The Analysis of Constrained
Impulsive Motion

L.-S. Wang Impulsive problems for mechanical systems subject to kinematic constraints are discussed
W.-T. Chou in this paper. In additi_on to _the applieo! impulses, th_ere may exist suddenly changt_ad

e constraints, or termed impulsive constraints. To describe the states of the system during
the impulsive motion, three different phases, i.e., prior motion, virtual motion, and pos-
terior motion, are defined which are subject to different sets of constraints, and thus have
different degrees-of-freedom. A fundamental principle, i.e., the principle of velocity varia-
tion, for the constrained impulsive motion is enunciated as a foundation to derive the
privileged impulse-momentum equations. It is shown that for a system with no applied
impulse, a conservation law can be stated as the conservation of the virtual-privileged
momenta. The proposed methodology provides a systematic scheme to deal with various
types of impulsive constraints, which is illustrated in the paper by solving the constrained
impulsive problems for the motion of a sleidiDOl: 10.1115/1.1577599
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1 Introduction namics, which leads to a variational equation in terms of virtual
displacements. However, due to the special character of the im-
ulsive motion that the position of each particle is held fixed, the

tion, particularly the velocities, of the particles in the system a ariation on the position such as the virtual displacement seems to
changed so rapidly that the duration of the process may be 156 a little unnatural. On the other hand, in 1909 Jourdan

garded to be instantaneous. Such phenomenon occurs When'r‘\ duced the notion of variation on the velocity while keeping

sys:em IS subjggt t(l) aphplled (ljmpul(sjetsh or the c_ops(;ramtzlon time and the position fixed. This concept leads to the so-called
system are suddenly changed, an € associated problems iiyain's variational equatioh22], or the principle of virtual

ternt1_ed thefo_nstralnedd |mpltJIs_|v? ptroblergm colntrast t(t) t_hc;se power [23—-2€ for dynamical problems, and the corresponding
continuously imposed constraints, termed tbgular constraints variational equation on théinite or infinitesima) velocity varia-

the suddenly varied constraints, called thgulsive constraints _tions is termed the second form of fundamental equatiof§Jin

mﬁyhsignificahnt% affect trf1ef anglysis of tge in;pulsi\:je motion, "Since the position is not changed for such variations, it is deemed
which even the degree-of-freedom may be changed. HOW 10 SySai the fundamental equation in velocity variations is more ap-

t_ematicqlly pefform the analysis_of the _constraineq impulsive m ropriate to be used for dealing with constrained impulsive prob-
tion subject to various types of impulsive constraints is the Maldms, cf.[3,11]. However, in the application of the variational

theme Of.th's paper. . . equation, it is required to clearly identify the associated conditions

Impulsive problems occur frequently in the motion of a megy, the velocity variations. For the aforementioned different types
chanical system, and have been treated in many classical teglinnisive constraints, we thus have to indicate their relations
books, such al—6], or in some recent literatur¢g—12, among i the compatibility conditions on the velocity variations in the
others. They also appear in the study of the motion subject ey

” . =% Pasic principle.
one-sided constraints, c[fli_%—lﬂ and the references thefe'?" N In this paper, we shall separate the impulsive motion of the

. . > . . escystem into three phases. The prior motion and the posterior mo-
exist hybridly. Analysis of such hybrid systerfi,6,17, requires tion refer to the motion immediately before and after the instant at

an effective tool to deal with both the regular constraints and thehich the impulsive motion occurs, respectively. In addition to

'mPU'S'V‘? constraints. Acco_rdmg to their d_uratl_ons,_ the Iatter_ the regular constraints, the system is subject to live and released
further divided in this paper into four types, i.e. live, inert, elastiGonsiraints in the prior motion, while it is restricted by live and

and released. Similar classifications can be foundlip but in - e constraints in the posterior motion. To accommodate the
which the live 'mp“'s"’e constraints are not r_ne_ntloned and t astic constraints, which are imposed on the system during the
released constraints have different characteristics. On the ot E)ulsive motion, it is postulated that the system is in the state of

hand, while the live constraints, as well as the inert ones, wejg, hird phase, i.e., the so-callgittual motion in which live
discussed i13,8,18,19, the effects of released and elastic impuly,a4 “anq elastic constraints are active. We note that the compat-

: . : |
sive constraints have not been extensively analyzed. Although {igi -onditions on the velocity variations induced from the ki-

mathematical formulation for impulsive constraints has been at: : - ; : ; ;
. X ematic conditions in the virtual motion are those should be in-
tempted in[12,15,20,2], a synthesized approach to treat th%/

A mechanical system undergoes an impulsive motion if the m

- ) ! ! o uded in the fundamental variational equation. Accordingly,
above-mentioned four categories of impulsive constraints is s

ind 4T in thi | afund L orinciple for i alogous to the principle of virtual power for finite-force motion,
in demand. To attain this goal, a fundamental principle for Impuize h-onose the principle of velocity variations for the constrained
sive motion needs to be invoked.

In 1903 Appelll iated a basi inciole f ._impulsive motion of finite degree-of-freedom system as enunci-
n ~ ppet.[ ] enulnua € ta Da’l;llc prtl)nc;’p e for pelrcgs%:oréted in Section 4. This fundamental principle essentially says that
or impuisive motion analogous to D'Alemberts principie In dy-he applied impulses can be divided into the effective impulses
Comributed by the Abpiied Mechanics Division ofiE A . which generate the jumps of velocities, and the net applied im-
ontripute: Yy the Applie echanics Division O MERICAN CIETY OF H H
MECHANICAL ENGINEERSfor publication in the ASME OURNAL OF APPLIED ME- pulses, which cannot change the jumps. Her.lce the sum FOtal OT the
CHANICS. Manuscript received by the ASME Applied Mechanics Division, May ZBPrOdUCt of ‘Ehe Igtter an.d the Ve|9C|ty Val’lathhS Compatlble with
2001; final revision, Dec. 3, 2002. Associate Editor: N. C. Perkins. Discussion on ttae constraints in the virtual motion must vanish.
paper should be addressed to the Editor, Prof. Robert M. McMeeking, Department ofFrom the fundamental principle, the basic variational equation
Mechanical and Environmental Engineering University of California—Santa Barba ; ; : ; : :
Santa Barbara, CA 93106-5070, and will be accepted until four montlﬁ)r |mpuIS|ye motion can be. Immedlatew d(_—',“l’lved. Th?. phase_ of
after final publication of the paper itself in the ASMBURNAL OF APPLIED ME- virtual m_0t|0n may be described by gen_erahzed vm_alocmes, Wh'Ch_
CHANICS. are obtained from the regular geometric constraints, and quasi-
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velocities, which may arise naturally for a given problem. Th@ Classification of Impulsive Motions
holonomic or nonholonomic relationships between these velou-.l.he impulsive motion of a mechanical system refers to a sud-

terms of the variations of the virtual-privileged velocities. Substjisive force over the short interval. If sudden changes of con-
tuting the expressions into the basic variational equation, the Sqraints occur, each particle in the system may be treated as being
calledprivileged impulse-momentum equations for impulsive Mgnposed by the impulsive constraint forces, or constraint im-
tion are deduced, from which it is observed that the differencggises. Similar to the notion of constraint force for a nonimpulsive
between the prior virtual-privileged momenta and the posterigiotion, or termedinite-force motionthe constraint impulses only
virtual-privileged momenta are balanced by the applied virtuahppear when the constraints exist. During the impulsive motion,
privileged impulses. The privileged impulse-momentum equaach particle in the system may be impressed by external impulses
tions, formulated in the virtual motion, can be then used to fingr the interactive impulses from the other particles. The total im-
the relation between the prior motion and the posterior motion. fjulses may be further grouped into the applied impulses and the
particular, the conservation law of the virtual-privileged momenteonstraint impulses. The problem associated with the impulsive
can be stated for the constrained impulsive problem if there is nwtion of a constrained mechanical system exerted by applied
applied impulse. However, if elastic constraints appear, the privinpulses is termed theonstrained impulsive problernthe kine-
leged impulse-momentum equations are insufficient to determinm@atic condition that restricts the motion in the whole process of
the states in the posterior motion from the prior motion, and athe impulsive motion is called gegular constraint On the other
ditional criteria, such as the law of impact, should be invoked. hand, the constraint that appears or vanishes during the impulsive
While the privileged impulse-momentum equations for impulmotion is named thémpulsive constraintEither regular con-
sive motion subject toegular constraints derived here are similarstraints or impulsive constraints may exert constraint impulses
to those obtained by using Kane's approddh27], the impulsive during the impulsive motion.
constraints and the notion of virtual motion were not discussed T0 illustrate these notions, we consider a ball rolling on a rough
there. The basic variational equation introduced here provides @gface. The ball rolls without sliding and thus is subject to some
more suitable scenario to deal with the impulsive constraints, aR@nholonomic constraints. If there is an external impulse acting
paves the way for further synthesis with other methodologies 8P the ball while the condition of pure rolling is not affected, these
either continuous motion or for body with infinite degree_of_nonholonomlc constraints are regular. !f the ball hits the yvall such
freedom. The privileged velocities mentioned before, called tﬁgat there are new constraints appearing, SL.’Ch constraints are the
generalized speeda [7], are systematically obtained here by us|_mpulslve constraints. According to the duration of their effective-

ing the active kinematic constraints and the expressions of tg§ss, the impulsive constraints may be further classified into the

quasi-velocities. For some problems associated with complex llowing categories:

chanical systems, Kane’s approach may be superior to the otheréd) Inert Impulsive Constraints

in deriving the equations of motion for finite-force problems, cfror an inelastic ball falling on the floor, the constraint occurs
[28]. The methodology proposed in this paper thus also have thofiging the impulsive motion, and holds after the motion. Such
advantages due to the similarity. impulsive constraints that appear during the impulsive motion and

On the other hand, from the geometric point of view, the priviare satisfied afterwards are called thert impulsive constraints
leged equations may be viewed as the balance of the projection

of the underlying quantities to some appropriate subspaces dete
mined by the constraints, c¢f20,29-31. In modern geometric If the ball is elastic and is dropped to the floor, the sudden con-
mechanics[32,33, the virtual displacement is regarded as thétraints imposed by the floor during the impulsive motion disap-
tangent vectors to the configuration space and the geometric fpgar afterwards. Such impulsive constraints are termeelttstic
mulation of Lagrangian mechanick34,35, is mainly based on impulsive constraints

the D’Alembert principle. Since the velocity variations are essen- (¢) Live Impulsive Constraints

tially the tangent vectors to the velocity space, it may be intereﬁ
ing to develop the geometric formulation for the principle of vir-
tual power or the principle of velocity variations. In particular, th({:z
treatments of the force as a 1-forf85], a horizontal 1-form,
[34], or a semibasic 1-forn],12], in geometric Lagrangian me-
chanics may not be appropriate in formulating the Jourdain vari
tional equation in modern geometric terminologies.

The rest of this paper is organized as follows. The classification
of impulsive constraints and the separation of different phases of
motion are discussed in Section 2. The kinematic constraints for . S .
various phases of motion and the notion of the privileged veloci- ye—agsino=y,, @
ties are described in Section 3. The fundamental principle famere .,y.) denotes the velocity of the center of the disk, and
impU'SiVe motion is then stated in Section 4, along with the del’iﬁ7 0 represent the Spin rate, the heading ang|e of the disk7 respec-
vation of the privileged impulse-momentum equations for imputively. If the plane is moved suddenly so thigs and y, have
sive motion. The application of the equations to solve the priogbrupt changes, the set of constraiflts (2) are varied accord-
value problems is discussed in Section 5. Section 6 describes fgly. Such impulsive constraints are grouped aditreimpulsive
application of the fundamental principle and the privileged equaonstraints
tions to a system including rigid bodies. A physical example, i.e., ) .
the sleigh under impulsive motion, is then given in Section 7 to (@) Released Impulsive Constraints
illustrate the proposed methodology, in which Newton’s methaeé contrast to the inert impulsive constraints, there may be
and Lagrange’s method are also used to solve the same probleradme constraints vanishing during the impulsive motion and
manifest their differences. Some concluding remarks are finalijterwards. Such impulsive constraints are termed réteased
given in Section 8. impulsive constraints

If:b) Elastic Impulsive Constraints

a ball rolls on a rough surface, and the surface is suddenly set to

ove, the form of the original constraints still holds, but some

rms may be changed due to the sudden motion of the surface. As

an example, consider a vertical disk with radasolling on a

g)ane moving with velocity X;,,¥,). The rolling-without-sliding
onstraints can be expressed as

X.—a¢ cosf=xX,, 1)
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Fig. 1 A ball rolls across the boundary between two surfaces

Although a live impulsive constraint may be divided into awith the discussion i12], where the analysis of motion subject
combination of a released constraint and an inert constraint, withimpulsive constraints based on modern geometric mechanics is
certain specific relationship, it is treated specially in one categopgrformed individually for different types, i.e., permanent non-
due to its frequent appearance and the distinct struci8te, holonomic(regulay, permanent impulsivénert), elastic, etc.

A similar scheme for the classification of the constraints occur- To specifically identify the action of various impulsive con-
ring in the impulsive motion was given by Appdll], in which straints, we shall divide the impulsive motion into three phases.
among the four types there the first one is essentially the aforene motion immediately before the instanat which the impul-
mentioned regular constraints, the second type is the inert cajive motion occurs is called thgrior motion during which live
straints, the fourth type corresponds to the elastic constraindg,d released constraints are active. Immediately aftéhe sys-
while the live constraints defined above is not mentioned. In cofem is in theposterior motionand is subject to inert and live
trast to the released constraint, Appell’s third type of constraints dgnstraints. In between the prior motion and the posterior motion,
regarded active during the impulsive motion. However, from somge system is influenced by live, inert, and elastic constraints, and
observations, the notion of released constraints introduced hgigy be postulated in the so-calleditual motion The classifica-
may be more appropriate to be adopted. Consider a ball beifigh of the impulsive constraints and the separation of three phases
grasped in hand, and suddenly releaset 4t is obvious that the during the impulsive motion pave the way to systematically treat
velocity of the ball will not change during the short interval of thehe constrained impulsive problems in the following sections.
impulsive motion and immediately after the instantThe con-
straint of grasping is suddenly released and is thus not acti§e Ki ti £l Isive Moti
during the impulsive motion. Inematics ot Impuisive Motions

Although the system undergoing released constraints will not Consider a systen$ of particles, whose number may be finite
experience a sudden change of velocity, the degree-of-freedonofinfinite, indexed by an index sét Each particleP; in S, i
its motion varies significantly. In fact, released constraints ofteal, with massm;, is located at the position € R®. The configu-
occur simultaneously along with other kinds of impulsive corration of S is specified by the positions of all particles $ The
straints or the imposition of applied impulses to result in impukystem is assumed to be fifite degree-of-freedopin the sense
sive motion. Consider a ball rolling on a rough horizontal surfacéhat there is a set dfl particles inS such that the positions of all
and suddenly bumping into an inclined rough surface such thaipiarticles can be determined from those of thearticles, i.e.,
may start to ascend, cf. Fig. 1. At the instant of impact, the con- .
straint from the horizontal surface is released, which should not M=riXe s Xana ), del,
provide any actiorfconstraint impulseon the ball except that the where @3]—2#3;—1,)(31) are the three components of i
degree-of-freedom of the system is increased. The suddenly apt--- N. A system consisting of particles of finite number or
peared constraint from the inclined surface, the inert constraifgid continua is in such a category. Although the methodology
can then be imposed on the motion. developed in this paper may be extended formally to systems with

The difference between the released constraints and Appelffinite degree-of-freedom, the finite degree-of-freedom is as-
third type of constraints affects the analysis of impulsive motiosumed here to avoid some technical difficulties and to enhance the
In fact, in[8], the constrained impulsive problems associated wilarity of later discussions.
the Appell’s first and the second types of constraints, termed per-f S is exerted by applied impulses or undergoes sudden change
sistent constraints, are described to be determinant, while for €constraints at instartt, the system may experience a sudden
third and the fourth type, the problems are claimed to be indet@fsange of motion betweert ¢,t+), i.e., the interval immedi-
minant, for which additional laws are required. From the observgte|y before and after the impulsive motion. Although it is more

tions made above, it is seen that the problems associated thegigssically realistic to regard the duration of the motion in a very

leased constraint are determinant, and only problems with ela Iort intervaI[T— 1t 7], the analysis of motion af is usually

constraint need more special treatment. However, it is noted t’?c%trformed by taking the limit as— 0. For each particl®, in S
i s : y
i

in the above-mentioned examples, the normal relative veloc ) velocity, which is finite during the motion, may have a discon-
between bodies before the impulsive motion subject to the re- . = S . o
ity at t, with the correspondingump of velocityAv;=v;

leased constraints vanishes. If it is nonzero, the COI’rESpOﬂdIIIL@J( ) =) (o ) ) - )
impulsive constraint should be treated as a combination of a re; ', Wherev;™’ (prior velocity) andv;™’ (posterior velocity
leased constraint and an elastic one. denote the velocities d?; att— andt+, respectively. The inte-
From the above discussions, the analysis of impulsive motigiation of the velocity;(t) with respect to time over the interval
should take into account the occurrences of the impulsive cdri— 7,t+ 7] is seen to be zero as—0, due to the fact that the
straints. Different classes of constraints may be active in differevglocity is finite in the interval. Accordingly, the position of each
stages during the impulsive motion. This observation matchparticle inS is unchanged during the impulsive motion, denoted
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byT;, iel, and only the jump of velocity may occur. The aboveining with the others, it is assumed that there are totajlym-

reasoning can be formalized by using the Dirac theory of dipulsive linear kinematic constraints in the form of

tributions as in[14] to show that the position is fixed during the

impulsive motion, which is essentially an a priori assumption "

in [9]. - , > By(a.0d;+by(q,=0, s=1:- L. ®)
Let the system be subject to independent regular constraints =1

including K geometric constraints and linear kinematic con-

straints. Due to the assumption of finite degree-of-freedom, tﬂﬁ

constraints on every particles ifi can be transformed into the“v

constraints on the selectdd particles. The regular constraints

may be then expressed as

According to the classification in the previous section, these
pulsive constraints are further divided into four groups, i.e.,
e, inert, elastic, and released, with numberd of I 7, ¢, 15,
respectively. For each group, the corresponding terms in the form
of Eq. (8) will be denoted by BZ;,b$), (BZ;,bd), (B;,bf), and
fo(X1, " X3y, t)=0, s=1;-- K, 3) (BZ- ,b?), respectively, in which the inhomogeneous terms of the
live constraintsbg, s=1,--,l., are different before and after
E A(Xe s+ Xy D)X+ adXe o Xa =0, S=Liee L As disc_ussed before, the prior_motion_sz_;\tisfigs live an_d released
g SN AT Gl R AN TR ST A constraints, the posterior motion satisfies live and inert con-
) straints, while live, inert, and elastic constraints are active in the
virtual motion. For each phase of the impulsive motion, the im-
respectively. By solving th& geometric constraints, the positionpulsive constraints and the regular constraif®sare combined
of each particle can be expressed parametrically by introduciitdo a set of active kinematic conditions on the motion. The cor-
n(=3N—K) number of generalized coordinatgs, - ,d,, as  responding degrees-of-freedom of the system are iifflisn— L
—ly;=lg, m*=n—L~-I,~I7, and m'=n—L—I,.~I;—1I for
prior motion, posterior motion, and virtual motion, respectively.
whereq denotes the ensemblgy(,--- ,q,). Differentiatingr; with ~Here, and in what follows, the superscripts,”* a,”and “ " are
respect to time, the velocities can be then written as used to indicate the validation of the corresponding termst for
<t—, t>t+, andte (t—,t+), respectively.
) af . of Recall that the motion is described by the aggregate gén-
rizz qu'JF R iel, (5) eralized velocities angy quasi-velocities, which are related by
=109 different sets of constraints for the three phases. In particular, for
whereq;=dq;/dt, j=1,-,n, are thegeneralized velocitiesf the virtual motion, the generalized velocities and the quasi-
the system. Substituting the components of the velocities okitheVelocities satisfy the. +I .+ I+, equations of kinematic con-
particles in Eq.(5) into the linear kinematic constraintd), the Straint andp equations of quasi-velocitie). By solving these
constraints on the generalized velocities can be expressed as €quations, which are linear in velocities, we may setatinum-

3N

ri:fi(q,t), iEl,

n

N ber of independent velocitieéﬁ,-'- ,¢r’n,, called thevirtual-
R _ R _ _ privileged velocitiessuch that the generalized velocities and the
121 Bgi(a,0q;+bg(q,)=0, s=1,--,L. (6)  quasi-velocities compatible with the kinematic conditions can be

expressed as
For a constrained mechanical system, it is sometimes convenient
to describe the motion in terms pfquasi-velocitiesr,, defined

m’

by qj:;D{U(q.t)¢;+dj’(q,t), j=1;-.n, 9)
n
A _ .
& Y, Cy(aba+eat), k=1:-,p, (7) _ S
=N l wk=216kg(q,t)¢g+g,-(q,t), k=1,--,p. (10)

in which the right-hand side is nonintegrable. Since the regular o .

constraints are imposed during the whole process, the motibHrthermore, by substituting E¢P) into Eq. (5), one may express

of the system in all three phases can be then characterizedth§ Possible velocity of each particle &fin virtual motion as

the combined set o generalized velocities ang quasi- m

velocities. The configuration at is specified by the general- . , S .

ized coordinates);,---,q,, and the prior motion, the posterior ri_gl Bl dsyi(at), el

motion are described by the combined sets of veloci-

ties @7, --.q0), @) ’&Té—)), and @7, .q(", where

ait) - (D), respectively. e e a5
Other than the regular constraints, additional constraints may be Bl = 2 Rall D’ Yl = adl 4 jall

imposed on or released fror during the impulsive motion, = ¢ T = B¢ T R

which may include geometric ones. For example, consider the . . . . .
motion of two rigid balls rolling on a plane and colliding with &€ continuously differentiable functions of,(), but not ofq,

each other. At the instant of collision, there is an impulsive ge§iNce the kinematic constraints and the quasi-velocity equations
metric constraint that the distance between two centers equals @@ all linear in velocity. _ _ o

sum of their radii. However, unlike the regular geometric con- ~nalogous to the process of selecting the ylbrtual-prlvneged ve-
straints, the impulsive geometric constraints cannot be used!@§ities, the set ofprior-privileged velocities{¢,}, and that of
reduce the number of generalized coordinates, since they are apygterior-privileged velocitie§¢5} can be obtained for the prior
satisfied at the instant of impulsive motion. A configuration for thenotion and the posterior motion, respectively. Similar forms of
constrained impulsive motion is said to pessibleif these im- Egs.(9), (10), (11) are found for each phase to describe the mo-
pulsive geometric constraints are satisfied at the indtamthich ~ tion, with the corresponding notations summarized in Table 1. It is
may be described byqg ,--- ,q,,) that satisfies the impulsive geo-noted that the selection of privileged velocities basically depends
metric constraints. After determining the possible configuration an the coefficients of the velocity terms, i.a'sj, B;—, andCyj,

the instant of impulsive motion, these impulsive geometric comnd hence the discontinuity of the inhomogeneous terms arising
straints should be transformed into linear kinematic forms. Corfrom the live constraints does not affect the selection process.

(11)
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Table 1 Summary of the transformations

Prior Motion Virtual Motion Posterior Motion
Active Impulsive Released, Live Live, Elastic, Inert Live, Inert
Constraints
Privileged P o=1,....mP ¢, o=1,...,m' $2, o=1,...,m?
Coordinates
b, 1085 (9) (D}, .d) (D, df) (Df,dD)
¢, to i (10 (G rgll; (Gio »9K) (Glézy :gg)
¢, tof; (11) (Bio: 1) (Biy:vi) (Bie )

If all the kinematic constraints are regular, i.e., there is no inties, Eq.(11). By taking &§;-variation on(11), the velocity varia-
pulsive constraint, the kinematic conditions for the three phasestan &§,f; can be then expressed in terms of the variations of the
motion are the same, with the same degree-of-freedémm®  virtual-privileged velocitiess; ¢/, as
=m?=m=n—L. The same set of privileged velocities may be
selected as well to describe the motion for three phases;bi,’,e., m _
=¢2=¢p2=¢,, o=1,--,m. The problem is then simplified to Siti= >, Bl(q)dip,, iel. (13)
the classical problem of impulsive motion, and the method pre- o=1

sented in this paper is similar to the one usedi7h . . . o, . .
An impulsive problem that the prior motion is given and theoince the virtual-privileged velocities,, are independent, there is

posterior motion is to be determined is callegrior-value prob- NO constraint on the corresponding variatiofigh, . This fact

lem (analogous to the initial-value problem for differential equashall be used in the next section to establish the required equations
tions). For such problems, the posterior velocity of each particlef jumps from the variational equation.

P; in S can be expressed in terms of the posterior-privileged ve-

locities evaluated at+ as

’

ma 4 Kinetic Equations for Impulsive Motions
ViD= BAE DA +93(t+), el (12)  The dynamics of impulsive motion may be thought of as the
o=1 limiting case for a finite-force problem. In addition to the

From the previous equations, once the posterior-privileged velo&:Alembert-Lagrange equation and the Gauss-Gibbs equation,
ties are determined, the posterior velocity of each partict®éan Jourdain in 1909[22], established a variational equation for
be obtained subsequently. systems subject to linear kinematic constraints in terms of the
To solve the prior-value problem, fundamental principles in ménfinitesimal variation of velocities. Later, Paf8] extended the
chanics needs to be invoked. To deal with the systems subjece@uations to accommodate the finite variations of velocities,
constraints for finite-force problems, many variational principlegnd obtained the so-called second form of the fundamental equa-
have been developed, in which the concept of variations is intrdons as
duced to “test” the limitations from the constraints. These varia-
tions are essentially infinitesimal quantities imposed on the system
variables. As reviewed ifi25], there are basically three types of
variations. In the principle of virtual work or D’Alembert’s prin-
ciple in dynamics, the virtual displacement is an infinitesimal aqy%h

E (mif; =F™)- A4f; =0, (14)

iel

eref; is the actual acceleration of partidig, F{*) denotes the

instantaneous displacement imposed on the configuration of Sultant applied force acting ¢, andAf; is an arbitrary finite
system. In the principle of least constraint or the Gauss principig, infinitesimal variation of possible velocity compatible with the

[36], the variation is imposed on the acceleration of each particf nstraints
hile keeping the time, the position, and the velocity unchange ' . L . .
V(;n the other hand. in J’O rdain’s rin,cipﬂéz 23, or the principle "To extend the previous variational equation to deal with the
’ v P P PrINCIPIE  ¢onstrained impulsive problem, due to the appearance of the im-

gf virtual pohv.vehr,[.24.,26|, the var|at|on_|s on th de velqcny, denOtedpulsive constraints, the set of conditions from the constraints with
_yo)ﬁlvi » Which is instantaneousd{t=0) and stationary &ri  ypich the velocity variations must be compatible should be iden-
In.the literature, the term of virtual displacement and that {ffied. It may be envisioned that during the impulsive motion, the
virtual velocity are sometimes used interchangeably. This may éstem undergoes the stage of virtual motion, during which the
’ stem satisfies the kinematic conditions from the regular con-

due to the reason that in the original work of Bemo{7], the & ini and the impulsive constraints including the types of inert,
principle of v!rtual work is called the p_rlnC|pIe_ of virtual velocity. elastic, and live. As a result, the velocity variations for virtual
To tell the difference between the virtual displacement and tl?ﬁ ' '

o . . otion must be compatible with the conditions induced from
variation of_ve_lom_ty de_flned above, the latter shall l_)e termed .thﬁese kinematic conditions. Substituting EG3) into Eq. (14),
velocity variation in this paper. In modern geometric mechanics . . " .
the virtual displacement is viewed as a tangent vector to the cdipd noting the independency Ph1dg}o—1.. mr, We obtain
figuration space[38], due to its infinitesimal character. Analo-
gously, the velocity variation may be treated as a tangent vector to 2 (mii;—F™). 8! =0, o=1,--,m'
the velocity space, and is thus intrinsically different from the no- IR S o
tion of virtual displacement.

The velocity variation plays a central role in the fundamentalhere the acceleration of each parti®lemay be very large dur-
principle for impulsive motion presented in the next sectioring the impulsive motion, and leads to the jump of the correspond-
which requires that they must be compatible with the kinemating velocity.
conditions of constraints in the virtual motion. From the above To obtain the relation between the prior motion and the poste-
discussions, any possible velocity of each particle in virtual meior motion for the systens, the previous equations are further
tion can be represented in terms of the virtual-privileged veloogxpressed as
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d o S By, B
_ E Fi(A)'Biro-:O, O':].,' .. ’m’. (15)

iel

Since B/, is continuous and the velocities;, i !, and Qj, |
=1,--,n are finite, the second term in the previous equation
finite for eacho=1,--,m’. Let the gth virtual-privileged mo-
mentunof S and theoth virtual-privileged applied forceacting on
S be defined as

L2, mii-Bl,(a), (16)

iel

FMVAY FA. B (at),
iel

respectively. Integrating Eq15) from t— 7 to t+ 7, and letting
7—0, the second term vanishes, and thevileged impulse-
momentum equationsan be established:

a7

L —-L)=PW, o=1,--,m’ (18)
where
L2 mvi) B, (19)
iel
L2 mvi™) gL, (20)

iel

denote theoth prior and posterior virtual-privileged momenta
respectively, and

PS,A)éff F<A>dt—f El FI%- Blo(a,t)dt
t t— le

is the oth virtual-privileged applied impulse

(1)

puIsesPi(A) on particle B . These applied impulses would impart
to the free particles certain determinate jumps on their velocities.
However, due to the constraints, regular or impulsive, the actual
jumps are different from those on the free motions. Conceive that
the applied impulsePi(A) be resolved into the effective impulse
PE=mv{Y)—mv{7) and another component termed the net
applied impulse. Owing to the constraints, only the effective im-
Rulses generate the actual jumps. The net applied impulses are
incapable to change the jumps during the impulsive motion, and
the sum total of the product of the net applied impulses and the
velocity variations compatible with the constraints during the vir-
tual motion must vanish

This principle is an analog of the principle of virtual power for
finite-force motion stated if26], and the statements are similar to
the exposition of D’Alembert’s principle by Madi37]. It is noted
that Appell in[1] enunciated a fundamental principle for impul-
sive motion analogous to D’Alembert’s principle, and, based on
which, established the general variational equation in terms of
virtual displacements. However, as discussed before, a virtual dis-
placement refers to a variation of the position of the particle,
which is in fact not allowed during the impulsive motion. While
the variational equation corresponds to the previous principle has
similar characteristics as that derived by Appell, the notion of
velocity variation while keeping position fixed is more acceptable
for the impulsive motion.

Based on this fundamental principle, the corresponding varia-
tional equation for impulsive motion can be immediately ex-
pressed as

> My —myi T —PM). 6,#=0,

iel

(25)

for all §;f; compatible with the constraints specified during the
virtual motion at §,t). Substituting(13) into the previous varia-
tional equation and noting the independency of the variations of
the virtual-privileged velocities, the privileged impulse-
momentum Eqgs(23) immediately follow. This process may be
viewed as the projection from the space&f; to that of 5;¢.,

Again, by the continuity of3;, and the negligible change of through Eq(13), and is essentially the basic idea for the so-called
configuration and interval of time during the impulsive motionprojection method[29,30. Similar techniques were also used in
the virtual-privileged applied impulses can be further expressed[a® 31 to derive jump conditions from a variational equation

S w7,

iel

p-S

iel

( f“FS“dt) BLGD=
-

o=1;,m, (22)

wherePi(A)éfi{Fi(A)dt is the applied impulseacting on particle
P;, i el. Substituting the previous equation intb8), the privi-
leged impulse-momentum equations are rewritten as

> (mvi)—

iel

!

,m’.

(23)
From Eq.(22), given applied impulses acting o} the virtual-

myvi ) —P{Y)- B/,(q,1) =0,

0-:1’...

similar to (25) in virtual displacement without applied impulse.
There the projection is from the tangent bundle to the distribution
that annihilates the constraint submanifold. Since the velocity
variations should reside in the second tangent bundle, or the jet
space of order 2, the projection througf), should be regarded as
different from those in the tangent bundle.

Moreover, it is noted that the projection in E@.3) does not
depend on the velocity. This is due to the fact that only linear
kinematic constraints are treated in this paper. If the system is
subject  to nonlinear  ones in the  form of
P(Xq, XN, X1, Xan »t) =0, the projection or the transforma-
tion may depend on the velocities. For impulsive problems, the
discontinuity of the velocity then renders the transformation inde-
terminant. In[12], the impulsive constraints are associated with

privileged applied impulses can be determined, and the jumps @hetaev bundl€39], of reaction forces from the constraints, lin-

them’ virtual-privileged momenta defined as
AL, éLH)_L(*)’ o=1,--,m
are then obtained from E@23).

(24)

The above derivation of the privileged impulse- -momenturl'®
ko Prior-Value Problems

equations is based on the framework for finite-force problems.

gain more direct insight on the impulsive motion subject to co

ear or nonlinear. However, if the kinematic constraint is nonlinear,
it is not clear how to compute the corresponding impulse of these
Chetaev forces, which depends on the velocity in general. As a
result, more understandings on the mechanism for the impulsive
tion subject to nonlinear kinematic constraints are desired.

straints, and to avoid the technicalities in the transition from We are now ready to apply the privileged impulse-momentum
finite-force problems to impulsive problems, one may follow thequations to study constrained impulsive problems. In the absence
principle of velocity variations for constrained impulsive motiorof applied impulses, fronil8), we immediately have the follow-

as stated below:
Consider a system of particles; Pi el, connected with one
another in any way. The system may be subjected to applied

588 / Vol. 70, JULY 2003

ing conservation law for constrained impulsive motiothe
virtual-privileged momenta of the system are conserved if there is
ino- applied impulse.
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For the prior-value problem, the prior virtual-privileged mo+he virtual motion, and the coefficient correspondingktis 3;
?r:?c?tu? Ecar(]lg)e ?ﬁgﬁpgggrgﬁmr;hﬁ S:'at"lse Oédtr:ﬁor%rziaonrt %Ot_ié)ﬂex. The prior and posterior virtual-privileged momentum can be
u (19). ior virtual-privi um i - - - = A

then geterﬂﬂned from §1e privileged imSuIse-?nomentum(Eﬁ). found +t0 be I;(l = (mof )ei+ mo )ez)_-eX:mv§ SR

To find the posterior motion, the relation between tieposterior =(mv{Ne+mvie)-e=mv{"), respectively. The conserva-

virtual-privileged momenta and the?® posterior-privileged ve- tion of the virtual-privileged momentum leads td)=v{".

locities is constructed by substitutiri2) into (20), However, this equation is not sufficient to determine all the pos-
terior velocities. The additional condition from the law of impact,

ma

e o =— () - - -
e — _ ie., v, '=—«kv; ’, is needed to obtain the posterior velocity
L'=2 (Z. miﬁ{(,wﬁfi,) BT+ 2 mBl T el e -
o= € S
In contrast to the previous case for an impulsive motion without
m® o elastic constraint, we have the same number of unknowns and
= E M, d2(t+)+ Lff,g, o'=1,m, (26) e_quation_s _ir(26), and th_e coefficientsf‘l,_: Bi’(,_ if_ the same set of _
o=1 virtual-privileged velocities and posterior-privileged velocities is
where chosen. Accordingly, the matrix formed by the components
Moo 22 MiBl, Bl Lo 2 M, yi(t+), Myro= 2 MBl, Bl on0'=1io.m', (28)
€ € le

Here, and in what follows, the overbar of a continuous quantl% positive definite and shall be termed thévileged mass matrix

denotes its value ai(t), e.g.,ﬂ;”‘g=§f‘g(€t). Under this framework, the posterior-privileged velocities can be
The previous set o’ Egs. (26) is to be solved for then®  gptained from the following equations:

(=n—L—1,—1;) unknowns,$3(t+), o=1,--,m% The differ-

ence between the number of equations and that of unknowpgs is m’
which is the number of elastic constraints. As a result, it is not  ga(+)— 2 (MY, (L =Ly o=1,--.m', (29)
possible to determine the posterior motion without additidpal 7 o =1 7 o0

conditions if elastic constraints exist. Such conditions may be ob-

tained by invoking the law of impact, cf2,19], or [27,4Q for from which the posterior velocities can be determined fi@®.

more recent developments. For example, to determine the posteFor the treatment of released constraints, the above deduction

rior motion of a ball being dropped to the floor, the coefficient o6f determinacy is apparently different from that claimed[ &},

restitution « is needed to find the extend of rebound. The elastighich regards the third type of impulsive problem[i] as inde-

constraint isf-n=0, wheren is the normal vector correspondingterminant. To illustrate the difference, we consider again the prob-

the floor, and the posterior velocity is related to the prior velocitem of releasing a ball from hand grasping. As described in Sec-

as tion 2, the constraint of grasping is treated as a released constraint,

) =) which is effective before but ineffective during and after the im-

vien=—evt . pulsive motion. Since there is no kinematic constraint imposed in

From the previous example, it may be conceived that for t{be virtual motion, the virtual-privileged velocities of the ball can
elastic constraintsE]‘:lBﬁjqj N b§= 0, s=1;:,l;, there arel, be selected to be the three components of the linear velocity of the

generalized coefficients of restitutiony to bear the relationship %a”bﬁ?t?]éhtehr(;(;rrceosngoggg]r%svg;[ﬁﬁgmgﬁ%ﬁg&%ﬁ%tﬁ r?er‘ﬁ anth'
between the “approaching” constraint functions and the “lead - po S
- ; ; does not provide additional applied impulse, from the conserva-
ing” constraint functions as . . L ) +)
tion law of virtual-privileged momenta, we hawv'™'=Mv

o _ o — =0 if the ball is released from rest. The posterior motion is then

E B4y +bi=— ks 2 BLg bS], s=1.- g, determined, and the motion of the ball bears no sudden change

=1 =1 during the impulsive motion, only experiences sudden increase of
where the coefficients and the inhomogeneous terms are assuffiéddegree-of-freedom. From this simple example, it is seen that
to be continuous. From the formula of the posterior generaliz&@® notion of released constraint introduced in this paper is more
velocities, with coefficients listed in Table 1, the previous equ&PPropriate to be adopted to treat the released constraints from

tions are further expressed as grasping. ) ) ) ) )
Now we consider the special case that there is neither inert

mon N constraints nor released constraints existing, while some live con-
Z 2 ngDJ?U PA(t+) straints appear. For such impulsive motion, as discussed in the
o=1\j=1 previous section, the same set of privileged velocities may be
n chosen for the prior motion and the posterior motig},= ¢2
— _ — _ —mb—
S B (0T 4l )~ (1 kbl s=1;0p.  Whereo=1;,mi(=m°=n-L~1,), and we have
=1
(27) m
(—)— o8 gal—) .y . act
Equations(26), (27) can be then combined to obtain time? Vi _;1 Biobs T yi(t=), (30)

posterior-privileged velocities, as illustrated by the following
simple example.
Example 1 Consider a particle of mass being tossed to the floor
(z=0) with prior velocityv{e,+v{)e,. Assume that the sur-
face of the floor is ideally smooth, and the coefficient of restitu-
tion of the contact is«. It is desired to determine the posteriorThe privileged impulse-momentum Ed&3) then implies that
velocity of the particle.

The impulsive constraint provided by the floorzis 0, which is m?
an elastic constraint. Hence, the virtual motion can be expressed Z M, ,Ad,+AL,o—P%=0, o'=1;-.m', (32)
asf=xe,, wherek can be selected as the privileged velocity for = 7 o o

ma
W= 2 B i), el (31)
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whereA ¢, = ¢ — 42 andAL,. =L —L") . Moreover, WhereRpq denotes the vector from to Q at the reference con-
o o o ’ o'0 a'0 ao'0 " ’ . . . . . . . .
if there is no elastic constraint, we have’=mf=mP=n—L figuration. Taking the time-derivative of the previous equation, we

~1,, and the jumps on the privileged velocities can be four@Ptin

from rp:rQ+wx(I)RpQ:rQ‘FwX(rp*rQ) (38)

3\

. . A) 3 , Now let (q,, -+ ,g,) be a set of generalized coordinatesSofn
Ap,= : (M™% oe(=ALgotPg),  o=1:--,m". general, the rotation dyadi® may be written in terms of the
o'=1 33) generalized coordinates ab=®(q;, :-,q,,t), and its time-

) derivative is
With the prior quantitiesd)‘;(‘) being determined from the prior

. n
motion, the posterior quantitiesX(*) are then computed from the b= Z P o+ P
ot

o —_—
previous equation, which, in turn, yield the posterior velocities of =
the system through E¢12).

After systematically discussing the impulsive motion associatédom the previous equation and E@&7), the expression of the
with various impulsive constraints, the special case that the syagular velocitye in terms of the generalized velocities can be
tem is subject to applied impulses with only regular constrainéerived from the following identity:
being active is considered next. Since the kinematic conditions are
the same for the prior, the virtual, and the posterior motion, the b\ 9P
same set of privileged velocities can be chosen, denote by ,9_qi'q) at E'q) '
¢4, ", dm, With the same degree-of-freedam=n—L. The cor-
responding coefficients for the velocity of each particle in thre@s
phases are thus the same, denotedB)y , vi}ici o=1... .m- Simi-

n
IXw=d-0C=

i=1

n
lar to the special treatment on the live constraints, the privileged _ - N
impulse-momentum equations become, cf. B%), ""_zl @;(Q,1)0;+ @o(0, ). (39)
m
oA b In general, the right-hand side in the previous equation is not
Zl MyroAdo=Pyr, o'=1;.m, (34) integrable, and the components@fwith respect to certain frame

. ) ) ) can be treated as quasi-velocities of the system, cf(Hq.
sinceAL,/o=0 due to the nonexistence of live constraints. By Consider the virtual motion af during a constrained impulsive
computing the privileged applied impulses from the formula  motion. With the appropriate selection of virtual-privileged ve-

locities, éﬁ[,, the velocities of the reference poiQ and each

PfrA,)=2 PAN. B, o'=1;-.m, (35) particleP in B can be expressed in the form @f1) with coeffi-
el cients (vo,B00): (Bpyssvp), o=1,--,m’, respectively, and the
and the privileged mass matrix from angular velocity of3 is further written as
Moo =2, MiBigBi '=1:-,m (36) il
00! T TiPiotPioty GO w= 21 @, h,t . (40)

the jumps on the privileged velocities can be determined from ILE:% o . ) )
(34), and the posterior velocities of the system can be found supubstituting these expressions into E8), it follows that
sequently from Eq(12). ,

2 (Bbo=Boo) byt (vh= ()
6 Impulsive Motion for a System Containing Rigid o=1
Bodies :

A finite degree-of-freedom mechanical systéhmay be com- =2, WX (Ip—rQ)d,+whX (Ip—Tg),
posed of many particles and rigid bodies. The physical quantities o=1
such as the virtual-privileged momenta and the virtual-privilegaghich leads to
applied impulses can be defined for each subsystem. Due to the
superposition property of the E¢23) with respect to the sub- Bpo—Bao=w,X(Ip=rq), ¥p— Yo=woX(Ip—Iq),
systems, a physical quantity for the systéhgsan be obtained by (41)
taking the summation of the corresponding ones of all subsystems. , . L

The motion of a rigid body3 in S may be described by the fqr 0:1,-_-: ,m’, by the_ |_ndependency and the arbitrariness of the
translational motion of some reference po@tin 3 and a rota- Virtual-privileged velocities. _ ) )
tion aboutQ, represented by the rotation dyadic The rotation | hese relations, which based on the kinematic properties of a
dyadic® changes the attitude of the rigid body from a referendddid body, are now applied to derive the prior and posterior

(initial) configuration to the current configuration, and satisfiedrtual-privileged momenta, and virtual-privileged applied im-
the property pulses for the rigid bodys as follows. From Eqs(19), (20), with

the index set being overP € B, we have

3

- d°=1, detd=1,

whered°® denotes the conjugate df and] is the identity dyadic. Lf(t)éf V6. Bh,dm(P)
It can be shown from the previous defining property that B

D=wxP, (37)

in dyadic notation[41], wherew is the angular velocity of the
rigid body. The position vector of any poifte 5 can be then = o
expressed as =LB<_)'560+ Hg(q,m;’ o=1,.m, (42)

= J’ Vgﬁt)'[ﬁ(’ga"‘a(’rx (rp—rg)Jdm(P)
B
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Fig. 2 The impulsive motion of a sleigh with a knifeblade

Ng Ng
LB(t):J'BV(Pi)dm(P) (43) Lfrt)zz Lfi(i), PErA):E Pfi(A), (50)
i=1 i=1

are the prior and posterior linear momentahfrespectively, and respectively. With these formulas, the privileged impulse-
momentum equations developed in Section 4 can be invoked to
Hg(t)z f (rp—rQ)vaf)dm(P) (44) solve the cqnstralngd impulsive prqblems qssouated Wlthllnter-

B connected rigid bodies. An example is given in the next section to

] i illustrate the process.
are the prior and posterior angular momentaadibout the refer-

ence pointQ, respectively. LeC denote the center of mass of the
rigid body B, andM, |4 be the total mass and the moment of7 The Impulsive Motion of a Sleigh With a Knifeblade
inertia dyadic of the rigid body abo@, respectively. The linear
momenta and the angular momenta defined4i®), (44) can be
further expressed as

The proposed methodology discussed in the previous sections
is now applied to study the impulsive motion of a sleigh with
a knifeblade attached. Three possibilities of impulsive motions

LE®H =My, (45) due to applied impulse, inert constraint, and live constraint, re-
spectively, are discussed. Two alternative methods, namely, New-
Hg(i):IQ- w(t)+(rc—rQ)><(Mvg)), (46) ton's method and Lagrange's method, are used to solve the same
) problem for the case of inert constraint to describe the essential
respectively. ‘ . o differences.
On the other hand, the virtual-privileged applied impulses cor- Consider a sleigh with a knifeblade along its principle axis,
responding ta3 can be found to be, using E¢1), as depicted in Fig. 2. Let its mass and moment of inertia about its
center of mas€ be denoted by andl -, respectively. When the
pBas pA. gl — PA. TR 4+ & X(fo—r sleigh moves on a horizontal ice surfa8eit is assumed that the
v ng P Pro Pzzs P LBortm X (rero)] knifeblade makes contact with the surface at pdintand it is

_ 5 possible for the sleigh to move freely in the direction along the
=PBn. B/Qﬁ‘ JQ‘A' ‘@, o=1:-,m’, (47) blade, and rotate freely abafit However, the motion of the sleigh
5 S _ in the direction perpendicular to the blade is prohibited. {Lef}
wherePB®), JQ(A) are the resultant applied linear impulse, and thee a fixed coordinate system, afe) ,ey} be a coordinate system

applied angular impulse acting dhaboutQ, defined as moving with B, wheree, is parallel to the direction of the blade,
which makes an anglé with respect to the axis. Due to the
pBa) = E plA) (48) physical condition of constraints, the velocity Afsatisfies
Peb Va-€,=0, (51)
ng: 2 (rp—ro) X P, (49) and may be expressed as
PeB Va=Uueg,, (52)
respectively. whereu is termed thdongitudinal velocityof /3. The sleigh may

After obtaining the formula for a single rigid body, the virtual-rotate about the vertical axis,(=e,x€,) with angular velocity

privileged momenta and applied impulses for the system consigk, . The velocity ofC may be then expressed as
ing many bodies can be constructed. Let the system be composed

of Ng rigid bodies, which may be expressed as vc=uex+léey, (53)
Ng where| denotes the distance betwe€nand A. For this prob-
S=UB. lem, we may choose the coordinates@fi.e., (X¢,yc), and the
i=1 angle 6 as the generalized coordinates. The constraBits then
For each body,i=1, ...Ng, we may choose a reference poinpecomes

Qi, and denote the attitude dyadic dy. With the selection of —sin Ok +cosoyc—16=0, (54)
privileged velocities ofS in the virtual motion, the coefficients

(w.)5 and Béi” for each body can be determined. The virtualwwhich is nonholonomic. The longitudinal velocity can be ex-

privileged momenta and the applied impulses of the system é)r%essed as
then found from the following summation: U=CcosfXc+sinbyc,
Journal of Applied Mechanics JULY 2003, Vol. 70 / 591
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in which the right-hand side is not integrable, and thus should ligere, the set of velocitiesu(¢) may be chosen as the virtual-

treated as a quasi-velocity. i ) _ privileged velocities,;=u, ¢5= 6. However, they are not the
We are now ready to consider three cases of impulsive motiosyjleged velocities for the prior motion. Again, the poiGtis
for this system, which occur at the instanand at the configura- chosen as the reference point #r and the coefficients for the
tion of 0=0y. o o velocity of C and the angular velocity o corresponding to the
Case (i) As shown in Fig. &), the sleigh is suddenly exerted by,irtal-privileged velocities are the same as(86), with 8, @

an impulseP acting at the poinD at the instant. The longitu- paing replaced by’ &' respectively. The required quantities
dinal velocity of 3 and the angular velocity df about the vertical 5, %e fgund to bf @ P ¥ q q

axis at the instant— areu(~) and ("), respectively. It is desired

to determine these two quantities at the instaft L5=MoS cog ') = Bp)e+ Mot sin(y' ) — gy,
For this case, the impulsive motion is due to the imposition of 5 ) )
the applied impulsé, while the rigid bodyS is subject to the LPoO=Mu"e+MIb ey,

regular nonholonomic constraint, E4). One may choose the B, ()
o . - o H®=1c0e,.

longitudinal velocityu and the angular velocity as the privileged

velocities to represent the possible motionfin fact, the ve- The prior and the posterior virtual-privileged momenta corre-

locity of A andC can be written in terms of the privileged veloci-sponding respectively tg) , ¢} are then

ties as in Eqs(52) and(53), respectively. Since the prior and the

posterior motions satisfy the same nonholonomic constraint, the L(l_)= Mv(c_) cog ¢\ ) —6y),

prior and posterior velocities ok and C, v§ ), v&), v{") and

L(H: M UH)
vE", can be also expressed in terms of the prior and posterior- 1 ’
privileged velocitiesu(™), 67, u*), and 6*), with the same LS =MIpS ) sin(y( ) — 8g) +1c6),
form, respectively. )
Let C be selected as the reference point forThe coefficients LS =(MI12+10) 6.
. . . 2 C
of the velocity ofC and the angular velocity d$ correspondingto _. . . . .
the privileged velocities can be obtained as Since there is no applied impulse, the conservation of virtual-
privileged momenta can be then invoked to yield the posterior
B = Beo=1 velocities as
Bci=¢&, Bca=ley, (55) - .
=0, =6, u=vg cogy! = ),
respectively. The linear momenta, and the angular momenta about () 1 (<) o 5 ()
C given in (43), (44), are then ( _—MI2+IC(M|UC sin(' )= 0p) +1c67)).  (57)
LA =Mu*g+MI6 g, _ o
. ) Case (iii). If the ice surface exhibits a sudden motiont ataused
HES =10 e,, by external agents, such as an earthquake, the sleigh moving on it

hen experiences an impulsive constraint. Let the velocity of the
face be denoted hxg. Instead of(51), the constraint becomes
now

respectively. On the other hand, the applied linear impulse and
applied angular impulse are, respectively,
PSa=Pe,, J?A):Paez. (Va—Vs)-6,=0, (58)

Substituting these terms into the formula of the privileged mar
menta and privileged applied impulses, the privileged impulse-

momentum Eq(18) can be applied to derive, in matrix form, Va- &~ Vs €=0, (59)
GO Ty 0 in which the inhomogeneous term makes it become a live impul-
[M]( N S P ): } sive constraint. In particular, let the surface suddenly move with
Y Y P(a+l) velocity v$™) in the direction of angley$™ with respect to the
where the privileged mass matiik] is given by axisi. The velocity ofA andC during the impulsive motion can be
then expressed as
M 0
M1= . 56 Va=uegt+ug(Cosysit+singg),
M=o (mizrig) (56) AT TSRS
Hence, the posterior longitudinal velocity and angular velocity of Ve= et 108 tus(cosysitsiny),
the sleigh3 can be determined as respectively, in whichu is now the longitudinal velocity of the
() sleigh relative to the surface, and, 5 are the magnitude and
u+) ul) u the direction ofvg, respectively. From the constraint, we have
o |=[M] 7Y }+ = a+l . : — —
o] "M paen |l )} AP vs(t=)=0, vg(t+)=vs",
c
0 Ys(t=)=0, ys(t+)=ys".

Case (i) Consider the landing of the sleigh on the ice surface gl this case, the prior motion, the virtual motion, and the poste-
the instantt, with prior velocity of the center of mass bein§’  rior motion have the same degree-of-freedom, and the same set of
in the direction of angles(™) with respect to the axig and the privileged velocitiesg; =u, ¢é:9 may be chosen. Again, Eq.
prior angular velocity aboug, being 67, cf. Fig. 2ii). The ve- (55), after replacingd, @ by ', @', is applicable, and the quan-
locity of the landing poinfA may have lateral component befdre tities of momenta for the body are found as

but it immediately satisfies the constra{tl) after contact. This .

impulsive constraint is thus characterized as an inert constraint. LE=M(u e +16 g,

The virtual motion and the posterior motion have the same char- 5 ) ) (+) (F)i s aim 1 (+)5

acteristics as the motion in Ca¢B. Similar to the discussion LPo=M[u'"e+16'" e +vs"(cosys  i+sinygs )],
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HE= =) ;9(1)62 For the previous example, with the generalized coordinates
¢ ¢ ' (X¢,Yce,60), the kinetic energy of the sleigh is simply
These formulas in turn give rise to the prior and the posterior

. - . , 1 1 .
virtual-privileged momenta corresponding ¢g , ¢, as T= > M (x%+y%)+ > | 62
L) =Mu),
The inert constrain(54) may be expressed as
=Myt (+) (+)_
Li’=Mu'"+Muvg" cog g — b)), - sing. +cos€_ .
L) =(MI2+10) 8, STy et T e (62)
L(2+):(M|2+|c)'0<*)+Mlv(+) sin(yL") — 6g) Corresponding to the generalized coordinatgs y., the equa-
S S '

tions of the impulsive motion can be derived frdfl) as
respectively. The conservation of the virtual-privileged momenta | |
is then invoked to find the posterior longitudinal velocity relative C(H) ' Ch) cing (=) Coy
to the surface and the posterior angular velocity as MXc I 0777 sin6p=Mxc | 6" sin o, 63)
(F =y — () (+) _
utt=ut—og cod g~ bo), lc. lc.
" My(c+>+l—CO(“cos¢90=My(C‘)+I—Cﬁ(*)coseo.
P =) () sir1(¢<+)— 0o).
MIZ+1¢ s The prior velocity of C is (v&”) cosyf ) wE) singl?)), and the
] posterior velocity can be expressed in terms of the posterior lon-
To show the distinct features of the proposed scheme, Newtogi$udinal velocity and angular velocity as
method and Lagrange’s method for impulsive motion are applied

et i (+) ()| sing.p+)

next to solve the same problem as in Cése X¢' '=cosfu I'sinfo6' ™,
As discussed if2], the integration of Newton-Euler’'s equa- () +) )
tions gives rise to the law of impulse for impulsive motion. For yc '=sinfou’ "' +1 cosbp 6’ .

the problem of Caséi), the only impulsive force acting o IS gypstituting the above formulas int63), the posterior velocities
the one acting om exerted by the ice surface, which has nQ,(+) " 4(+) can pe then determined by exactly the same equations
component in the direction perpendicular to the blade by the na: 2

ture of the constraint. Accordingly, we have the conservation 0

linear momentum in that direction, It is noted that in Lagrange’s method, the quasi-veloudity not

introduced directly, which reflects the fact that the treatment of

L.g=L).e, quasi-velocity is a little awkward in Lagrange’s formulation.
Moreover, the computation of kinetic energy can only accommo-
or date the regular constraints. If the impulsive constraints occur,
Mu(+)=MvE{> cog ¢ ) — ). additional terms have to be included in the equations. Since the

proposed methodology somewhat has similar characters as the

On the other hand, there is no impulsive torque alfoeither, and Kane’s approach for the finite-force problem, the comparison of
the conservation of angular momentum is then different methods irf28] can be partly transported here. In par-

() M1 (=) ) ticular, it has been shown [r2'7,42 that Kane's approach is very
lc0 e+ (re—ra) X (Mve ) =1cf e+ (re—ra)X(Mve ). effective in generating equations of motion for multibody systems
through symbolic computations. The same advantage of applying

e proposed method to deal with impulsive motion of multibody
@stems subject to impulsive constraints is conceivable accord-
iggly. Using the method to tackle the impulsive constraints, it is
ng)t necessary to include the impulsive constraint forces in the
gguations, which may contain some parameters, e.g., Lagrange’s
Irir_1ultipliers, to be determined in the process.

From the relatiovS” ) =u(Me+16(")e,, the posterior longitudi-
nal velocity and posterior angular velocity can be obtained exac
the same as in Eq57).

Although Newton’s method seems to be more intuitive for thi
simple case, it is not straightforward to apply the method to mo
sophisticated problems. For example, to handle the impulsi
problems for constrained multibody systems, it is rather comp
cated to solve the problems by inspection.

On the other hand, in Lagrange’s method,[8f5,18, the equa-
tions of impulsive motion are written in terms of the kinetic eng  Conclusions
ergy T of the system. The problem studied in Cdgehas been . .
solved by Lagrange’s method [i18]. Here, the same method is _ Although there are many approaches dealing with the con-
applied to attack the impulsive problem for Cdiig, and is sum- strained impulsive problems for mechanical systems, the principle
marized as follows. Consider the system with kinetic energy ©Of velocity variation for impulsive motions lays down the founda-
and subject td, inert impulsive constraints at From the impul- 10" Of the methodology discussed in this paper. The classical
sive constraintsn— I, generalized velocitiesy, , - vqan can principles for finite-force problems may not be suitable to be ap-

plied directly to the impulsive problems, due to the irregularity of
be selected to represent the other ones such that the occurrences of the impulsive constraints. From the fundamen-

n—I, tal principle, it was shown that, instead of the classical notion of
;= E Dj,8,+d;, j=n—I;+1,...,n. (60) conservation of momenta for systems without applied impulses,
o=1 the more appropriate law should be the conservation of virtual-

Brivileged momenta, respecting the behavior of the system in the
virtual motion. With the inclusion of quasi-velocities, such as the
angular velocity of a rigid body, or the longitudinal velocity of a
vehicle, the selection of independent privileged velocities seems
to be more natural. The methodology discussed in this paper pro-
vides a systematic tool in dealing with various types of impulsive
T constraints, and can be applied to solve a variety of constrained
(61) impulsive problems for mechanical systems.

Then the prior motion and the posterior motion satisfy th
Lagrange’s equations for impulsive motion, i.e., =1, ,n
_lfr

n

aT aT

3y j=it+100; 7

aT T
o j=n—l+1 8Qj

t+
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