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Abstract - O n e  of the nia,ior differences of Evolntion 
Strategies (ES) from other Evolutionary Computation 
(EC) is self-awareness of the distinction between 
parental and offspring populations. This feature is all the 
more prominent when it comes to  the availability of two 
ES variants: COMMA and PLUS ES (i.e. (,U, 2) and 
@+A) ES). Even though these two schemes capture, 
respectively, the :intipodal emphases on exploration and 
exploitation, conventional practices of 1% still suffer 
from the prohlein of premature convergence. By the 
proposition of ; in  ;itlaptive parental popnlation sizing 
approach, the au!hors wish to buttress the original ES 
scheme. This population sizing approach differs from 
previous ones in that only size of the parental population 
is adjusted. Simulation on several benchmarlt problems 
vindicates the virtue of this modification. Moreover, the 
modified algorithm also sheds light on convergence 
status of the population for a given optimization taslt, 
hence allowing further improvements on ES toward 
premature conveiycnce checlting and parallel search 
mechanisms. 

1. Introduction 
Evolzrtion ,Y~/~rle,qic!.s (ES) were developed by Rechenherg 
[ I ]  and Schwelel I:?] to solve difficult parameter 
optimization problems. Like Genetic A/cyorithnis (GA) [.?I 
and Evo/zrtiontr/:i~ /',.o,y/zr,l?,7li,?r:~//~?/q~i/7~~ (EP) [ 41, this methodology 
fails into the generic discipline of Eiwhtio/7~ri:i~ C'onqpz/t~//ion 
(EC). EC are hiology-inspired techniques most otien 
employed for optimization and search problems. 'The 
rationale behind these techniques is titness-driven random 
walk after a (global) optimum by an evolving population of 
possible solutions. Over generations, the population 
improves in  tittiess values with scarcli directions and 
convergence velocitv determined by evolution operators. A 
typical evolution cycle can be summarized into the loop 
shown in Figure 1 (after tlie figure given in  151). As can be 
observed, rcccmbination (crossover), mutation. and 
selection are all common evolution operators among 
different EC branches. 

The performance of these poptilation-based algorithms 
depends greatly on interaction between evolution operators 
and tlie optimization imhleni at hand. 'The operators' 
inclination shapes the virtual fitness landscape as seen by 
the population, wliilc this sampled terrain leads the direction 
of subsequent search. This complication often results i n  a 

prolonged search process o r  even premature convergence to 
some local optimum. Moreover. tlie interactive nature of 
these operators also makes it very clittictilt to hand-tune EC 
for tlie wide array of problems. 111 recognition of' this fact, 
adaptive cvolutionary opcrators are studied and 
implemented. 

Among these researches, the se1 fkdaptive mutation 
mechanism i n  1 3  presents itself as ti  promising contrivance. 
I t  is assumed that strategy parameters for  surviving 
individuals are better than  those pel-ish. Under this 
assumption, the self-adaptive mechanism should be able to 
moderate the degree 01'  mutation l'or cach individual 
according to its Iwosiniity to tlie (global) o~itimuin. 
However, real-world implementations of ES still suffer from 
slow convergence or even premature convergence due to a 
lack of coordination among its evolutionary operators. This 
tlifficulty rcsults mainly liom: ( I  ) blind belief in  the 
spontaneous correspondcnce l i om selikiapted mutation 
step sizes to local fitness terrain, and (2) greediness of the 
ranking-based selection which crasc the trace of interaction 
hetween mutation and problem surface. This paper tries to 
atldress tlie second sliortconiing by adjusting dynamically 
tlic size of tlie parental population tioin generation to 
generation. N o t  only do  simulation rcsiilts vindicate the 
virtue of this modified 13s. the evolution behavior- also 
demonstrates interesting links between population diversity 
measures and sol ution convergence. 
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2. Evolution Strategies 
The Evolution Slrategies used i n  this paper are a s  those 
described in  101171. I3ch run  of ES computation starts with a 
randomly gcnerated i ni tin1 popti lat i on 
P ( 0 )  = {Zl(0)..,.. t i , , ( ( ) ) !  o f L /  individuals. 

Definition 1. 
For standard 1 . 3  cmploying n-dimensional tincorrelatecl 

self-adaptive niutntion over an n-dimensional optimization 
problem, the ES population at tlie kl" generation is denoted 
as 

in which tl1e.j"' individual is of the form 

where 

/ /u / i i - id i /u /  i n  un 13'  fopu/ulion ( i i , ( k ) )  

P ( k )  = :o,(/();~.. i i , , ( k ) i  (I), 

G j ( k )  = ( / v j ( / i ) ,  e,(/()) ( 3 7  

X i ( / ( )  E I(" (.3 

ai(/() E / < , ' I  (4) 

is the vector of ol$ect variables in  the n-dimensional search 
space, and 

is the vector of strategy parameters. 
The ob-ject variable portion of an individual signifies tlie 

actual position i n  the real-valued search space for that 
individual. On t l ie other hand, strategy parameters of an 
individual are responsible for mutation, and are often 
referred to as "step sizes". 

At the k'l' genei-ation, these ,L/ individuals act as parents to 
produce an intermediate population (P ' ( k ) )  of A individuals 
(1  5 p 5 A)  ihrougli recombination. IJsually, the ratio 
between 11 and A is sct to I :7 (241. When mating parents are 
chosen to generate offspring. they not only reconibiiic their 
object variables but also their strategy paranieters. 
Definition 2. /ic~coiiihi~iution (rlll)) 

There are many recombination mechanisms used in  ES. 
The most comnioii ones are discrete recombination and 
intermediate /.cconihi/itr/io/i. This paper employs hiimi:v 
discrete ,-ecomhi/itrlioii, through which A offspring are 
created 

where s and / are tlie indices of tule randomly drawn 
parents. Each component i n  Z ' ; ( k )  (ob-icctive variables as 
well as strategy Ixirameters) is designated iis the 
corresponding component of a chosen parent. l'liis 
contributing parent is drawn randomly for  each component 
of the offspring individual with replacement. 

As mentioned carlier, there are many recombination 
operators employed by researchers. The algorithm proposed 
by this paper is applicable with any of these operators. 

Once the intermediate offspring population of size A is 
obtained, it itself undergoes self-adaptive mutation. A 
standard implementation of n-dimensional self-adaptive 
mutation looks like tlie following: 
Definition 3. ,YclJ~trtlaptivc Mutatio/i ( / i is , \ )  

mutation is perfhiied so that 

L i ' ; ( k ) =  rill)(Z\(/c),G,(k)) ; t j j = I  ,..., il ( S ) ,  

For each child in  the offspring population, self-adaptive 

~ ; " , ( / ( ) = / i i S , \ ( ~ ' , ( l ( ) )  : 'd i - l  ...., (6), 

C T " ~ ,  ( k  ) = C T '  , , ( k  ) .  cspl r '. N ,  (O., I) + r .  N ,,;( 0, I)]  ; 

(7), 

where strategy parameters are varied i i rs t  accoi-ding to  

\I j-:I ,_... A; i -:I ...., / I  

which arc tlicii used to mutate ol>,ject vuriahles 
. \ . ' I ; ,  ( k  ) = .\.I , , ( k  ) -t- 0'' i ,  ( k  ) . A';, (0. I )  ; 

v;-l ..... 2: i - I  ._... / I  (8). 

In tliis papcr, r ' = ( & )  I a n c l  r = I , ancl N(O,  I >  
rcpresents a normally distributcd rantlom variable with zero 
expectation and unity variance. 

After mutation, the intermediate population / " ( k )  will 
enter tlie selection pool (I" '(/()) whcrc: a new population of 
individuals will he chosen as parents for  the nest generation 
(/'(/(+I)). C:onventionally, the selection pool can be either 
tlie entirety 01' offspring alonc or the union of offspring and 
parents together [IO] ,  i.e. 
I)ciinition 4. 

( I /  -t A) 1 3 )  
('OMA'IA /iS and / ' / ,US LS (i.e. (,U, 1) and 

111 C:C)h/lh/IA IS ,  the selection 1x)oI is made t i p  of the 
cntirety of). offspring alonc 

whereas in PLUS ES. the intermediate population consists 
of the union o f / /  parents and i, offspring 

(9) ;  ply/()= l - . l l  , t r  ( k ) ; . . ,  ii", ( k )  I 

f "( /( ) = io, ( /i ), , , , , Li,, ( k ), ii 'II ( k ). . . , ~ 2i ' I i .  ( /( ) 1 ( 1 0). 
'The C:Oh/lh/lA and I'LlIS ES iiIc special cases of the 

more general strategy of ( A / ,  A-. A) 13S, where K denotes the 
maximal lifespan of an individual. \&'it11 A- = I .  the strategy 
resembles C:Oh/lMA FS, while with K = K~ it resembles 
1"JS ES (251. 

Once pooled, these candidates are subject to the selection 
operator (.SI,) so that 

P(k + I )  = ,s, ( f  " ( k ) )  ( 1  1) .  
Usually, truncation selection opixator based or1 fitness 

ranking is used. although tournanic:nt selection and other 
selection operators could be used. 

With these definitions, algorithm ofthe standard ES used 
i i i  this paper are given as l'ollows: 
AI gori tli 111 I .S/~rndard C 'OAdtblA/l) L I J S  ES 

k = 0; 
initializing /'(U): 
evaluating /)(U); 
while (termination criteria is not fiiltilled) d o  

i .c,c~o/iihi,iulion: i i t i ( / i )  =: / i , ~ ) ( ~ i , ( / ( ) , Z , ( / ( ) )  ; 

v j = I  ...., h 
/177r/~r/ ion:  i i " , ( k )  = m S , , ( u f j ( k ) )  ; 

cwluuling l ) ' ( k )  = la',(/(),. . . .G l i  ( k ) J  
.vc~/cction: 

V.i = = I ,  ..., h 

ifC:OMh/lA ES 
/ ' I t ( / ( ) =  I - - ( (  $ ( r  l ( k ) . . . . .~ i " i (k )~  ; 

else if PLUS ES 
I' " ( k )  = i0, ( k  ); . . , ii,, ( k  ) .T i  'II ( k ) ;  . . , j 'I;, ( k ) ]  ; 

li 
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3. 
3.1 

Improvements to Evolution Strategies 
Previous I<cse:irclies 

Because standard 1.3 use deterministic truncation selection, 
whose selective pressure is high .[ 131. tlic population tends 
to Search “loc;~Ily” after few generations 1 IS]. Despite its 
simplicity and thc high convergence rate it encourages. the 
truncation se1 ec t i on operator i ro n i ca I I y underni i n es ES ’ 
capability to ovcrconie local optima. Oncc tlie population is 
trapped, self-adaptation in  mutation step sizes does nothing 
more than to aggravate the situation. Especially when tlie 
ratio between ;ind i s  very small. there exists such a 
crowding effect that only top-ranking individuals survive 
onto the next generation, whose strategy parameters ilre 
l imited in  s i x  ;iiid otten have great similarity. ‘l‘his 
phenomenon contributes to the fast convergence rate of 
C O M M A  ES. 

There have been innumerable attempts to improve global 
performance of ES. Most of these improvements focus on 
explicitly replacing conventional crossover, mutation, and 
selection operators wi th new ones. I n  general, these efforts 
can be classified into two major categories. One attempts to 
deploy tlie population over search space with sufticient 
diversity. The other aims to enhance the efficacy of search 
guidance. These two approaches correspond to tlie two main 
concerns of all IX: “ i t  can be argued that there are only two 
primary factors in gciietic search , . . / K J / I I I / C ~ / ~ ( J H  divcrsi/j> nnd 
.se/ectivc /~/.c.F.Y~//x . . . In ;I sense, this i s  just another variation 
on tlie idea 01’ ~ , .Y / I /WU/ ;O/~  versus cr/i/oi/tr~ion . . _” [ I  I]. 
However, due to ~ h c  antipodal natiires between exploitation 
and exploration, o r  bctween convergence arid diversity, few 
o f  these improvements can fulfill both criteria 
siinultaneously [ 1211 I7][ IS]. 

There are two possible workabouts. The first is those 
algorithms that employ local competition on sub-population 
level instead of a global competition I I6][ 191, because 
search diversity i n  these cases is upheld by  spatially distinct 
sub-populations each evolving t o  local i i i ini ina nearby. 
These inodit ied algorithms otien require a large population 
that w i l l  inevitably incrcase coinputation load. Moreover, 
the connection between global fitness landscape seen by the 
whole population and i ts collective mutation step sizes has 
been cut of f .  111 i’act. it can be asserted that these moditied 
a l g o r i t h m  are equivalent to parallel search exercised with 
these sub-populations (201. Tl ie other solution, which the 
authors try to exemplify in this paper, lies i n  altering tlie 
behavior o f  selection by making it inore intelligent, more 
informed about tlie . V / L I I ~ I S  qr/o o f  search process. 

3.2 Parental Population Sizing 
As mentioned earlier, one o f t h e  wealcnesses in ES lies with 
the high selective pressure. ’Taken the fact that knowledge 
about fitness surface is encoded implici t ly within spatial and 
fitness distribution of the population as well as distribution 

of mutation step sizes, niucli of these hiiits \vi11 definitely be 
climinated undcr a high selective presstil-e. 111 this aspect, 
sustenance 01‘ population divcrsity i s  much  more iniportant 
than the creation of it ihrough mutation. With the idea i n  
mind, niany studies have gone straight nhcnd to increase the 
size of‘ the entire search population iii order to host more 
diversity i i i  oiic generation. I-lowevcr, sustenance o f  
clivcrsity lies not with slicer nuniber ol‘individuals. Having a 
large amount 01‘ similar individuals clue to high selective 
pressures i s  \vorsc than having only one i n  the population, 
because i n  the foriner case l i i t i le rccoinbination and 
intitatioii are prone to happen. 

Selective pressure in 13s is tlctermined by p and A, 
because it is a function of tlie ratio between size of the 
to-be-selected population (parents for tlic next generation) 
ancl size of the whole selection pool (ibr truncation selectioti 
operator) 1 13). This ratio 7‘ is in\ ,ely and nonlinearly 
proportional to selective pressiirc. In  W M A 4 A  LS. T is (11 / 
A); i n  I’LIJS 13, T is ( p  / ( p  1- A)). 1:or many rcsearchers, it 
hiis been a conventional practice t o  use the reconimendatory 
//-A ratio 01’ I :7 [6] .  According to  th is  suggestion, the 
selective pressure i s  high and premature convergence is 
almost inevitable. 

The nianipulation of selective pressure can be achieved 
through varying ,L/ and A. Nevertheless. absolute value of A 
also determines the coinputation land i n  (ernis o t  function 
cvaluation required. Consequcntly. changing tlie value o f  p 
seems to be ;i reasonable a n d  efticient approach. ‘ilierefore, 
this paper proposes ;I niodifietl ES algorithm that 
dynamicaliy xiiirsts selective prcssure through /~tri.cntu/ 
/~o/udo/ iou ,sizi/7,y, i n  iiccordance with population diversity 
nieasures at each generat ion. 

4. 

T o  show tlie effects o f l l - ~  ratio has on ES. especially when 
varies over a t ixed 1, several simulations are conducted 

over six benchmark functions. 

4.1 ES to be Compared 
The 6s sets used in simulation are denoted by ,,,-A 
COMMA/PI.,US ES according to the actual number of 
individuals involved and tlic pool ing sclienic used. Tl ie sets 
employed are: 

Effects of I’arental I’opulation Sizes on ES 

Set 1 .  30-200 C O M M A  1:s (30-200-C‘ES), and 
100-200 C O M M A  13s ( 100-200-CES). and 
180-200 C O M M A  ES ( 180-200-CES). 

Set 2. 30-200 PIAIS ES (30-200-PES), and 
100-200 PLUS ES ( 100-200-PES), and 
I 80-200 PLUS ES ( 180-200-PES). 

Other alyori thm parameters are listed i n  ‘Table I. 

4.2 
Task objectives i n  tlie simulation arc function optimization, 
wi th fitness values obtained directly lkom the objective 

Ilcncli in a I-I< Fu n c t ions 
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= C/.S ~ / c / l ( J / c ' t / .  (IlLlIllhCl' 01' IXIrCtltS) 

= (/.Y ( i c . / i o i i , t / .  (numhcr ol'oi 'lLpritiy) 

k,,,,, = 2000. (numhcr 0 1  gctiwilions. csccpl 
(iiiilial slcp s i x )  

lirnctions. 'The hcncliniarli fiiiictions are listed in  Table 2 and 
3 [14][12][2 111. A IC\\' coninicnts arc worth nientioning 
beforeliand. As cmi l ~ c  ohser\/ed in  Ilie tiibles, ,/, is I l ie  
iinimodal splierc minimization pi-oblem, \vl i i le,f i  and j 3  nre 
two different \w.sioiis of tlie nitiltiniodal Ackley 
optimization probl em with different I oca1 ni inini tini bas in  
widths and depths. In fhct, these problems represent varying 
degrees of mtrltimod;ility. For- instance, ,/., is the Griew;inlc 
fiinction with tlic largest search space aliiony the six 
benchmark problems. l3nally, ,/; represents iniiltimodal 
fiinctions w i t h  m;iny large local minima. wliereas,f;, from tlic 
Shekel's family of  iiinctions has only ten lociil minima. 

4.3 Observation O I I  Simulation Results 
Simulation results lbr Set I & 2 arc tabulated i n  'Table 4 & 5 
respectively. L h c h  simiilation case has been conducted 50 
t imes indepentlently. After ranking inc!ividual results, thc 
two top-most and two worst cases are discarded. The 
tabulated values arc t l i i i s  obtaincd from the central 46 ciises. 
Best performing I 3  i n  cach case is cncircled with bold 
borders. 

As can be seeii from the results, optimal ratio between p 
and il is indeed problem dependent. Nevertheless. both 

COMMA and PLUS 13 (Tnhlc 4 and  5 )  show a general 
preference liir larger ,//-.2 ratios ; I S  thc coniplexity 
(~iiiiltiiiiotiality) of' I m ~ b l t x i s  incrciises. Also noteworthy i s  
11ie divergent inclination o f  " I  SO-2OO-(.'lZS'. i n  Tab le  4. It is 
50 hccausc its Iwge //-IL ratio ~~rotltrccs such ii IOLV selective 
~ ~ ~ s : ; i i r c  thnl tlic popi11;ition r.otirse.s i o  convcrgc. 

5 .  
1:roni thc previous rcstt\~s. i t  can I>c concluded that 
conventional ,/-A ratio is 1 1 o t  optiiiial Ibr all problems. 
I lowever, optihality o f  ;I given ratio i:, problem dependent. 
I t  seems that //-A ra t io  is intleed ;in important factor 
determining the performancc of ES. 

With these nftirming r~siilts. the authors wish to pursue 
tlie idea of tuning / / - I v  ratio dynamically i n  the hcliefttiat ( I )  
;I excessively large / I  \~iiIiic may still increase computation 
ovc.rlicad, a i d  (2) nn intelligcnt sclectim operator can reach 
;I I-casonablc p-2 ratio to niirintain 11ie halance hetween 
pcrlbrniancc anti algoriilini resotii-ccs. 

'l'lic basic idea o f  tlynninic parental, polxilation sizing is: 
\vlicii diversity of tlie popitlation is high, lcssen tlie selective 
pressure so t h a t  th is  diversity can bc passed intact onto tlie 
riext generation: on the other linnd. .when the diversity is 
low, clioosc only tlie topinost parent to  save resources, and 
le1 self-adal7tivc nititation docs its job. I-lere, diversity of the 
polxilation is based on litness onl~ / .  siiice lcnowledge of tlie 
litness terrain possessed l>y 1Iie 13s is r-dlected i n  the litness 
tlistribtrtioii of its poptrlatiori only. 'Phercfor-e; several fitness 

Dytt iltii ic i'il rcrital 1'0 11 I I  latio tt S king  

1354 





hl oil ilircl 
1'1 . I  'S 1 . 3  Iirst ofset 2 Rlodiliccl 

( ' 0 h . l h l A  1 . 3  

/ / (k+-  I ) by 
p (  k + I )  = (A - l)i (I - b:.(/c)) + I 

sci/cc.lio/7: 
if CUMMA ES 

c,c//c///tr/i/7,q /~,, ,(k+ I ) from Lq. ( 16) 
I' "( /( ) = I li, (/i );. . , L7/ ,,,, ( A  , , )  (/( 1. 

cr 'I1 ( k ), . . . , li 1';. ( /< ) I 
clsc it' PL,IIS ES 

/)'I( /i ) = I N I  ( k  ): .. . G,, ( k  ). 

(/i):. ', t i " i  ( k  ) 1 
f i  
I ) (  /( + I ) = , % I  ( P  "( k ) )  ; 

k = k +  I ;  
' od 

5.2 Performance of the Modified ES 
Performance of the inodified ES i l l  tlie same suite of 
benchmark functions is tabulated in Table 6 .  If compared 
separately, it is obvious that the modificd COMMA BS 
perforins better than the original Set I 13s in all problems. 
Also, the modified I'LLJS ES perforins better than Set 2 ES 
in four out of six problems. 12inally, when inodified 
COMMA and I'LCJS ES are compared, it is found out that 
the former still performs better. It seems that due to tlie 
partial elitisin of the iiiodified COMMA ES and the parental 
population sizing scheme, the downsides of staiidard 
COMMA ES are all removed. Exainples of the evolution of 
parental population size across the generations are given in 
Figure 2. 

6.  Conclusions 
In this paper. tlic authors propose a modified algorithm to 
calculate parental population size for 1 3 .  The idea comes 

fioin the observation that convcntioiial ,,-)L ratio used in ES 
produces a n  excessively Iiigli selective pressiire in the 
truncation selection opcfirtoi- for  population diversity to 
sustain. 'Ilicrefore. prematurc coiivcrgeiicc occurs under the 
disguise of a fast ccwvergencc velocity. This is also why ES 
have been called by many as a local optimization technique. 
Some reasoning 0 1 1  tlie tension between diversity and 
selective pressure in ES can he found in  [22][23] .  

It is concluded by the authors that high selective pressure 
of ES ranking-based selection olkrator hinder:; free 
evolution of self-adaptation by adinitting only a sinal1 
portion of tlie hest of offspring to sui.vi\;e as parents i n  the 
next generation. rrhese new parents often have siinilar 
strategy paraineters in addition to siinilar objcct variables. 
I\,loreover. siiicc unsupervised self-adaptatioii of strategy 
Imrameters fails to readjust mutatioii steps in  accordance 
with current search status. inutatccl individuals have 
difficulties in overcoming local optiin::i. C:oiisequently, when 
these two deficiencies add up. a vicioi.is circle emerges: lack 
of diversity in  mutation steps leads to homogeneity i n  object 
variables, which in turn aggravates the irrelevancy of 
mutation operator. 

To solve this deficiency. the meclinnism o f  parental 
population sizing is proposed. 'l'lie inechanism feeds on 
diversity measures of the parental population and computes 
the niiinber of parents to he selected for  tlie next generation, 
;icl,iusting selective pressurc dynamically. By varying the 
number of parents over a fixed offq>ring population size, 
diversity in mutation steps is preserved and deficiency 
repaired. What is more. since onl)f the size of parental 
population is altered instead of that of offspring population, 
there sliould be less coinputation overhead and memory 
requirement than conventional offspring population sizing 
techniques. To sum up, the modification propqsed in this 
paper iinplies inore efficient and relevant usage of 
popul1 ' tion ' resources. 

Moreover, a phenomenon is t'ound that parental 
population sizes in some cases fall do\w to the lowest level 
of w e  and stays there for the rest of' simulation. This 
interesting point suggests ( I ) a c o l n u p i i t  state is reached 
and external verification mechanism should step in,  or (2) 
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further modilication of‘ the parental population sizing 
approach (for csaniple. the lowest level of parental 
population number should be two rather than one). At any  
rate, simulation on several benchmark problems vindicates 
the virtue of this population sizing approach. 
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