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Abstract 

This paper introduces a new concept called routing functions, which have a close relation to one-to-many 
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strong Rabin number of the hypercube and the Rabin number of the folded hypercube are computed. The 

latter provides a solution to an open problem raised by Liaw and Chang. A maximal number of disjoint 

paths whose total length is minimized can also be constructed in the hypercube by the use of a routing 

function. 

 
Index Terms: Disjoint paths, folded hypercube, hypercube, optimization problem, Rabin number,  

 strong Rabin number 

 
Correspondence Address: Professor  Gen-Huey Chen 

  Department of Computer Science and Information Engineering, 

  National Taiwan University, 

  Taipei, TAIWAN 10764 

  e-mail: ghchen@csie.ntu.edu.tw 

  Fax: (886)-(2)-23628167  



 1

1 Introduction 

A k-dimensional hypercube (abbreviated to a k-cube) consists of 2k nodes that are labeled with 2k binary 

numbers from 0 to 2k−1. Two nodes are connected with a link if and only if their labels differ by exactly 

one bit. The diameter of a k-cube is k. On the other hand, a k-dimensional folded hypercube (abbreviated 

to a k-fcube) [12] is basically a k-cube augmented with 2k−1 complement links. Each complement link 

connects two nodes whose labels are complement to each other. Figure 1 shows the structure of a 3-fcube. 

There are four complement links, i.e., (000, 111), (001, 110), (010, 101), and (011, 100), in a 3-fcube. The 

both end nodes of each complement link are the complement nodes of each other. Due to the complement 

links, the diameter of a k-fcube is reduced to k/2. 

 Routing is a process of transmitting messages among processors, and efficient routing is crucial to the 

performance of a multiprocessor system. In the past decade, routing with internally node-disjoint paths 

(disjoint paths for short) has received much attention because disjoint paths have the advantages of 

efficiency and fault tolerance. A set of disjoint paths between two nodes was named a container [16]. 

Containers in a variety of interconnection networks (networks for short) can be found in the literature [2, 3, 

5-9, 11, 19, 21].  

 The (node) connectivity of a network is the minimum number of nodes whose removal can cause the 

network disconnected or trivial [1]. Suppose that W is a network with connectivity k and s, d1, d2, … , dk 

are any k+1 distinct nodes of W. It was shown (see Theorem 2.6 in [1]) that there exist k disjoint paths 

from s to d1, d2, … , dk, respectively, in W. The connectivities of a k-cube and a k-fcube are k and k+1, 

respectively. In [20], Rabin constructed k disjoint paths from s to d1, d2, … , dk in a k-cube. The path from s 

to di has length dH(s, di) if dH(s, di)=k, and ≤dH(s, di)+2 if dH(s, di)<k, where 1≤i≤k and dH(s, di) is the 

Hamming distance between s and di, i.e., the number of different bits between s and di. Disjoint paths from 

s to d1, d2, … , dk in a (k+1)-dimensional star network can be found in [4], where the path from s to di has 

length ≤dH(s, di)+6. The interested readers may consult [10, 17, 18] for more examples. 

 With the concern of minimal transmission delay, we wish to construct the disjoint paths from s to d1, 

d2, … , dk so that the maximal length is minimized. This led to an optimization problem, named the Rabin 

number problem (see [16]). The Rabin number of W was defined to be the minimal l so that for any s, d1, 

d2, … , dk, there exist k disjoint paths from s to d1, d2, … , dk whose maximal length is at most l. The Rabin 

number problem on W is to compute the Rabin number of W. Computing Rabin number of a non-trivial 

network is really a hard problem. As shown in [17], it is NP-complete to decide that given a graph G, two 

integer m and l, and m+1 distinct nodes of G, whether there exist m disjoint paths from one node to the 
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others whose maximal length is at most l. Recently, Liaw and Chang [18] defined the strong Rabin 

number all the same as the Rabin number, except that {d1, d2, … , dk} is allowed to be a multiset. A 

multiset is a collection of elements in which multiple occurrences of the same element are allowed [15]. 

 In this paper, we introduce a new concept of routing functions, which can be used to construct 

one-to-many disjoint paths in networks. In Section 2, we show that any minimal routing function can be 

used to construct k disjoint paths from s to d1, d2, … , dk in a k-cube whose maximal length is minimized in 

the worst case, where {d1, d2, … , dk} is a multiset. Then, in Section 3, we extend the result of Section 2 to 

construct k+1 disjoint paths in a k-fcube, where the end nodes of these paths are all distinct. The paths 

have lengths k/2+1 at most, where k/2 is the diameter of a k-fcube. Since the maximal length of the 

paths is minimized in the worst case, the construction is optimal. In Section 4, this paper concludes with 

some remarks. It was indicated that there exist routing functions which can be used to construct k disjoint 

paths with minimum total length in a k-cube. The strong Rabin number of a k-cube and the Rabin number 

of a k-fcube are obtained with the results of Sections 2 and 3, respectively. Throughout this paper, all 

disjoint paths mean internally node-disjoint paths. That is, all nodes of these paths are distinct, except their 

end nodes. 

2 Disjoint Paths in the Hypercube 

Suppose that s, d1, d2, … , dm are arbitrary m+1 distinct nodes of a k-cube, where m≤k. Since the hypercube 

is node symmetric, we assume s=
876k

0...00 =0k without loss of generality. Hence, dH(s, di)=|di |, which is the 

number of 1's contained in di, where 1≤i≤m. There are two purposes in this section. One is to construct 

disjoint paths from s to d1, d2, … , dm so that their maximal length is minimized. For this purpose, we use 

Φ: {d1, d2, … , dm} → {n1, n2, … , nm} to represent a routing function, where n1, n2, … , nm denote m distinct 

dimensions of a k-cube (1≤nj≤k for all 1≤j≤m). Let eβ=0β−110k−β, where 1≤β≤k. The intuitive meaning of 

Φ(di)=nj is that the immediate successor of s in the path to di is the node 
jne . Obviously Φ is one-to-one. 

The other is to determine Φ so that 1)(, =
idid Φ  assures that the path to di is shortest, where 

di=di,1di,2…  di,k is assumed. For this purpose, we would like to have  )(, idid Φ ≥ )(, jdjd Φ  when |di |<|dj|, because 

otherwise (di|<|dj| and  0)(, =
idid Φ < )(,1

jdjd Φ= ) it may happen that 1)(, =
idid Φ  and every disjoint path to di 

is not shortest. For example, assume m=k=5. When (d1, d2, d3, d4, d5)=(00011, 00101, 00111, 00110, 

11100) and (Φ(d1), Φ(d2), Φ(d3), Φ(d4), Φ(d5))=(5, 2, 3, 4, 1), we have |d2|<|d3| but 
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=)(,2 2dd Φ 02,2 =d <1= 3,3d = )(,3 3dd Φ . Every disjoint path from s to d3 has length at least 5, although 

)(,3 3dd Φ =1. 

In order to find such a Φ, we define VΦ=(v1, v2, … , vk), where each vγ (1≤γ≤k) is the number of di's 

with |di |=γ and  0)(, =
idid Φ . For the example above, we have VΦ=(0, 1, 0, 0, 0). We say (v1, v2, … , vk)<(v'1, 

v'2, … , v'k) if v1<v'1 or v1=v'1, v2=v'2, … , vl−1=v'l−1, and vl<v'l for some 2≤l≤k, and (v1, v2, … , vk)≤(v'1, 

v'2, … , v'k) if either (v1, v2, … , vk)<(v'1, v'2, … , v'k) or (v1, v2, … , vk)=(v'1, v'2, … , v'k). Φ is said to be 

minimal if VΦ≤VΦ' for every routing function Φ': {d1, d2, … , dm} → {n1, n2, … , nm}. We would like to 

have a minimal Φ, because intuitively Φ' has higher probability than Φ'' to serve the second purpose if 

VΦ'<VΦ''. Actually, a minimal Φ will serve the second purpose, which is shown in this section. 

2.1 Two procedures to construct disjoint paths using a minimal Φ  

Conveniently, a k-cube can be represented with k

k

∗=∗∗∗
876
... , where ∗ ∈{0, 1}. Thus, ∗k−11 and ∗k−10, 

which contain the nodes of a k-cube whose rightmost bits are 1 and 0, respectively, represent two disjoint 

(k−1)-cubes that are contained in the k-cube. For each node x=x1x2...xk of a k-cube, we define 

x(k)=x1x2...xk−1(1−xk). That is, x differs from x(k) only in bit xk.  

In order to obtain disjoint paths from s to d1, d2, … , dm, we first construct disjoint paths that connect 

{
1ne , 

2ne , … , 
mne } and {d1, d2, … , dm}, and then augment these paths with links (s, 

1ne ), (s, 
2ne ), … , (s, 

mne ). The following is a recursive procedure, named Paths0, with inputs Φ, m, k, D, and I, where Φ is a 

minimal routing function from D={d1, d2, … , dm} to I={n1, n2, … , nm}. It will be shown in Section 2.2 that 

Paths0(Φ, m, k, D, I) can produce m disjoint paths, denoted by P1, P2, … , Pm, in a k-cube that connect 

{
1ne , 

2ne , … , 
mne } and {d1, d2, … , dm}, where Pi is the path to di for all 1≤i≤m. When 1)(, =

idid Φ , Pi has 

minimal length |di|−1. When 0)(, =
idid Φ , Pi has length |di |+1. Besides, if ti is the immediate predecessor of 

di in Pi, then |ti|=|di|+1 (i.e., the subpath to ti is shortest) when 0)(, =
idid Φ .  

Procedure Paths0(Φ, m, k, D, I). 

/* We use k∗  to represent the k-cube where P1, P2, … , Pm are located. */ 

Step 1. If k=2, then return P1, P2, … , Pm which are m disjoint paths in a 2-cube that connect {
1ne , 

2ne , … , 

mne } and {d1, d2, … , dm}. 
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Step 2. Determine dc so that |dc |≤|di | for all 1≤i≤m, where 1≤c≤m. If there are multiple candidates for dc, 

then select arbitrary one with 1)(, =
cdcd Φ , or any if all have 0)(, =

cdcd Φ . Without loss of 

generality, we assume c=1, nc=n1=k, and Φ(di)=ni for all 1≤i≤m. 

Step 3. Partition D into D' and D'',  where  D'={dj | =)(, cdjd Φ =)(, 1djd Φ 0, =kjd  and 1≤j≤m}  and   D''= 

{dj | =)(, cdjd Φ =)(, 1djd Φ 1, =kjd  and 1≤j≤m}.  

Step 4. Construct P1, P2, … , Pm according to the following four cases. 

Case 1. d1,k=0. 

/* Without loss of generality, suppose D'={d1, d2, … , dr} and D''={dr+1, dr+2, … , dm}, where 

1≤r≤m. Define Ψ': {d2, d3, … , dr} → {n2, n3, … , nr} as follows: Ψ'(di)=Φ(di)=ni for all 2≤i≤r. Let 

1≤u<k with d1,u=1, and define Ψ'': { )(
1

kd , dr+1, dr+2, … , dm} → {u, nr+1, nr+2, … , nm} as follows: 

Ψ''( )(
1

kd )=u and Ψ''(di)=Φ(di)=ni for all r+1≤i≤m. */ 

Construct P2, P3, … , Pr in 01−∗k  by executing Paths0(Ψ', r−1, k−1, {d2, d3, … , dr}, {n2, n3, … , 

nr}). /* P2, P3, … , Pr connect {
2ne , 

3ne , … , 
rne } and {d2, d3, … , dr}. */ 

Construct P'1, Pr+1, Pr+2, … , Pm in 
1−∗k 1 by executing Paths0(Ψ'', m−r+1, k−1, { )(

1
kd , dr+1, 

dr+2, … , dm}, {u, nr+1, nr+2, … , nm}), where P'1 is the path to  
)(

1
kd . /* P'1, Pr+1, Pr+2, … , Pm 

connect { )(k
ue , )(

1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and { )(
1

kd , dr+1, dr+2, … , dm}. */ 

Construct P1 by augmenting P'1 with the link ( )(
1

kd , d1). 

Augment P1, Pr+1, Pr+2, … , Pm with links (ek, )(k
ue ), (

1+rne , )(
1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
mne , )(k

nm
e ).  

Case 2. d1,k=1 and |d1|=1. 

/* Suppose D'={d2, d3, … , dr} and D''={d1, dr+1, dr+2, … , dm}, where 1≤r≤m. Define Ψ': {d2, 

d3, … , dr} → {n2, n3, … , nr} as follows: Ψ'(di)=Φ(di)=ni for all 2≤i≤r, and Ψ'': {dr+1, dr+2, … , dm} 

→ {nr+1, nr+2, … , nm} as follows: Ψ''(di)=Φ(di)=ni for all r+1≤i≤m. */ 

Construct P2, P3, … , Pr in 01−∗k  by executing Paths0(Ψ', r−1, k−1, {d2, d3, … , dr}, {n2, n3, … , 

nr}). /* P2, P3, … , Pr connect {
2ne , 

3ne , … , 
rne } and {d2, d3, … , dr}. */ 

Construct Pr+1, Pr+2, … , Pm in 
1−∗k 1 by executing Paths0(Ψ'', m−r, k−1, {dr+1, dr+2, … , dm}, {nr+1, 

nr+2, … , nm}). /* Pr+1, Pr+2, … , Pm connect { )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and {dr+1, dr+2, … , dm}. */ 
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Construct P1 as (ek, d1). /* P1 has length 0. */ 

Augment Pr+1, Pr+2, … , Pm with links (
1+rne , )(

1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
mne , )(k

nm
e ). 

Case 3. d1,k=1, |d1|>1, and d1,α=1 for some α ∈{1, 2, … , k−1}−{k, nr+1, nr+2, … , nm}. 

/* Suppose D'={d2, d3, … , dr} and D''={d1, dr+1, dr+2, … , dm}, where 1≤r≤m. Define Ψ': {d2, 

d3, … , dr} → {n2, n3, … , nr} as follows: Ψ'(di)=Φ(di)=ni for all 2≤i≤r. Define Ψ'': {d1, dr+1, 

dr+2, … , dm} → {α, nr+1, nr+2, … , nm} as follows: Ψ''(d1)=α and Ψ''(di)=Φ(di)=ni for all r+1≤i≤m. 

*/ 

Construct P2, P3, … , Pr in 01−∗k  by executing Paths0(Ψ', r−1, k−1, {d2, d3, … , dr}, {n2, n3, … , 

nr}). /* P2, P3, … , Pr connect {
2ne , 

3ne , … , 
rne } and {d2, d3, … , dr}. */ 

Construct P1, Pr+1, Pr+2, … , Pm in 
1−∗k 1 by executing Paths0(Ψ'', m−r+1, k−1, {d1, dr+1, dr+2, … , 

dm}, {α, nr+1, nr+2, … , nm}). /* P1, Pr+1, Pr+2, … , Pm connect { )(keα , )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and {d1, 

dr+1, dr+2, … , dm}. */ 

Augment P1, Pr+1, Pr+2, … , Pm with links (ek, )(keα ), (
1+rne , )(

1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
mne , )(k

nm
e ). 

Case 4. d1,k=1, |d1|>1, and d1,α=0 for all α ∈{1, 2, … , k−1}−{k, nr+1, nr+2, … , nm}. 

/* Suppose D'={d2, d3, … , dr} and D''={d1, dr+1, dr+2, … , dm}, where 1≤r≤m. Define Ψ'': {dr+1, 

dr+2, … , dm} → {nr+1, nr+2, … , nm} as follows: Ψ''(di)=Φ(di)=ni for all r+1≤i≤m. */ 

Construct Pr+1, Pr+2, … , Pm in 
1−∗k 1 by executing Paths0(Ψ'', m−r, k−1, {dr+1, dr+2, … , dm}, {nr+1, 

nr+2, … , nm}). /* Pr+1, Pr+2, … , Pm connect { )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and {dr+1, dr+2, … , dm}. */ 

/* Define Ω'': {dr+1, dr+2, … , dm} → {nr+1, nr+2, … , nm} as follows: Ω''(di)=nj if Pi begins at )(k
n j

e  

for all r+1≤i≤m, where r+1≤j≤m. */ 

If d1 ∉Pi for all r+1≤i≤m, then { 

/* Suppose 1≤u<k with d1,u=1. Define Ψ':  { )(
1

kd , d2, d3, … , dr} → {u, n2, n3, … , nr} as 

follows: Ψ'( )(
1

kd )=u and Ψ'(di)=Φ(di)=ni for all 2≤i≤r. */ 

Construct P'1, P2, P3, … , Pr in 01−∗k  by executing Paths0(Ψ', r, k−1, { )(
1

kd , d2, d3, … , dr}, 

{u, n2, n3, … , nr}), where P'1 is the path to 
)(

1
kd . /* P'1, P2, P3, … , Pr connect {eu, 2ne , 

3ne , … , 
rne } and { )(

1
kd , d2, d3, … , dr}. */ 

Construct P1 by augmenting P'1 with the link ( )(
1

kd , d1). 
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/* Suppose u=nh for some r+1≤h≤m. */ 

Augment Pr+1, Pr+2, … , Pm with links (
1+rne , )(

1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
1−hne , )(

1

k
nh

e
−

), (ek, 

)(k
ue ), (

1+hne , )(
1

k
nh

e
+

), … , (
mne , )(k

nm
e ). } 

If d1 ∈Pl for some r+1≤l≤m and 
)(k

ld ∉{d2, d3, … , dr}, then { 

/* Define Θ': { )(k
ld , d2, d3, … , dr} → {Ω''(dl), n2, n3, … , nr} as follows: Θ'( )(k

ld )=Ω''(dl) 

and Θ'(di)=Φ(di)=ni for all 2≤i≤r. */ 

Construct P'l, P2, P3, … , Pr in 01−∗k  by executing Paths0(Θ', r, k−1, { )(k
ld , d2, d3, … , dr}, 

{Ω''(dl), n2, n3, … , nr}), where P'l is the path to 
)(k

ld . /* P'l, P2, P3, … , Pr connect { )( ld''eΩ , 

2ne , 
3ne , … , 

rne } and { )(k
ld , d2, d3, … , dr}. */ 

Construct P1 as the subpath of Pl that goes from 
)(

)(
k

d'' l
eΩ  to d1. 

Reconstruct Pl as the path obtained by augmenting P'l with the link ( )(k
ld , dl). 

Augment P1, Pr+1, Pr+2, … , Pl−1, Pl+1, … , Pm with links (
1+rne , )(

1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , 

( 1)( −ld''eΩ , )(
1)(

k
d'' l

e −Ω ), (ek, )(
)(

k
d'' l

eΩ ), ( 1)( +ld''eΩ , )(
1)(

k
d'' l

e +Ω ), … , (
mne , )(k

nm
e ). } 

If d1 ∈Pl for some r+1≤l≤m and 
)(k

ld ∈{d2, d3, … , dr}, then { 

/* Suppose 
)(k

ld =dh for some 2≤h≤r. Define Ψ:  {d1, d2, … , dm} → {n1, n2, … , nm} as 

follows: Ψ(dl)=Φ(dh), Ψ(dh)=Ω''(dl), Ψ(d1)=Φ(d1)=k, Ψ(di)=Φ(di) for all 2≤i≤r and i≠h, and 

Ψ(dj)=Ω''(dj) for all r+1≤j≤m and j≠l. */ 

Construct P1, P2, … , Pm all the same as Case 3. /* Substitute Ψ for the Φ in Case 3. */ } 

Step 5. Return P1, P2, … , Pm. 

The following procedure, named Paths1, can produce m disjoint paths from s to d1, d2, … , dm, 

respectively, in a k-cube. 

Procedure Paths1(Φ, m, k, D, I). 

/* Φ is a minimal routing function from D={d1, d2, … , dm} to I={n1, n2, … , nm}. */ 

Step 1. Obtain P1, P2, … , Pm in a k-cube by executing Paths0(Φ, m, k, D, I). 

Step 2. Augment P1, P2, … , Pm with links (s, 
1ne ), (s, 

2ne ), … , (s, 
mne ). 
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Step 3. Return P1, P2, … , Pm. 

2.2 Correctness of Paths0(Φ, m, k, D, I) 

We show that Paths0(Φ, m, k, D, I) can produce m disjoint paths P1, P2, … , Pm that connect {
1ne , 

2ne , … , 

mne } and {d1, d2, … , dm}. Besides, when 1)(, =
idid Φ , Pi has minimal length |di |−1, and when 0)(, =

idid Φ , Pi 

has length |di|+1 and |ti|=|di|+1, where ti is the immediate predecessor of di in Pi. 

2.2.1 Properties 

First some fundamental properties of Φ are introduced. Suppose that Φ': D' → I' and Φ'': D'' → I'' are two 

routing functions, where {D', D''} is a partition of D={d1, d2, … , dm} and {I', I''} is a partition of I={n1, 

n2, … , nm}. Then, Φ: D → I is said to be the union of Φ' and Φ'', denoted by Φ=Φ'∪Φ'', if Φ(di)=Φ'(di) for 

all di ∈D' and Φ(dj)=Φ''(dj) for all dj ∈D''. Clearly we have VΦ=VΦ'+VΦ'', i.e., VΦ=(v'1+v''1, v'2+v''2, … , 

v'k+v''k) if VΦ'=(v'1, v'2, … , v'k) and VΦ''=(v''1, v''2, … , v''k). The following two lemmas are immediate. 

Lemma 1. Suppose Φ=Φ'∪Φ''. If 1)(, =
id'id Φ  for every di ∈D', then VΦ=VΦ''. 

Lemma 2. Suppose that Φ=Φ'∪Φ'' is minimal. Then Φ' and Φ'' are minimal. 

Lemma 3. Suppose 0)(, =
idid Φ , 0)(, =

jdjd Φ , and 1)(, =
jdid Φ , where 1≤i≤m, 1≤j≤m, and i≠j. Then Φ is not 

minimal. 

Proof. We define Ψ: D → I as follows: Ψ(di)=Φ(dj), Ψ(dj)=Φ(di), and Ψ(dr)=Φ(dr) for all r ∈{1, 2, … , 

m}−{i, j}. Suppose VΦ=(v1, v2, … , vk) and VΨ=(v'1, v'2, … , v'k). If |di |≠|dj|, then || id'v = || idv −1, || jd'v ≤ || jdv , and 

v'l=vl for all l ∈{1, 2, … , k}−{|di|, |dj|}. If |di |=|dj|, then || id'v ≤ || idv −1 and v'l=vl for all 1≤l≤k and l≠|di|. Hence 

VΨ<VΦ. ¨ 

Lemma 4. Suppose 0)(, =
jdjd Φ , 1)(, =

idjd Φ , and 1)(, =
jdid Φ , where 1≤i≤m, 1≤j≤m, and i≠j. Then Φ is not 

minimal. 

Proof. We define Ψ, VΨ, and VΦ all the same as the above. If 0)(, =
idid Φ , then Φ is not minimal by 

Lemma 3. If 1)(, =
idid Φ , then 1|||| −=

jj dd v'v  and v'l=vl for all 1≤l≤k and l≠|dj|, which implies VΨ<VΦ. ¨ 

Lemma 5. Suppose 0)(, =
idid Φ , 1)(, =

jdid Φ , and |di |<|dj|, where 1≤i≤m, 1≤j≤m, and i≠j. Then Φ is not 

minimal. 
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Proof. We define Ψ, VΨ, and VΦ all the same as the above. Then 1|||| −=
ii dd v'v  and v'l=vl for all 1≤l<|di|. 

Hence VΨ<VΦ. ¨ 

Lemma 6. If Φ is minimal and  0)(, =
idid Φ , then kididiii ddddd

ii ,1)(,1)(,2,1, ...1... +− ΦΦ ∉{d1, d2, … , dm} ( ...2,1, ii dd  

kididi ddd
ii ,1)(,1)(, ...1 +− ΦΦ is the node obtained by changing the bit )(, idid Φ  of di to 1). 

Proof. Suppose conversely kididiii ddddd
ii ,1)(,1)(,2,1, ...1... +− ΦΦ =dr for some 1≤r≤m and r≠i. That is, 1)(, =

idrd Φ  

and  =jrd , jid ,  for all 1≤j≤k and j≠Φ(di). Then Φ(dr) ∈{n1, n2, … , nm}. If 0)(, =
rdrd Φ , then Φ is not 

minimal by Lemma 3, which is a contradiction. If 1)(,)(, ==
rr didr dd ΦΦ , then Φ is not minimal by Lemma 4, 

which is again a contradiction.  ¨ 

The following lemma will be proved in Section 2.2.2. 

Lemma 7. Suppose Φ: D={d1, d2, … , dm} → I={n1, n2, … , nm} is a minimal routing function. Paths0(Φ, m, 

k, D, I) can produce m disjoint paths P1, P2, … , Pm in a k-cube that connect {
1ne , 

2ne , … , 
mne } and {d1, 

d2, … , dm}, where k≥2, m≤k, and Pi is the path to di for all 1≤i≤m. When 1)(, =
idid Φ , Pi has length |di|−1. 

When 0)(, =
idid Φ , Pi has length |di|+1 and |ti|=|di|+1, where ti is the immediate predecessor of di in Pi. 

2.2.2 The proof of Lemma 7 

Lemma 7 can be proved by induction on k. It is not difficult to check that Lemma 7 holds for a 2-cube (i.e., 

k=2). Suppose that Lemma 7 holds for a (k−1)-cube, where k>2 is assumed. The situation for a k-cube is 

discussed below. We need to show that P1, P2, … , Pm meet our requirements. 

Define two routing functions Φ': D' → I' and Φ'': D'' → I'' so that Φ=Φ'∪Φ''. That is, Φ'(di)=Φ(di) for 

all di ∈D' and Φ''(dj)=Φ(dj) for all dj ∈D''. Clearly I'∪I''=I. By Lemma 2 Φ' and Φ'' are minimal. P1, 

P2, … , Pm were obtained according to the following four cases.  

2.2.2.1 Case 1: d1,k=0  

We have assumed D'={d1, d2, … , dr} and D''={dr+1, dr+2, … , dm} (hence, I'={n1, n2, … , nr} and I''={nr+1, 

nr+2, … , nm}). Since d1 ∈D', we have |D''|≤k−1. Actually we have |D''|≤k−2 for the following reason. If 

|D''|=k−1, then m=k, {n1, n2, … , nm}={1, 2, … , k}, and D''={d2, d3, … , dk}. Since |d1|≥1 and d1,k=0, we 

have d1,v=1 for some 1≤v≤k−1. Suppose v=Φ(dl), where l≠1. If |d1|=|dl |, then 0)(, =
ldld Φ  as a consequence 

of Step 2. By Lemma 3 ( 0,1)(,1 1
== kd dd Φ , 0)(, =

ldld Φ , and =)(,1 ldd Φ =vd ,1 1), Φ is not minimal, which is 
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a contradiction. If |d1|<|dl|, then Φ is not minimal by Lemma 5 ( =)(,1 1dd Φ 0,1 =kd , 1,1)(,1 == vd dd
lΦ , and 

|d1|<|dl|), which is again a contradiction.  

Since Ψ' is a minimal routing function by Lemma 2, by induction hypothesis P2, P3, … , Pr that were 

produced by executing Paths0(Ψ', r−1, k−1, {d2, d3, … , dr}, {n2, n3, … , nr}) are r−1=|D'|−1 disjoint paths 

in ∗k−10 that connect {
2ne , 

3ne , … , 
rne } and {d2, d3, … , dr}. For all 2≤i≤r, Pi has length |di |−1 if 

=)(, id'id Ψ  1)(, =
idid Φ , and Pi has length |di|+1 and |ti|=|di|+1 if =)(, id'id Ψ 0)(, =

idid Φ . 

Similarly, P'1, Pr+1, Pr+2, … , Pm that were produced by executing Paths0(Ψ'', m−r+1, k−1, { )(
1

kd , dr+1, 

dr+2, … , dm}, {u, nr+1, nr+2, … , nm}) are m−r+1=|D''|+1≤k−1 disjoint paths in ∗k−11 that connect { )(k
ue , )(

1

k
nr

e
+

, 

)(
2

k
nr

e
+

, … , )(k
nm

e } and { )(
1

kd , dr+1, dr+2, … , dm}, provided ek ∉{ )(
1

kd , dr+1, dr+2, … , dm} and Ψ'' is a minimal 

routing function. Recall that we have assumed s ∉{d1, d2, … , dm}. Here ek in ∗k−11 corresponds to s in ∗k.  

We have ek ∉{ )(
1

kd , dr+1, dr+2, … , dm}, as explained below. Obviously ek≠ )(
1

kd . If ek=dl for some 

r+1≤l≤m, then 0)(, =
ldld Φ  as a consequence of Step 2. By Lemma 3 ( 0)(, =

ldld Φ , 0,1)(,1 1
== kd dd Φ , and 

=)(, 1dld Φ 1, =kld ), Φ is not minimal, which is a contradiction.  

Ψ'' is a minimal routing function, as explained below. First, Ψ'' is a routing function if 
)(

1
kd ∉{dr+1, 

dr+2, … , dm} and u ∉{nr+1, nr+2, … , nm}. The former holds as a consequence of Lemma 6 (Φ is minimal 

and 0,1)(,1 1
== kd dd Φ ). The latter holds for the following reason. If u ∈{nr+1, nr+2, … , nm}, then u=Φ(dl) 

for some r+1≤l≤m and hence Φ is not minimal by Lemma 4 ( =)(,1 1dd Φ 0,1 =kd , 1,1)(,1 == ud dd
lΦ , and 

=)(, 1dld Φ 1, =kld ), which is a contradiction.  

Further, Ψ'' is minimal for the following reason. Suppose conversely that Ψ'' is not minimal. Then 

there exists a routing function Ψ: { )(
1

kd , dr+1, dr+2, … , dm} → {u, nr+1, nr+2, … , nm} so that VΨ<VΨ''. Since 

=)(
)(,1 )(

1

k
d'' kd

Ψ
)(

,1
k
ud =d1,u=1, we have VΨ''=VΦ'' by Lemma 1 (D'={ )(

1
kd }). If u=Ψ( )(

1
kd ), then define a routing 

function Π'': {dr+1, dr+2, … , dm} → {nr+1, nr+2, … , nm} as follows: Π''(dj)=Ψ(dj) for all r+1≤j≤m. Since 

)(
,1

)(
)(,1 )(

1

k
u

k
d

dd k =
Ψ

=d1,u=1, we have VΠ''=VΨ by Lemma 1 (D'={ )(
1

kd }). Hence VΠ''<VΦ'', which is a 

contradiction. On the other hand, if u=Ψ(dl) for some r+1≤l≤m, then define a routing function Θ': {d1, 

d2, … , dr} →  {Ψ( )(
1

kd ), n2, n3, … , nr} as follows: Θ'(d1)=Ψ( )(
1

kd ) and Θ'(dj)=Φ'(dj) for all 2≤j≤r. Since 

=)(,1 1d'd Φ  0,1 =kd , we have VΘ'≤VΦ'. We define another routing function Θ'': {dr+1, dr+2, … , dm} → {k, 
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nr+1, nr+2, … , nm}−{Ψ( )(
1

kd )} as follows: Θ''(dl)=k and Θ''(dj)=Ψ(dj) for all r+1≤j≤m and j≠l. Since 

=)(, ld''ld Θ 1, =kld , we have VΘ''≤VΨ. Hence, VΘ'+VΘ''≤VΦ'+VΨ<VΦ'+VΨ''=VΦ'+VΦ''=VΦ, which is a 

contradiction because Φ is minimal and Θ'∪Θ'' is a routing function from D to I. 

Consequently, for all r+1≤i≤m, Pi has length (|di |−1)−1=|di|−2 if =)(, id''id Ψ 1)(, =
idid Φ , and Pi has 

length (|di |−1)+1=|di | and |ti|=|di|+1 if =)(, id''id Ψ 0)(, =
idid Φ . P'1 has length (| )(

1
kd |−1)−1=|d1|−1 because 

=)(
)(,1 )(

1

k
d'' kd

Ψ
1)(

,1 =k
ud . P1 has length (|d1|−1)+1=|d1|, and |t1|=| )(

1
kd |=|d1|+1. Besides, if d1 is not included in P2, 

P3, … , Pr, then P1, P2, … , Pm are disjoint. In the following we show that d1 is not included in P2, P3, … , 

Pr. 

Suppose conversely that d1 is contained in Ph, where 2≤h≤r. We define a routing function Ω': {d2, 

d3, … , dr} → {n2, n3, … , nr} as follows: Ω'(di)=nj if Pi begins at 
jne , where 2≤i≤r and 2≤j≤r. That is, Pi 

goes from )( id'eΩ  to di. We have 1)(,1 =
hd'd Ω  for the following reason. If 1)(, =

hd'hd Ψ , then Ph has length 

|dh |−1, which implies 1)(,1 =
hd'd Ω . If 0)(, =

hd'hd Ψ , then Ph has length |dh |+1 and |th|=|dh|+1. It is meant that 

the subpath from )( hd'eΩ  to th has length |dh|=|th|−1. Since d1≠dh, we have 1)(,1 =
hd'd Ω . 

For all 2≤i≤r, we have )(,)(, ii d'id'i dd ΨΩ =  for the following reason. If 1)(, =
id'id Ψ , then 1)(, =

id'id Ω  

because Pi has length |di |−1. Consequently, if 0)(, =
ld'ld Ψ  and  1)(, =

ld'ld Ω  for some 2≤l≤r, then VΩ '<VΨ', 

which is a contradiction because Ψ' is minimal. Hence, 0)(, =
id'id Ψ  implies 0)(, =

id'id Ω . 

We define another routing function Π': {d1, d2, … , dr} → {n1, n2, … , nr} as follows: Π'(d1)=Φ'(d1)= 

n1=k and Π'(di)=Ω'(di) for all 2≤i≤r. Since )(,)(, ii d'id'i dd ΨΩ =  and  Φ'(di)=Ψ'(di) for all 2≤i≤r, we have 

=)(, id'id Π )(, id'id Φ  for all 1≤i≤r, which implies VΠ'=VΦ'. Hence Π' is also minimal. If |d1|<|dh |, then Π' is not 

minimal by Lemma 5 ( 0,1)(,1 1
== kd' dd Π , 1)(,1)(,1 ==

hh d'd' dd ΩΠ , and |d1|<|dh |), which is a contradiction. If 

|d1|=|dh |, then Ph has length greater than |dh |−1. Hence Ph has length |dh |+1, which implies 0)(, =
hd'hd Ψ . By 

Lemma 3 ( 0,1)(,1 1
== kd' dd Π , =)(, hd'hd Π 0)(,)(, ==

hh d'hd'h dd ΨΩ , and 1)(,1)(,1 ==
hh d'd' dd ΩΠ ), Π' is not 

minimal, which is again a contradiction. 

Finally, the lengths of P1, Pr+1, Pr+2, … , Pm increase by one after adding links (ek, )(k
ue ), (

1+rne , )(
1

k
nr

e
+

), 

(
2+rne , )(

2

k
nr

e
+

), … , (
mne , )(k

nm
e ). It is not difficult to see that P1, P2, … , Pm meet our requirements. 

2.2.2.2 Case 2: d1,k=1 and |d1|=1  
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We have assumed D'={d2, d3, … , dr} and D''={d1, dr+1, dr+2, … , dm} (hence, I'={n2, n3, … , nr} and I''={k, 

nr+1, nr+2, … , nm}), where d1=ek and |D'|≤k−1. Since Ψ'=Φ' is a minimal routing function, by induction 

hypothesis P2, P3, … , Pr that were produced by executing Paths0(Ψ', r−1, k−1, {d2, d3, … , dr}, {n2, n3, … , 

nr}) are r−1=|D'| disjoint paths in ∗k−10 that connect {
2ne , 

3ne , … , 
rne } and {d2, d3, … , dr}. For all 2≤i≤r, 

Pi has length |di|−1 if =)(, id'id Ψ 1)(, =
idid Φ , and Pi has length |di|+1 and |ti|=|di|+1 if =)(, id'id Ψ 0)(, =

idid Φ . 

Similarly, since Ψ'' is a minimal routing function by Lemma 2, Pr+1, Pr+2, … , Pm that were produced 

by executing Paths0(Ψ'', m−r, k−1, {dr+1, dr+2, … , dm}, {nr+1, nr+2, … , nm}) are m−r=|D''|−1 disjoint paths 

in ∗k−11 that connect { )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and {dr+1, dr+2, … , dm}. Further, since ek=d1, P1, Pr+1, Pr+2, … , 

Pm are |D''| disjoint paths in ∗k−11 that connect {ek, )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and {d1, dr+1, dr+2, … , dm}. For 

all r+1≤i≤m, Pi has length (|di |−1)−1=|di|−2 if =)(, id''id Ψ 1)(, =
idid Φ , and Pi has length (|di|−1)+1=|di | and 

|ti|= |di|+1 if =)(, id''id Ψ 0)(, =
idid Φ . 

After adding links (
1+rne , )(

1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
mne , )(k

nm
e ), the lengths of Pr+1, Pr+2, … , Pm 

increase by one. It is not difficult to see that P1, P2, … , Pm meet our requirements. 

2.2.2.3 Case 3: d1,k=1, |d1|>1, and d1,α=1 for some α ∈{1, 2, … , k−1}−{k, nr+1, nr+2, … , nm} 

We have assumed D'={d2, d3, … , dr} and D''={d1, dr+1, dr+2, … , dm} (hence, I'={n2, n3, … , nr} and I''={k, 

nr+1, nr+2, … , nm}), where |D' |≤k−1. We have |D''|≤k−1 for the following reason. If |D''|=k, then I''={k, nr+1, 

nr+2, … , nm}={1, 2, … , k}. Hence {1, 2, … , k−1}−{k, nr+1, nr+2, … , nm} is empty, which is a contradiction. 

Since Ψ'=Φ' is a minimal routing function, by induction hypothesis P2, P3, … , Pr that were produced by 

executing Paths0(Ψ', r−1, k−1, {d2, d3, … , dr}, {n2, n3, … , nr}) are r−1=|D'| disjoint paths in ∗k−10 that 

connect {
2ne , 

3ne , … , 
rne } and {d2, d3, … , dr}. For all 2≤i≤r, Pi has length |di |−1 if =)(, id'id Ψ 1)(, =

idid Φ , 

and Pi has length |di|+1 and |ti|=|di|+1 if =)(, id'id Ψ 0)(, =
idid Φ . 

Similarly, P1, Pr+1, Pr+2, … , Pm that were produced by executing Paths0(Ψ'', m−r+1, k−1, {d1, dr+1, 

dr+2, … , dm}, {α, nr+1, nr+2, … , nm}) are m−r+1=|D''|≤k−1 disjoint paths in ∗k−11 that connect { )(keα , )(
1

k
nr

e
+

, 

)(
2

k
nr

e
+

, … , )(k
nm

e } and {d1, dr+1, dr+2, … , dm}, provided ek ∉{d1, dr+1, dr+2, … , dm} and Ψ'' is a minimal 

routing function.  

Since |d1|>1, we have ek  ∉{d1, dr+1, dr+2, … , dm} as a consequence of Step 2. Ψ'' is a minimal routing 

function for the following reason. First, Ψ'' is a routing function because α ∉{nr+1, nr+2, … , nm}. Suppose 
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conversely that Ω'': {d1, dr+1, dr+2, … , dm} → {α, nr+1, nr+2, … , nm} is a minimal routing function, where 

VΩ ''<VΨ''. We further assume Ω''(dl)=α for some l ∈{1, r+1, r+2, … , m}. Define a routing function Π'': {d1, 

dr+1, dr+2, … , dm} → {k, nr+1, nr+2, … , nm} as follows: Π''(dl)=k and Π''(dj)=Ω''(dj) for all j ∈{1, r+1, 

r+2, … , m}−{l}. Since 1,)(, == kld''l dd
lΠ , we have VΠ''≤VΩ ''. Since 1,1)(,1 1

== kd'' dd Φ  and  

=)(,1 1d''d Ψ 1,1 =αd , we have VΨ''=VΦ''. Hence VΠ''≤VΩ ''<VΨ''=VΦ'', which is a contradiction because Φ'' is 

minimal. 

Consequently, for all i ∈{1, r+1, r+2, … , m}, Pi has length (|di |−1)−1=|di|−2 if =)(, id''id Ψ 1)(, =
idid Φ , 

and Pi has length (|di |−1)+1=|di | and |ti|=|di |+1 if =)(, id''id Ψ 0)(, =
idid Φ . After adding links (ek, )(keα ), (

1+rne , 

)(
1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
mne , )(k

nm
e ), the lengths of P1, Pr+1, Pr+2, … , Pm increase by one. It is not difficult 

to see that P1, P2, … , Pm meet our requirements. 

2.2.2.4 Case 4: d1,k=1, |d1|>1, and d1,α=0 for all α ∈{1, 2, … , k−1}−{k, nr+1, nr+2, … , nm} 

We have assumed D'={d2, d3, … , dr} and D''={d1, dr+1, dr+2, … , dm} (hence, I'={n2, n3, … , nr} and I''={k, 

nr+1, nr+2, … , nm}), where |D' |≤k−1. Actually we have |D' |≤k−2 for the following reason. If |D' |=k−1, then 

D''={d1} and I''={k, nr+1, nr+2, … , nm}={k}. Hence {1, 2, … , k−1}−{k, nr+1, nr+2, … , nm}={1, 2, … , k−1}. 

This implies |d1|=1, which is a contradiction. 

Since |d1|>1, we have ek ∉{d1, dr+1, dr+2, … , dm} as a consequence of Step 2. Ψ'' is a minimal routing 

function by Lemma 2. Hence, by induction hypothesis Pr+1, Pr+2, … , Pm that were produced by executing 

Paths0(Ψ'', m−r, k−1, {dr+1, dr+2, … , dm}, {nr+1, nr+2, … , nm}) are m−r=|D''|−1≤k−1 disjoint paths in ∗k−11 

that connect { )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e } and {dr+1, dr+2, … , dm}. For all r+1≤i≤m, Pi has length (|di |−1)−1= 

|di|−2 if =)(, id''id Ψ 1)(, =
idid Φ , and Pi has length (|di|−1)+1=|di| and |ti|=|di|+1 if =)(, id''id Ψ 0)(, =

idid Φ . 

P1, P2, … , Pm were obtained according to three situations. The first situation is d1 ∉Pi for all r+1≤i≤m. 

If Ψ' is a minimal routing function, then by induction hypothesis P'1, P2, P3, … , Pr that were produced by 

executing Paths0(Ψ', r, k−1, { )(
1

kd , d2, d3, … , dr}, {u, n2, n3, … , nr}) are r=|D'|+1≤k−1 disjoint paths in 

∗k−10 that connect {eu, 2ne , 
3ne ,… , 

rne } and { )(
1

kd , d2, d3, … , dr}. Ψ' is a routing function for the 

following reason. We have 
)(

1
kd ∉{d2, d3, … , dr} as a consequence of Step 2, because | )(

1
kd |<|d1|. We have 

u ∉{n2, n3, … , nr} because d1,u=1 and 1≤u<k imply u ∈I''−{k}={nr+1, nr+2, … , nm}. Further, Ψ' is minimal 

as explained below.  
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Suppose conversely that Ω': { )(
1

kd , d2, d3, … , dr} → {u, n2, n3, … , nr} is a minimal routing function, 

where VΩ '<VΨ'. Since =)(
)(,1 )(

1

k
d' kd

Ψ
)(

,1
k
ud =1, we have VΨ'=VΦ' by Lemma 1 (D'={ )(

1
kd }). Define a routing 

function Π': {d1, d2, d3, … , dr} → {u, n2, n3, … , nr} as follows: Π'(d1)=Ω'( )(
1

kd ) and Π'(di)=Ω'(di) for all 

2≤i≤r. Since d1,v= )(
,1
k
vd  for all 1≤v≤k−1 and u≠k, we have 

)(
)(,1)(,1)(,1 )(

1
)(

11

k
d'd'd' kk ddd

ΩΩΠ == .  Thus VΠ'=VΩ '. 

Since u ∈{nr+1, nr+2,  … , nm}, we have u=Ω''(dl) for some r+1≤l≤m. Define another routing function Π'': 

{dr+1, dr+2, … , dm} → {k, nr+1, nr+2, … , nm}−{u} as follows: Π''(dl)=k and Π''(di)=Ω''(di) for all r+1≤i≤m 

and i≠l. Since 1,)(, == kld''l dd
lΠ , we have VΠ''≤VΩ ''.  

We have VΩ ''=VΨ'' if )(,)(, ii d''id''i dd ΨΩ =  for all r+1≤i≤m. The latter holds for the following reason. If  

1)(, =
id''id Ψ , then Pi has length |di |−2. Since Pi goes from 

)(
)(

k
d'' i

eΩ  to di and | )(
)(

k
d'' i

eΩ |=2, we have 1)(, =
id''id Ω . 

On the other hand, if 0)(, =
id''id Ψ , then 0)(, =

id''id Ω , for otherwise ( 0)(, =
ld''ld Ψ  and  1)(, =

ld''ld Ω  for some 

r+1≤l≤m) VΩ ''<VΨ'', which is a contradiction because Ψ'' is minimal.  

Since 1,1)(,1 1
== kd'' dd Φ , we have VΨ''=VΦ'' by Lemma 1 (D'={d1}). Hence, 

VΠ'+VΠ''≤VΩ '+VΩ ''<VΨ'+VΨ''= VΦ'+VΦ''=VΦ, which is a contradiction because Π'∪Π'' is a routing function 

from D to I and Φ is minimal. Hence Ψ' is minimal. 

Consequently, for all 2≤i≤r, Pi has length |di |−1 if =)(, id'id Ψ 1)(, =
idid Φ , and Pi has length |di |+1 and 

|ti|=|di|+1 if =)(, id'id Ψ 0)(, =
idid Φ . Since =)(

)(,1 )(
1

k
d' kd

Ψ
)(

,1
k
ud =1, P'1 has length | )(

1
kd |−1=|d1|−2. Hence P1 has 

length |d1|−1. After adding links (
1+rne , )(

1

k
nr

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , (
1−hne , )(

1

k
nh

e
−

), (ek, )(k
ue ), (

1+hne , )(
1

k
nh

e
+

), … , 

(
mne , )(k

nm
e ), the lengths of Pr+1, Pr+2, … , Pm increase by one (since u ∈{nr+1, nr+2, … , nm}, there exists 

r+1≤h≤m so that u=nh). It is not difficult to see that P1, P2, … , Pm meet our requirements. 

The second situation is d1 ∈Pl for some r+1≤l≤m and 
)(k

ld ∉{d2, d3, … , dr}=D'. If Θ' is a minimal 

routing function, then by induction hypothesis P'l, P2, P3, … , Pr that were produced by executing 

Paths0(Θ', r, k−1, { )(k
ld , d2, d3, … , dr}, {Ω''(dl), n2, n3, … , nr}) are r=|D'|+1≤k−1 disjoint paths in ∗k−10 

that connect { )( ld''eΩ , 
2ne , 

3ne , … , 
rne } and { )(k

ld , d2, d3,  … , dr}. Since  
)(k

ld ∉{d2, d3, … , dr} and Ω''(dl) 

∉{n2, n3, … , nr}, Θ' is a routing function. Further, Θ' is minimal, as explained below. 

Suppose conversely that ℜ':  { )(k
ld , d2, d3, … , dr} → {Ω''(dl), n2, n3, … , nr} is a minimal routing 

function, where Vℜ'<VΘ'. We have 1)(, =
ld''ld Ω  for the following reason. Define a routing function ℑ'': {d1, 
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dr+1, dr+2, … , dm} → {k, nr+1, nr+2, … , nm} as follows: ℑ''(d1)=k and ℑ''(di)=Ω''(di) for all r+1≤i≤m. Since 

1,1)(,1 1
==ℑ kd'' dd , we have Vℑ''=VΩ '' by Lemma 1 (D'={d1}). Hence ℑ'' is minimal because VΩ ''=VΨ''=VΦ'' 

and Φ'' is minimal. If 0)(, =
ld''ld Ω , then 0)(, =

ld''ld Ψ  which implies that Pl has length (|dl|−1)+1=|dl| and 

|tl|=|dl|+1. Since d1 ∈Pl, | )(
)(

k
d'' l

eΩ |=2, and the subpath of Pl from 
)(

)(
k

d'' l
eΩ  to tl has length |dl |−1=|tl|−2, we have 

1)(,1 =
ld''d Ω , which implies 1)(,1 =ℑ ld''d . By Lemma 4 ( 0)(,)(, ==ℑ ll d''ld''l dd Ω , 1,)(, 1

==ℑ kld''l dd , and 

=ℑ )(,1 ld''d 1)(,1 =
ld''d Ω ), ℑ'' is not minimal, which is a contradiction. 

Since Ω''(dl)≠k and 1)(, =
ld''ld Ω , we have  =)(

)(, )(
k

d'l k
l

d
Θ

)(
)(,

k
d''l l

d Ω 1)(, ==
ld''ld Ω . By Lemma 1 (D'={ )(k

ld }) 

we have VΘ'=VΦ'. Define a routing function ℘': {dl, d2, d3, … , dr} → {Ω''(dl), n2, n3, … , nr} as follows: 

℘'(dl)=ℜ'( )(k
ld ) and ℘'(dj)=ℜ'(dj) for all 2≤j≤r. Since ℘'(dl)≠k, we have =℘ )(, ld'ld )(

)(,
k

d'l l
d ℘

)(
)(, )(

k
d'l k

l
d

ℜ
= . If  

=℘ )(, ld'ld 1)(
)(, )( =

ℜ
k

d'l k
l

d , then V℘'=Vℜ'. If =℘ )(, ld'ld 0)(
)(, )( =

ℜ
k

d'l k
l

d , then V℘'<Vℜ' because | )(k
ld |<|dl |. Hence we 

have V℘'≤Vℜ'. Define another routing function ℘'': {d1, dr+1, dr+2, … , dm}−{dl} → {k, nr+1, nr+2, … , nm}− 

{Ω''(dl)} as follows: ℘''(d1)=k and ℘''(dj)=Ω''(dj) for all r+1≤j≤m and j≠l. Since =℘ )(,1 1d''d 1,1 =kd  and  

1)(, =
ld''ld Ω , we have V℘''=VΩ ''. Hence, V℘'+V℘''≤Vℜ'+VΩ ''<VΘ'+VΨ''=VΦ'+VΦ''=VΦ, which is a contradiction 

because ℘'∪℘'' is a routing function from D to I and Φ is minimal. Hence Θ' is minimal. 

Consequently, for all 2≤i≤r, Pi has length |di |−1 if =)(, id'id Θ 1)(, =
idid Φ , and Pi has length |di |+1 and 

|ti|=|di|+1 if =)(, id'id Θ 0)(, =
idid Φ . P'l has length | )(k

ld |−1=|dl|−2 because  =)(
)(, )(

k
d'l k

l
d

Θ
)(

)(,
k

d''l l
d Ω 1)(, ==

ld''ld Ω . 

On the other hand, (old) Pl has length (|dl |−1)−1=|dl |−2 because 1)(,)(, ==
ll d''ld''l dd ΩΨ . P1 has length |d1|−2 

because d1 ∈Pl, Pl goes from 
)(

)(
k

d'' l
eΩ  to dl, and | )(

)(
k

d'' l
eΩ |=2. The newly constructed Pl has length |dl|−1. After 

adding links (
1+rne , )(

1

k
n r

e
+

), (
2+rne , )(

2

k
nr

e
+

), … , ( 1)( −ld''eΩ , )(
1)(

k
d'' l

e −Ω ), (ek, )(
)(

k
d'' l

eΩ ), ( 1)( +ld''eΩ , )(
1)(

k
d'' l

e +Ω ), … , 

(
mne , )(k

nm
e ), the lengths of P1, Pr+1, Pr+2, … , Pl−1, Pl+1, … , Pm increase by one. It is not difficult to see that 

P1, P2, … , Pm meet our requirements. 

The third situation is d1 ∈Pl for some r+1≤l≤m and 
)(k

ld ∈{d2, d3, … , dr}=D'. We observe that P1, 

P2, … , Pm can be obtained all the same as Case 3, provided )(,)(, ii didi dd ΦΨ =  for all 1≤i≤m and d1,α=1 for 

some α ∈{1, 2, … , k−1}−Ψ(D''). The two conditions actually hold, as explained below. 

Suppose 
)(k

ld =dh for some 2≤h≤r and h≠l. We have dh,v=dl,v for all 1≤v<k. In order to show =)(, idid Ψ  



 15

)(, idid Φ  for all 1≤i≤m, it suffices to show )(,)(, jj djdj dd ΦΨ =  for all j ∈{1, 2, … , m}−({2, 3, … , 

r}−{h})={1, h, r+1, r+2, … , m}. It is not difficult to check that =)(,1 1dd Ψ )(,1,1 1dk dd Φ=  and  

=)(, vdvd Ψ =)(, vd''vd Ω  =)(, vd''vd Ψ )(, vdvd Φ  for all r+1≤v≤m and v≠l. Hence we only need to show 

)(,)(, jj djdj dd ΦΨ =  for j ∈{h, l}. Since Ω''(dl)≠k, we have 1)(,)(,)(, ===
llh d''ld''hdh ddd ΩΩΨ . Also we have  

1)(, =
hdhd Φ  for the following reason. Since Φ(dl)≠k, we have =)(, ldhd Φ =)(, ldld Φ 1)(,)(, ==

ll d''ld''l dd ΩΨ . If 

)(, hdhd Φ 0= , then by Lemma 5 ( 0)(, =
hdhd Φ , 1)(, =

ldhd Φ , and |dh |<|dl|) Φ is not minimal, which is a 

contradiction. Hence we have =)(, hdhd Ψ 1)(, =
hdhd Φ . Further, since Φ(dh)≠k, we have 

== )(,)(, hl dldl dd ΦΨ == 1)(, hdhd Φ == )(,)(, ll d''ld''l dd ΨΩ  )(, ldld Φ .  

On the other hand, let α=Ω''(dl). We have α ∈{1, 2, … , k−1}−Ψ(D'') because Ω''(dl)=Ψ(dh)≠k and 

dh ∈D'. Since =)(, ld''ld Ψ 1)(, =
ld''ld Ω , Pl has length (|dl|−1)−1=|dl |−2. We have d1,α= 1)(,1 =

ld''d Ω  because 

d1 ∈Pl, | )(
)(

k
d'' l

eΩ |=2, and Pl goes from 
)(

)(
k

d'' l
eΩ  to dl. 

2.3 When {d1, d2, … , dm} is a multiset 

When {d1, d2, … , dm} is a multiset, Procedure Paths0(Φ, m, k, D, I) still works, provided Step 4 is 

modified as follows. 

Let T={dj | dj=ek and r+1≤j≤m}. In Case 2, Ψ'' is changed to Ψ'': {dr+1, dr+2, … , dm}−T → {nr+1, 

nr+2, … , nm}−{Φ(dj) | dj ∈T and r+1≤j≤m} so that Ψ''(di)=Φ(di)=ni for all r+1≤i≤m and di≠ek. Instead of 

executing Paths0(Ψ'', m−r, k−1, {dr+1, dr+2, … , dm}, {nr+1, nr+2, … , nm}), we execute Paths0(Ψ'', m−r−|T|, 

k−1, {dr+1, dr+2, … , dm}−T, {nr+1, nr+2, … , nm}−{Φ(dj) | dj ∈T and r+1≤j≤m}), in order to construct m−r−|T| 

disjoint paths in ∗k−11 that connect { )(
1

k
nr

e
+

, )(
2

k
nr

e
+

, … , )(k
nm

e }−{ )(
)(

k
d j

eΦ | dj ∈T and r+1≤j≤m} and {dr+1, dr+2, … , 

dm}−T. Additionally, we construct another |T| disjoint paths of length one that connect 
)(

)(
k

d j
eΦ  and dj for all 

dj ∈T. In Case 4, the conditions for the second and third situations are changed to "If d1 ∈Pl for some 

r+1≤l≤m, d1 ∉{dr+1, dr+2, … , dm}, and 
)(k

ld ∉{d2, d3, … , dr}" and "If d1 ∈Pl for some r+1≤l≤m, d1 ∉{dr+1, 

dr+2, … , dm}, and  
)(k

ld ∈{d2, d3, … , dr}", respectively. One more situation whose condition is "If d1 ∈Pl 

for some r+1≤l≤m and d1 ∈{dr+1, dr+2, … , dm}" needs to be added. The new situation constructs P1, P2, … , 

Pr in 01−∗k  all the same as the first situation (i.e., d1 ∉Pi for all r+1≤i≤m). 

Lemma 7 is also valid. However, the proof needs to be adapted to the changes above. First we note 
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that the definitions of Φ, VΦ, and minimal Φ remain unchanged, and Lemmas 1 to 6 remain valid. In Case 

1, the proof for d1 not included in P2, P3, … , Pr is needed only when d1 ∉{d2, d3, … , dr}. In Case 2, that 

the new Ψ'' is a minimal routing function can be assured by Lemma 2. In Case 4, the proof for the newly 

added situation (i.e., d1 ∈Pl for some r+1≤l≤m and d1 ∈{dr+1, dr+2, … , dm}) is the same as that for the first 

situation. The proofs for the other three situations remain the same. 

According to the discussion above, we have the following lemma as a consequence of Lemma 7. 

Lemma 8. Suppose Φ: {d1, d2, … , dk} → {1, 2, … , k} is a minimal routing function, where k≥2 and {d1, 

d2, … , dk} is a multiset. Paths1(Φ, k, k, {d1, d2, … , dk}, {1, 2, … , k}) can produce k disjoint paths from s 

to d1, d2, … , dk so that the path to di has length |di | if 1)(, =
idid Φ , and length |di |+2 if 0)(, =

idid Φ , where s 

∉{d1, d2, … , dk}. Moreover, if the path to di has length |di|+2, then |ti|=|di |+1, where ti is the immediate 

predecessor of di in the path. 

Lemma 8 is further illustrated with Figure 2, where a path labeled with ∗ represents a shortest path. 

According to Lemma 8, the path from s to di has length k if |di|=k, and at most k+1 if |di |<k, which imposes 

an upper bound of k+1 on the strong Rabin number of a k-cube. On the other hand, a lower bound of k+1 

was suggested in [10, 18]. Hence the strong Rabin number of a k-cube is equal to k+1. 

2.4 Finding a minimal Φ  

Thus far we have assumed the existence of a minimal routing function Φ. We now show how it can be 

determined in polynomial time. Actually the problem of finding a minimal Φ can be reduced to the 

problem of finding a maximum matching in a weighted bipartite graph. Suppose G=(U, V, E) is a 

weighted bipartite graph, where U and V are two partite sets of nodes and E is the set of weighted links 

(each link of G is assigned a weight). A subset of E forms a matching in G if no two links share a common 

node. A matching in G is maximum if its total weight is maximum. A maximum matching in G can be 

found in O(|U∪V|(|E|+|U∪V|log|U∪V|)) time (see [13]). 

Suppose Φ: {d1, d2, … , dk} → {1, 2, … , k} is a routing function, where {d1, d2, … , dk} is a multiset. 

We let U={d1, d2, … , dk}, V={1, 2, … , k}, E={(di, j) | 1≤i≤k and 1≤j≤k.}, and assign link (di, j) a weight 

1||)1( +−+ idkk  if di,j=1, and 1 if di,j=0. We note that a maximum matching M in G contains k links and its 

total weight can be expressed as a1∗(k+1)k+a2∗(k+1)k−1+ …  +ak∗(k+1)+ak+1, where 0≤ar≤k for all 1≤r≤k+1. 

That is, there are ar links in M whose weights are 
1)1( +−+ rkk  (or equivalently, M contains av links (di, j) 

with |di|=v and di,j=1 for all 1≤v≤k, and ak+1 links (di, j) with di,j=0).  
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A minimal Φ with VΦ=(r1−a1, r2−a2, … , rk−ak) can be obtained from M as follows: Φ(di)=j if (di, j) 

∈M, where rv is the number of di's with |di |=v for 1≤v≤k and 1≤i≤k. If Φ is not minimal, then there exists 

VΦ'<VΦ for some routing function Φ': {d1, d2, … , dk} → {1, 2, … , k}, which implies another matching in G 

whose total weight is greater than the total weight of M. This is a contradiction.  

3 Disjoint Paths in the Folded Hypercube 

Suppose that s, d1, d2, … , dk+1 are arbitrary k+2 distinct nodes of a k-fcube. In this section, we construct 

k+1 disjoint paths from s to d1, d2, … , dk+1 in the k-fcube whose lengths do not exceed k/2+1, where 

k/2 is the diameter of the k-fcube. Since the construction is easy for k≤3, we assume k≥4 throughout this 

section.  

3.1 A procedure to construct disjoint paths 

Since the folded hypercube is node symmetric, we assume s=0k without loss of generality. We suppose di= 

di,1di,1… di,k for all 1≤i≤k+1, and let x =(1−x1)(1−x2)… (1−xk) denote the complement of a node x=x1x2… xk. 

The following is a procedure, named Paths2. It will be shown in Section 3.2 that Paths2(s, d1, d2, … , dk+1) 

can produce k+1 disjoint paths from s to d1, d2, … , dk+1 in a k-fcube whose lengths are not greater than 

k/2+1. We use Q1, Q2, … , Qk+1 to denote the k+1 paths, where Qi (1≤i≤k+1) is the path to di. The 

intuition behind Paths2(s, d1, d2, … , dk+1) is to construct k disjoint paths in a k-cube first, as we have done 

in Section 2. The k disjoint paths together with some complement links produce k of Q1, Q2, … , Qk+1. The 

other path is determined in a particular way. 

Procedure Paths2(s, d1, d2, … , dk+1). 

Step 1. Determine dt so that |dt |≥|di | for all 1≤i≤k+1, where 1≤t≤k+1. Without loss of generality, we 

assume t=k+1. 

Step 2. Construct Q1, Q2, … , Qk+1 according to the following five cases. 

Case 1. |dk+1|≤k/2−2. 

/* Suppose that Φ: {d1, d2, … , dk} → {1, 2, … , k} is minimal. */ 

Construct Q1, Q2, … , Qk in a k-cube by invoking Paths1(Φ, k, k, {d1, d2, … , dk}, {1, 2, … , k}). 

If dk+1 ∈Ql for some 1≤l≤k, then { 

Construct Qk+1 as the subpath of Ql from s to dk+1. 
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Reconstruct Ql as the combination of a link (s, s ), a shortest path from s  to  ld  in a 

k-cube, and a link ( ld , dl). } 

If dk+1 ∉Qi for all 1≤i≤k, then  

Construct Qk+1 as the combination of a link (s, s ), a shortest path from s  to  1+kd  in a 

k-cube, and a link ( 1+kd , dk+1). 

Case 2. |dk+1|=k/2−1. 

If k is even, then 

Construct Q1, Q2, … , Qk+1 all the same as Case 1. 

If k is odd, then { 

/* Suppose that Φ: {d1, d2, … , dk} → {1, 2, … , k} is minimal. */ 

Construct Q1, Q2, … , Qk in a k-cube by invoking Paths1(Φ, k, k, {d1, d2, … , dk}, {1, 2, … , 

k}). 

If dk+1 ∈Ql for some 1≤l≤k, then { 

Construct Qk+1 as the subpath of Ql from s to dk+1. 

If dk+1 is the immediate predecessor of dl in Ql, then  

Reconstruct Ql as the combination of a link (s, s ), a shortest path from s  to  

ld  in a k-cube, and a link ( ld , dl). 

If dk+1 is not the immediate predecessor of dl in Ql, then  

/* Suppose that x is the immediate predecessor of dl in Ql. */ 

Reconstruct Ql as the combination of a link (s, s ), a shortest path from s  to x 

in a k-cube, and a link (x, dl). } 

If dk+1 ∉Qi for all 1≤i≤k, then { 

Construct Qk+1 as the combination of a link (s, s ) and a shortest path from s  to dk+1 

in a k-cube. 

If Qk+1 intersects with Qh for some 1≤h≤k at a node y (≠s), then { 

Reconstruct Qk+1 as the combination of the subpath of Qh from s to y and a 

shortest path from y to dk+1.  

/* Suppose that z is an adjacent node of dh so that |z |=|dh|+1 and z ∉Qi for all 1≤ 

i≤k. */ 
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Reconstruct Qh as the combination of a link (s, s ), a shortest path from s  to z 

in a k-cube, and a link (z, dh). }}}  

Case 3. |dk+1|=k/2. 

/* Suppose that Φ: {d1, d2, … , dk} → {1, 2, … , k} is minimal. Without loss of generality, assume 

that {d1, d2, … , dk} is partitioned into {d1, d2, … , dr} and {dr+1, dr+2, … , dk} so that for all 1≤i≤k, 

di ∈{d1, d2, … , dr} if 0)(, =
idid Φ  and |di |=k/2, and di ∈{dr+1, dr+2, … , dk} else, where 0≤r≤k. 

Define a minimal routing function Ω: { 1d , 2d , … , rd , dr+1, … , dk} → {1, 2, … , k} as follows: 

Ω( id )=Φ(di) for all 1≤i≤r and Ω(dj)=Φ(dj) for all r+1≤j≤k. */ 

Construct Q'1, Q'2, … , Q'r, Qr+1, … , Qk in a k-cube by invoking Paths1(Ω, k, k, { 1d , 2d , … , rd , 

dr+1, … , dk}, {1, 2, … , k}).  /* Assume that Q'i ends at id  for all 1≤i≤r. */ 

For i=1, 2, … , r, { 

/* Suppose that fi is the immediate predecessor of id  in Q'i. */ 

If id =dh for some r+1≤h≤k+1, then 

Construct Qi as the combination of the subpath of Q'i from s to fi and two links (fi, if ) 

and ( if , di).  

If id ≠dj for all r+1≤j≤k+1, then  

Construct Qi as the combination of Q'i and a link ( id , di). } 

Construct Qk+1 as the combination of a link (s, s ) and a shortest path from s  to dk+1 in a k-cube. 

If Qk+1 intersects with Qt for some 1≤t≤r at a node x (≠s), then { 

/* Suppose that td =dm for some r+1≤m≤k and g is the immediate predecessor of dm in Qm. 

*/ 

Reconstruct Qt as the combination of the subpath of Qm from s to g and two links (g, g ) 

and ( g , dt). 

Reconstruct Qm as the combination of the subpath of (old) Qt from s to  x  and a shortest 

path from x  to dm. } 

If dk+1 ∈Ql for some r+1≤l≤k, then { 

Reconstruct Qk+1 as the subpath of Ql from s to dk+1. 
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If k is even, then  

Reconstruct Ql as the combination of a link (s, s ), a shortest path from s  to ld  in a 

k-cube, and a link ( ld , dl).  

If k is odd, then { 

/* Suppose that y is an adjacent node of dl so that |y|=|dl|+1 and y ∉Qi for all 1≤i≤k. */ 

Reconstruct Ql as the combination of a link (s, s ), a shortest path from s  to y in a 

k-cube, and a link (y, dl). 

If Ql intersects with Qv for some 1≤v≤r at a node z (≠s), then { 

/* Suppose that vd =dw for some r+1≤w≤k and w≠l, and p is the immediate 

predecessor of dw in Qw. */ 

Reconstruct Qv as the combination of the subpath of Qw from s to p and two 

links (p, p ) and ( p , dv). 

Reconstruct Qw as the combination of the subpath of (old) Qv from s to z  and a 

shortest path from z  to dw. }}} 

Case 4. |dk+1|=k/2+1. 

/* Suppose that Φ: {d1, d2, … , dk} → {1, 2, … , k} is minimal. Without loss of generality, assume 

that {d1, d2, … , dk} is partitioned into {d1, d2, … , dr}, {dr+1, dr+2, … , du}, and {du+1, du+2, … , dk} 

so that for all 1≤i≤k, di ∈{d1, d2, … , dr} if 0)(, =
idid Φ  and |di |=k/2+1, di ∈{dr+1, dr+2, … , du} if 

0)(, =
idid Φ , |di |=k/2, and  id ∉{d1, d2, … , dk}, and di ∈{du+1, du+2, … , dk} else, where 0≤r≤u≤k. 

Initially, let D={ 1d , … , ud , du+1, … , dk} and define a minimal routing function Ψ: D → {1, 2, … , 

k} as follows: Ψ( jd )=Φ(dj) for all 1≤j≤u and Ψ(dt)=Φ(dt) for all u+1≤t≤k. Whenever there is a  

dl ∈D so that u+1≤l≤k, 0)(, =
ldld Ψ , |dl|=k/2, and ld ∈D, D and Ψ need to be modified as 

follows. Assume that pl=pl,1pl,2… pl,k is an adjacent node of ld  so that |pl |=| ld |−1, pl ∉D, and  

lp ∉D∪{dk+1}. Also assume  ld =dh for some u+1≤h≤k and h≠l. First, swap Ψ(dl) and Ψ(dh) if 

0)(, =
ldlp Ψ . Then, replace dl with pl in D, and assign Ψ(pl) with Ψ(dl). Without loss of generality, 

assume D={ 1d , … , ud , pu+1, … , pv, dv+1, … , dk} finally, where u≤v≤k. */ 

Construct Q'1, … , Q'v, Qv+1, … , Qk in a k-cube by invoking Paths1(Ψ, k, k, D, {1, 2, … , k}). 
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/* Assume that Q'j ends at jd  for all 1≤j≤u and Q't ends at pt for all u+1≤t≤v. */ 

Construct Qk+1 as the combination of a link (s, s ) and a shortest path from s  to dk+1 in a k-cube. 

For i=1, 2, … , r, { 

/* We use fi to denote the immediate predecessor of id  in Q'i. */ 

If id =dw for some v+1≤w≤k, then { 

If if ∈Qk+1, then  

Swap Q'i and Qw.  

/* Now fi denotes the immediate predecessor of id  in (new) Q'i. */ 

Construct Qi as the combination of the subpath of Q'i from s to fi and two links (fi, if ) 

and ( if , di). } 

If id ≠dj for all v+1≤j≤k, then  

Construct Qi as the combination of Q'i and a link ( id , di). } 

For j=r+1, r+2, … , u,  

Construct Qj as the combination of Q'j and a link ( jd , dj). 

For t=u+1, u+2, … , v,  

Construct Qt as the combination of Q't and two links (pt, tp ) and ( tp , dt). 

Case 5. |dk+1|≥k/2+2. 

/* Without loss of generality, assume that {d1, d2, … , dk} is partitioned into {d1, d2, … , du'} and 

{du'+1, du'+2, … , dk} so that for all 1≤i≤k, di ∈{d1, d2, … , du'} if |di|≥k/2+2, and di ∈{du'+1, 

du'+2, … , dk} else, where 0≤u'≤k. Initially, let D={ 1d , … , 'ud , du'+1, … , dk} and determine a 

minimal routing function Ω: D → {1, 2, … , k}. Whenever there is a hd ∈D so that 1≤h≤u', 

| hd |=k/2−2, hd =dl for some u'+1≤l≤k, and ( 0
)(, =

hdhd
Ω

 or 0
)(, =

ldhd
Ω

), D and Ω need to be 

modified as follows. First, swap Ω( hd ) and Ω(dl) if 1
)(, =

hdhd
Ω

. Let qh=qh,1qh,2… qh,k be an 

adjacent node of hd  so that qh ∉D,  hq ∉D, and for some w ∈{1, 2, … , k}−{Ω(z) | z=z1z2… zk ∈D, 

zΩ(z)=1, and |z|≤k/2−1}, qh,w=1, 0, =whd , and qh,i= ihd ,  for all 1≤i≤k and i≠w. Then, replace hd  

with qh in D, and determine a new minimal routing function Ω arbitrarily. Without loss of 
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generality, assume D={q1, … , qr', 1+'rd , … , 'ud , du'+1, … , dk} finally, where 0≤r'≤u'. */ 

Construct k+1 disjoint paths, denoted by Q'1, … , Q'u', Qu'+1, … , Qk+1, from s to q1, … , qr',  

1+'rd , … , 'ud , du'+1, … , dk+1, respectively, by the construction method of Case 4 with an initial 

minimal Ω and destination nodes q1, … , qr', 1+'rd , … , 'ud , du'+1, … , dk+1 (i.e., substituting Ω, 

q1, … , qr', 1+'rd , … , 'ud  for Φ, d1, d2, … , du' in Case 4, respectively). 

/* Assume that Q'i ends at qi for all 1≤i≤r' and Q'j ends at jd  for all r'+1≤j≤u'. */  

For i=1, 2, … , r', 

Construct Qi as the combination of Q'i and two links (qi, iq ) and ( iq , di). 

For j=r'+1, r'+2, … , u', { 

/* We use gj to denote the immediate predecessor of jd  in Q'j. */ 

If jd =dt for some u'+1≤t≤k, then { 

If jg ∈Qk+1, then 

Swap Q'j and Qt. 

/* Now gj denotes the immediate predecessor of jd  in (new) Q'j. */ 

Construct Qj as the combination of the subpath of Q'j from s to gj and two links (gj,  

jg ) and ( jg , dj). } 

If jd ≠dv for all u'+1≤v≤k, then  

Construct Qj as the combination of Q'j and a link ( jd , dj). } 

3.2 Correctness of Paths2(s, d1, d2, … , dk+1) 

In this section, we show that Paths2(s, d1, d2, … , dk+1) can produce k+1 disjoint paths from s to d1, d2, … , 

dk+1 in a k-fcube whose lengths do not exceed k/2+1. We first introduce some fundamental properties. 

3.2.1 Properties 

Throughout this section, we suppose that Φ: {d1, d2, … , dk} → {1, 2, … , k} is a minimal routing function, 

where {d1, d2, … , dk} is a multiset.  
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Lemma 9. Suppose 0)(, =
hdhd Φ , where 1≤h≤k. If hd =dl for some 1≤l≤k and l≠h, then 1)(, =

ldld Φ . 

Proof. Suppose conversely 0)(, =
ldld Φ . We have )(,)(, 1

ll
dhdl dd ΦΦ

== . By Lemma 3 ( 0)(, =
hdhd Φ , 

0)(, =
ldld Φ , and  1)(, =

ldhd Φ ), Φ is not minimal, which is a contradiction.  ¨ 

Lemma 10. Suppose 0)(, =
hdhd Φ , where 1≤h≤k. If hd =dl for some 1≤l≤k and l≠h, then the routing 

function Ψ:  {d1, d2, … , dk} → {1, 2, … , k} that is defined as follows: Ψ(dh)=Φ(dl), Ψ(dl)=Φ(dh), and 

Ψ(dt)=Φ(dt) for t ∈{1, 2, … , k}−{h, l} (i.e., swap Φ(dl) and Φ(dh)) is minimal. Besides, )(,)(, ii didi dd ΦΨ =  

for all 1≤i≤k. 

Proof. It suffices to show )(,)(, hh dhdh dd ΦΨ =  and )(,)(, ll dldl dd ΦΨ = . Since 1)(, =
ldld Φ  by Lemma 9, we have 

=)(, hdhd Ψ 0
)(,)(, ==

ll dldh dd
ΦΦ )(, hdhd Φ=  and =)(, ldld Ψ =)(, hdld Φ 1

)(, =
hdhd

Φ )(, ldld Φ= . ¨ 

Lemma 11. Suppose 0)(, =
hdhd Φ , where 1≤h≤k. If 1)(, =

ldhd Φ  for some 1≤l≤k and l≠h, then |dl|≤|dh | and  

1)(, =
ldld Φ . 

Proof. If |dl |>|dh |, then by Lemma 5 ( 0)(, =
hdhd Φ , 1)(, =

ldhd Φ , and |dh |<|dl |), Φ is not minimal, which is a 

contradiction. If 0)(, =
ldld Φ , then by Lemma 3 ( 0)(, =

hdhd Φ , 0)(, =
ldld Φ , and 1)(, =

ldhd Φ ), Φ is not 

minimal, which is a contradiction.  ¨ 

Lemma 12. Suppose that 0)(, =
idid Φ  and d'i is a node of a k-fcube with 1)(, =

idi'd Φ  for all 1≤i≤h, where 

1≤h≤k. Then the routing function Ψ:{d'1, d'2, … , d'h, dh+1, … , dk} → {1, 2, … , k} that is defined as follows: 

Ψ(d'i)=Φ(di) for all 1≤i≤h and Ψ(dj)=Φ(dj) for all h+1≤j≤k is minimal. 

Proof. Define routing functions Ψt: {d'1, d'2, … , d't, dt+1, … , dk} → {1, 2, … , k} as follows: Ψt(d'i)=Φ(di) 

for all 1≤i≤t and Ψt(dj)=Φ(dj) for all t+1≤j≤k, where 0≤t≤h. Clearly, Ψ0=Φ and Ψh=Ψ. It suffices to show 

that for all 1≤t≤h, if Ψt−1 is minimal, then Ψt is minimal. 

Suppose conversely that Ψt−1 is minimal and Ω:  {d'1, d'2, … , d't, dt+1, … , dk} → {1, 2, … , k} is a 

routing function with VΩ<
t

VΨ . Define another routing function Π:{d'1, d'2, … , d't−1, dt, … , dk} → {1, 2, … , 

k} as follows: Π(d'i)=Ω(d'i) for all 1≤i≤t−1, Π(dt)=Ω(d't), and Π(dj)=Ω(dj) for all t+1≤j≤k. Suppose 
1−t

VΨ = 

(v1, v2, … , vk) and VΩ=(v'1, v'2, … , v'k). Then, we have 
t

VΨ =(v1, v2, … ,  1|| −tdv , 1|| −
tdv , 1|| +tdv , … , vk), 

because 0)(,)(, 1
==

− ttt dtdt dd ΦΨ  and  1)(,)(, ==
ttt dt'dt 'd'd ΦΨ , and VΠ≤(v'1, v'2, … , 1|| −td'v , 1|| +

td'v , 1|| +td'v , … , v'k) 
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for the following reason. If 1)(, =
tdtd Π , then VΠ≤VΩ<(v'1, v'2, … , 1|| −td'v , 1|| +

td'v , 1|| +td'v , … , v'k). If 

0)(, =
tdtd Π , then VΠ≤(v'1, v'2, … , 1|| −td'v , 1|| +

td'v , 1|| +td'v , … , v'k).  

Since VΩ=(v'1, v'2, … , v'k)<(v1, v2, … , 1|| −tdv , 1|| −
tdv , 1|| +tdv , … , vk)= t

VΨ , we have VΠ≤(v'1, v'2, … ,  

1|| −td'v , 1|| +
td'v , 1|| +td'v , … , v'k)<(v1, v2, … , 1|| −tdv , ( 1|| −

tdv )+1, 1|| +tdv , … , vk)=(v1, v2, … , vk)= 1−t
VΨ . This is a 

contradiction because Ψt−1 is minimal. ¨ 

Lemma 13. Suppose that 0)(, =
idid Φ  and d'i is a node of a k-fcube with 1)(, =

idi'd Φ  for all 1≤i≤h, where 

1≤h≤k. If |di|≥k/2 and either d'i= id  or d'i is an adjacent node of id  with |d'i|=| id |−1 for all 1≤i≤h, then 

each of d1, d2, … , dh is not included internally in the k disjoint paths that are produced by executing 

Paths1(Ψ, k, k, {d'1, d'2, … , d'h, dh+1, … , dk}, {1, 2, … , k}), where Ψ: {d'1, d'2, … , d'h, dh+1, … , dk} → {1, 

2, … , k} is a minimal routing function defined as follows: Ψ(d'i)=Φ(di) for all 1≤i≤h and Ψ(dj)=Φ(dj) for 

all h+1≤j≤k. 

Proof. We first note that Ψ is minimal by Lemma 12. According to Lemma 8, Paths1(Ψ, k, k, {d'1, d'2, … , 

d'h, dh+1, … , dk}, {1, 2, … , k}) can produce k disjoint paths from s to d'1, d'2, … , d'h, dh+1, … , dk in a 

k-cube. For convenience, we use P'i to denote the path to d'i and Pj to denote the path to dj, where 1≤i≤h 

and h+1≤j≤k. 

Define a routing function Ω: {d'1, d'2, … , d'h, dh+1, … , dk} → {1, 2, … , k} as follows: Ω(d'i)=u if eu is 

contained in P'i for all 1≤i≤h and Ω(dj)=v if ev is contained in Pj for all h+1≤j≤k. We show =)(, i'di'd Ω  

1)(, =
i'di'd Ψ  for all 1≤i≤h and )(,)(, jj djdj dd ΨΩ =  for all h+1≤j≤k as follows. First, 1)(,)(, ==

ii di'di 'd'd ΦΨ . 

According to Lemma 8, P'i has length |d'i|, which means that P'i is a shortest path from s to d'i. Hence 

1)(, =
i'di'd Ω . Similarly, if 1)(, =

jdjd Ψ , then 1)(, =
jdjd Ω . On the other hand, if 0)(, =

jdjd Ψ , then 0)(, =
jdjd Ω , 

for otherwise ( 0)(, =
jdjd Ψ  and 1)(, =

jdjd Ω ) VΩ<VΨ, which is a contradiction because Ψ is minimal. 

Define another routing function Π: {d1, d2, … , dk} → {1, 2, … , k} as follows: Π(di)=Ω(d'i) for all 

1≤i≤ h and Π(dj)=Ω(dj) for all h+1≤j≤k. Π is minimal because )(,)(, ww dwdw dd ΦΠ =  for all 1≤w≤k, as 

explained below. Since  1)(, =
i'di'd Ω  and either d'i= id  or d'i is an adjacent node of id  with |d'i|=| id |−1, 

we have )(,)(,)(, 0
iii di'didi ddd ΦΩΠ ===  for all 1≤i≤h. On the other hand, we have  

=== )(,)(,)(, jjj djdjdj ddd ΨΩΠ  )(, jdjd Φ  for all h+1≤j≤k.  

It is time to show that d1, d2, … , dh are not included internally in P'1, … , P'h, Ph+1, … , Pk. Since P'i has 
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length |d'i|≤k/2 and |di |≥k/2 for all 1≤i≤h, d1, d2, … , dh are not included internally in P'1, … , P'h. On the 

other hand, suppose that dr is included internally in Pl, where 1≤r≤h and h+1≤l≤k. That is, dr is contained 

in the subpath of Pl that goes from s to tl, where tl is the immediate predecessor of dl in Pl. By Lemma 8, 

the subpath is shortest, and hence  1)(, =
ldrd Ω . If 0)(, =

ldld Φ , then by Lemma 3 ( 0)(,)(, ==
rr drdr dd ΦΠ , 

0)(,)(,)(,)(, ====
llll dldldldl dddd ΦΨΩΠ , and 1)(,)(, ==

ll drdr dd ΩΠ ), Π is not minimal, which is a 

contradiction. If 1)(, =
ldld Φ , then Lemma 8 implies |dr|<|dl|. By Lemma 5 ( 0)(,)(, ==

rr drdr dd ΦΠ ,  

1)(,)(, ==
ll drdr dd ΩΠ , and |dr|<|dl |), Π is not minimal, which is again a contradiction.  Hence d1, d2, … , dh 

are not included internally in Ph+1, Ph+2, … , Pk. ¨ 

Lemma 14. Suppose that 0)(, =
hdhd Φ  and dk+1 is an arbitrary node of a k-fcube, where 1≤h≤k. If hd ∈{d1, 

d2, … , dk} and |dh|=k/2, then there is an adjacent node x of hd  so that |x|=| hd |−1,  1)( =
hdxΦ  or 

1
)(

=
hd

x
Φ

, x ∉{d1, d2, … , dk}, and x ∉{d1, d2, … , dk}∪{dk+1}. 

Proof. Let q1, q2, … ,  2/kq  be the k/2 adjacent nodes of hd  with |qj|=| hd |−1 for all 1≤j≤k/2, where 

qj= qj,1qj,2… qj,k. We have 1)(, =
hdjq Φ  or 1)(, =

hdjq Φ  for all 1≤j≤k/2, as explained below. Suppose hd =dl 

for some 1≤l≤k and l≠h. We have 1)(, =
ldld Φ  by Lemma 9. Since 1

)(, =
hdhd

Φ
 and 1)(,)(, ==

ll
dldh dd ΦΦ

, 

we have 1)(, =
hdjq Φ  or 1)(, =

ldjq Φ , because qj and hd  are adjacent with |qj|=| hd |−1.  

Without loss of generality, we assume  
 

1    )(,)(,)(, 2/21
====

kdhdhdh ddd ΦΦΦ L  and  
 

=
+ )(, 12/kdhd Φ  

 
0    )(,)(, 22/

===
+ kk dhdh dd ΦΦ L . We show {d1, d2, … ,   2/kd , dh, hd }∩{q1, q2, … ,  2/kq , 1q , 2q , … , 

 2/kq } empty by showing )(,)(, 01
ii djdi qd ΦΦ =≠= , |di |<| jq |, and |qj|<| hd |≤|dh|<| jq | for all 1≤i≤k/2 and 

1≤j≤k/2 as follows. We have |di|≤|dh | and  1)(, =
idid Φ  by Lemma 11. Since 0

)(, =
idhd

Φ
, we have 

0)(, =
idjq Φ , because qj and  hd  are adjacent with |qj|=| hd |−1. Since |dh|=k/2, | hd |=k/2, |qj|=k/2−1, 

and | jq |=k/2+1, we have |di|≤|dh|<| jq | and |qj|<| hd |≤|dh|<| jq |. 

Moreover, we show {dh, hd } ⊆ {   12/ +kd ,   22/ +kd , … , dk} as follows. Since 0)(, =
hdhd Φ  and  

1)(, =
idid Φ  for all 1≤i≤k/2, we have h ∉{1, 2, … , k/2}. Hence, dh ∈{   12/ +kd ,   22/ +kd , … , dk}. On the 

other hand, since )(,)(, 10
ii

didh dd ΦΦ
=≠=  for all 1≤i≤k/2, we have hd ∉{d1, d2, … ,  2/kd }, which 



 26

means hd ∈{   12/ +kd ,   22/ +kd , … , dk}.  

According to the discussion above, x can be determined as qw ∈ {q1, q2, … ,  2/kq }, provided qw ∉{d1, 

d2, … , dk} and wq ∉{d1, d2, … , dk, dk+1}. Since {d1, d2, … ,  2/kd , dh, hd }∩{ q1, q2, … ,  2/kq , 1q ,  

2q , … ,  2/kq } is empty and {dh, hd } ⊆ {   12/ +kd ,   22/ +kd , … , dk}, it suffices to show qw ∉{   12/ +kd , 

  22/ +kd , … , dk}−{dh, hd } and wq ∉{   12/ +kd ,   22/ +kd , … , dk, dk+1}−{dh, hd } for some 1≤w≤k/2. We 

observe that q1, q2, … ,   2/kq , 1q , 2q , … ,  2/kq  are all distinct and |{   12/ +kd ,   22/ +kd , … , dk, dk+1}−{dh, 

hd }|=k/2−1. Hence, there exists {qw, wq } ∈ {{q1, 1q },{q2, 2q }, … , {  2/kq ,  2/kq }} so that qw  ∉ 

{   12/ +kd ,   22/ +kd , … , dk}−{dh, hd } and wq ∉{   12/ +kd ,   22/ +kd , … , dk, dk+1}−{dh, hd }. ¨ 

Lemma 15. Suppose 0)(, =
hdhd Φ , where 1≤h≤k. If |dh |=k/2−2, then there is an adjacent node x of dh so 

that |x|=|dh|+1, x ∉{d1, d2, … , dk}, x ∉{d1, d2, … , dk}, and xw=1 for some w ∈{1, 2, … , k}−{Φ(z) | z= 

z1z2… zk ∈{d1, d2, … , dk}, 1)( =zzΦ , and |z|≤k/2−1}. 

Proof. We use H to denote the set {Φ(z) | z ∈{d1, d2, … , dk}, 1)( =zzΦ , and |z|≤k/2−1}. Without loss of 

generality, assume H={Φ(d1), Φ(d2), … , Φ(d|H|)} and {1, 2, … , k}−H={t1, t2, … , tk−|H|}. Then we have 

0, =
jthd  for all 1≤j≤k−|H|, as explained below. Suppose conversely 1, =

lthd  for some 1≤l≤k−|H|. We 

further assume tl=Φ(dr), where |H|+1≤r≤k. Since Φ(dr) ∉H, either |dr|>k/2−1 or |dr|≤k/2−1 and  

0)(, =
rdrd Φ  holds. If |dr|>k/2−1, then by Lemma 5 ( 0)(, =

hdhd Φ , 1,)(, ==
lr thdh dd Φ , and |dh |=k/2−2< 

k/2−1<|dr|) Φ is not minimal, which is a contradiction. Otherwise (|dr|≤k/2−1 and 0)(, =
rdrd Φ ), if r=h, 

then ===
lrh thdhdh ddd ,)(,)(, ΦΦ 1, which contradicts to  0)(, =

hdhd Φ . If r≠h, then by Lemma 3 ( 0)(, =
hdhd Φ ,  

0)(, =
rdrd Φ , and 1,)(, ==

lr thdh dd Φ ) Φ is not minimal, which is again a contradiction.  

Define 
)( jt

hd =dh,1dh,2… 1, −jthd 1 1, +jthd … dh,k for all 1≤j≤k−|H| (we have shown 0, =
jthd  for all 

1≤j≤k−|H| above). We show 
)( jt

hd ∉{d1, d2, … , dk} as follows. Suppose conversely 
)( vt

hd =du for some 

1≤v≤k−|H| and 1≤u≤k. We have 0)(, =
udud Φ  for the following reason. If 1)(, =

udud Φ , then Φ(du) ∈H 

because |du |=|dh |+1= k/2−1. Since tv ∉H, we have Φ(du)≠tv. Hence 1)(,)(, ==
uu dudh dd ΦΦ . By Lemma 5 

( 0)(, =
hdhd Φ , =)(, udhd Φ  1, and |dh|<|du|), Φ is not minimal, which is a contradiction.  
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We further assume tv=Φ(dq), where |H|+1≤q≤k. Since Φ(dq) ∉H, either |dq |>k/2−1 or |dq|≤k/2−1 

and  0)(, =
qdqd Φ  holds. If |dq |>k/2−1, then by Lemma 5 ( 0)(, =

udud Φ , 1)(
,,)(, === v

vvq

t
thtudu ddd Φ , and |du |= 

|dh |+1=k/2−1<|dq |) Φ is not minimal, which is a contradiction. Otherwise (|dq|≤k/2−1 and 0)(, =
qdqd Φ ), 

if q=u, then =)(, udud Φ =)(, qdud Φ 1)(
,, == v

vv

t
thtu dd , which contradicts to  0)(, =

udud Φ . If q≠u, then by Lemma 

3 ( 0)(, =
udud Φ , 0)(, =

qdqd Φ , and 1)(
,,)(, === v

vvq

t
thtudu ddd Φ ) Φ is not minimal, which is again a contradiction. 

Hence we have 
)( jt

hd ∉{d1, d2, … , dk} for all 1≤j≤k−|H|. 

Since | )( jt
hd |=|dh |+1, 1)(

, =j

j

t
thd , and 

)( jt
hd ∉{d1, d2, … , dk} for all 1≤j≤k−|H|,  x can be determined as  

)( αt
hd ∈{ )( 1t

hd , )( 2t
hd , … , )( ||Hkt

hd − }, provided 
)( αt

hd ∉{d1, d2, … , dk}. We have 
)( jt

hd ∉{dh, d1, d2, … , d |H|} 

for all 1≤j≤k−|H|, because | )( jt
hd |=k/2+1>k/2−2=|dh| and  | )( jt

hd |=k/2+1>k/2−1≥|di| for all 1≤i≤|H|. 

Hence we only need to show that there exists 
)( αt

hd ∉{d1, d2, … , dk}−{dh, d1, d2, … , d|H|} for some 1≤α≤ 

k−|H|. Since 0)(, =
hdhd Φ  and  1)(, =

idid Φ  for all 1≤i≤|H|, we have h ∉{1, 2, … ,  |H|}. Hence, dh  ∈{d|H|+1, 

d|H|+2, … , dk}, which means |{d1, d2, … , dk}−{dh, d1, d2, … , d|H|}|=k−|H|−1. Since  
)( 1t

hd , )( 2t
hd , … ,  

)( ||Hkt
hd −

 are all distinct, there exists 
)( αt

hd ∉{d1, d2, … , dk}−{dh, d1, d2, … , d|H|} for some 1≤α≤k−|H|. ¨ 

Recall that we obtained a set D={q1, … , qr',  1+'rd , … , 'ud , du'+1, … , dk} in Case 5 of Paths2(s, d1, 

d2, … , dk+1) (refer to the paragraph enclosed with /* and */ at the beginning of Case 5), where 0≤r'≤u'≤k. 

Suppose Γ: D → {1, 2, … , k} is a minimal routing function. The following lemma shows 1)(, =
iqiq Γ  for 

all 1≤i≤r'. 

Lemma 16. Suppose that D={q1, … , qr', 1+'rd , … , 'ud , du'+1, … , dk} results finally in Case 5 of Paths2(s, 

d1, d2, … , dk+1) and Γ: D → {1, 2, … , k} is a minimal routing function, where 0≤r'≤u'≤k. Then 1)(, =
iqiq Γ  

for all 1≤i≤r'. 

Proof. Recall that in Case 5 of Paths2(s, d1, d2, … , dk+1), we let D={ 1d , … , 'ud , du'+1, … , dk} initially, 

then modify D iteratively, and obtain D={q1, … , qr', 1+'rd , … , 'ud , du'+1, … , dk} finally. In each iteration,  

hd  in D was replaced with qh for some 1≤h≤r', and a new minimal routing function Ω was determined. 

Without loss of generality, we assume D={q1, … , qt, 1+td , … , 'ud , du'+1, … , dk} at the end of the tth 



 28

iteration, and we use Ωt: {q1, … , qt, 1+td , … , 'ud , du'+1, … , dk} → {1, 2, … , k} to denote the Ω obtained in 

the tth iteration, where 0≤t≤r' and Ω0 denotes the initial Ω. Clearly, 
'r

VΩ =VΓ. Suppose 
0ΩV =(v1, v2, … , vk) 

and VΓ=( Γ
1v , Γ

2v , … , Γ
kv ). We show below that if 

Γ
cv =vc for all 1≤c≤k/2−3,  

Γ
22/ −kv =vk /2−2−r', and 

 
Γ

12/ −kv =vk /2−1, then 1)(, =
iqiq Γ  for all 1≤i≤r'.  

Define a routing function Π: { 1d , … , 'ud , du'+1, … , dk} → {1, 2, … , k} as follows: Π( id )=Γ(qi) for 

all 1≤i≤r', Π( jd )=Γ( jd ) for all r'+1≤j≤u', and Π(dp)=Γ(dp) for all u'+1≤p≤k. Suppose VΠ=( Π
1v , Π

2v , … ,  

Π
kv ). We have 

Π
cv = Γ

cv  for all 1≤c≤k/2−3, because | id |=k/2−2, |qi |=k/2−1 for all 1≤i≤r', and  

)()( xx xx ΓΠ =  for all x ∈{ 1+'rd , … , 'ud , du'+1, … , dk}. Moreover, we have  
Π

22/ −kv =  
Γ

22/ −kv +α and  
Π

12/ −kv = 

 
Γ

12/ −kv −β, where 0≤α= |{ id  | 0
)(, =

idid
Π

 and 1≤i≤r'}|≤r' and 0≤β = |{qi | 0)(, =
iqiq Γ  and 1≤i≤r'}|≤r'. If 

Γ
cv =vc for all 1≤c≤k/2−3,  

Γ
22/ −kv =vk /2−2−r', and  

Γ
12/ −kv =vk /2−1, then 

Π
cv =vc for all 1≤c≤k/2−3, 

 
Π

22/ −kv =vk /2−2−r'+α, and  
Π

12/ −kv =vk /2−1−β. Since Ω0 is minimal, either vk /2−2<  
Π

22/ −kv  or vk/2−2=  
Π

22/ −kv  

and vk /2−1≤  
Π

12/ −kv  holds, which implies α=r' and β=0. Hence we have 1)(, =
iqiq Γ  for all 1≤i≤r', as a 

consequence of β=0.  

In the rest of the proof, we show 
Γ
cv =vc for all 1≤c≤k/2−3,  

Γ
22/ −kv =vk /2−2−r', and  

Γ
12/ −kv =vk /2−1. 

Suppose 
i

VΩ =( iv1 , iv2 , … , i
kv ), where 1≤i≤r'. We have 

0ΩV =( 0
1v , 0

2v , … , 0
kv )=(v1, v2, … , vk), and 

'r
VΩ = 

( 'rv1 , 'rv2 , … , 'r
kv )=( Γ

1v , Γ
2v , … , Γ

kv )=VΓ. It suffices to show that if 
1−t

cv =vc for all 1≤c≤k/2−3,  
1

22/
−

−
t
kv = 

vk /2−2−(t−1), and  
1

12/
−

−
t
kv =vk/2−1, then 

t
cv =vc for all 1≤c≤k/2−3,  

t
kv 22/ − =vk /2−2−t, and   

t
kv 12/ − =vk/2−1, 

where 1≤t≤r'. Suppose 
1−t

cv =vc for all 1≤c≤k/2−3,  
1

22/
−

−
t
kv =vk /2−2−(t−1), and  

1
12/

−
−

t
kv =vk/2−1. The 

execution of the tth iteration is considered below.  

We have D={q1, … , qt−1,  td , … , 'ud , du'+1, … , dk} at the beginning, and | td |=k/2−2, td =dl for 

some u'+1≤l≤k, and  0
)(,

1
=

− tt dtd
Ω

 or 0
)(,

1
=

− lt dtd
Ω

. If 1
)(,

1
=

− tt dtd
Ω

, then swap Ωt−1( td ) and Ωt−1(dl) (hence, 

we have 0
)(,

1
=

− tt dtd
Ω

, eventually). Since  td =dl, the resulting Ωt−1 remains minimal. There exists an 

adjacent node qt of td  so that qt ∉D,  tq ∉D, and for some w ∈{1, 2, … , k}−{Ωt-1(z) | z ∈D,  1)(1
=

− zt
zΩ , 

and |z |≤k/2−1}, qt,w=1, 0, =wtd , and qt,i= itd ,  for all 1≤i≤k and i≠w (hence, |qt |=| td |+1), according to 
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Lemma 15 (substituting Ωt−1, td , and qt for Φ, dh, and x, respectively.).  

Suppose w=Ωt−1(g), where g=g1g2… gk ∈{q1, … , qt−1,  td , … , 'ud , du'+1, … , dk}. Define a routing 

function Ψ: {q1, … , qt, 1+td , … , 'ud , du'+1, … , dk} → {1, 2, … , k} as follows: Ψ(qt)=w and Ψ(y)=Ωt−1(y) 

for all y ∈ {q1, … , qt−1,  1+td , … , 'ud , du'+1, … , dk} if Ωt−1( td )=Ωt−1(g), and Ψ(qt)=w, Ψ(g)=Ωt−1( td ), and 

Ψ(y)=Ωt−1(y) for all y ∈{q1, … , qt−1,  1+td , … , 'ud , du'+1, … , dk}−{g} if Ωt−1( td )≠Ωt−1(g). Suppose 

VΨ=( Ψ
1v , Ψ

2v , … , Ψ
kv ). We show 

Ψ
cv =vc for all 1≤c≤k/2−3,  

Ψ
22/ −kv =vk/2−2−t, and  

Ψ
12/ −kv =vk /2−1 as 

follows.  

If Ωt−1( td )=Ωt−1(g), then we have 
Ψ
cv = 1−t

cv  for all 1≤c≤k/2−3, because | td |=k/2−2 and 

|qt |=k/2−1. Moreover, we have    
1

22/22/
−

−− = t
kk vvΨ −1 and     

1
12/12/

−
−− = t

kk vvΨ , because 1,)(, == wtqt qq
tΨ  and  

0
)(,

1
=

− tt dtd
Ω

. On the other hand, if Ωt−1( td )≠Ωt−1(g), then g  ∈{q1, … , qt−1, 1+td , … , 'ud , du'+1, … , dk}. 

Since Ωt−1(g)=w, either |g|>k/2−1 or |g|≤k/2−1 and  0)(1
=

− gt
gΩ  holds. When |g|>k/2−1, we have  

Ψ
cv = 1−t

cv  for all 1≤c≤ k/2−3,     11
22/22/ −= −

−−
t
kk vvΨ , and    

1
12/12/

−
−− = t

kk vvΨ , similarly. When |g|≤k/2−1 and 

0)(1
=

− gt
gΩ , we have 

Ψ
cv = 1−t

cv  for all 1≤c≤k/2−3,     11
22/22/ −= −

−−
t
kk vvΨ , and    

1
12/12/

−
−− = t

kk vvΨ , provided 

)()( 1 gg t
gg

−
= ΩΨ . In what follows, we show )()( 1 gg t

gg
−

= ΩΨ .  

For convenience, we use f1, … ,   ft−1,   ft, … ,  fu',  fu'+1, … ,   fk to represent q1, … , qt−1,  td , … , 'ud , 

du'+1, … , dk, respectively, where fm=fm,1fm,2… fm,k for all 1≤m≤k. We assume Ωt−1(g)=Ωt−1(fh), where 1≤h≤k 

and h≠t (note that Ωt−1(g)=Ωt−1(fh) assures g=fh, but, g=fh does not imply Ωt−1(g)=Ωt−1(fh) because {f1, 

f2, … , fk} is a multiset). Since 0)()()(, 111
===

−−− gffh ththt
ggf ΩΩΩ  and 0

)(,)(,
11

==
−− tttt dtft df

ΩΩ , we have  

0)(, 1
=

− tt fhf Ω , for otherwise Ωt−1 is not minimal by Lemma 3 ( 0)(, 1
=

− ht fhf Ω , 0)(, 1
=

− tt ftf Ω , and  

1)(, 1
=

− tt fhf Ω ), which is a contradiction. Hence, )()(,)(,)()( 1111
0 gfhdhdg ttttttt

gffgg
−−−−

===== ΩΩΩΩΨ . 

Consequently, we have 
Ψ
cv =vc for all 1≤c≤k/2−3,  

Ψ
22/ −kv =vk /2−2−t, and  

Ψ
12/ −kv =vk /2−1. 

It is time to show 
t
cv =vc for all 1≤c≤k/2−3,  

t
kv 22/ − =vk /2−2−t, and  

t
kv 12/ − =vk /2−1. Define a routing 

function Θ:  { 1d , 2d , … , 'ud , du'+1, … , dk} → {1, 2, … , k} as follows: Θ( id )=Ωt(qi) for all 1≤i≤t, 

Θ( jd )= Ωt( jd ) for all t+1≤j≤u', and Θ(dp)=Ωt(dp) for all u'+1≤p≤k. Suppose VΘ=( Θ
1v , Θ

2v , … , Θ
kv ). 

Since | id |= k/2−2 and |qi |=k/2−1 for all 1≤i≤t, we have 
Θ
cv = t

cv  for all 1≤c≤k/2−3, 
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 
Θ

22/ −kv =  
t
kv 22/ − +ϕ, and  

Θ
12/ −kv =  

t
kv 12/ − −δ, where ϕ = |{ id  | 0

)(, =
idid

Θ
 and 1≤i≤t}| and δ = |{qi | 

0)(, =
it qiq Ω  and 1≤i≤t}|. If 

tv1 =v1, tv2 =v2, … , t
hv 1− =vh−1, t

hv <vh for some 1≤h≤k/2−3, then VΘ<
0ΩV , 

which is a contradiction because Ω0 is minimal. On the other hand, if 
tv1 =v1,  

tv2 =v2, … , t
lv 1− =vl−1, t

lv >vl 

for some 1≤l≤k/2−3, then we have 
tv1 = Ψ

1v , tv2 = Ψ
2v , … , t

lv 1− = Ψ
1−lv , t

lv > Ψ
lv , which implies ΨV <

t
VΩ . This 

is also a contradiction because Ωt is minimal. Hence we have 
t
cv =vc for all 1≤c≤k/2−3.  

Similarly, if     tvv k
t
k −< −− 22/22/ , then     += −−

t
kk vv 22/22/

Θ ϕ   +−< − )( 22/ tv k ϕ   22/ −≤ kv , which implies 

<ΘV
0ΩV , a contradiction, because 

Θ
cv = t

cv =vc for all 1≤c≤k/2−3. If  
t
kv 22/ − >vk /2−2−t, then  

Ψ
22/ −kv = 

vk /2−2−t<  
t
kv 22/ − , which implies ΨV <

t
VΩ , a contradiction, because 

Ψ
cv =vc= t

cv  for all 1≤c≤k/2−3. Hence 

we have  
t
kv 22/ − =vk /2−2−t.  

Finally, if  
t
kv 12/ − <vk/2−1, then  

Θ
12/ −kv =  

t
kv 12/ − −δ<vk/2−1. Since  

Θ
22/ −kv =  

t
kv 22/ − +ϕ = vk /2−2−t+ϕ, 

we have ϕ = t because Ω0 is minimal. Then,  
Θ

22/ −kv =  
t
kv 22/ − +ϕ =vk/2−2−t+ϕ =vk /2−2. Since 

Θ
cv = t

cv = vc 

for all 1≤c≤k/2−3, we have VΘ<
0ΩV , a contradiction. If  

t
kv 12/ − >vk/2−1, then  

Ψ
12/ −kv = vk /2−1<  

t
kv 12/ − , 

which implies ΨV <
t

VΩ , a contradiction, because  
Ψ

22/ −kv = vk /2−2−t =  
t
kv 22/ −  and  

Ψ
cv = vc = t

cv  for all 

1≤c≤k/2−3. Hence we have  
t
kv 12/ − = vk /2−1. ¨ 

The following lemma will be proved in Section 3.2.2. 

Lemma 17. Suppose that s, d1, d2, … , dk+1 are k+2 distinct nodes of a k-fcube. Procedure Paths2(s, d1, 

d2, … , dk+1) can produce k+1 disjoint paths from s to d1, d2, … , dk+1 in the k-fcube whose lengths do not 

exceed k/2+1. 

3.2.2 The proof of Lemma 17 

There are two steps, i.e., Step 1 and Step 2, in Paths2(s, d1, d2, … , dk+1). Step 1 is easy and no further 

explanation is needed. Step 2 constructs k+1 disjoint paths, denoted by Q1, Q2, … , Qk+1, according to five 

cases. In the rest of this section, we show that Q1, Q2, … , Qk+1 are disjoint and have maximal length not 

greater than k/2+1. 

3.2.2.1 Case 1: |dk+1|≤k/2−2 
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Q1, Q2, … , Qk were first obtained by executing Paths1(Φ, k, k, {d1, d2, … , dk}, {1, 2, … , k}). Lemma 8 

assures their disjoint property. Besides, since |di |≤|dk+1|≤k/2−2 for all 1≤i≤k as a consequence of Step 1, 

each Qi has length at most |di |+2≤k/2. Then Qk+1 was constructed and Ql was changed, depending on 

whether dk+1 ∈Ql for some 1≤l≤k or not. 

When dk+1 ∈Ql, Qk+1 was constructed as the subpath of Ql from s to dk+1, and then Ql was 

reconstructed as the combination of a link (s, s ), a shortest path from s  to  ld  in a k-cube, and a link ( ld ,  

dl). Qk+1 has length at most k/2−1, and (new) Ql has length (k−| ld |)+2≤k/2. Qk+1 is disjoint with Q1, … , 

Ql−1, Ql+1, … , Qk. Suppose that α is a node in Q1, … , Ql−1, Ql+1, … , Qk+1 and β ∉{s, dl} is a node in (new) 

Ql. (New) Ql is disjoint with Q1, … , Ql−1, Ql+1, … , Qk+1, provided α≠β. We have α≠β because 

|α|≤|dk+1|+1≤k/2−1<| ld |≤|β|.  

When dk+1 ∉Qi for all 1≤i≤k, Qk+1 was constructed as the combination of a link (s, s ), a shortest path 

from s  to 1+kd  in a k-cube, and a link ( 1+kd , dk+1). Qk+1 has length (k−| 1+kd |)+2≤k/2. Suppose that γ is a 

node in Q1, Q2, … , Qk and η ∉{s, dk+1} is a node in Qk+1. Qk+1 is disjoint with Q1, Q2, … , Qk because |γ|≤ 

|dk+1|+1≤k/2−1<| 1+kd |≤|η|. 

3.2.2.2 Case 2: |dk+1|=k/2−1 

Q1, Q2, … , Qk+1 were obtained, depending on whether k is even or odd. If k is even, then Q1, Q2, … , Qk+1 

were constructed all the same as in Case 1. Similarly, they are disjoint to each other, and their maximal 

length is at most|dk+1|+2=k/2+1. If k is odd, then Q1, Q2, … , Qk were obtained by executing Paths1(Φ, k, 

k, {d1, d2, … , dk}, {1, 2, … , k}). By Lemma 8, they are disjoint to each other, and their maximal length is 

at most |dk+1|+2=k/2+1. Qk+1 was constructed, depending on whether dk+1 ∈Ql for some 1≤l≤k or not.  

When dk+1 ∈Ql, Qk+1 was constructed as a subpath of Ql from s to dk+1. Qk+1 has length at most k/2 

and is disjoint with Q1, … , Ql−1, Ql+1, … , Qk. Then Ql needs to be changed, depending on whether dk+1 is 

the immediate predecessor of dl in Ql or not.  If dk+1 is the immediate predecessor of dl in Ql, then Ql was 

reconstructed as the combination of a link (s, s ), a shortest path from s  to  ld  in a k-cube, and a link ( ld , 

dl). Since dl and dk+1 are adjacent and |dl|≤|dk+1|, we have |dl |=|dk+1|−1=k/2−2. Hence, (new) Ql has length 

(k−| ld |)+2=k/2. Define α and β all the same as in Section 3.2.2.1. (New) Ql is disjoint with Q1, … , Ql−1, 

Ql+1, … , Qk+1 because |α|≤|dk+1|+1=k/2<k/2+2=| ld |≤|β|. 
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On the other hand, if dk+1 is not the immediate predecessor of dl in Ql, then Ql was reconstructed as 

the combination of a link (s, s ), a shortest path from s  to x in a k-cube, and a link (x, dl), where x is the 

immediate predecessor of dl in (old) Ql. (New) Ql has length k/2+1, as explained below. Since dk+1 ∈ (old) 

Ql, (old) Ql has length at least |dk+1|+2=k/2+1. Also, (old) Ql has length at most |dl |+2≤|dk+1|+2=k/2+1 

by Lemma 8. Hence, (old) Ql has length exactly k/2+1. Again, by Lemma 8, |dl |=k/2−1 and |x|=|dl |+1= 

k/2. The length of (new) Ql is equal to (k−|x|)+2=k/2+1. Suppose that α has the same meaning as in 

Section 3.2.2.1 and τ ∉{s, x, dl} is a node in (new) Ql. Clearly, we have α≠x. Since |α|≤|dk+1|+1=k/2=|x|< 

|τ|, we have α≠τ. Hence (new) Ql is disjoint with Q1, … , Ql−1, Ql+1, … , Qk+1.  

When dk+1 ∉Qi for all 1≤i≤k, Qk+1 was constructed as the combination of a link (s, s ) and a shortest 

path from s  to dk+1 in a k-cube, which has length (k−|dk+1|)+1=k/2+1. In case Qk+1 intersects with Qh for 

some 1≤h≤k, they need to be changed as follows. Qk+1 was reconstructed as the combination of the 

subpath of Qh from s to y and a shortest path from y to dk+1, where y (≠s) is the intersection of (old) Qk+1 

and Qh. Qh was reconstructed as the combination of a link (s, s ), a shortest path from s  to z in a k-cube, 

and a link (z, dh), where z is an adjacent node of dh so that |z |=|dh |+1 and z ∉ (old) Qi for all 1≤i≤k. In the 

following, we show the existence of z. 

We first show |dh |=k/2−1 as follows. Since y ∈ (old) Qh, we have |y|≤|dh |+1≤|dk+1|+1. Further, we 

have y≠dk+1 because dk+1 ∉ (old) Qh. On the other hand, since y ∈ (old) Qk+1 and the subpath of (old) Qk+1 

from s  to dk+1 is shortest, we have |y|≥|dk+1|+1. Consequently, we have |y|=|dk+1|+1, and hence |dh |=|dk+1|= 

k/2−1. Suppose that qt's, 1≤t≤k−|dh|+1, are the k−|dh|+1 distinct adjacent nodes of dh in a k-fcube with 

|qt |=|dh |+1 (one of qt's is hd ). A node qw ∉ (old) Qi for all 1≤i≤k can serve as z, where 1≤w≤k−|dh|+1. Since 

|dv |≤|dk+1|=|dh |<|dh |+1=|qt |, each (old) Qv with 0)(, =
vdhd Φ  contains at most one qt, where 1≤v≤k. On the 

other hand, as explained below, each (old) Qu with 1)(, =
udhd Φ  does not contain any qt, where 1≤u≤k. 

Since |y|=|dh |+1, we have 0)(, =
hdhd Φ  as a consequence of Lemma 8. Lemma 11 assures |du |≤|dh| and  

1)(, =
udud Φ . By Lemma 8, (old) Qu is shortest with length |du |. Since |du |≤|dh |<|dh|+1=|qt |, (old) Qu does not 

contain qt. Since there are only k−|dh| (old) Qv's with 0)(, =
vdhd Φ , a qw as required can be found. 

Since y is adjacent to dk+1 and y≠dh, (new) Qk+1 has length at most 1+(|dh |+1)=k/2+1. (New) Qh has 

length (k−|z |)+2=k/2+1. (New) Qk+1 is disjoint with Q1, Q2, … , Qh−1, Qh+1, … , Qk. Suppose that λ is a 

node in Q1, … , Qh−1, Qh+1, … , Qk, (new) Qk+1 and ρ ∉{s, z, dh} is a node in (new) Qh. (New) Qh is disjoint 
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with Q1, Q2, … , Qh−1, Qh+1, … , Qk, (new) Qk+1 because z is not contained in Q1, Q2, … , Qh−1, Qh+1, … , Qk, 

(new) Qk+1 and |λ|≤|dk+1|+1=k/2=|z|<|ρ|. 

3.2.2.3 Case 3: |dk+1|=k/2 

Q'1, Q'2, … , Q'r, Qr+1, … , Qk were first obtained by executing Paths1(Ω, k, k, { 1d , 2d , … , rd , dr+1, … , 

dk}, {1, 2, … , k}), where Q'i ends at id  for all 1≤i≤r. That Ω is minimal was assured by Lemma 12 

(substituting r, id , and Ω for h, d'i, and Ψ, respectively). By Lemma 8, Q'1, Q'2, … , Q'r, Qr+1, … , Qk are 

disjoint to each other. Besides, each Q'i is shortest with length | id |=k/2 because 1
)(,)(, ==

ii didi dd
ΦΩ

. 

For all r+1≤j≤k, if |dj|≤k/2−1, then Qj has length at most |dj|+2≤k/2+1. If |dj|=k/2, then 1)(, =
jdjd Ω  

(by our assumption), which implies by Lemma 8 that Qj is shortest with length |dj|=k/2. We note 

|dj|≤|dk+1|= k/2.  

For all 1≤i≤r, Qi was constructed as the combination of the subpath of Q'i from s to fi and two links (fi,  

if ) and ( if , di) if id =dh for some r+1≤h≤k+1, and the combination of Q'i and a link ( id , di) else (refer 

to Figure 3), where fi is the immediate predecessor of id  in Q'i. Qi has length k/2+1. Q1, Q2, … , Qk are 

disjoint to each other, provided that Qi is disjoint with Qr+1, Qr+2, … , Qk and Q1, Q2, … , Qr are disjoint to 

each other. We first show that Qi is disjoint with Qr+1, Qr+2, … , Qk. It suffices to show that di is not 

contained internally in Qr+1, Qr+2, … , Qk and  if  is not contained in Qr+1, Qr+2, … , Qk. The former is 

assured by Lemma 13 (substituting r,  id , and Ω for h, d'i, and Ψ, respectively). The latter can be shown 

as follows. Suppose that α is a node in Qj, where r+1≤j≤k. When |dj|=k/2, we have |α|≤k/2 because Qj 

is shortest with length k/2. When |dj|≤k/2−1, we have |α|≤|dj|+1≤k/2. Since | if |=k−(| id |−1)=k/2+1> 

|α|, if  is not contained in Qr+1, Qr+2, … , Qk. 

We then show that Q1, Q2, … , Qr are disjoint to each other. It suffices to show that 1f , 2f , … , rf  

are all distinct, { 1f , 2f , … , rf }∩{d1, d2, … , dr} is empty, and each of 1f , 2f , … , rf , d1, d2, … , dr is 

not contained in Q'1, Q'2, … , Q'r. Clearly, 1f , 2f , … , rf  are all distinct. Since | if |=k/2+1 and 

|di |=k/2 for all 1≤i≤r, we have { 1f , 2f , … , rf }∩{d1, d2, … , dr} empty. Besides, each of 1f , 2f , … ,  

rf  is not contained in Q'1, Q'2, … , Q'r because Q'1, Q'2, … , Q'r are all shortest with length k/2. Since 

Lemma 13 assures that each of d1, d2, … , dr is not contained internally in Q'1, Q'2, … , Q'r, we only need to 
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show {d1, d2, … , dr}∩{ 1d , 2d , … , rd } empty. Suppose conversely di= jd , where 1≤i≤r, 1≤j≤r, and i≠j. 

It follows by Lemma 3 ( 0)(, =
idid Φ , 0)(, =

jdjd Φ , and 1
)(,)(, ==

jj djdi dd
ΦΦ ) that Φ is not minimal, which is 

a contradiction. 

Qk+1 was constructed as the combination of a link (s, s ) and a shortest path from s  to dk+1 in a k-cube 

whose length is (k−|dk+1|)+1≤k/2+1. Qk+1 is not necessarily disjoint with Q1, Q2, … , Qk. As stated below, 

there are two situations in which some of Q1, Q2, … , Qk+1 need to be changed, in order to satisfy the 

disjoint property. The two situations have to be treated sequentially. 

The first situation is that Qk+1 intersects with Qt for some 1≤t≤r at a node x (≠s). Qt and Qm need to be 

changed as follows: Qt was reconstructed as the combination of the subpath of Qm from s to g and two 

links (g, g ) and ( g , dt), and Qm was reconstructed as the combination of the subpath of (old) Qt from s to  

x  and a shortest path from x  to dm, where td =dm for some r+1≤m≤k and g is the immediate predecessor 

of dm in (old) Qm. That x  (=ft) is contained in (old) Qt and dm surely exists is explained below.  

According to the construction of (old) Qt, we have x≠dk+1 and ft ∈ (old) Qt. Besides, |x|≤k/2+1=| tf | if 

td =dh for some r+1≤h≤k+1, and |x|≤k/2 else. On the other hand, since x ∈Qk+1, we have |x|≥|dk+1|+1= 

k/2+1. Hence |x|=k/2+1, which implies that x= tf  (hence x =ft) and x is the immediate predecessor of 

dk+1 in Qk+1. Since tf =x ∈ (old) Qt, we have td =dh. We have td ≠dk+1, for otherwise ( td =dk+1) both tf  

and ft are adjacent to dk+1, which is impossible because k≥4. Hence td =dm for some r+1≤m≤k. 

Since x =ft and dm= td , (new) Qm is identical with Q't. Hence (new) Qm is shortest with length k/2. 

(New) Qt has length greater by one than that of (old) Qm. (Old) Qm is shortest with length k/2, as 

explained below. By Lemma 9 (substituting dt and dm for dh and dl, respectively), we have 1)(, =
mdmd Φ . 

Hence, =)(, mdmd Ω 1)(, =
mdmd Φ  and by Lemma 8 (old) Qm is shortest with length |dm|=k/2. Besides, |g|= 

|dm|−1=k/2−1. That Q1, … , Qt−1, (new) Qt, Qt+1, … , Qm−1, (new) Qm, Qm+1, … , Qk are disjoint to each 

other is mainly due to the construction method. More reasons are supplemented as follows. (New) Qm is 

disjoint with Q1, … , Qt−1, Qt+1, … , Qm−1, Qm+1, … , Qk, as a consequence of (new) Qm identical with Q't. 

Since (old) Qm is disjoint with Q'1, Q'2, … , Q'r, we have g≠fi (hence g ≠ if ) for all 1≤i≤r. (New) Qt is 

disjoint with Q1, … , Qt−1, Qt+1, … , Qm−1, Qm+1, … , Qk, as a consequence of g ≠ if  and | g |=k/2+1>|α |. 
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(New) Qt and (new) Qm are disjoint because g ∉ (new) Qm. 

Qk+1 is disjoint with Q1, … , Qt−1, (new) Qt, Qt+1, … , Qr, as explained below. Suppose that β ∉{s, x, 

dk+1} is a node in Qk+1 and γ is a node in Q1, … , Qt−1, (new) Qt, Qt+1, … , Qr. The construction method 

assures |β|>|x|=k/2+1 (recall that x is the immediate predecessor of dk+1 in Qk+1) and |γ|≤k/2+1. Hence 

we have β≠γ. The construction method also assures that x and dk+1 are not contained in Q1, … , Qt−1, (new) 

Qt, Qt+1, … , Qr (recall x= tf ≠ g ). 

To sum up, Q1, Q2, … , Qk that we obtained with the first situation taken into consideration are disjoint 

to each other. Besides, Qk+1 is disjoint with Q1, Q2, … , Qr. It should be noted that Qk+1 intersects with at 

most one of (old) Q1, (old) Q2, … , (old) Qr. If Qk+1 intersects with another (old) Qw (1≤w≤r and w≠t) at a 

node x' (∉{s, x}), in addition to (old) Qt, then we have |x'|=k/2+1=|x|. Since both x and x' are contained in 

Qk+1, we have x=x', which is a contradiction. 

The second situation is that Qk+1 intersects with Ql for some r+1≤l≤k. Since |α|≤k/2=|dk+1|, the 

intersection of Qk+1 and Ql must be dk+1. Qk+1 was reconstructed as the subpath of Ql from s to dk+1 whose 

length is at most k/2. (New) Qk+1 is disjoint with Q1, Q2, … , Ql−1, Ql+1, … , Qk. Ql needs to be 

reconstructed, depending on whether k is even or odd. If k is even, then Ql was reconstructed as the 

combination of a link (s, s ), a shortest path from s  to  ld  in a k-cube, and a link ( ld , dl), which has 

length (k−| ld |)+2=|dl |+2. We have |dl |=k/2−1, as explained below. It was shown that (old) Ql has length 

at most k/2+1. Also, (old) Ql has length at least |dk+1|+1=k/2+1 because dk+1 ∈ (old) Ql. Hence (old) Ql 

has length exactly k/2+1. Since |dl|≤k/2, we have |dl|=k/2−1 as a consequence of Lemma 8.  

(New) Ql is disjoint with Q1, … , Ql−1, Ql+1, … , Qk, (new) Qk+1, as explained below. Suppose that η 

∉{s, ld , dl} is a node in (new) Ql and τ is a node in Q1, Q2, … , Qr. We have |η|>| ld |=k/2+1=k/2+1. 

According to the construction method, we have |τ |=k/2+1 if τ ∈{ 1f , 2f , … , rf , g }, and |τ |<k/2+1 

else. Besides, we have dl ∉{f1, f2, … , fr, g} (equivalently,  ld ∉{ 1f , 2f , … , rf , g }). Hence (new) Ql is 

disjoint with Q1, Q2, … , Qr. Since |α|≤k/2, (new) Ql is disjoint with Qr+1, … , Ql−1, (old) Ql, Ql+1,… , Qk, 

which also implies that (new) Ql and (new) Qk+1 are disjoint. 

If k is odd, then Ql was reconstructed as the combination of a link (s, s ), a shortest path from s  to y 

in a k-cube, and a link (y, dl), where y is an adjacent node of dl so that |y|=|dl |+1 and y ∉ (old) Qi for all 

1≤i≤k. We have |dl|=k/2−1 similarly. (New) Ql has length (k−|y|)+2=k/2+1. Suppose that qc's, 
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1≤c≤k−|dl|+1, are k−|dl |+1 distinct adjacent nodes of dl in a k-fcube with |qc|=|dl|+1 (one of qc's is ld ). In 

the following, we show the existence of y by showing the existence of a qw ∉ (old) Qi for all 1≤i≤k, where 

1≤w≤k−|dl|+1. 

We first show that each (old) Qu with 1)(, =
udld Φ  does not contain any qc, where 1≤u≤k. Since dk+1 ∈ 

(old) Ql and |dk+1|=|dl |+1, we have 0)(, =
ldld Ω  by Lemma 8. By Lemma 11 ( 0)(,)(, ==

ll dldl dd ΩΦ ), we have 

|du |≤|dl| and 1)(, =
udud Φ . By our assumption, we have r+1≤u≤k, and hence =)(, udud Ω 1)(, =

udud Φ . By 

Lemma 8, (old) Qu is shortest with length |du|. Since |du |≤|dl |<|dl |+1=|qc |, (old) Qu does not contain qc. Then 

we show that each (old) Qv with 0)(, =
vdld Φ  contains at most one qc, where 1≤v≤k. It suffices to show that 

each (old) Qv with 0)(, =
vdld Φ  contains at most one node, say ρ, with |ρ|=k/2=|qc|. When 1≤v≤r, each 

(old) Qv contains exactly one ρ according to the construction method. When r+1≤v≤k, it was shown that if 

|dv |= k/2, then (old) Qv is shortest with length k/2. Hence (old) Qv contains exactly one ρ. If 

|dv |≤k/2−1, then Lemma 8 assures that (old) Qv contains at most one ρ. Since there are k−|dl |+1 distinct 

qc's but only k−|dl| (old) Qv's with 0)(, =
vdld Φ , a qw as required can be found.  

Suppose that λ ∉{s, y, dl} is a node in (new) Ql. Since |λ|>|y|=k/2≥|α| and y is not contained in Q1, … , 

Ql−1, (old) Ql, Ql+1,… , Qk, we have (new) Ql disjoint with Qr+1, … , Ql−1, Ql+1,… , Qk, (new) Qk+1 (recall that 

(new) Qk+1 is a subpath of (old) Ql). If (new) Ql intersects with Qv for some 1≤v≤r at a node z (≠s), then Qv 

and Qw need to be reconstructed in order that the final Q1, Q2,… , Qk+1 are disjoint, where vd =dw for some 

r+1≤w≤k and w≠l. We have z≠dl because (old) Ql is disjoint with Q1, Q2, … , Qr. That is, z is contained in 

the subpath of (new) Ql from s to y. Since |y|=k/2=|dk+1|, the reconstruction of Qv and Qw can be made all 

the same as the reconstruction of Qt and Qm in the first situation that Qk+1 intersects with Qt for some 1≤t≤r 

(substituting y, v, w, p, z, and the subpath of (new) Ql from s to y for dk+1, t, m, g, x, and Qk+1, respectively).  

Consequently, (new) Qv and (new) Qw have lengths k/2+1 and k/2, respectively. Besides, Q1, … , 

(new) Qv, … , Ql−1, Ql+1, … , (new) Qw, … , Qk, (new) Qk+1 are disjoint (l<w is assumed), (new) Ql is disjoint 

with Q1, … , (new) Qv, … , Qr, and (new) Ql is disjoint with (new) Qw (because (new) Qw has length 

k/2<k/2=|y|<|λ|). We have vd =dw for some r+1≤w≤k with the same arguments as td =dm for some 

r+1≤m≤k in the first situation that Qk+1 intersects with Qt for some 1≤t≤r. Further, vd ≠dl (i.e., w≠l) was 

shown below. 

Suppose conversely vd =dl. Since y is adjacent to dl, either y= ld  or y is adjacent to dl in a k-cube. If 
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y= ld , then y=dv, which contradicts to y ∉Qv. If y is adjacent to dl in a k-cube, then dl and  ld  are at a 

distance of three at most in a k-cube, as explained below, which contradicts to our assumption of k≥4. It 

suffices to show a path (dl, y, z, ld ) in a k-cube. We have shown x= tf  above (for the situation that Qk+1 

intersects with Qt). Similarly, we have z= vf . Nodes y and z are adjacent in a k-cube because z ∈ (new) Ql 

and |z |=| vf |=k/2+1=|y|+1. Nodes z and  ld  are adjacent in a k-cube because  ld =dv, z= vf , and dv is 

adjacent to vf  in a k-cube. 

3.2.2.4 Case 4: |dk+1|=k/2+1 

Q'1, … , Q'v, Qv+1, … , Qk were first obtained by invoking Paths1(Ψ, k, k, D={ 1d , … , ud , pu+1, … , pv, 

dv+1, … , dk}, I={1, 2, … , k}), where Q'j ends at jd  for all 1≤j≤u and Q't ends at pt for all u+1≤t≤v. We 

first show by induction that Ψ: D → I is minimal. Let D(m) and Ψ(m) represent the D and Ψ, respectively, 

that were obtained after the mth modification, where 0≤m≤v−u and D(0) and Ψ(0) denote the initial D and Ψ, 

respectively. By Lemma 12 (substituting u,  id , and Ψ(0) for h, d'i, and Ψ, respectively), Ψ(0) is minimal. 

Suppose that Ψ(m) is minimal, and assume, without loss of generality, D(m)={ 1d , … , ud , pu+1, … , pu+m, 

du+m+1, … , dk}. If there exists a dl ∈D(m) so that u+m+1≤l≤k, 0
)(, )( =

l
m dl

d
Ψ

, |dl |=k/2, and ld ∈D(m), then 

D(m+1) and Ψ(m+1) are obtained by modifying D(m) and Ψ(m). We show below that Ψ(m+1) is minimal.  

By Lemma 14 (substituting dl, pl, D(m), and Ψ(m) for dh, x, {d1, d2, … , dk}, and Φ, respectively), there 

exists an adjacent node pl of ld  so that |pl |=| ld |−1, pl ∉D(m), and  lp ∉D(m)∪{dk+1}. Besides, we have 

1
)(, )( =

l
m dl

p
Ψ

 or 1
)(, )( =

l
m dl

p
Ψ

. Since | ld |=k/2≠k/2−1=|pw| for all u+1≤w≤u+m, we have ld =dh for some 

u+m+1≤h≤k and h≠l. We would like to have 1
)(, )( =

l
m dl

p
Ψ

. If 0
)(, )( =

l
m dl

p
Ψ

, then swap Ψ(m)(dl) and 

Ψ(m)(dh), and hence 1
)( (old) ,)( (old) ,)( (new) , )()()( ===

l
m

h
m

l
m dldldl

ppp
ΨΨΨ

, where (new) Ψ(m) is minimal by 

Lemma 10 (substituting l, h, (old) Ψ(m), and (new) Ψ(m) for h, l, Φ, and Ψ, respectively). D(m+1) was 

obtained by replacing dl with pl in D(m), and Ψ(m+1) results by assigning Ψ(m+1)(pl) with Ψ(m)(dl). We have 

1
)(,)(, )()1( ==+

l
m

l
m dlpl

pp
ΨΨ

. By Lemma 12 (letting h=1 and substituting dl, pl, Ψ(m), and Ψ(m+1) for d1, d'1, 

Φ, and Ψ, respectively), Ψ(m+1) is minimal. Hence, the final Ψ is minimal.  

If Ψ(m)(dl) and Ψ(m)(dh) were not swapped, then it is easy to see that Ψ(m+1)(pl)=Ψ(m)(dl)=Φ(dl) and 
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Ψ(m+1)(dh)=Ψ(m)(dh)=Φ(dh). On the other hand, if Ψ(m)(dl) and Ψ(m)(dh) were swapped, then Ψ(m+1)(pl)=Φ(dl) 

and Ψ(m+1)(dh)=Φ(dh) remain valid after a slight modification of Φ, as explained below. We simply swap 

Φ(dl) and Φ(dh), and then we have Ψ(m+1)(pl) = (new) Ψ(m)(dl) = (old) Ψ(m)(dh) = (old) Φ(dh) = (new) Φ(dl) 

and Ψ(m+1)(dh) = (new) Ψ(m)(dh) = (old) Ψ(m)(dl) = (old) Φ(dl) = (new) Φ(dh). Since 

0
)( (old) ,)( (old) , )( ==

l
ml dldl dd

ΨΦ , (new) Φ is minimal and  )( (old) ,)( (new) , ii didi dd ΦΦ =  for all 1≤i≤k by Lemma 10 

(substituting l, h, (old) Φ, and (new) Φ for h, l, Φ, and Ψ, respectively). Without loss of generality, we 

simply assume Ψ(m+1)(pl)=Φ(dl) and Ψ(m+1)(dh)=Φ(dh). For the final D={ 1d , … , ud , pu+1, … , pv, dv+1, … , 

dk}, we have Ψ(pt)=Φ(dt) for all u+1≤t≤v and Ψ(dc)=Φ(dc) for all v+1≤c≤k. 

By Lemma 8, Q'1, … , Q'v, Qv+1, … , Qk are disjoint to each other. Besides, Q'i is shortest with length 

| id |=k/2−1 for all 1≤i≤r, Q'j is shortest with length | jd |=k/2 for all r+1≤j≤u, and Q't is shortest with 

length |pt|=k/2−1 for all u+1≤t≤v, because 1
)(,)(, ==

ii didi dd
ΦΨ

 for all 1≤i≤r, 1
)(,)(, ==

jj djdj dd
ΦΨ

 for 

all r+1≤j≤u, and 1)(, =
tptp Ψ  for all u+1≤t≤v. The lengths of Qc's for all v+1≤c≤k are computed as follows. 

If |dc |≤k/2−1, then Qc has length not greater than |dc |+2≤k/2+1. If |dc |=k/2+1, then 

1)(,)(, ==
cc dcdc dd ΦΨ , and hence Qc is shortest with length |dc|=k/2+1. If |dc |=k/2, then Qc is shortest 

with length |dc|=k/2 because 1)(, =
cdcd Ψ , as shown below.  

Suppose conversely 0)(, =
cdcd Ψ . We have cd ∉{d1, d2, … , dr} because | cd |=k/2≠k/2+1=|di| for all 

1≤i≤r. We have cd ∉{dr+1, dr+2, … , du} because cd ∈{dr+1, dr+2, … , du} implies cd =dc ∉{d1, d2, … , dk}, 

which is a contradiction. We have cd ∉{du+1, du+2, … , dv} because  cd ∈{du+1, du+2, … , dv} implies 

0
)(, =

cdcd
Ψ

 and then by Lemma 9 we have 1)(, =
cdcd Ψ , which is a contradiction. On the other hand, we 

have cd ∈{d1, d2, … , dk} because cd ∉{d1, d2, … , dk} along with 0)(,)(, ==
cc dcdc dd ΨΦ  and |dc |=k/2 

implies r+1≤c≤u, which is a contradiction. Consequently,  cd ∈{dv+1, dv+2, … , dk}, i.e., cd ∈D, is 

concluded. Since u+1≤c≤k, 0)(, =
cdcd Ψ , |dc|=k/2, and cd ∈D, a further modification of D and Ψ is 

required, which is a contradiction. 

Qk+1 was constructed as the combination of a link (s, s ) and a shortest path from s  to dk+1 in a k-cube, 

which has length k/2. Qk+1 is disjoint with Q'1, … , Q'v, Qv+1, … , Qk, as explained below. Suppose that α 

∉ {s, dk+1} is a node in Qk+1, β is a node in Q'1, Q'2, … , Q'v, and γ ∉{dv+1, dv+2, … , dk} is a node in Qv+1, 
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Qv+2, … , Qk. Since |α|>|dk+1|=k/2+1, |β|≤k/2, and |γ|<k/2+1, we have α≠β, α≠γ, dk+1≠β, and dk+1≠γ. 

For all 1≤i≤r, Qi was constructed, depending on whether id =dw for some v+1≤w≤k or not. If id =dw, 

then Qi was constructed as the combination of the subpath of Q'i from s to fi and two links (fi, if ) and ( if , 

di) (refer to Figure 4(a)), where fi denotes the immediate predecessor of id  in Q'i. If if ∈Qk+1, then Q'i 

and Qw need to be swapped prior to the construction of Qi. Q'i is shortest with length k/2−1. By Lemma 

9 ( 0)(, =
idid Φ  and  id =dw), we have 1)(, =

wdwd Φ . Since 1)(,)(, ==
ww dwdw dd ΦΨ , Qw is shortest with length 

|dw |=| id |=k/2−1 by Lemma 8. Hence Qi has length k/2. Qi is disjoint with Q'r+1, … , Q'v, Qv+1, … , Qk+1, 

as explained below. 

We first assume if ∉Qk+1. For all u+1≤t≤v, since Φ(dt)=Ψ(pt) and 1)(, =
tptp Ψ , we have 1)(, =

tdtp Φ . 

By Lemma 13 (substituting v and  id  (or pi) for h and d'i, respectively), each of d1, d2, … , dv is not 

contained internally in Q'1, … , Q'v, Qv+1, … , Qk. Since | if |=k/2+2 is greater than |β |, |γ|, and |dc | for all 

v+1≤c≤k, if  is not contained in Q'r+1, … , Q'v, Qv+1, … , Qk. Hence Qi is disjoint with Q'r+1, … , Q'v, 

Qv+1, … , Qk. Suppose that τ ∉{ if , di} is a node in Qi. Since |τ |≤|fi|=k/2−2<|α | and |τ |<|dk+1|, each node in 

Qi−{ if , di} is not contained in Qk+1. We have di  ∉Qk+1 because |di |≤|dk+1|<|α |. Hence Qi and Qk+1 are 

disjoint. If if ∈ Qk+1, then Q'i and Qw were swapped and fi was changed to be the immediate predecessor 

of id  in (new) Q'i ( if  was changed accordingly). We have (new) if ∉Qk+1, because (new) if ≠ (old) if , 

|(new) if |=|(old) if |, and the subpath of Qk+1 from s  to dk+1 is shortest. With the same arguments, Qi is 

disjoint with Q'r+1, … , Q'v, Qv+1, … , Qk+1. 

On the other hand, if id ≠dj for all v+1≤j≤k, then Qi was constructed as the combination of Q'i and a 

link ( id , di) (refer to Figure 4(b)), which has length k/2. Qi is disjoint with Q'r+1, … , Q'v, Qv+1, … , Qk+1, 

provided id ∉{ 1+rd , … , ud , pu+1, … , pv, dk+1} and di is not contained internally in Q'r+1, … , Q'v, Qv+1, … , 

Qk+1. We have id ∉{ 1+rd , 2+rd , … , ud } because di ∉{dr+1, dr+2, … , du}, id ∉{pu+1, pu+2, … , pv} because 

{ 1d , 2d , … , ud }∩{pu+1, pu+2, … , pv} is empty, and id ≠dk+1 because | id |=k/2−1≠|dk+1|. We have 

shown above that di is not contained internally in Q'r+1, … , Q'v, Qv+1, … , Qk. Since |di|=k/2+1=|dk+1|<|α|, 

di is not contained internally in Qk+1. 

Next we show that Q1, Q2, … , Qr are disjoint to each other. Without loss of generality, we assume  
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cd ∈{dv+1, dv+2, … , dk} for all 1≤c≤m and cd ∉{dv+1, dv+2, … , dk} for all m+1≤c≤r, where 0≤m≤r. It 

suffices to show that 1f , 2f , … , mf  are all distinct, { 1f , 2f , … , mf }∩{d1, d2, … , dr} is empty, and 

each of 1f , 2f , … , mf , d1, d2, … , dr is not contained in Q'1, Q'2, … , Q'r. The first two hold because f1, 

f2, … , fm are all distinct, | cf |=k/2+2 for all 1≤c≤m, and |di |=k/2+1 for all 1≤i≤r. The last holds because 

Q'1, Q'2, … , Q'r are all shortest with length k/2−1. 

For all r+1≤j≤u, Qj was constructed as the combination of Q'j and a link ( jd , dj), which has length 

k/2+1. Qj is disjoint with Q1, Q2, … , Qr, Q'u+1, … , Q'v, Qv+1, … , Qk+1, provided jd ∉{d1, d2, … , dr, 

pu+1, … , pv, dv+1, … , dk+1} and dj is not contained internally in Q1, Q2, … , Qr, Q'u+1, … , Q'v, Qv+1, … , Qk+1. 

By our assumption (refer to the beginning paragraph enclosed by /* and */ in Case 4), we have jd ∉{d1, 

d2, … , dk}. Since | jd |=k/2≠k/2−1=|pt| for all u+1≤t≤v, we have jd ∉{pu+1, pu+2, … , pv}. Also we have  

jd ≠dk+1 because | jd |≠|dk+1|. On the other hand, since dj is not contained internally in Q'1, … , Q'v, Qv+1, … , 

Qk, we only need to show dj ∉{ 1f , 2f , … , rf , 1d , 2d , … , rd } and dj is not contained internally in Qk+1. 

The former holds because |dj|=k/2≠k/2+2=| if | and |dj|= k/2≠k/2−1=| id | for all 1≤i≤r. The latter 

holds because |dj|<|α|. Further, Qr+1, Qr+2, … , Qu are disjoint to each other because jd ∉{d1, d2, … , dk} 

and dj is not contained internally in Q'r+1, Q'r+2, … , Q'u.  

For all u+1≤t≤v, Qt was constructed as the combination of Q't and two links (pt, tp ) and ( tp , dt), 

which has length k/2+1 (refer to Figure 5). Qt is disjoint with Q1, Q2, … , Qu, Qv+1, Qv+2, … , Qk+1, 

provided pt ∉{d1, d2, … , du, dv+1, dv+2, … , dk+1}, tp  is not contained in Q1, Q2, … , Qu, Qv+1, Qv+2, … , Qk+1, 

and dt is not contained internally in Q1, Q2, … , Qu, Qv+1, Qv+2, … , Qk+1. By our assumption, we have pt ∉ 

{ 1d , 2d , … , ud , dv+1, dv+2, … , dk} and tp ∉{ 1d , 2d , … , ud , dv+1, dv+2, … , dk, dk+1}, from which tp ∉ 

{d1, d2, … , du} and pt ∉{d1, d2, … , du} are implied. Since |pt |=k/2−1≠|dk+1|, we have pt≠dk+1. Suppose 

that η ∉{d1, d2, … , du, dv+1, dv+2, … , dk+1} is a node in Q1, Q2, … , Qu, Qv+1, Qv+2, … , Qk+1. We have tp ≠η 

because | tp |=k/2+1≠|η| (as a consequence of our construction method). Since dt is not contained 

internally in Q'1, Q'2, … , Q'u, Qv+1, Qv+2, … , Qk, dt is not contained internally in Q1, Q2,… , Qu, Qv+1, … , 

Qk+1, provided dt ∉ { 1f , 2f , … , rf , 1d , 2d , … , ud } and dt is not contained internally in Qk+1. The 
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former holds because |dt |=k/2, | if |=k/2+2 and | id |=k/2−1 for all 1≤i≤r, and jd ∉{d1, d2, … , dk} for 

all r+1≤j≤u (by our assumption). The latter holds because |dt|<k/2+1<|α|. 

Qu+1, Qu+2, … , Qv are disjoint to each other for the following reason. By our assumption, we have pu+1, 

pu+2, … , pv all distinct (hence, 1+up , 2+up , … , vp  all distinct). For all u+1≤t≤v, since | tp |=k/2+1, 

|dt |=k/2, and Q't is shortest with length k/2−1, neither of tp  and dt is contained in Q'u+1, Q'u+2, … , Q'v. 

Besides, since | tp |=k/2+1 and |dt |=k/2 for all u+1≤t≤v, we have { 1+up , 2+up , … , vp }∩ {du+1, du+2, … , 

dv} empty. 

3.2.2.5 Case 5: |dk+1|≥k/2+2 

By carefully checking Section 3.2.2.4, it can be found that the execution of Case 4 remains correct even if 

there are the following two extensions: (1) |dm|≤k/2+1 for all 1≤m≤k and |dk+1|≥k/2+1; (2) di=dj is 

allowed if |di|=|dj|<k/2, where 1≤i≤k+1 and 1≤j≤k+1. Since |qi|=k/2−1 for all 1≤i≤r', | jd |≤k/2−2 for 

all r'+1≤j≤u', and |dc |≤k/2+1 for all u'+1≤c≤k, Q'1, … , Q'u', Qu'+1, … , Qk+1 can be obtained by the 

construction method of Case 4, where Q'i ends at qi for all 1≤i≤r' and Q'j ends at jd  for all r'+1≤j≤u'. 

Besides, Q'1, … , Q'u', Qu'+1, … , Qk+1 are disjoint to each other and their maximal length is not greater than 

k/2+1. We also note that there is no complement link in Q'1, Q'2, … , Q'u'. Actually, Q'1, Q'2, … , Q'u' have 

lengths smaller than k/2+1. Since Ω is minimal, Lemma 16 assures 1)(, =
iqiq Ω  for all 1≤i≤r'. According 

to Lemma 8, Q'i with 1≤i≤r' is shortest with length |qi |=k/2−1. Besides, Q'j with r'+1≤j≤u' has length not 

greater than | jd |+2≤k/2. 

For all 1≤i≤r', Qi was constructed as the combination of Q'i and two links (qi, iq ) and ( iq , di), which 

has length k/2+1 (refer to Figure 6). Qi is disjoint with Q'r'+1, … , Q'u', Qu'+1, … , Qk+1, provided qi ∉ 

{ 1+'rd , … , 'ud , du'+1, … , dk, dk+1}, iq  is not contained in Q'r'+1, … , Q'u', Qu'+1, … , Qk+1, and di is not 

contained internally in Q'r'+1, … , Q'u', Qu'+1, … , Qk+1. By our assumption (refer to the beginning paragraph 

enclosed by /* and */ in Case 5), we have qi ∉{ 1+'rd , … , 'ud , du'+1, … , dk}. Also, qi≠dk+1 because |qi |<|dk+1|. 

Since | iq |=k/2+1 and Q'r'+1, Q'r'+2, … , Q'u' have lengths at most k/2, iq  is not contained in Q'r'+1, 

Q'r'+2, … , Q'u'. iq  is also not contained in Qu'+1, Qu'+2, … , Qk, as explained below.  

We assume, without loss of generality, that Qm+1, Qm+2, … , Qm+c contain 1+mp , 2+mp , … , cmp + , 
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respectively (refer to Case 4 where Qt was constructed as the combination of Q't and two links (pt, tp ) 

and ( tp , dt) for all u+1≤t≤v), where u'+1≤m+1≤m+c≤k. Suppose that α ∉{du'+1, du'+2, … , dk}∪{ 1+mp ,  

2+mp , … , cmp + } is a node in Qu'+1, Qu'+2, … , Qk. We have iq ≠α because | iq |=k/2+1≠|α | (as a 

consequence of Case 4). By our assumption (refer to the beginning paragraphs enclosed by /* and */ in 

Case 4 and Case 5), we have qi ∉{pm+1, pm+2, … , pm+c}, i.e., iq ∉{ 1+mp , 2+mp , … , cmp + }, and iq ∉{du'+1, 

du'+2, … , dk}.  

Then we show that di is not contained internally in Q'r'+1, … , Q'u', Qu'+1, … , Qk+1. Since |di |=k/2+2 

and Q'r'+1, Q'r'+2, … , Q'u' have lengths at most k/2, di is not contained internally in Q'r'+1, Q'r'+2, … , Q'u'. 

We assume, without loss of generality, that Qm'+1, Qm'+2, … , Qm'+c' contain 1+'mf , 2+'mf , … , 'c'mf + , 

respectively, where u'+1≤m'+1≤m'+c'≤k. Suppose that β ∉{ 1+'mf , 2+'mf , … , 'c'mf + } is a node in Qu'+1, 

Qu'+2, … , Qk. We have |β|≤k/2+1 as a consequence of the execution of Case 4. Since |di |=k/2+2, we 

have di≠β. By our assumption, we have id =dl (∉{fm'+1, fm'+2, … , fm'+c'}) for some u'+1≤l≤k, i.e., di ∉{ 1+'mf , 

2+'mf , … , 'c'mf + }. Since |di|≤|dk+1| and the subpath of Qk+1 from s  to dk+1 is shortest, di is not contained 

internally in Qk+1. 

Q1, Q2, … , Qr' are disjoint to each other, provided that q1, q2, … , qr' are all distinct,  1q , 2q , … ,  'rq  

are all distinct, each of 1q , 2q , … , 'rq , d1, d2, … , dr' is not contained in Q'1, Q'2, … , Q'r', and { 1q ,  

2q , … , 'rq }∩{d1, d2, … , dr'} is empty. By our assumption, we have q1, q2, … , qr' all distinct (i.e., 1q , 

2q , … , 'rq  all distinct). Since | iq |=k/2+1 and |di |=k/2+2 for all 1≤i≤r', we have { 1q , 2q , … ,  

'rq }∩{d1, d2, … , dr'} empty. Besides, since Q'i is shortest with length |qi |=k/2−1 for all 1≤i≤r', each of 

1q , 2q , … , 'rq , d1, d2, … , dr' is not contained in Q'1, Q'2, … , Q'r'.  

For all r'+1≤j≤u', Qj was constructed depending on whether jd =dt for some u'+1≤t≤k or not. If  

jd =dt, then Qj was constructed as the combination of the subpath of Q'j from s to gj and two links (gj, jg ) 

and ( jg , dj), where gj denotes the immediate predecessor of jd  in Q'j. If jg ∈Qk+1, then Q'j and Qt need 

to be swapped prior to the construction of Qj. Since Q'j has length at most k/2, Qj has length at most 

(k/2−1)+2=k/2+1. Qj is disjoint with Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk+1, as explained below. 

If jg ∉Qk+1, then it suffices to show that jg  is not contained in Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk 
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and dj is not contained internally in Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk+1. We first show |gj|≤k/2−2, i.e., 

| jg |≥ k/2+2. Since there is no complement link in Q'j, we have |gj|= | jd |−1 or | jd |+1. Since 

| jd |≤k/2−2, we have |gj|≤k/2−1. If |gj|=k/2−1, then | jd |=k/2−2. By Lemma 8 (|gj|=| jd |+1), we have 

0
)(, =

jdjd
Ω

. Consequently (| jd |=k/2−2, jd =dt, and 0
)(, =

jdjd
Ω

), a further modification of D and Ω is 

still required, which is a contradiction.  

We show that jg  is not contained in Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk as follows. Since 

| jg |≥k/2+2 and Q'i is shortest with length |qi |=k/2−1 for all 1≤i≤r', jg  is not contained in Q'1, Q'2, … , 

Q'r'. Further, jg  is not contained in Q1, Q2, … , Qr', provided jg ∉{ 1q , 2q , … , 'rq , d1, d2, … , dr'}. 

Clearly, we have gj ∉{q1, q2, … , qr'}, i.e., jg ∉{ 1q , 2q , … , 'rq }. Since id ∈{du'+1, du'+2, … , dk} for all 

1≤i≤r' and gj ∉{du'+1, du'+2, … , dk}, we have gj ∉{ 1d , 2d , … , 'rd }, i.e., jg ∉{d1, d2, … , dr'}. On the other 

hand, jg  is not contained in Qu'+1, Qu'+2, … , Qk because | jg |>|β| and gj ∉{fm'+1, fm'+2, … , fm'+c'} (i.e., 

jg ∉{ 1+'mf , 2+'mf , … , 'c'mf + }).  

Then we show that dj is not contained internally in Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk+1. Suppose that 

γ ∉{d1, d2, … , dr'} is a node in Q1, Q2, … , Qr'. Since |dj|≥k/2+2 (by our assumption) and |γ|≤k/2+1 

(refer to the construction method of Case 5), dj is not contained internally in Q1, Q2, … , Qr'. Besides, dj is 

not contained internally in Qu'+1, Qu'+2, … , Qk because |dj|>|β| (i.e., dj≠β) and  jd ∉{fm'+1, fm'+2, … , fm'+c'} 

(i.e., dj ∉{ 1+'mf , 2+'mf , … , 'c'mf + }). Since |dj|≤|dk+1| and the subpath of Qk+1 from s  to dk+1 is shortest, dj 

is not contained internally in Qk+1.  

On the other hand, if jg ∈Qk+1, then Q'j and Qt were swapped and gj was changed to be the 

immediate predecessor of jd  in (new) Q'j. It suffices to show (new) jg ∉Qk+1, in order for Qj to be 

disjoint with Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk+1. If 1)(, =
tdtd Ω  and  1

)(, =
jdjd

Ω
, then by Lemma 8 (old) 

Qt and (old) Q'j are shortest with lengths |dt | (=| jd |), which implies |(new) gj|=|(old) gj|, i.e., 

|(new) jg |=|(old) jg |. Since (old) jg ∈Qk+1, |(new) jg |=|(old) jg |, (new) jg  ≠ (old) jg , and the subpath of 

Qk+1 from s  to dk+1 is shortest, we have (new) jg ∉Qk+1. If 0)(, =
tdtd Ω , then Lemma 8 assures |(new) 
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gj|=|dt |+1=| jd |+1, i.e., |(new) jg |= |dj|−1<|dk+1|. It follows that we have (new) jg ∉Qk+1. If 0
)(, =

jdjd
Ω

, 

then we have |(old) gj|=| jd |+1, i.e., |(old) jg |=|dj|−1<|dk+1|. Hence, (old) jg ∉Qk+1, which is a 

contradiction. 

If jd ≠dv for all u'+1≤v≤k, then Qj was constructed as the combination of Q'j and a link ( jd , dj), 

which has length at most k/2+1. Qj is disjoint with Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk+1, provided dj is 

not contained internally in Q1, Q2, … , Qr', Qu'+1, Qu'+2, … , Qk+1 and  jd ∉{d1, d2, … , dr', dk+1}. The former 

has been shown above. The latter holds because | jd |≤k/2−2 and |dk+1|≥|di|≥k/2+2 for all 1≤i≤r'.  

Finally we show that Qr'+1, Qr'+2, … , Qu' are disjoint to each other. Without loss of generality, we 

assume  cd ∈{du'+1, du'+2, … , dk} for all r'+1≤c≤l' and cd ∉{du'+1, du'+2, … , dk} for all l'+1≤c≤u', where 

r'≤l'≤u'. It suffices to show that 1+'rg , 2+'rg , … , 'lg  are all distinct, { 1+'rg , 2+'rg , … , 'lg }∩{dr'+1, 

dr'+2, … , du'} is empty, and each of 1+'rg , 2+'rg , … , 'lg , dr'+1, dr'+2, … , du' is not contained in Q'r'+1, 

Q'r'+2, … , Q'u'. The first two hold because gr'+1, gr'+2, … , gl' are all distinct and {gr'+1, gr'+2, … , gl'}∩{ 1+'rd ,  

2+'rd , … , 'ud } is empty. The last holds because | cg |≥k/2+2 for all r'+1≤c≤l', |dj|≥k/2+2 for all 

r'+1≤j≤u', and Q'r'+1, Q'r'+2, … , Q'u' have lengths at most k/2 (recall that none of Q'r'+1, Q'r'+2, … , Q'u' 

contain complement links). 

3.3 The main result 

Since the folded hypercube is node symmetric, the following theorem is an immediate consequence of 

Lemma 17. 

Theorem 1. Given arbitrary k+2 distinct nodes s, d1, d2, … , dk+1 of a k-dimensional folded hypercube, 

there are k+1 node-disjoint paths from s to d1, d2, … , dk+1, respectively, whose maximal length is at most 

k/2+1, where k≥4. 

Theorem 1 provides an upper bound of k/2+1 on the Rabin number of a k-dimensional folded 

hypercube. Since a lower bound of k/2+1 was proposed in [10, 18], the Rabin number of a 

k-dimensional folded hypercube is equal to k/2+1, as stated below. 

Corollary 1. The Rabin number of a k-dimensional folded hypercube is equal to k/2+1, where k≥4. 

It is not difficult to see that the Rabin number of a k-dimensional folded hypercube is equal to k/2 
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for k=2 or 3. 

4 Discussion and Conclusion 

The main contribution of this paper is to show the effectiveness of routing functions in constructing 

one-to-many disjoint paths in networks. The hypercube and the folded hypercube were taken as two 

illustrative examples. For both, any minimal routing function can be used to produce a maximal number of 

disjoint paths whose maximal length is minimized. As a byproduct, the strong Rabin number of the 

hypercube and the Rabin number of the folded hypercube were computed. The latter has been left as an 

open problem in [18]. Besides minimal routing functions, there are some other routing functions with 

different characteristics which can be used to produce disjoint paths with different properties. For example, 

the disjoint paths produced for the hypercube will have minimum total length if an implicit routing 

function in [14] is used. Some existing methods (e.g., [14, 20]) for constructing disjoint paths involved the 

use of an implicit routing function. 

In [14], n non-empty subsets X1, X2, … , Xn of {1, 2, … , n} were used to represent n nodes d1, d2, … , 

dn so that for all 1≤u≤n and 1≤w≤n, w ∈Xu if and only if du,w=1. A set of m distinct integers t1 ∈ 1k
X , t2 ∈ 

2kX , … , tm ∈ 
mkX  is called a partial System of Distinct Representatives (SDR for short) for {X1, X2, … , 

Xn} if k1, k2, … , km are all distinct, where m≤n. Further, {t1, t2, … , tm} is maximum if m is maximized, and 

is called an SDR if m=n. A maximum partial SDR {t1, t2, … , tm} can be used to construct a maximal 

number of disjoint paths whose total length is minimized, if there is no j ∈{1, 2, … , n}−{k1, k2, … , km} 

satisfying the following two: (C1) Xj ⊂ ikX  for some 1≤i≤m and (C2) there exists an SDR for {
1k

X , 

2kX , … , 
1−ikX , jX , 

1+ikX , … , 
mkX }. Such a maximum partial SDR can be determined in O(n2.5) time (see 

[14]). 

Actually, a maximum partial SDR {t1, t2, … , tm} can be regarded as a routing function from {X1, 

X2, … , Xn} to {1, 2, … , n} which maps 
ikX  to ti for all 1≤i≤m. Suppose LΦ={u | 1)(, =

udud Φ  and 1≤u≤n}. 

It follows that Paths1(Φ, n, n, {d1, d2, … , dn}, {1, 2, … , n}) will produce a maximal number of disjoint 

paths whose total length is minimized, if |LΦ| is maximized and there is no j ∈{1, 2, … , n}−LΦ satisfying 

the following two: (C1') dj≠dl and dj,w≤dl,w for some l ∈LΦ and all 1≤w≤n and (C2') there exists a routing 

function Ψ with 1)(,)(, ==
vj dvdj dd ΨΨ  for all v ∈LΦ−{l}. Here, Φ: {d1, d2, … , dn} → {1, 2, … , n} with 

maximum |LΦ| corresponds to a maximum partial SDR (LΦ corresponds to {k1, k2, … , km} and {Φ(du) | u 

∈LΦ} corresponds to {t1, t2, … , tm}). Besides, (C1') and (C2') correspond to (C1) and (C2), respectively. A 
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routing function Φ with maximum |LΦ| so that there is no j ∈{1, 2, … , n}−LΦ satisfying (C1') and (C2') 

can be determined with the same time complexity as a maximum partial SDR so that there is no j ∈{1, 

2, … , n}−{k1, k2, … , km} satisfying (C1) and (C2).  

There exist other routing functions that can result in m disjoint paths from s to d1, d2, … , dm whose 

total length is minimized. For example, if (C1') is changed to "|dj|<|dl| for some l ∈LΦ", then the resulting 

Φ also serves the purpose. The method of [20] for constructing disjoint paths also involved the use of an 

implicit routing function. It is worth while exploring more relations between the characteristics of routing 

functions and the properties of disjoint paths. 

Although both [20] and [14] also constructed disjoint paths in the hypercube, their construction 

methods cannot be used to obtain Theorem 1. The reason is that the correctness of Lemma 16 cannot be 

assured by their construction methods. 
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