient
diversity. The other aims to enhance the etficacy of search
guidance. These two approaches correspond to the two main
concerns of all C: “it can be argued that there are only two
primary factors in genetic search ... population diversity and
selective pressure ... In a sense, this is just another variation
on the idea of cxploration versus exploitation ..." [11].
However, due to the antipodal natures between exploitation
and exploration, or between convergence and diversity, few
of these improvements can fulfill both criteria
simultaneousty {1 2][17][18].

There are two possible workabouts. The first is those
algorithms that emiploy local competition on sub-population
level instead of a global competition [16][19], because
search diversity in these cases is upheld by spatially distinct
sub-populations cach evolving to local minima nearby.
These moditied algorithms often require a large population
that will inevitably increase computation load. Moreover,
the connection between global fitness landscape seen by the
whole population and its collective mutation step sizes has
been cut off. In fact.'it can be asserted that these modified
algorithms are equivalent to parallel search exercised with
these sub-populations [20]. The other solution, which the
authors try to exemplify in this paper, lies in altering the
behavior of selection by making it more intelligent, more
informed about the siatus quo of search process.

3.2 Parental Population Sizing

As mentioned earlier, one of the weaknesses in ES lies with
the high selective pressure. Taken the fact that knowledge
about fitness surface is encoded implicitly within spatial and
fitness distribution of the population as well as distribution

of mutation step sizes, much of these hints will definitely be
eliminated under a high sclective pressure. In this aspect,
sustenance of population diversity is much more important
than the creation of it through mutation. With the idea in
mind, many studies have gone straight ahead to increase the
size of the entire search population in order to host more
diversity in onc  generation. However, sustenance of
diversity lies not with sheer number of individuals. Having a
large amount of similar individuals due to high selective
pressures is worse than having only one in the population,
because in the former case futile recombination and
mutation are prone to happen.

Selective pressure in ES is determined by x and A,
because it is a function of the ratio between size of the
to-be-selected population (parents tor the next generation)
and size of the whole selection pool (for truncation selection
operator) [13]. This ratio 7 is inversely and nonlinearly
proportional to selective pressure. In COMMA ES. Tis (1 /
A), in PLUS ES, Tis (e / (g A)). For many researchers, it
has been a conventional practice to use the recommendatory
-4 ratio of 1:7 [6]. According to this suggestion, the
selective pressure is high and premature convergence is
alimost inevitable.

The manipulation of selective pressure can be achieved
through varying  and A. Nevertheless, absolute value of 4
also determines the computation load in terms ot function
evaluation required. Consequentiy. changing the value of u
seems to be a reasonable and efficient approach. Therefore,
this paper proposes a modified ES algorithm that
dynamically adjusts selective pressure through parental
population sizing, in accordance with population diversity
measures at each generation,

4. Effects of Parental Population Sizes on ES

To show the effects of ;- 4 ratio has on ES. especially when
4 varies over a fixed . several simulations are conducted
aver six benchmark functions.

4.1 ES to be Compared

The ES scts used in simulation are denoted by ;-3
COMMA/PLUS ES according to the actual number of
individuals involved and the pooling scheme used. The sets
employed are:

Set 1. 30-200 COMMA ES (30-200-CES), and
100-200 COMMA ES (100-200-CES). and
180-200 COMMA ES (180-200-CES).

Set 2. 30-200 PLUS ES (30-200-PES), and
100-200 PLUS ES (100-200-PES), and
180-200 PLUS ES (180-200-PES).

Other algorithm parameters are listed in Table 1.

4.2  Benchmark Functions
Task objectives in the simulation are function optimization,
with fitness values abtained directly from the objective
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Table 1. Parameters Used tor Simulation
H = s denored. (number of parents)
A = ay denoted. (number of oftspring)
ali(0) = 3. (initial step size)
hpax = 2000. (number of generations. except
1000 for f).

functions. The benchmark functions are listed in Table 2 and
3 [14J[12][21). A dew comments are worth mentioning
beforehand. As can be observed in the tables, f, is the
unimodal sphere minimization problem, while £, and f; are
two different versions  of the multimodal  Ackley
optimization problem with different Jocal minimum basin
widths and depths. In fact, these problems represent varying
* degrees of multimodality. For instance, f, is the Griewank
function with the largest search space among the six
benchmark problems. Finally, f; represents multimodal
functions with many targe local minima, whereas £, from the
Shekel’s family of functions has only ten local minima.

4.3  Observation on Simulation Results
Simulation results for Set | & 2 are tabulated in Table 4 & 5
respectively. Lach simulation case has been conducted 50
times independently. After ranking individual results, the
two top-most and two worst cases are discarded. The
tabulated values are thus obtained from the central 46 cases.
Best performing LS in each case is cncircled with bold
borders.

As can be seen from the results, optimal ratio between
and A is indeed problem dependent. Nevertheless. both

preference

COMMA and PLUS ES (Table 4 and 5) show a general
for larger g4 ratios the  complexity
(multimodality) of problems increases. Also noteworthy is
the divergent inclination of “180-200-CLES™ in Table 4. 1t is
so because its large g~ ratio produces such a low selective
pressure that the population refuses 1o converge.

as

5. Dynamic Parcntal Population Sizing

From the previous results, it can be concluded that
conventional -2 ratio is not optimal for all problems.
However, optimality of a given ratio is problem dependent.
It seems that ;-3 ratio is indeed an important factor
determining the performance of ES.

With these affirming results. the authors wish to pursue
the idea of tuning z-A ratio dynamically in the belief that (1)
a excessively large g value may still increase computation
overhead, and (2) an intelligent sclection operator can reach
a reasonable p-4 ratio to maintain the balance between
perlormance and algorithm resources.

The basic idea of dynamic parental population sizing is:
when diversity of the population is high, lessen the selective
pressure so that this diversity can be passed intact onto the
next generation: on the other hand. when the diversity is
low, choose only the topmost parent to save resources, and
tet self-adaptive mutation docs its job. Here, diversity of the
population is based on fitness only, since knowledge of the
fitness terrain possessed by the ES is reflected in the fitness
distribution of its population only. Therefore, several fitness

Table 2. llcnch:ﬁm‘k Functions Used in Simulation (with i indicoting dimension of the functions: j.c. } = i< n)
ffunction n Range

S =305 300 []-15, 15)°
JAX ) = (20 exp(—0.2) P'Z‘ ; )- cxp(%ans(Zm, 1)+ affset, 30 (1-15.15)"
SN = (=10)exp(=0.03) [+ Z,\-,” yexpld Y1 3c0s(0.57) + 20 + offset, 15 ||-15,15)"

. . l o v Vi -y - o n
SN = mz.\, #n cosC), )+ offser, 30 |]-600, 600)
XY =002 (v, =2)T 3 5sin((Dv) =)

' ' 15 (}-15,15}"
+ 238250 %, =230 ¥, N+ 2T+ LSos(10- () x,) = 7.5)+ offser.
JoX)= ~Zl| N WX ~a) e, |f| (1 <7 <10, values of constants arc given in Table 3) 4 {0, 107"

Table 3. Coetficient Constants Used in f; (X):
i i 32 3 4 s 6 7 8 9 10
i=1 4 | 8 6 3 2 5 8 6 7
0 = 4 | 8 6 7 9 N l 2 36
! 304 ! § o 3 2 38 6 7
4 4 { 8 6 7 9 3 1 2 3.0
5 01 02 02 04 o4 o6 O3 07 05 03
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Table 4. Comparison among Results  (COMMA LS)
(averaged over the central 46-out of 50 runs: “Mean Best™ indicating mean
best fitness value in the fast generation: “STD of Best”™ denoting standard
deviation among the hest fitness values: top-ranking cases encircled by
hold borders)

Table 5. Comparison among Results  (PLUS IS)
(averaged over the central 46 out of 30 runs: “Mean Best™ indicating mean
best fitness value in the Tast generation: “STD of Best” denoting standard
deviation among the best fitness values: top-ranking cases encircled by

bold borders)

Function 30-200-CES 1H00-200-CES 180-200-CES Function 30-200-PES 100-200-PES 180-200-PES
Mean Best ST of Best] Mean Best : STD of Best] Mean Best : STD of Best Moo Best ESTD of Best ] Mean Best 38TD of Best] Mean Best 1 STD of Best
i 1597107711 100102054800 10712, 330: 1071 1053020 1135100 N 1664510781399 107 730695 1075 0000 T | 3410 gt
) 0.076 0,251 175607 i 2 182w 107 20219 0116 I8 0.457 0623 Fa.2200007 0984 107 o 1172107 1 323x 00

1 0.200 0204 F3320107 13470 ) b 4120 I (.53 0368 f3.3200 00 0000 A7 0.000

/, 0.020 0.033 0.001 0.004 1.998 (.9:44 ‘/| 0.079 0,152 0.003 U003 0.000 0.000

/s 0.473 0458 0.315 0.104 1.060 0,452 i 0428 04.047 0161 0.033 0.199 0.041
-9.25% 2800 -8.903 2.920 -6.252 3464 o A10.099 . eSS 1530 7998107 10536 ST7x107

(0 H H

diversity measures have to be defined first before going onto
the moditied algorithm.
Definition 5. Best, Average, Worst Population Fitness
(Fos Fa, o)
Given a

population (k) = {d,(k)..... Ziﬂ(/()} of

with known litness values
(K)o (K)} = {DCX (k) DX (K)}  at the A"

generation over a minimization task, where ®(-) is the

individuals

fitness function, the Average Population Fitness is
computed by
|
Fotky=—"3"¢,(k) (12),
M

and the Best and Worst Population Fitness are defined
respectively as

FLu (k)= min(g,(k)) (13).
!

and

I"W(/():mzlx((ﬁl(/()) (14).
R

Definition 6. litness Concentration (F¢):

With the same population given above, the measure of
Fitness Concentration is defined to be
/T\\'(/‘ )- F/\(k)

w(k) = Fy(k)
however, if FAy(k) equals F(k), Fe(k) is defined as unity.
Physical meaning of this measure is self-evident, When
fitness distribution of the population is indistinctive, its
average fitness (i.e. Fa(k)) should be close to the worst
population fitness (Fw(k)). and a low fitness concentration
will be obtained. Contrarily, when most individuals of the
population possess good fitness, a high fitness concentration
is obtained. Morcover, given a unimodal landscape, a high
fitness concentration value signifies that most individuals
are all very close to the global optimum. whereas a low
fitness concentration value means that only a few
individuals make it to the optimum.

Based on this measure, a relation between the actual
fitness landscape and fitness distribution of the population
could be established. That is, a high F suggests that fitness

Fo(k)= (1s);
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distribution can somehow reflect the actual landscape, since
fitness values of most individuals are concentrated. On the
other hand. when /7 is low, fitness landscape as seen by the
population may be very different from the actual one, since
representative tendency could not be established.

1 is known from the previous simulations that when
selective pressure of this scheme is lowered, selective
variance increases and divergence in COMMA ES will
occur. This is because the truncation selection fraction T is
always smaller or equal to 0.5 in PLUS ES. while for
COMMA ES. inappropriate ratio between g and A will raise
the traction above 0.5 and bring about the inclination to
diverge.

Therefore, an extra fower bound (p,,(k)) for the number
of selection-pooling parents is devised. By this lower bound,
there should be at least such many parents entering the
sclection pool to compete with the offspring. The
modification means to make the truncation fraction 7 léss or
cqual to 0.5, so that a recasonable degree of diversity can be
remained without the threat of divergence [131]. Hence this
modified COMMA ES now turns into somewhat PLUS-/ike.
This minimal number, p,,,, is detined as
Definition 7. Minimal Pooling Parent Number (p,(k))

For a given parental population size g,

Pulk)=max((2L (k) - A).1)

ak)

(p,(k)+ 1)

S.1  Modified ES Algorithm
According to the aforementioned rationale, the moditied ES
algorithm in terms of measures introduced is as follows:.
Algorithm . Modificd ES with Dynamic Parental
Population Sizing (for minimization)
k=0,
initializing P(0);
evaluating P(0);
while (termination criteria is not fulfilled) do
recombination: ' (k) =y, (a (k).d,(k)) ;

Vi=l...2

(16),

so that 7" =



Table 6.

Comparison among Results

(Modified ES)

(averaged over the central 46 out of 50 runs: “Mean Best indicating mean best fitness value in the fast generation: “STD of Best”
denoting standard deviation among the best fitness values: top-ranking cases are encircled by bold borders)

Function Bestof Set | ((!‘)1.\(’1(1\':l:(:s Best of Set2 I\:(;lil\‘il‘(:

Nean Best STD of Best Mean Best STD M"licsl NMean Best STHD ol Best Mean Best ST of Best
/ 1359751077 1 140x 107 | 2.5251077 1597807 || 1oodx 107 139951077 L9.201107" 31535107
e 17365007 2.182x10% | 1715x107 16286 10™ ] 42295107 1 99845107 | 19073107 | 1033%107
fi 3324107 43873103 | 3.324x107 140751075 ] 3.324x107 0 0.000 3324107 1 1.692x107"7
Ja 0.001 0.004 " 0.000 0.002 0.000 0.000 0.000 0.002
S 0.313 0.101 0.063 0.033 0.128 0.047 0.114 0.032
o -9.258 2.800 10536 s460x107| -10.336 757707 -10.536 | 5.005%107

mutation: a" (k) =mg(a' (k) V=l A
evaluating P'(ky={a" (k)--.d' (k)}
calenlating Fitness Concentration (F(k)) of
the parental population P(k)
culcularing the new parental population size
(k1) by
k= (A== F(kD*1 -
selection:
if COMMA ES
calculating pyo(k+1) from Eq. (16)
PR = 40,1, g (),
ARV AN
clse it PLUS ES
PRy = ta (k) .a, (6,
Gt kY dt oy

(7

fi
Plhk+1)y=8,.(P"(k)):
k=k+1;
od

5.2 Performance of the Modified ES

Performance of the modified ES in the same suite of
benchmark tunctions is tabulated in Table 6. If compared
separately, it is obvious that the moditied COMMA [S
performs better than the original Set | ES in all problems.
Also, the modified PLUS ES performs better than Set 2 ES
in four out of six problems. Finally, when modified
COMMA and PLUS ES are compared, it is found out that
the former still performs better. It seems that due to the
partial elitism of the modified COMMA ES and the parental
population sizing scheme, the downsides of standard
COMMA ES are all removed. Examples of the evolution of
parental population size across the generations are given in
Figure 2.

6. Conclusions

In this paper, the authors propose a modified algorithm to
calculate parental population size for ES. The idea comes
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from the observation that conventional /-7 ratio used in ES
produces an excessively high selective pressure in the
truncation selection operator for population diversity to
sustain. Therefore. premature convergence occurs under the
disguise of a fast convergence velocity. This is also why ES’
have been called by many as a local optimization technique.
Some reasoning -on the tension between diversity and

selective pressure in ES can be found in [22][23].

It is concluded by the authors that high selective pressure
of ES- ranking-based selection operator hinders free
evolution of self-adaptation by admitting only a small
portion of the best of otfspring to survive as parents in the
next generation. These new parents often have similar
strategy parameters in addition to similar object variables.
Moreover, since unsupervised self-adaptation of strategy-
parameters fails to readjust mutation steps in accordance
with current  search  status. mutated  individuals  have
difficulties in overcoming local optima. Consequently, when
these two deficiencies add up, a vicious circle emerges: lack
of diversity in mutation steps leads to homogeneity in object
variables, which in turn aggravates the irrelevancy of
mutation operator.

To solve this deficiency. the mechanism of parental
population sizing is proposed. The mechanism feeds on
diversity measures of the parental population and computes
the number of parents to be selected for the next generation,
adjusting selective pressure dynamically. By varying the
number of parents over a fixed oftspring population size,
diversity in mutation steps is preserved and deficiency
repaired. What is more. since only the size of parental
population is altered instead of that ¢t offspring population,
there should be less computation overhead and memory
requirement than conventional offspring population sizing
techniques. To sum up, the modification proposed in this
paper implies more efficient and relevant usage of
population resources. .

Moreover, a phenomenon is found that parental
population sizes in some cases fall down to the lowest level
of one and stays there for the rest of simulation. This
interesting point suggests (1) a convergent state is reached
and external verification mechanism should step in, or (2)
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further moditication. of the parental population sizing

approach

(for example, the lowest level of parental

population number should be two rather than one). At any
rate, simulation on several benchmark problems vindicates

the

7.

[

(4]
(5]

te]

(7]

(8]

virtue of this population sizing approach.
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