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1 Introduction

A k-dimensional hypercube (abbreviated to a k-cube) consists of 2 nodes that are labeled with 2 binary
numbers from 0 to 2 1. Two nodes are connected with a link if and only if their labels differ by exactly
one bit. The diameter of a k-cube is k. On the other hand, a k-dimensional folded hypercube (abbreviated
to a k-fcube) [12] is basicaly a k-cube augmented with Z°* complement links. Each complement link
connects two nodes whose labels are complement to each other. Figure 1 shows the structure of a 3-fcube.
There are four complement links, i.e., (000, 111), (001, 110), (010, 101), and (011, 100), in a 3-fcube. The
both end nodes of each complement link are the complement nodes of each other. Due to the complement
links, the diameter of a k-fcube is reduced to &/2u

Routing is a process of transmitting messages among processors, and efficient routing is crucial to the
performance of a multiprocessor system. In the past decade, routing with internally node-disjoint paths
(digoint paths for short) has received much attention because digoint paths have the advantages of
efficiency and fault tolerance. A set of digoint paths between two nodes was named a container [16].
Containersin avariety of interconnection networks (networks for short) can be found in the literature [2, 3,
5-9, 11, 19, 21].

The (node) connectivity of a network is the minimum number of nodes whose removal can cause the
network disconnected or trivial [1]. Suppose that W is a network with connectivity k and s, dq, d, ..., dq
are any k+1 distinct nodes of W. It was shown (see Theorem 2.6 in [1]) that there exist k digoint paths
from sto dy, do, ..., di, respectively, in W. The connectivities of a k-cube and a k-fcube are k and k+1,
respectively. In [20], Rabin constructed k digoint paths from sto d;, d, ..., d in ak-cube. The path from s
to d; has length dy(s, d) if du(s, d)=k, and £dy(s, d)+2 if dy(s, d)<k, where 1£i£k and dy(s, d) is the
Hamming distance between s and d;, i.e., the number of different bits between s and d,. Digoint paths from
stod, dy, ..., dg in a (k+1)-dimensional star network can be found in [4], where the path from sto d; has
length £d4(s, di)+6. The interested readers may consult [10, 17, 18] for more examples.

With the concern of minimal transmission delay, we wish to construct the digoint paths from s to dj,
dy, ..., d¢ so that the maximal length is minimized. This led to an optimization problem, named the Rabin
number problem (see [16]). The Rabin number of W was defined to be the minmal | so that for any s, dj,
d, ..., dy, thereexist k digoint pathsfrom sto dy, dy, ..., d« whose maximal length isat most |. The Rabin
number problemon W is to compute the Rabin number of W. Computing Rabin number of a non-trivial
network isreally a hard problem. Asshown in [17], it is NP-complete to decide that given a graph G, two

integer mand |, and m+1 distinct nodes of G, whether there exist m digoint paths from one node to the



others whose maximal length is at most |. Recently, Liaw and Chang [18] defined the strong Rabin
number al the same as the Rabin number, except that {d,, d,, ..., d} is alowed to be a multiset. A
multiset is a collection of elements in which multiple occurrences of the same element are allowed [15].

In this paper, we introduce a new concept of routing functions, which can be used to construct
one-to-many digjoint paths in networks. In Section 2, we show that any minimal routing function can be
used to construct k digoint pathsfrom sto dy, d, ..., di in ak-cube whose maximal length is minimized in
the worst case, where{d,, d,, ..., d¢} isamultiset. Then, in Section 3, we extend the result of Section 2 to
construct k+1 digoint paths in a k-fcube, where the end nodes of these paths are all distinct. The paths
have lengths &/2(+1 at most, where ék/2u is the diameter of a k-fcube. Since the maximal length of the
paths is minimized in the worst case, the construction is optimal. In Section 4, this paper concludes with
some remarks. It was indicated that there exist routing functions which can be used to construct k disjoint
paths with minimum total length in a k-cube. The strong Rabin number of a k-cube and the Rabin number
of a k-fcube are obtained with the results of Sections 2 and 3, respectively. Throughout this paper, all
digoint paths mean internaly node-digoint paths. That is, all nodes of these paths are distinct, except their
end nodes.

2 Digoint Pathsin the Hypercube

Supposethat s, dy, dy, ..., dyare arbitrary m+1 distinct nodes of a k-cube, where mgk. Since the hypercube
f_yH
is node symmetric, we assume s=00...0=0* without loss of generality. Hence, dy(s, d)=|di|, which is the

number of 1's contained in d;, where 1£i£m. There are two purposes in this section. One is to construct
digoint paths from sto d,, dy, ..., dy, SO that their maximal length is minimized. For this purpose, we use
F:{dy dy, ..., d} ® {Nng, Ny, ..., Ny} to represent arouting function, where ny, ny, ..., N, denote mdistinct
dimensions of a k-cube (1EnEk for all 1£j£m). Let ,=0°*10*°, where 1£b£k. The intuitive meaning of

F (d;)=n; isthat the immediate successor of sin the path to d; is the node €, - Obvioudy F isone-to-one.
The other is to determine F so that d,; 4, =1 assures that the path to d is shortest, where

di=d; 10 »... dix isassumed. For this purpose, we would like to have d, > de(dj) when [d;|<|d;|, because

otherwise (d|<l/dj| and d,4,=0<1=d, (dj)) it may happen that d- ,, =1 and every digoint path to d;

IS not shortest. For example, assume m=k=5. When (d,, d,, ds, d4, ds)=(00011, 00101, 00111, 00110,
11100) and (F(dy), F(dy), F(d3s), F(dy), F(ds))=(5, 2, 3, 4, 1), we have |dyJ<|ds] but



Oyp @,y = 0y, =0<1=d33= dyr4,. Every digoint path from s to ds has length at least 5, although
dar g, =1

In order to find such a F, we define Ve=(vy, Vs, ..., W), where each vy (1£¢EK) is the number of di's
with [diFgand d;¢ 4, = 0. For the example above, we have VE=(0, 1, 0, 0, 0). We say (vy, Vz, ..., M)<(V1,
Vo, ..., Vi) I iV or vi=V'y, Vo=Vio, ..., V.=V g, and i<V for some ZI£k, and (1, Vs, ..., VWE(V'y,
Vo, ..., V) if either (vg, vy, ..., W)<(V1, Vo, ..., V) OF (V1, Vo, ..., VW=(V1, V' ..., V). F issaid to be
minimal if VEEVE: for every routing function F': {dy, dp, ..., dy} ® {ng, Ny, ..., n}. We would like to
have a minimal F, because intuitively F' has higher probability than F" to serve the second purpose if

Ve <Vg-. Actudly, aminima F will serve the second purpose, which is shown in this section.

2.1 Two proceduresto construct digoint pathsusing a minimal F

f_L(H A~
Conveniently, a k-cube can be represented with **..* =** ‘where * 1 {0, 1}. Thus, **'1 and ** !0,

which contain the nodes of a k-cube whose rightmost bits are 1 and 0, respectively, represent two digoint
(k- 1)-cubes that are contained in the k-cube. For each node x=xix,..X« of a k-cube, we define
XO=x1%0.. X 1(1- X). That is, x differsfrom x¥ only in bit x.

In order to obtain digoint paths from sto d,, d,, ..., d,, we first construct disjoint paths that connect
{e,, &, -, & }and{dy dy ..., d}, and then augment these paths with links (s, &, ), (s, &, ), .-, (S,

&, ). The following is a recursive procedure, named Paths0, with inputs F, m, k, D, and I, where F is a

minimal routing function from D={dy, d,, ..., d} toI={ny, n,, ..., Ny}. It will be shown in Section 2.2 that
PathsO(F, m, k, D, 1) can produce mdigoint paths, denoted by P,, P,, ..., Py, in a k-cube that connect

{e,, &, & }and{dy, dy ..., d}, where P, isthe path to d; for al 1£i£m. When d,¢ 4, =1, P; has
minimal length [di|- 1. When d. ,, =0, P has length [d;|[+1. Besides, if t; is the immediate predecessor of

di in Py, then [tj|=|d;|+1 (i.e., the subpath to t; is shortest) when d, @) =0.

Procedure PathsO(F, m, k, D, 1).

/* Weuse *¥ to represent the k-cube where Py, P,, ..., P, arelocated. */

Step 1. If k=2, thenreturn Py, Py, ..., Pmwhich are mdigjoint pathsin a 2-cube that connect { g, , &, , ...,

6, } and{dy, dy, ..., duy.



Step 2.

Step 3.

Step 4.

Determine d. so that p|E|d;| for al 1£iEm, where 1£cEm. If there are multiple candidates for d.,

then select arbitrary one with d ¢4, =1, or any if al have d.r 4, =0. Without loss of

generdity, we assume c=1, n.=n,=k, and F (d;)=n; for all 1£i£m.
Partition D into D' and D", where D'={d; |d;¢ 4, =0d;r 4, =d;x =0 and EjEm} and D"=

{di1d;g @) =djp @ =d;x =1 and 1£jEm}.

Construct Py, P,, ..., P, according to the following four cases.

Case 1. dl,k:O-
[* Without loss d generality, suppose D'={dy, dy, ..., d} and D"={d+1, 42, ..., dn}, Where
1£rEm. DefineY': {dy, d3, ..., d:} ® {ny,, N3, ..., N} asfollows: Y'(d)=F (d)=n; for al 2Ei£r. Let

1£u<k with d; =1, and define Y"': {d", dw1, rizy ...y A ® {U, Npsa, Nrszy <., Ny} as follows:
Y"(d*)=uand Y " (d)=F (d)=n; for all r+1£i£m. */

Construct P,, Pg, ..., P, in xk-1q by executing PathsO(Y"', r-1, k- 1, {d, d3, ..., d}, {ny, N3, ...,
n}). I* Py, Ps, ..., P, connect { €, Enyreees %r} and{dy, ds, ..., d;}.*/

Construct P'y, Prs1, Priz, ..., Pmin *K" 11 by executing PathsO(Y ™, m-r+1, k-1, {d®, dp.q,
Ors2r ooy Aoty {U, Mrsg, Neaz, ..., NY), where Py is the path to d!. /* Py, Pr, Prag, ...y P

connect { €, e®, e, ..., e} and{ A", drsg, raz, ..., Aot */

Ny 42 !

Congtruct Py by augmenting P'y with the link (d, dy).

Augment Py, Py, Prz, ..., Pawithlinks (e, ), (e, , €), (e, . e¥), ... (e, , ).

Case 2. dj=1 and |d;|=1.

[* Suppose D'={d,, ds, ..., d;} and D"={dy, dis1, dr+2, ..., dr}, Where IErEm. Define Y': {d,,
ds, ..., d} ® {ny, Nng, ..., N} asfollows: Y'(d)=F (d)=n; for al 2£i£r,and Y "': {di+1, Qr+2, ..., A}
® {Nf+1, Nrsgy ..., Nyt @sfollows: Y (d)=F (d;)=n; for all r+1£i£m. */

Construct P,, Pg, ..., P, in xk-1q by executing PathsO(Y"', r-1, k- 1, {d, d3, ..., d}, {ny, N3, ...,
n}). * Py, Ps, ..., P, connect { €, Enyreees %r} and{dy, ds, ..., d;}.*/

Construct P, 41, Prio, ..., Pmin xk-11 by executing PathsO(Y ", m-r, k- 1, {d+1, Qv+, ..., And s { Nraea,

Nes2s oo Mg ). /% Prag, Prag, ..., Pconnect { €09, e ..., €9} and {d.s, druo, ..., At */



Congtruct P; as (g, dy). /* P, haslength 0. */
Augment Py, Prag, ..., Pawithlinks (e, , e9), (e, , e),....(e, , &)

Case 3. dy=1, |d>1, and dy .=1 for somea 1 {1, 2, ..., k- 1}- {K, Nys1, Nsz, ooy Nk

[* Suppose D'={d,, ds, ..., d} and D"={dy, dr+1, Qr+2, ..., A}, Where IErEm. Define Y': {d,,
ds, ..., d} ® {ny ns ..., n} asfollows: Y'(d)=F(d)=n;, for dl 2£ifr. Define Y": {dy, 1,
drso, ..., Aot ® {@, Npsg, Nesp, ..., N} @sfollows: Y (dy)=a and Y " (d)=F (d)=n; for all r+1£i£m.
*/

Construct P,, P, ..., P, in xk-1q by executing PathsO(Y', r-1, k- 1, {d, d3, ..., d}, {ny, N3, ...,
n})./* Py, Py, ..., P, connect { €, € e enr} and{d,, ds, ..., d;}.*/

Construct Py, P41, Pri, ..., Pnin xk-19 by executing PathsO(Y ", m-r+1, k- 1, {dy, di+1, A4, ...,
dnt, {@, Mg, Nesy ..y Nd). 7% Py, Prag, Praa, <., P connect { X, e, e ..., e®} and{di,
Ori1, Orag,y .oy O */

Augment Py, Py, Praz, ..., Pawithlinks (e, &), (e, , €), (e, . e¥), ... (e, , ).
Case4. dy =1, |d>1, and dy ,=Oforal al {1,2, ..., k- 1}- {K, Mrs1, Nsp, ..., Nt

[* Suppose D'={d,, ds, ..., d;} and D"={dy, dr+1, G+, ..., Ay}, Where 1ErEm. Define Y"': {41,
drs2, «ooy Ond ® {Npig, Nesy, ..., N} @sfollows: Y "' (d)=F (d;))=n; for all r+1£i£m. */

Construct P41, Prio, ..., Pnin xk-11 by executing PathsO(Y ", m-r, k- 1, {d+q, Qrs2y ...y Aid, { Dpaa,
Nes2s +oos Mg ). 1% Prag, Prag, ..., Pmconnect { €09, e , ..., €9} and {drs, drs, ..., Ot */
/* Define W': {drq, Graz, -, O ® {Nria, Nraa, ..., Nt as follows: W'(d)=ny if P; begins at er‘]'i‘)
for al r+1£iE£m, wherer+1£j£m. */
If diI P; for all r+1£i£m, then {
/* Suppose 1Eu<k with d;,=1. Define Y': {d, d,, d3, ..., d} ® {u, ny Ny, ..., N} as
follows: Y'(d)=uand Y"'(d;)=F (c)=n; for all 2£ifr. */
Construct P'y, Py, P, ..., Prin **10 by executing PathsO(Y "', r, k-1, { d®, d,, ds, ..., d},
{u, Nz, N3, ..., n}), where P'y is the path to d. /* P'y, Py, Ps, ..., P, connect {e, 8,
6y &} AA{dY, dy b, ..., d}. ¥

Construct Py by augmenting P'; with the link (d, dy).



[* Suppose u=n;, for somer+1£hf£m. */
Augment Pr.y, Prig, ..., Py with links (e, , €9), (g, , &), ..., (&, , &), (&
&) (&, &) ... (e, , &)}

If dyT P, for somer+1£lEmand d™T {d,, ds, ..., d;}, then{
/* Define Q": {d™, dy, ds, ..., di} ® {W'(d), Ny, N, ..., n} asfollows: Q(d™)=W'(d)
and Q'(d)=F (d;)=n; for all 2Ei£r. */
Construct P'j, Py, Ps, ..., Prin *<10 by executing PathsO(Q', r, k-1, {d(, dp, ds, ..., di},
{W'(d), n, ng, ..., n}), where P, isthe path to d™. /* P'|, Py, Ps, ..., P, connect { Y
6., € & ad{d®, d s, ..., d}.*/
Construct P, asthe subpath of P, that goes from e\‘,‘;?(dl) to d..
Reconstruct P, asthe path obtained by augmenting P', with the link (d®, dy).
Augment Py, Prg, Prig, ...y P, Prg, ..., Powith links (g, , eX), (e, , €), ...,
(@t &) @ &) (Brayrs gy - (80 €).3

If diT P, for somer+1£l£Emand d™T {dy, ds, ..., d}, then {
I* Suppose d!) =d, for some 2£h£r. Define Y: {di, d, ..., di} ® {Nyg, Ny, ..., N} &S

follows: Y (d)=F (d,), Y (d,)=W'(d), Y (dy)=F (d)=k, Y (d))=F (d) for all 2£i£r andi* h, and
Y (d)=W'(d) for al r+1£jEmand j* 1. */
Construct Py, P,, ..., P, al the same as Case 3. /* Substitute Y for the F in Case 3. */ }

Step 5 ReunPy Py, ..., Py

The following procedure, named Pathsl, can produce m digoint paths from sto d,, d, ..., dq,

respectively, in ak-cube.

Procedure Paths1(F, m, k, D, 1).

[* F isaminima routing function from D={dy, dy, ..., dy} to1={ny, Ny, ..., Ny }. */
Step 1. Obtain Py, Py, ..., Pyin ak-cube by executing PathsO(F, m, k, D, I).

Step 2. Augment Py, Py, ..., Pnwithlinks(s, &,),(s, &,),....(s &, )



Step 3. Return Py, Py, ..., P,

2.2 Correctness of PathsO(F , m, k, D, 1)

We show that PathsO(F, m, k, D, 1) can produce mdisjoint paths Py, Py, ..., Pnthat connect{ e, , €, , ...,
&, }and{dy, dy, ..., dn}. Besides, when d¢ 4, =1, P; has minimal length [di} 1, and when d,¢ ,, =0, P,

has length |d;|+1 and [t;|=|di|+1, where t; is the immediate predecessor of d; in P;.
2.2.1 Properties

First some fundamental properties of F are introduced. Supposethat F': D'® I'and F"': D" ® I" aretwo
routing functions, where {D', D"} is a partition of D={d,, d,, ..., d} and {I', I} isapartition of I={n,,
Ny ..., N}. Then, F: D® | issaid to be the union of F' and F"', denoted by F=F'EF ", if F (d;)=F '(d}) for
al d1 D' and F(d)=F"(d) for al d,T D". Clearly we have Ve=Ve+Ve., i.e, VE=(V1#V'y, VoHV'y, ...,

VitV ) If VE=(Vg, Vg, .., V) and VE-=(V'g, V', ..., V). The following two lemmas are immediate.
Lemma 1. Suppose F=F'EF". If di.q, =1 forevery d 1 D', then Ve=Vg-.
Lemma 2. Supposethat F=F'EF" isminimal. ThenF' and F'' are minimal.

Lemma 3. Suppose dif ) =0, djry,=0,ad d, =1, where 1£i£m, 1£j£m, and i*j. Then F is not
minimal.

Proof. We define Y: D® | as follows: Y (d)=F(d), Y (d)=F(d)), and Y (d;)=F (d,) for all r1 {1, 2, ...,
mi-{i, j}. Suppose Ve=(vy, V2, ..., Vi) and Vw=(V'y, Vo, ..., Vi) If i [di], then vy =vy - 1, Vi £V, and
vi=v foral 1T {1,2, ..., K- {Id], kdil} . If |ch |=Id}, then V', £ v, - 1and v =v; for all 1£I£k and I* [di]. Hence
Vy <VE. O
Lemma 4. Suppose d; 4, =0, djg ) =1 ad dg o, =1, where 1£i£m, 1£j£m, and i*j. Then F is not
minimal.

Proof. We define Y, Vy, and Vi al the same as the above. If d.; ) =0, then F is not minimal by

Lemma3. If dini) =1, then V|d,»|:V|dj|' 1 and Vv',=v, for al 1£1£k and I* [d;|, which implies Vy <V. O

Lemma 5. Suppose dir 4, =0, d; (@) =1, and [di|<d;|, where 1E£i£m, 1£j£m, and i'j. Then F is not

minimal.



Proof. We define Y, Vy, and Ve al the same as the above. Then Vig = Vg - 1 and V' =v, for al 1El<|di].
Hence Vy <VE. O

Lemma 6.1f F isminimal and d,,, =0, then d,,d;,..dir ()11 ¢ (g )0y | {0, Go, ..., ded (0.
dig (4119 £ (4 2---d; « IS the node obtained by changing the bit d, -, of d; to 1).

Proof. Suppose conversely d, ,d; ,...dig (4 ).11d; ¢ (490 =Cr fOr some 1ErEmand rti. That is, d, 4, =1
ad d, ; =d; for all ¥£jEk and j* F(d;). Then Fd)T{n, ny ..., n}. If dig@) =0, then F is not
minimal by Lemma 3, whichisa contradiction. If d, ¢ 4, =dr 4, =1, then F isnot minimal by Lemma 4,
which is again a contradiction. O

The following lemmawill be proved in Section 2.2.2.

Lemma7. Suppose F: D={dy, dy, ..., d} ® 1={ng, Ny, ..., Ny} isaminimal routing function. PathsO(F, m
k, D, 1) can produce mdisjoint paths Py, P, ..., Pnin ak-cube that connect{ g, , ¢, , ..., & } and{d,
dy, ..., dnt, where k® 2, mEk, and P, isthe path to d; for all 1£iEm. When d, . @) =1, P; has length ;|- 1.

When d;¢ ) =0, P haslength [di[+1 and [t;|={di[+1, wheret; is the immediate predecessor of d; in P.
2.2.2 The proof of Lemma 7

Lemma 7 can be proved by induction on k. It is not difficult to check that Lemma 7 holds for a 2-cube (i.e.,
k=2). Suppose that Lemma 7 holds for a (k- 1)-cube, where k>2 is assumed. The situation for a k-cube is
discussed below. We need to show that Py, P,, ..., P, meet our requirements.

Define two routing functions F': D'® |' and F": D"® |" sothat F=F'EF". That is, F'(d;)=F (d;) for
al d 1D and F"(d)=F(d) for al d T D". Clearly I'EI"=I. By Lemma2 F' and F'" are minimal. P,

P,, ..., Py were obtained according to the following four cases.

2.2.21Casel: dy =0

We have assumed D'={dy, dy, ..., d;} and D"={d,.1, dr+o, ..., A} (hence, I's{ny, Ny, ..., N} and I"={ N,
N2 ..., Nm}). Since d;1 D', we have P"[Ek- 1. Actualy we have D" [Ek- 2 for the following reason. If
D"Fk- 1, then n=k, {ny, ny, ..., N} ={1, 2, ..., k}, and D"={d,, ds, ..., di}. Since d;f 1 and d,x=0, we

have dy,=1 for some 1£vEk- 1. Suppose v=F (d), where I* 1. If d;|=[d|, then d,. @) =0 asaconsequence

of Step 2. By Lemma 3 (d;z 4y =d; =0, digy,=0,and dp, =d,, =1), F isnot minimal, which is



a contradiction. If Hy|<[d|, then F is not minimal by Lemma 5 (dz 4, = d; =0, dir(q, =d,, =1, and
[d1}<|di]), which is again a contradiction.

Since Y' isaminima routing function by Lemma 2, by induction hypothesis P,, P, ..., P, that were
produced by executing PathsO(Y "', r- 1, k- 1, {dy, ds, ..., d:}, {ny, N3, ..., N}) are r- 1=|D'| 1 digjoint paths
in **10 that connect {e,., &, ., &1} ad{dy ds ..., d}. For al Zifr, P, has length |di}- 1 if
diy @)= Gir@) =1, and P haslength joi|+1 and fti|=fch[+1if diy (4, = dif 4, =O.

Similarly, P'4, Pra1, Prsg, ..., Pmthat were produced by executing PathsO(Y "', m-r+1, k-1, { d, dr+4,
Grsz, -oor Oty {U, Mea, Neiz, ., Ne) @@ M r+1=|D"[+1£k- 1 disjoint pathsin ** *1 that connect { e, e,
e® ..., e} and {d", d1, Ao ..., O, provided g 1 {d, dr+1, Oruz, ..., Ot @nd Y is @ minimal
routing function. Recall that we have assumed s1 {d, d,, ..., dn} . Here e in **"*1 corresponds to sin *¥.

We have g 1 {d, ds1, o ..., dn, as explained below. Obviously gt d¥. If e=d, for some
r+1£I£m, then d,¢ 4, =0 as a consequence of Step 2. By Lemma 3 (d,g 4y =0, dip () =d; =0, and
dig gy = dix =1), F isnot minimal, which isa contradiction.

Y " is aminimal routing function, as explained below. First, Y" is a routing function if dT {d;.,
drsoy ..y O @nd ul {Ni4q, Nt ..., N} The former holds as a consequence of Lemma 6 (F is minimal
and d, 4, =d;, =0). The latter holds for the following reason. If ul {Ne1, Nisgy ...y N, then u=F (dy)
for some r+1£I£m and hence F is not minimal by Lemma 4 (d 4, = dy =0, dip 4, =0d;, =1, and
dig oy = dix =1), whichisacontradiction.

Further, Y" is minimal for the following reason. Suppose conversely that Y is not minimal. Then
there exists a routing function Y: { d, di+1, Or+2, ..., i ® {U, Nps1, Nraz, ..., Nyt SO that Vi <V . Since

(k)
diy "(d)

= d% =d;=1, we have Vy-=Vg- by Lemma 1 O'={ d{“}). If u=Y (d{¥), then define a routing
function P": {dr+1, drs2s ..., At ® {Nri1, Nrip, ..., Ny} as follows: P''(dy)=Y (dy) for al r+1£j£m. Since

d®

(@) =d{ =di,=1, we have Vp-=Vy by Lemma 1 (D'={ d¥}). Hence Vp.<Vg., which is a
contradiction. On the other hand, if u=Y (d) for some r+1£lI£m, then define a routing function Q': {d;,
da, ..oy A} ® {Y(d), N, N, ..., n} asfollows Q'(dy)=Y (d¥) and Q'(d)=F'(d) for all 2£j£r. Since

g gy = dix =0, we have VoEVe.. We define another routing function Q": {dr1, dr2, ..., d}t ® {K,



Mty Neszy ooey Ned-{Y (d)} as follows: Q'(d)=k and Q"(d)=Y (d) for al r+1££m and j:I. Since
d'Q"(d|) =d,=1, we have Vg£fVy. Hence, Vg+VgEVe+Vy<Ve+Vy =Ve+Ve=Vg, which is a
contradiction because F isminimal and Q'EQ" isarouting function from D to .

Consequently, for al r+1£i£m, P; has length (ldi}- 1)- 1=|di}- 2 if diy.4) =dig (4, =1, and P; has
length (jdil- 1)+1=lci| and [ti|=ldi[+1 if d;y.4) = dig ) =0. P'1 has length (1dM} 1)- 1=/ds} 1 because

d®

o) = d% =1.P; haslength (|d,} 1)+1=lds|, and f;|=|d,*’ [=|d,|+1. Besides, if d; is not included in P,,

Ps, ..., P, then Py, Py, ..., Pyaredigoint. In the following we show that d; is not included in Py, Ps, ...,
P.

Suppose conversely that d; is contained in P, where 2EhE£r. We define a routing function W: {d,,
ds, ..., d} ® {ny ng ..., n} asfollows: W(d)=n;if P; begins at €, » where 2Ei£r and 2£j£r. That is, P;
goes from g4, to di. We have d,,,, =1 for the following reason. If d,,.,, =1, then P, has length
|- 1, which implies d, ) =1. If d.y.q) =0, then Py has length fp[+1 and fn|=[d[+1. It is meant that
the subpath from e, , tot, haslength |dn|=n|- 1. Since di* dy, we have d, ) =1.

For al 2£ifr, we have d, 4, =dy (4, for the following reason. If dy .4, =1, then d;,4,=1
because P; has length fi| 1. Consequently, if d,y.q,=0 ad d, 4, =1 for some 2£I£r, then Viy<Vy.,
which isacontradiction because Y " isminimal. Hence, d,y.4, =0 implies d, 4, =0.

We define another routing function P': {dy, d,, ..., d} ® {nyg, n,, ..., n,} asfollows: P'(dy)=F'(d)=
n;=k and P'(d)=W(d) for all 2£ifr. Since d, 4, =dy (4, and F'(d)=Y"'(d) for al 2£ifr, we have
dip ) = digq, foral 1£iEr, which implies Vp:=Ve.. Hence P* is also minimal. If [d|<{dy|, then P* is not
minimal by Lemma 5 (dy 5.y =d;, =0, dip.q) =0, =1, and [di|<lds[), which is a contradiction. If
[d1l=ldn], then Py, has length greater than b} 1. Hence Py, has length [dy[+1, which implies d,. 4, =0. By
Lemma 3 (dyp.gy =dix =0, dypgy = Ahwe,) =Gny @,y =0, and dip.q)=0dyywq,=1), P' is not
minimal, which is again a contradiction.

Finally, thelengths of Py, Pr., P, ..., Py increase by one after adding links (e, €{”), (e, , €l),

r+1

(&, €2, ... (e, , e¥). Itisnot difficult to seethat Py, Py, ..., P meet our requirements.

2.2.2.2 Case 2: dyy=1and |di|=1
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We have assumed D'={d,, ds, ..., d;} and D"={dy, di+1, Ar+2, ..., dn} (hence, I's{ny, ng, ..., N} and I"={k,
Ne+1, Ne+2, .., Np), Where d;=e¢ and PD'|Ek- 1. Since Y '=F' is a minimal routing function, by induction
hypothesis P,, P, ..., P, that were produced by executing PathsO(Y ', r- 1, k- 1, {dy, d5, ..., d;}, {ny, n, ...,
n}) arer- 1=|D'| disjoint pathsin ** *0 that connect { €, €, € }and{dyds, ...,d}. Foral 2£ifr,
P; haslength [dif- 1 if diy .4y = dig () =1, and P; haslength jo;i[+1 and fti|=fci[+1if diy (4, = dif 4, =O.
Similarly, since Y' isaminimal routing function by Lemma 2, P;.4, Py, ..., Py that were produced
by executing PathsO(Y ", m+r, k- 1, {ds1, Gri2y -.., dids {Drs1, Nesay ..oy Nyd) @€ m-r=D"| 1 digoint paths

in **11 that connect { e,ﬂ'fjl, e,ﬂsz A e,ﬁ:)} and {d,+1, dr+, ..., dn}. Further, since g.=ds, Py, P11, Prag, ..,

Py are D"| disioint pathsin ** 1 that connect {e, e, e, ..., e} and {dy, drss, Orsa ..., o . For

all r+1£iEm, Py has length (d | 1)- 1=} 2 if diy.q) = dig g, =1, and P has length (g} 1)+1=] and
il li+1if diy gy = dig @) = 0.
After adding links (e, , ), (e, , &), ..., (e, , &), the lengths of Py, Pria, ..., Pp

increase by one. It is not difficult to see that Py, Ps, ..., P, meet our requirements.
2.2.2.3 Case 3: dy =1, [d;>1, and d; ,=1 for somea 1 {1, 2, ..., k- 1}- {K, Ns1, Ns2, ..., N}

We have assumed D'={d,, ds, ..., d;} and D"={d;, di+1, dr+2, ..., d} (hence, I'={ny, ng, ..., N} and 1"={k,
Nr+1, Nes2, ...y Nt ), Where D' [Ek- 1. We have D" [Ek- 1 for the following reason. If D" [Fk, then 1" ={k, N4,
N, -, Np={1, 2, ..., K}. Hence {1, 2, ..., k- 1} - {K, Nr+1, N4, ..., N} iSE€Mpty, which is a contradiction.
Since Y'=F" isaminimal routing function, by induction hypothesis P,, Ps, ..., P, that were produced by
executing PathsO(Y', r- 1, k-1, {dy, s, ..., d}, {ny, Ng, ..., n}) are r- 1=D'| digjoint pathsin ***0 that

connect{e,, €, ..., &} and{dy d, ..., d}. For al 2£ifr, P, haslength pi|- 1if dy o) = dif 4, =1,

and P; haslength |di[+1 and fti|=ldi[+1 if diy.q) = dig ) =O.

Similarly, Py, Pri1, Prso, ..., Py that were produced by executing PathsO(Y ", m+r+1, k- 1, {dy, dr41,
Gz, ooy Oy {2, Moty Nesz, .o, N ) @@ M- r+1=D"[Ek- 1 digjoint pathsin **“*1 that connect { &, &%,
el , ..., e} and {dy, di+1, drsa, ..., i}, provided a | {dy, d+1, A ..., d}y and Y" is a minimal
routing function.

Since [d;[>1, we have g1 {dy, di+1, d+2, ..., dy} @ aconsequence of Step 2. Y isaminimal routing

function for the following reason. First, Y is arouting function because a I {N11, Ny+2, ..., N} . Suppose
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conversely that W': {dy, dr+1, i, ..., A} ® {a&, Nrsq, Npsp, ..., N iIS@minimal routing function, where
Vi <Vy . We further assume W'(d))=a for somel 1 {1, r+1, r+2, ..., m}. Define arouting function P"': { d,
Orsy G2y oovy Do ® {K, Npyay Nisa, ..., Ny as follows: P"(d)=k and P"'(d)=W'(d) for al jT {1, r+1,
r+2, ..., my-{I}. Since dp.q,=d =1, we have Vp-EVy. Since dj.4,=d; =1 and
dyy gy = d, =1, we have Vy-=Vg-. Hence Vp-EViy<Vy =V, Which is a contradiction because F" is
minimal.

Consequently, for all i T {1, r+1, r+2, ..., m}, P, has length (i 1)- 1=[di} 2 if Oiye@) = dip@) =1,
and P; has length (jdi| 1)+1=|di| and L=l [+1 if diy .4, = dif ) = 0. After adding links (e, e, (e,
e,ﬁfjl), (e, e,ﬁ{‘}z s (8 e,ﬁ'n‘n)), the lengths of Py, Py11, Prso, ..., Pmincrease by one. It is not difficult

to seethat Py, P, ..., Py, meet our requirements.
2224 Case4: d=1, |d;>1, and d; ;=0 for all al {1,2 ...,k- 13- {K, Nys1, Nrs2, ..., N}

We have assumed D'={d,, ds, ..., d;} and D"={dy, di+1, i+, ..., dn} (hence, I's{ny, ng, ..., N} and I"={k,
Nr+1, Nrs2, ..., N ), Where D' [Ek- 1. Actually we have D' |Ek- 2 for the following reason. If P'[Fk- 1, then
D"={d;} and I"={K, Nri1, Nsa, ..., Np={K}. Hence {1, 2, ..., k- 1}-{K, Nraq, gy ooy, N ={1, 2, ..., k- 1}.
Thisimplies|d;|=1, which is a contradiction.

Since [d;[>1, we have g | {dy, di+1, A+, ..., dy} &s a consequence of Step 2. Y™ isaminimal routing
function by Lemma 2. Hence, by induction hypothesis P;.4, P+, ..., Py that were produced by executing
PathsO(Y", m-r, k- 1, {Qrs1, drszs .oy Aty {Nrszs Mrsay -, Np}) @re m-r=D"'} 1£k- 1 disjoint pathsin ** 1
that connect {e{, el , ..., e¥} and {d+1, dis2, ..., dt. For al r+1£i£m, P; has length (i} 1)- 1=

dil- 2if d, "d) = dir (d) =1, and P; haslength (|0 1)+1=|di| and [t;}=ldi[+1 if d;, "(d) ~ dip @) — 0.

P., P, ..., PmWere obtained according to three situations. The first situationisd; [ P; for all r+1£i£m.

If Y'isaminimal routing function, then by induction hypothesis P'y, P,, Ps, ..., P, that were produced by
executing PathsO(Y', r, k-1, {d{, dy, d3, ..., d}, {U, Ny Ny, ..., N}) are r=|D'|+1£k- 1 digjoint paths in
*k10 that connect {ey, €, , €, ,..., & } ad {d{, dp ds ..., d}. Y' is a routing function for the
following reason. We have d®T {d,, ds, ..., d;} as a consequence of Step 2, because |d* |<[d;|. We have

ul {ny, ns, ..., n;} because d;,=1 and 1£u<k imply ul 1"-{K}={Nrs1, Nrs2, ..., N} . Further, Y' isminimal

as explained below.
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Suppose conversaly that W: {d, dy, ds, ..., d} ® {u, Ny N, ..., n;} is aminimal routing function,

i (k)
where Vw<Vy. Since d /', «,

=d¥ =1, we have Vy=Vr. by Lemma 1 ©'={ d}). Define a routing
function P': {dy, dy, d3, ..., d;} ® {u, Ny, N3, ..., n;} asfollows: P'(d)=W(d™) and P'(d)=W(d)) for all

2£ifr. Since di,=d for all ¥EvEk-1and uk, we have d =d®

(@) = Cwe) -

d Thus Vp=Vy.

1P (d)
Sinceul {Nr+1, Nrip, ..., N}, We have u=W'(d,) for some r+1£I£m. Define another routing function P'':
{di+1, Aty «.oy did ® {K, Nyig, Do, ..., N} -{U} asfollows: P"(d)=k and P"(d;))=W'(d) for al r+1£if£m

anditl. Since dp.(q, =d, =1, we have Vp-EVyy.

We have Vw=Vy - if d; .4y =iy (4, for al r+1£i£m The latter holds for the following reason. If
diy -, =1,then P, haslength [di}- 2. SinceP; goes from &, , tod; and |e{,, =2, we have d; ., =1.
On the other hand, if d, .4, =0, then d, .4, =0, for otherwise (d,y .4, =0 ad d, .4, =1 for some
r+1£1£m) Viy<Vy -, which is a contradiction because Y "' is minimal.

Since  dp.qy=dy, =1 , we have W-=Vex by Lemma 1 (D'={dy}). Hence,

Ve +Ve-EVir +Vir<Vy +Vy -= Ve+Ve-=Ve, which is a contradiction because P'EP" is a routing function
fromDtol and F isminima. HenceY' isminimal.

Consequently, for al 2Eifr, P; has length fhl- 1 if diy., = dir (4, =1, ad P; has length f|+1 and

fil=ldi+1 if diy () = dig @) =0. Since dff). .« =d{Y=1, P'; has length |d| 1=d}- 2. Hence P; has

1y (d
length i} 1. After adding links (e, , e), (g, ., e¥), ... (g, ., e¥), (&, €). (g, ., ), ...,
(&, elﬂr'?), the lengths of P,.1, Prsy, ..., Pmincrease by one (since ul {N.1, Nyip ..., Nn}, there exists
r+1£h£mso that u=ny). It is not difficult to seethat Py, P,, ..., P, meet our requirements.

The second situation is d,1 P, for some r+1£lEmand d*T {dy, ds, ..., d}=D'. If Q' is a minimal
routing function, then by induction hypothesis P',, P,, Ps, ..., P, that were produced by executing
PathsO(Q', r, k-1, { d™®, dy, ds, ..., d.}, {W'(d), N, N, ..., n}) are r=D'|+1£k- 1 digjoint pathsin **10
that connect { €4, €, €., ..., & }and{d, dy s ...,d}.Since dT {dp, s, ..., d} and W'(d)
I {ny n, ..., n}, Q isarouting function. Further, Q' is minimal, as explained below.

Suppose conversely that A': {d®, dy, ds, ..., d} ® {W'(d), Ny, N, ..., N} is aminimal routing

function, where Va<Vq. We have d, ., =1 for thefollowing reason. Define arouting function A":{d,,
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O+, Ore 2y ooy A} ® {K, Nrsr, Nesa, ..., Ny as follows: A"(dy)=k and A" (d)=W'(d) for all r+1£i£m. Since
dy g @y = dix =1, we have Va-=Vy by Lemmal (D'={d;}). Hence A" isminimal because Viyy=Vy -=Vg-
and F" isminimd. If d, .4, =0, then d,,.4, =0 which implies that P, has length (|- 1)+1=|d| and
t|=ld[+1. Since d,1 P, |e{i’(q,, I=2, and the subpath of P, from &, tot, haslength [} 1=[}- 2, we have
dy gy =1, which implies d, 4.4, =1. By Lemma 4 (d, 44y =d wq) =0, di s, =dx =1, and
di sy = Gow gy =1)s A" isnot minimal, which is a contradiction.

SinceW'(d)*kand d, ., =1, wehave dl(g,(dl(k)) =d% @, = w@, =1. By Lemmal (D'={ d{“})
we have Vo=V.. Define a routing function A {d, dy ds ..., d} ® {W'(d), ny, N, ..., N} asfollows:
A'(d)=A'(d”) and A *(d)=A"(d) for all 2£j£r. Since A *(d)* k, we have d,z.,, = d{¥ 4, = dl(;)'(dfk))' If
diag) = dl(;)'(dfk)) =1, then Vz-=Va. If d 5, = dl(;)'(dfk)) =0, then Vz <Va. because |d™ |<|d||. Hence we
have Vi £V4.. Define another routing function A *': {dh, dis1, Orsa, ..., Ard-{d} ® {K, Ns1, Npsg, ..., N} -
{W'(d)} asfollows: A "(dy)=k and A "(d)=W'(d) for al r+1£jEmand jI. Since iz gy =ty =1 and
diw(q) =1, we have Vi =V Hence, Vi +Vi -EVa+Vi<Vg+Vy =V +Ve-=VE, which is a contradiction
because A 'EA " isarouting function from D to | and F is minimal. Hence Q' is minimal.

Consequently, for all ZEif£r, P; has length i} 1 if din.(di) =d, @) =1, and P; has length {|+1 and
=i+ if d g4y = dig @, = 0. P'i has length |d® | 1=|d|}- 2 because df,g-(dfk)) = dW @) = doway =1

On the other hand, (old) P, haslength (jdi | 1)- 1=|d,|- 2 because d,y .4, = d, yq), =1. P1 haslength [d,|- 2

because d; 1 Py, P, goes from €la, tod, and |ef), , [=2. The newly constructed Py has length [di}- 1. After

adding links (e, . € ), (&, ,, &2) s (Grgy1r &)1 @ eigy)s Euraynr Beayends o
(e, e,ﬁ'n‘n)), the lengths of Py, Pry1, Prso, ..., Pi.1, Pisg, ..., Pmincrease by one. It is not difficult to see that

Py, Py, ..., Py meet our requirements.

The third situation is d; T P, for some r+1£1£m and d®1 {d,, ds, ..., d;}=D'. We observe that P,
P2, ..., Pm can be obtained all the same as Case 3, provided d,y 4, =d;f 4, for al 1£i£mand dy,=1 for

someal {1, 2, ..., k-1}- Y (D"). The two conditions actually hold, as explained below.
Suppose d ) =dj, for some 2Eh£r and ht |. We have dy,=di, for all 1£v<k. In order to show d., @ =
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dig ) for al 1£i£m, it suffices to show diy @) =9 @) for al jT1{1, 2 ..., m-({2 3, ...,
r}-{hH)={1, h, r+1, r+2, ..., mp. It is not difficult to check that d, 4, = d;, =dr 4, and
Aoy () = oy = Auyray = Aupay for al r+lEvEm and vtl. Hence we only need to show
diy @) =djr @, for jT{h, 1}. Since W'(d)*k, we have d,, @) = Ghw ) = w@) =1. Also we have
dpng () =1 for the following reason. Since F(d))*k, we have d, ¢ 4y =dig ) = Aiy-(q) =dwa) =1 I
dnp ) =0, then by Lemma 5 (d,r ) =0, dyr ) =1, and |dn|</d]) F is not minimal, which is a

contradiction. Hence we have d,y 4, = dgq,=1 . Further, since F(dy'k, we have

diy @) — dig (d) — ir (dy) =1= dI,W‘(d,) = dly"(d,) = d (d)
On the other hand, let a=W'(d)). We have al {1, 2, ..., k- 1}- Y (D") because W'(d)=Y (dy)*k and
d,1 D'. Since diyo@) = diw@y =1, Prhaslength (jdi}- 1)- 1=|d |- 2. We have di,=d, 4, =1 because

d,1 P, |edi 4 72, and Py goes from efl) | tod.
2.3 When {di, dy, ..., dy} isa multiset

When {dy, d, ..., d} is a multiset, Procedure PathsO(F, m, k, D, I) still works, provided Step 4 is
modified as follows.

Let T={d, |dj=& and r+1£j£m}. In Case 2, Y" ischanged to Y'": {dwq1, drip, ...y - T ® {Npyy,
N2y -y N - {F(d) |0, T T and r+1£jEm} so that Y " (d)=F (d)=n; for al r+1£i£Emand d? &. Instead of
executing PathsO(Y "', m-r, k- 1, {dr+q, Qrip, -..y O, {Nrs1s Drs2, ..y DY), We execute PathsO(Y ™, m+-r- [T],
K-1, {d1, Aoy ooy A= T, { Nty Nespy oo, N - {F () |djT T and r+1£j£m}), in order to construct m-r- [T|

disjoint pathsin***1 that connect { e , el , ..., el}-{ eé"()dj) |d;T Tand r+1£j£m} and {drs1, drs s, ...,
dy} - T. Additionally, we construct another [T| disjoint paths of length one that connect eF"‘()di) and d; for all

d; I T.In Case 4, the conditions for the second and third situations are changed to "If d,1 P, for some
r+1£1£m, dil {dr+1, Grizy ..., A, @nd T {dy, ds, ..., d;}" and "If dy1 P, for some r+1£1Em, dy T {dr41,
Orszy vory O, and d®T {dy, ds, ..., d}", respectively. One more situation whose condition is "If d;1 P,
for somer+1£lEmand di1 {d;+1, drso, ..., dr}" Needs to be added. The new situation constructs Py, P, ...,

P, in **10 all the same asthe first situation (i.e,, d, I P; for all r+1£i£m).

Lemma 7 is adso valid. However, the proof needs to be adapted to the changes above. First we note
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that the definitionsof F, Vi, and minimal F remain unchanged, and Lemmas 1 to 6 remain valid. In Case
1, the proof for d; not included in Py, P, ..., P, is needed only when d; 1 {d,, ds, ..., d;}. In Case 2, that
the new Y isaminimal routing function can be assured by Lemma 2. In Case 4, the proof for the newly
added situation (i.e., d;1 P, for some r+1£lEmand dy1 {ds1, dris, ..., di}) i the same as that for the first

situation. The proofs for the other three Situations remain the same.
According to the discussion above, we have the following lemma as a consequence of Lemma7.

Lemma 8. Suppose F: {dy, dy, ..., d} ® {1, 2, ..., K} isaminima routing function, where k3 2 and {d;,
dy, ..., d} isamultiset. Pathsl(F, k, k, {dy, d, ..., di}, {1, 2, ..., K}) can produce k digoint paths from s
to dy, dy, ..., d¢ so that the path to d; has length | if d, . @ =1, and length pi[+2 if d . @) =0, where s

I {dy, dy, ..., d}. Moreover, if the path to d; has length Hi|+2, then ti|=di|+1, where t; is the immediate
predecessor of d; in the path.

Lemma 8 is further illustrated with Figure 2, where a path labeled with * represents a shortest path.
According to Lemma 8, the path from sto d, has length k if |dj|=k, and at most k+1 if [d;|<k, which imposes
an upper bound of k+1 on the strong Rabin number of a k-cube. On the other hand, a lower bound of k+1
was suggested in [10, 18]. Hence the strong Rabin number of ak-cubeisequal to k+1.

2.4 Finding a minimal F

Thus far we have assumed the existence of a minimal routing function F. We now show how it can be
determined in polynomial time. Actually the problem of finding a minimal F can be reduced to the
problem of finding a maximum matching in a weighted bipartite graph. Suppose G=(U, V, E) is a
weighted bipartite graph, where U and V are two partite sets of nodes and E is the set of weighted links
(each link of Gisassigned aweight). A subset of E formsa matching in G if no two links share acommon
node. A matchingin G is maximum if its total weight is maximum. A maximum matching in G can be
found in O(JUE V|([EHUE V]loglUE V))) time (see [13]).

Suppose F: {dy, do, ..., di} ® {1, 2, ..., K} isarouting function, where {d,, d, ..., d¢} isamultiset.
Welet U={dy, dy, ..., di}, V=(1, 2, ..., k}, E={(d, j) |1£ifk and 1£j£k.}, and assign link (d;, j) a weight
(k +1)* " if di;=1, and 1 if d;;=0. We note that a maximum matching M in G contains k links and its
total weight can be expressed as a;* (k+1) +ay* (k+1)< 1+ ... +a* (k+1)+ay.1, where O£a,£k for all 1£r£k+1.
ket +1

That is, there are a, linksin M whose weights are (k +1)

with |[diFv and d; ;=1 for all 1£vEkK, and a4 links (d;, j) with d;;=0).

(or equivalently, M contains a, links (d;, j)
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A minima F with Ve=(r;- ay, r- a,, ..., k- &) can be obtained from M as follows: F(d)5 if (d, j)
T M, where r, is the number of d's with [d;|pv for 1£vEk and 1£i£k. If F is not minimal, then there exists
Ve <V for some routing function F': {dy, dy, ..., di} ® {1, 2, ..., k}, which implies another matching in G
whose total weight is greater than the total weight of M. Thisis a contradiction.

3 Digoint Pathsin the Folded Hypercube

Suppose that s, dy, dy, ..., d+1 are arbitrary k+2 distinct nodes of a k-fcube. In this section, we construct
k+1 digoint paths from sto d;, d,, ..., dk:1 in the k-fcube whose lengths do not exceed ék/2i+1, where
€k/2uis the diameter of the k-fcube. Since the construction is easy for kE3, we assume k3 4 throughout this

section.
3.1 A procedureto construct digoint paths

Since the folded hypercube is node symmetric, we assume s=0° without loss of generality. We suppose d;=
di1di;...dik for al 1£i£k+1, and let X =(1- X9)(1- Xo)...(1- x) denote the complement of a node x=xX...Xx.
The following is a procedure, named Paths2. It will be shown in Section 3.2 that Paths2(s, dy, do, ..., k1)
can produce k+1 digoint paths from sto di, d, ..., de+1 in @ k-fcube whose lengths are not greater than
&k/2u+1. We use Qy, Q,, ..., Q.1 to denote the k+1 paths, where Q, (1Ei£k+1) is the path to d;. The
intuition behind Paths2(s, dy, d,, ..., dk+1) isto construct k digoint paths in a k-cube first, as we have done
in Section 2. The k digoint paths together with some complement links producek of Qq, Q, ..., Q+1. The
other path is determined in a particular way.

Procedure Paths2(s, dy, dy, ..., dk+1).

Step 1. Determine d; so that |dif |di| for all 1£i£k+1, where 1£tEk+1. Without loss of generaity, we

assume t=k+1.
Step 2. Congtruct Qy, Q,, ..., Qk+1 according to the following five cases.
Case 1. |dk+[E&/20 2.
[* Supposethat F: {dy, d, ..., d} ® {1, 2, ..., k} isminimal. */
Construct Qy, Qo, ..., Qx in ak-cube by invoking Pathsl(F, k, k, {dy, d, ..., d}, {1, 2, ..., k}).

If dess T Q for some 1£I£k, then {
Congtruct Q+; as the subpath of Q, from s to dy.1.
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Reconstruct Q as the combination of a link (s, s), a shortest path from s to d, in a
k-cube, and alink (d, ,d,). }

If desr | @ for al 1£i£k, then
Construct Q. as the combination of a link (s, s), a shortest path from s to d,,, in a

k-cube, and alink (d, ., , Gys1).

Case 2. |01 Fék/20 1.
If kiseven, then
Construct Qy, Q,, ..., Q1 adl the same as Case 1.
If kisodd, then {
[* Supposethat F: {dy, dy, ..., d} ® {1, 2, ..., K} isminimal. */
Construct Qy, Q,, ..., Qk in a k-cube by invoking Pathsl(F, k, k, {dy, d, ..., d}, {1, 2, ...,
K}H).
If des1 T Q for some 1£I£k, then {
Construct Q+; as the subpath of Q from sto dy.s.
If di+1 isthe immediate predecessor of d, in Q,, then
Reconstruct Q as the combination of alink (s, s), a shortest path from s to
d, inak-cube, and alink (d, , d).
If di+1 is not the immediate predecessor of d, in Q, then
* Supposethat X isthe immediate predecessor of d, in Q. */
Reconstruct Q as the combination of alink (s, s), a shortest path from s to x
inak-cube, and alink (x, d). }
If dest | Q for al 1£i£k, then {
Construct Q.1 as the combination of alink (s, s) and a shortest path from s to di.s
in ak-cube.
If Q1 intersects with Qy, for some 1£h£k at anodey (* s), then {

Reconstruct Q.1 as the combination of the subpath of Q, from sto y and a
shortest path from y to dys.

/* Suppose that z is an adjacent node of dy, so that fzj=[d,|+1 and zT Q for all 1£
£k, */
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Reconstruct Q, as the combination of alink (s, s), a shortest path from s to z
inak-cube, and alink (z, dy). } }}

Case 3. |dk.+1Fek/2u
[* Supposethat F: {d;, dy, ..., d} ® {1, 2, ..., k} isminimal. Without loss of generality, assume
that {dy, dy, ..., di} is partitioned into {d;, d,, ..., d;} and {d.1, i+, ..., di} sO that for all 1£i£k,
dif {dy, dy, ..., d} if d; @) =0 and |di[Fek/24, and d 1 {da, sz, ..., d} else, where CErek.
Define a minimal routing function W {d_l, d_2 d_r drsg, -y O} ® {1, 2, ..., k} asfollows:
W(d, )=F (d;) for al 1£i£r and W(d))=F (d}) for all r+1£j£k. */
Construct Q'1, Q', ..., Q't, Qr+1, -.., Q« inak-cube by invoking Paths1(W, k, k, {d_l, d_2 o do
i1y oo, A}, {1, 2, ..., K}). /* Assumethat Q'; ends at d_I for all 1£ifr. */
Fori=1,2,...,r,{
/* Supposethat f; is the immediate predecessor of d, in Q. */
If d. =dy, for somer+1£h£k+1, then
Construct Q as the combination of the subpath of Q'; from sto f; and two links (f;, Ti)
and (f, , d).
If d, 2 dfor al r+1£j£k+1, then
Construct Q asthe combination of Q' and alink (d, , d). }
Construct Q. as the combination of alink (s, s) and a shortest path from s to dy.; in ak-cube.
If Qg1 iNtersectswith Q, for some 1£tEr at anode x (1 s), then {
[* Suppose that d_tzdm for some r+1£mEk and g is the immediate predecessor of d.,in Q.
*/
Reconstruct Q; as the combination of the subpath of Qp,from sto g and two links (g, g)
and (g, dy).
Reconstruct Q,, as the combination of the subpath of (old) Q, from s to X and a shortest

path from X 10 Oy }
If desr T Q for somer+1£1£k, then {
Reconstruct Q.+, as the subpath of Q, from sto dy..
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If kiseven, then
Reconstruct Q as the combination of alink (s, s), a shortest path from s to d_I ina
k-cube, and alink (d, , d).

If kisodd, then {
I* Supposethat y is an adjacent node of d, so that ly|=jdi[+1 and y 1 Q; for all 1£i£k. */

Reconstruct Q as the combination of alink (s, s), a shortest path from s to yina
k-cube, and alink (y, d).

If Q intersectswith Q, for some 1£vEr at anode z (1 s), then {
[* Suppose that d_V:dW for some r+1£wEk and w2 |, and p is the immediate

predecessor of d,, in Q. */
Reconstruct Q, as the combination of the subpath of Q, from sto p and two

links (p, p)and (p, d).
Reconstruct Q,, as the combination of the subpath of (old) Q, from s to z and a
shortest path from 2 10 dy. 1}

Case 4. |dk+1F&k/20+1.

[* Supposethat F: {dy, dp, ..., d} ® {1, 2, ..., K} isminimal. Without loss of generality, assume
that {d, d, ..., di} ispartitioned into {d,, d, ..., d.}, {dr+1, Orso, ..., Ao}, @d {dy+1, dus, ..., Ok}
so that for all 1£ifk, diT {dy, dy, ..., d} if d, @) =0 and [i[Fek/201, a1 {dr+1, Qszy ..., Ao} if

dir ) =0, [diF&/20, and d T {dy,dp ..., d},and di T {dusa, dus, ..., i} else, where OEr£ugk.
Initialy, let D={d_1, d_u dy+1, ..., di} and define aminimal routing function Y: D® {1, 2, ...,
K} asfollows: Y(d_j):F(dj) for al 1£j£uand Y (d,)=F (d) for al u+1l£tEk. Whenever there is a
d 1D so that u+1£I£k, dyy o, =0, [d}Fé/20 and d,T D, D and Y need to be modified as
follows. Assume that pi=p; 1pi2...Pix iS an adjacent node of d, so that p|=|d, | 1, p 1 D, and
p, | DE{dy.1}. Also assume d, =d, for some u+1£hEk and ht 1. First, swap Y (d) and Y (d) if
Py @) =0. Then, replace d, with p in D, and assign Y (p;) with Y (d;). Without loss of generality,

assumeD={d,, ..., d,, Puss, .., Pvs Os, ..., A} finally, where UEVEK. */
Construct Q'y, ..., Q'v, Q1 ---, Q in ak-cube by invoking Pathsl(Y, k, k, D, {1, 2, ..., k}).
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/* Assumethat Q| endsat d; for all 1£j£uand Q' endsat p, for all u+1EtEv. */

Construct Qx+1 as the combination of alink (s, 5) and a shortest path from S t0 dy.; in ak-cube.
Fori=1, 2, ...,r,{
[* We use f; to denote the immediate predecessor of d_I inQ.*/
If d, =d,, for some v+1£WEK, then {
If £, 1 Q1 then
Swap Q' and Qu.

I* Now f; denotes the immediate predecessor of d_I in (new) Q. */
Construct Q; as the combination of the subpath of Q'; from s to f; and two links (f;, Ti)
and (f;, d).}
If d, 2 dfor al v+1£j£k, then
Construct Q; asthe combination of Q'; and alink (d_i ,d). }
For j=r+1,r+2, ..., u,
Construct Q as the combination of Qj and alink (d; , d).
For t=u+1, u+2, ..., v,

Construct Q; asthe combination of Q'; and two links (p;, p,) and (p, , d).

Case 5. |k &/2u+2.
/* Without loss of generality, assume that {d,, d,, ..., di} is partitioned into {d;, d», ..., dy} and
{dy+1, Qus, ..., A} so that for al 1£i£k, d T {dy, dy, ..., dy} if PP &/20#2, and di T {dysa,

dy+2, ..., O} €lse, where CEU'Ek. Initidly, let D:{d_l, a dy+1, ..., O} and determine a
minimal routing function W D® {1, 2, ..., K}. Wherever there is ad_hT D so that 1£hEU’,

|d, E&k/2- 2, d, =d, for some u'+1£I£k, and (d_h’W(_ =0or d,

dy) h. w(d)

=0), D and W need to be
modified as follows. First, swap W(d, ) and W(d)) if d_mw(d_) =1. Let 0h=On1Gh2..-Onk be an
adjacent node of d, sothatg,i D, q, 1 D, and for somewi {1, 2, ..., k}- {W2) | =z12...z1 D,

Zwp=1, and RE&/2G 1}, ghw=1, d, , =0, and gni=d, , for all 1£ifk and i w. Then, replace d,

with g, in D, and determine a new minimal routing function W arbitrarily. Without loss of
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generality, assume D={qy, ..., G, ...y , ..., d, , dysy, ..., A} finally, where OEr'£u’. */
Congtruct k+1 digoint paths, denoted by Q'y, ..., Q'v, Qu+1, ..., Qs+, from sto qy, ..., Qr,
4

r'+17

a du+1, --., dis1, respectively, by the construction method of Case 4 with an initial

minimal W and destination nodes q, ..., G, d..,, ..., d,

u

du+1, ..., kst (i€, substituting W,

O s Oy Dyy s -y dy fOrF,dy, dy, ..., dy in Case 4, respectively).
¥ Assumethat Q'; endsat q; for all 1£i£r' and Q'; ends at d_J for al r'+1£jEuU’. */
Fori=1,2, ...,r',

Congtruct Q; as the combination of Q'; and two links (g, ai) and (q_i , dh).
Forj=r'+1,r'+2, ..., U, {

I* We use g to denote the immediate predecessor of d; in Q. */

If d, =d, for some u'+1£t£k, then {

If g, T Ques, then
Swap Q'j and Q..
/* Now g; denotes the immediate predecessor of d, in (new) Q. */
Construct Q as the combination of the subpath of Q';from sto g, and two links (g;,
g;)and(g;,d).}
If d, Ld, for all u'+1£vEK, then

Construct Q, as the combination of Qjand alink (d; , d). }

3.2 Correctness of Paths2(s, dy, da, ..., dk+1)

In this section, we show that Paths2(s, dy, do, ..., Gk+q) can produce k+1 digoint paths from sto d,, d,, ...,

dk+1 in ak-fcube whose lengths do not exceed ék/2u+1. We first introduce some fundamental properties.

3.2.1 Properties

Throughout this section, we suppose that F: {dy, d,, ..., d} ® {1, 2, ..., k} isaminimal routing function,

where{dy, dy, ..., d¢} isamultiset.
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Lemma 9. Suppose d, 4 ) =0, where 1£hEk. If d,, =d, for some 1£I£k and I* h, then dig g =1

Proof. Suppose conversely d,.,=0. We have d =1=d,r(, - By Lemma 3 (d.zq, =0,

L)

dig@)=0,ad dg, =1), F isnot minimal, which is a contradiction. O

Lemma 10. Suppose dr 4, =0, where 1Eh£k. If d, =d, for some 1£I£k and |1 h, then the routing
function Y: {dy, dp, ..., d} ® {1, 2, ..., k} that is defined as follows. Y (d,)=F(d), Y (d)=F (dy), and
Y (d)=F (dy for tT {1, 2, ..., K-{h, I} (i.e, swap F(d)and F(dy)) is minimal. Besides, d,y 4, =df 4,
for al 1Ei£k.

Proof. It sufficesto show dyy () =0hg g,y aNd diy 4y =dig(q,- Since dig 4, =1 by Lemma 9, we have

dpny @) = Ohe@) = d|,,:(d|) =0 =dy (dy) and d,y ) — dIF(dh) = dh,,:(dh) =1= dIF(d,)' O

Lemma 11. Suppose d,¢ ), =0, where 1EhEk. If d, ) =1 for some 1£I£k and I* h, then H|E|d,| and
dig@) =1

Proof. If [i|>ldn|, then by Lemma 5 (d,z 4, =0, dyr (g, =1,and fdh[<ld]), F is not minimel, which is a
contradiction. If dg 4, =0, then by Lemma 3 (d,z4, =0, dgy), =0, and dyr 4, =1), F is not
minimal, which is a contradiction. O
Lemma 12. Suppose that d,¢ 4, =0 and d is anode of a k-fcube with d'; ,, =1 for al 1£i£h, where

1£h£k. Then therouting function Y :{d'y, d'», ..., d'p, Oheg, ..., G} ® {1, 2, ..., k} that isdefined as follows:
Y (d')=F (d) for al 1£i£h and Y (d)=F (d)) for al h+1£j£k isminimal.
Proof. Define routing functions Y. {d'y, d'5, ..., d', Ay, ..., d} ® {1, 2, ..., K} asfollows: Y (d;)=F (d)
for all 1£i£t and Y (d;)=F (d)) for all t+1£j£k, where OEtEh. Clearly, Y .=F and Y ,=Y . It suffices to show
that for al 1£tEh, if Y., isminima, thenY;isminimal.

Suppose conversely that Y1 is minimal and W, {d'y, dp, ..., dy, Gy, ..., A} ® {1, 2, ..., k} iIsa
routing function with VW<V, Define another routing function P:{d'y, d'», ..., d'v1, d, ..., d} ® {1, 2, ...,

k} as follows: P (d')=W(d") for all 1£i£t- 1, P(d)=Wd"), and P(d)=Wd) for all t+1£j£k. Suppose V, =
(Va, Vo, ..., W) and Vy=(V'y, Vo ..., V). Then, we have ' =(vy, Vo, ..., Var1 Vig = 1o Vprs - k),

because diy (4) =0ipy =0 ad d'y o) =dip @) =1, and VRE(V'y, Vo ooy Vigas VigtL, Vigpas -5 Vi)
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for the following reason. If d,p 4, =1, then VeEVW<(V'y, Vo ooy Vigqs Vit Vs oo Vi). If

Oip gy =0, then VRE(V 1, Vi, wooy Vigpa, Vig+l, Vg, oo V).

Since Vw=(V'y, Vo, ..oy V)<(V1, Vo, ..., Vs V- L Vigpas oo vk):VYt , we have VpE(V'y, Vy, ...,
v|dt|—1’ V||dt|+1' V||dt|+]_| ey Vlk)<(vll VZ) ey V|dt|'1' (Vldt| - 1)+1| V|dt|+1’ ey Vk)=(V]_, V2, ey Vk):VYt-l . ThIS |S a
contradiction because Y ;.1 is minimal. O

Lemma 13. Suppose that d;¢ 4, =0 and d'; is anode of a k-fcube with d'; ¢ 4, =1 for all 1£iEh, where

1£hEk. If HiP ék/20and either d'=d, or d' is an adjacent node of d, with p'j|=|d, | 1 for all 1£i£h, then
each of dy, dy, ..., dy is not included internally in the k digoint paths that are produced by executing
Pathsl(Y, k k, {dy, d's, ..., dp, Ghegy .o, A}, {1, 2, ..., K}), where Y: {d'y, do, ..., d'h, Ghsg, -, i ® {1,
2, ..., K} isaminimal routing function defined as follows: Y (d'})=F (d;) for al 1£i£h and Y (d)=F (d;) for
al h+1£j£k.

Proof. Wefirst notethat Y is minimal by Lemma 12. According to Lemma 8, Paths1(Y, k, k, {d'1, d'5, ...,
dh, dhery -0y At {1, 2, ..., K}) can produce k digoint paths from sto d'y, d', ..., d'y, dheg, ..., dein @A
k-cube. For convenience, we use P'; to denote the path to d'; and P; to denote the path to d;, where 1£i£h
and h+1£j£k.

Define arouting function W, {d'y, d'», ..., d}, dher, ..., GG ® {1, 2, ..., K} asfollows: Wd;)=uif e, is
contained in P’ for all 1£i£h and W(d))=v if e, is contained in P; for al h+1£j£k. We show d'; 4 ) =
dy @, =1for al 1£i£h and d; ., =d;y o, for al h+l£jEk as follows. First, d'y ) =d'p () =1.
According to Lemma 8, P'; has length {';|, which means that P'; is a shortest path from sto d';. Hence
d' e, =1. Similarly, if d;, ,=1,then d; ,, =1. Ontheother hand, if d;, , , =0, then d;,,, , =0,
for otherwise (d;, (¢, =0 and d;,y4, =1) Vw<Vy, whichisacontradiction because Y isminimal.

Define another routing function P: {d;, d,, ..., di} ® {1, 2, ..., k} asfollows: P(d)=Wd;) for all
1£i£ h and P(d)=Wd) for al h+1£j£k. P is minimal because d,p 4, =d,gq , for al 1EwEk, as

explained below. Since d',,, =1 and either d'=d; or d' is an adjacent node of d, with pi|=[d; | 1,
we have dp ) =dyae) =0=dgy, for al 1£iEh. On the other hand, we have
dip o) =jwa) =iy @) = djp(q, foral h+ifjek.

It istimeto show that d, ds, ..., dy are not included internally in P'4, ..., Py, Phs, ..., Pk. Since P has
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length [d'j[Eé&k/20and [, é/2ufor al 1£i£h, dy, dy, ..., dy are not included internaly in P'y, ..., P'y. On the
other hand, suppose that d; isincluded internaly in P,, where 1£r£h and h+1£I£k. That is, d, is contained
in the subpath of P, that goes from sto t;, where t; is the immediate predecessor of d,in P,. By Lemma 8,

the subpath is shortest, and hence d, 4, =1. If d;g (4, =0, then by Lemma 3 (d, 5 4, =0, =0,
dip ) =Dwe) =y @) =dr@) =0, ad d gy =d ey =1), P is not minima, which is a
contradiction. If d,z4, =1, then Lemma 8 implies |d|<|d|. By Lemma 5 (d ;) =0d,fq4)=0,
dip gy =0 wa,) =1, and gl<ld]), P is not minimal, which is again a contradiction. Hence d, dy, ..., dh
arenot included internally in Pp.1, Pheo, ..., Pk. O
Lemma 14. Suppose that d, 4 y =0 and d. is an arbitrary node of ak-fcube, where 1£h£k. If d 1{d,
dp, ..., d¢ and |oh|=é/20 then there is an adjacent node x of d, so that [X|=|d, |1, X4, =1 or
X =1 xT {di da, ..., d, and xT{dy, dy, ..., e} E{dsr} .

Proof. Let gy, Oy ..., gz b€ the &/20 adjacent nodes of d,, with fy|=|d, |1 for all 1£j£&/20, where

0= 010} 2---Ojx- We have ;¢ 4, =1 Or A4 @ =1 for al 1£j£&k/20, as explained below. Suppose d_h=d|

for some 1£l£k and I* h. We have d,¢ 4, =1 by Lemma 9. Since d_hF(d) =1 and dh,m) =dirqy =1,

wehave g;r g, =1 or g;z 4, =1, because g and d_h are adjacent with |q,-|:|d_h | 1.

Without loss of generality, we assume dy ) =dyr (g, = - =Opea,,y) =1 ad dieq, . )=
Onr (e =+ = Onp oy =0. We show {dy, dy, .., dgippys Gy Ay }C{ Gor ooy Ggorogs Gy s Ap s oo
acr2g } €MPLy by showing d 4, =11 0= o, [iI<la; |, and gl<|d, [Eldhl<|q; | for all 1£i£ds/2uand

1£j£8/20 as follows. We have [dilEjdn| and d;f 4, =1 by Lemma 11. Since d, =0, we have

h.F (d)
O @) =0, because g and d, are adjacent with |gj|=|d, | 1. Since phFék/20y [d, [F&/20, fy|=ek/20 1,
and|q; Fé/201, we have [dEldhI<|a; | and fqi<|d, Efdhi<|q) |

Moreover, we show {dy, d, } | { dazpr s Aaopos --or Gk} a@s follows. Since d,g 4, =0 and
dr g, =1 for all 1£i£8/20 we have hT {1, 2, ..., &/20}. Hence, dnT { dy oy, Agoiopz -~ G- Onthe

other hand, since d, . =0t 1=d, for al 1£i£&/20 we have d, T {dy, da ..., dy,p,}, Which

hF ()
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means d,, T { dg s Qgesozs -+ G-

According to the discussion above, x can be determined as g T {1, G, ..., Gy 5}, Provided g, 1 {d;,
dy, ..., dh} and q, T {ch, d, ..., Ok, Ghas}. Since {d, o, ..., Agpyr G On YC{ G Gy -ovs Guerogs G
Oy ey Oy} IS empty and {dn, dy } T { Ay s geropzs --r kb, it suffices to show oy T { dygypps s
Ayesoprzs o Od-{0h, dy 3 and d, T { dy oy Aaqsopzs -or G Gea}-{Ch, d, } for some IEWES/20 We
observethat 1, Uz, -+, Gyapr Gr s g s s Ogrog A€l distinct and [{ digppas Ageropea s -+ G Oksat = { Oy
d, } |F&¢20- 1. Hence, there exists {Gw, 0, 3T {{an @ }.{0x @5 }, -y { Gy Guerzg}} SO that Gy T
{ dgeroprr Aigopeas s A -{0h, i} and q, T { dyppas Qgerogezs o Gk Gatd = {0, 3 O
Lemma 15. Suppose dy¢ 4, =0, where 1IEh£k. If b |Fek/20 2, then there is an adjacent node x of dy so
that k|=dn/+1, X T {dy, dy, ..., d}, xT {dy, da, ..., d, and x,=1 for some w1 {1, 2, ..., }-{F (@ |=
2125... 21 {dy, O, ..., Ak}, Z ) =1, and [ZE&/20 1} .
Proof. We use H to denote the set {F (2) |zT {dy, da, ..., d}, Z ,, =1, and E&/20 1} . Without loss of

generality, assume H={ F(dj), F(d,), ..., F(dw)} and {1, 2, ..., K}- H={ty, t5, ..., ti.u}. Then we have
dy, =0 for all IEjEk- |H|, as explained below. Suppose conversely d,, =1 for some II£k- |H|. We

further assume t,=F (d,), where |H|+1£r£k. Since F(d,) | H, either |d,p&k/20-1 or [d;[E&k/20-1 and
d,; o, =0 holds If [d[>&/20 1, then by Lemma 5 (dys o, =0, dys g, =0y, =1, ad |dyF&d20- 2<

&/20 1<|d:[) F is not minimal, which is a contradiction. Otherwise (|d:[E&/20+ 1 and d,( 4, =0), if r=h,
then dg 4y =0yf ) =dyn, =1, which contradictsto dg 4, =0.If rth, then by Lemma3 (d,¢ 4, =0,
dig @) =0,and dyg 4, =d,, =1) F isnot minimal, which is again a contradiction.

Define d,"” =th0hz... dy 4 1dy, ., ...Chi for al 1£jek-H| (we have shown d,, =0 for all
1£j£k- H| above). Weshow d T {dy, dy, ..., d} asfollows. Suppose conversely d =d, for some
1£vEK- H| and 1£ufk. We have d,r 4, =0 for the following reason. If d,; ., =1, then F(dy,) TH
because f,[=ldn[+1= &/20+ 1. Since t, I H, we have F(d,)t,. Hence d, 4, =d,r 4, =1. By Lemma5

(dig @,y =0, dygq,y) = 1 and fdn[<ldu), F isnot minimal, which is a contradiction.
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We further assume t,=F (d,), where H[+1£qg£k. Since F(d,) | H, either pH,>&/20 1 or HylEe/20 1
and dq¢ ) =0 holds. If |dy>&/20 1, then by Lemma 5 (d ) =0, dyp (o) =0, =dyi’ =1, and H,|=
loh+1=8/2C+ 1<|dy|) F is not minimal, which is a contradiction. Otherwise (Jdyl£&/20 1 and d, () = 0),
if g=u, then dyr (g, = dup (o) = duy, =d\y =1, which contradictsto d, 4, =0. If g*u, then by Lemma
3(dyp(a,) =0, dge o, =0,and dp o, =d,, =d; =1) F isnot minimal, which is again a contradiction.

Hence we have d\"1 {dy, d,, ..., d} for al 1£j£k- H].

since |d [=dhtL, d =1, and dT {dy, p, ..., di} for al 1£jgk- |H|, x can be determined as

d@T {d®, d®, ..., d*"} provided d (=) T {dy, dp, ..., ch}. We have d " T {dn, dy, da, ..., dp}
for all 1£j£k- JH|, because |d ") |év/2iw 158020 2=(dy| and |d ) [rék/2in 1820 12 [d] for all 1£IEH.
Hence we only need to show that there exists drﬁ—”l {dy, dy, ..., d}-{dh, dy, dy, ..., d} for some 1£af
k-H|. Since d,;, =0 and d 4, =1 for all £iEH|, wehave hT {1, 2, ..., H}. Hence, dy T {dppa,
ez ..., Ok}, which means [{dy, dp, ..., did-{ch, i, o ..., dp|zk- HF 1. Since d(®, d =), ..,

d """ areall distinct, there exists d"*’ T {dy, dy, ..., dh}- {h, 0y, Oy, ..., dy} for some 1£afk- H|. O

Recall that we obtained a set D={qy, ..., G, d,..;, ..., dy, Oy, ..., G} in Case 5 of Paths2(s, dj,
d, ..., dks) (refer to the paragraph enclosed with /* and */ at the beginning of Case 5), where OEr'Eu'£k.

Suppose G D® {1, 2, ..., K} isaminimal routing function. The following lemma shows ¢ ¢4, =1 for

al 1Eifr'.

Lemma 16. Suppose that D={q_, ..., G, E I dy+1s ..., A} resultsfinally in Case 5 of Paths2(s,
dy, dp, ..., dsr) and G D® {1, 2, ..., k} isaminimal routing function, where OEr'£u'£k. Then g 5, =1
for all 1Ei£r'.

Proof. Recall that in Case 5 of Paths2(s, dh, 0y, ..., ks1), welet D={d,, ..., d, , dysy, ..., d} initially,
then modify D iteratively, and obtain D={qy, ..., ¢, d..., ..., d, , Ays1, ..., d finally. In each iteration,
d_h in D was replaced with g, for some 1£h£r’, and a new minimal routing function W was determined.

Without loss of generality, we assume D={qy, ..., G, O,y ..., dy, Gy, ..., d @ the end of the tth
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iteration, and we use W: {Qy, ..., G yy s ooy g, Dy, <oy A3 ® {1, 2, ..., K} to denote the Wobtained in
the tth iteration, where OEtEr" and W, denotes the initial W. Clearly, V,, =Ve. Suppose Vy, =(Vi, Vz, ..., Vi)
and Ve=(V, v, ..., V7). We show below that if v{ =v. for all ECE&/20 3, Vg, , Va2~ I', and
V251 =Vezo 1, then Ui (q) =1 foral 1£ifr".

Define arouting function P: {d,, ..., d,, Oy, ..., d} ® {1, 2, ..., k} asfollows: P(d, )=Gq;) for
al 1£ifr', P(d;)=G(d, ) for al r'+1£j£u, and P(d,)=G(d,) for all u'+1£pEk. Suppose Ve=(V; , Vj , ...,
V). We have V7 =vE for all 1£c£&/2(- 3, because |d, |F&/20- 2, fojF&k/20-1 for al 1£ifr', and
Xp = X fOr al xi {do, e, Oy, Ousa, -, G} Moreover, we have Vi, ,=VS 5, ,+a ad Vi, =
Vg2~ b, Where Ofa=[{d, | d, , o =0 and 1£i£r'}[er and 0Eb= |{qi| ¢ oq) =0 and HEier}[er. If
Vg =V for all 1ECEE20r 3, Vg 50 , Vavaa 2 ', and VS 501 =Vagae 1, then Vi =v, for all 1£cE&/20 3,
Vi/2g 2 Vagzn - '+a, and Vg, 1 =Vagzn - b. Since Wh is minimal, either Vigag 2< Vi, 55 2 OF Vavan 2= Vi 24 2
and v-ek,zal’av;(,z&l holds, which implies a=r' and b=0. Hence we have G =1 for all IEifr', as a
consequence of b=0.

In the rest of the proof, we show v° =v, for all 1£Ec£&k/20 3, Ve ag 2 =Vewzo 2= Iy @d Vg e s =Vearzi 1-
Suppose Vi, =(V;, Vy, ..., V), where I£ifr'. We have Vi, =(V7, V5, ..., V)=(V1, V2, ..., W), and V,, =
(Vi) Vy e V)=(V2, V5 e, V)= Ve It suffices to show that if v, *=v for all 1EcCE&I/20 3, Vi), ,=
Vazo - (t- 1), and Vii,0; =Vagae 1, then v, =v, for all ECES/20 3, Vi p0 , =Vazo 2~ t, and Vi 501 TVaoao 1,
where 1£t£r'. Suppose V:i'=v, for al 1E£c£&k/20 3, Viiog 2 Vavan - (- 1), and Vgj,.; =Vagae1. The
execution of thetth iteration is considered below.

We have D={q, ..., G1, d,, ..., d,, dys1, ..., d} at the beginning, and |d, F&k/20 2, d, =d, for

someu'+1£I£k, and d, =1, then swap W.,(d, ) and W 4(d}) (hence,

tw, 4 (dp) t W4 (g

=0ord ):O.Ifd_

t Wi 1(d_1)

we have d. =0, eventualy). Since d_t:dh the resulting W.; remains minimal. There exists an

t, Wl—l(d_1)
adjacent node ¢ of d, sothat . D, g1 D, and for some wi {1, 2, ..., k- {Wu(2) |21 D, 2, ., =1,

and [ZIE&/20 1}, qrw=1, d, , =0, and q,=d,, for all 1£ifk and i*w (hence, foi|=|d, [+1), according to
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Lemma 15 (substituting W1, d, , and q; for F, dy, and x, respectively).

Suppose W=W.;(g), where g=g:9>...9c 1 {Gs, -.., Ge1, d,, ..., d,, dysa, ..., di}. Define a routing

function Y: {Qy, ..., G, diy s ooy Ay, Oyag, -, A ® {1, 2, ..., k} asfollows: Y (g)=wand Y (y)=W. 1(y)

u

for all y1 {0, ooy Gy Qg s ovos Gy Gty ey G} i WES(T )=WE1(Q), and Y () =w, Y (@)= W o( ), and
Y)W for al yT{an ... Gea degy ooor Gy Gony oy did-{g} if Wea(d, )* Wes(g). Suppose
Vy=(V , V3 , ..., Vi ). We show V] =v, for all 1EcE&20 3, v}, ,=Vavan 2 t, ad V501 =Vagon1 &S
follows.

If W.1(d, )=W.1(g), then we have v/ =Vi' for all 1£cE&/20+ 3, because |d, |=&/20- 2 and
lowF&/20- 1. Moreover, we have Vy,, = Vigiogo-1 and Vi, 0 = Vg1, because gy @ = Gw=1and

dt’ Wi 1(d_1)

=0. On the other hand, if W.1(d, )*W.4(g), then g1 {0, ..., G1, Ay s ooy Dy Dusas ..., G}
Since W.1(g)=w, either g[>&/20+1 or pE&/2G1 and gy, ) =0 holds. When |gp&i/2G 1, we have
vy =vg ' for al 1EcE &I20r 3, Vi 50, = Vigingo - 1, and V5,00 = Vigloy o, Similarly. When plE&/20 1 and

Ow,@ =0, we have vi =v;* for al 1E£cEEK/20-3, Vi 51, = Viiago - 1 @ V01 = Vilpg 1, Provided

O (9 = Yw_ (o) - INWhat follows, we show g, ;) =y, () -

For convenience, we usefy, ..., fiq, f, ..., fu, fysa, ..., fctorepresent qy, ..., Geq, d,, ..., d,,
dy+1s ..., Ok, respectively, where f=fr1f i 2...fmk for al 1EmEk. We assume W. 1(9)=W. 1(fr,), where 1£hEk
and htt (note that W. 1(g)=W. 1(f;,) assures g=fy,, but, g=f;, does not imply W_1(g)=W.4(f) because {f,

far ..., fi} is a multiset). Since fy\, (1) =0Ow (1) =Ow (o =0 and f =0, we have

o = 9w @

fow, 1y =0, for otherwise W.; is not minimal by Lemma 3 ( f,, ,=0, f =0, and

1(fh) W (F)

fow 1y =1), which is a contradiction. Hence, g, = Do @) = fhw.l(d_t) = fow ) =0= 0w (o) -
Consequently, we have V. =v, for all 1£EcE&k/20+ 3, Vi 25 2 Vadzn - T ad Vi o0 1 Vago 1.

It is time to show V. =v, for all 1£cE&/20 3, Vi 25 2 Vavzn - T, @d Vi 501 =Vazo 1. Define a routing
function Q: {d,, d,, ..., d,, dysz, ..., A} ® {1, 2, ..., K} as follows Q(d, )=W(q) for all IEift,
Q(d; )= W(d,) for all t+1£j£u, and Q(dy)=W(dy) for all u+1EpEk. Suppose Vg=(v7, V5, ..., VQ).

Since |d_i |- &/20-2 and |gF&k/2G-1 for al 1£ift, we have v? = V. for al 1£cE&k/20+3,
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V3262 = Visagz Hi» @0 V3,501 = Viope-d Where j = [{d; | d =0 and 1£ift}| and d=|{q |

hQ(dy)
i, (q) =0 and 1£i£t} | 1f Vi=vy, Vi=vo, .o, Vi =V, VE<v, for some 1E£hE&/20- 3, then Vo<V, ,
which is a contradiction because W is minimal. On the other hand, if v;=vi, V;=Vy, ..., V|.;=Vi.1, V| >V
for some 1£1£6k/20- 3, thenwe have vi=V, , V;=V, , ..., Vi, =V, v/ >V , whichimplies \, <V,, . This

is al'so a contradiction because W is minimal. Hence we have v =v; for all 1Ec£&k/20+ 3.

Similarly, if Vi ,00 <Vyago -t then Vg o, = Vi oo +i < (Vg2 = 1) +i £ Vypg,, Which implies
Vo <V, » a contradiction, because Ve =v.=v, for al 1ECE&20 3. If Vi, , >Vaaa 2~ t, then Vi, ,=
V20 o t<V;k,2&2 , which implies V, <V,, , acontradiction, because V! =v.=V. for all 1£c£&/2( 3. Hence
we have Vi 5. » =Vean 2~ .

Finaly, if vy, .1 <Vaszo1, then Vg, .1 = Vi p01-0<Vagaa 1. SINCE V50 5 = Vig o0 2 H = Vewzo 2~ 4
we have j =t because W is minimal. Then, Vguzaz = v;,<,2&2+j =Vagon 2~ 1+ =Vagon 2. Since VS = vé =V
for all EcE&/20- 3, we have Vo<V, , a contradiction. If vy, 1>Vagas1, then Vi .1 = Vages 15 Vi ag1s
which implies V,, <V,, , a contradiction, because V., = Vasao - t = Vi 55, ad V, =Vc= v, for all
1£cE£&K/20- 3. Hence we have V.1 = Vezo 1- O

The following lemmawill be proved in Section 3.2.2.

Lemma 17. Suppose that s, di, dy, ..., dksy are k+2 distinct nodes of a k-fcube. Procedure Paths2(s, dj,
d, ..., dks1) can produce k+1 digoint paths from sto d,, d,, ..., dk+1 in the k-fcube whose lengths do not
exceed ék/20+1.

3.2.2 The proof of Lemma 17

There are two steps, i.e., Step 1 and Step 2, in Paths2(s, d;, ds, ..., dk+1). Step 1 is easy and no further
explanation is needed. Step 2 constructs k+1 digoint paths, denoted by Qy, Q, ..., Qx+1, according to five
cases. In the rest of this section, we show that Qq, Qo, ..., Qk+ are digoint and have maximal length not
greater than &k/20+1.

3.2.21Casel: |dk+1|£ék/2l} 2
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Qu Qy ..., Q¢ werefirst obtained by executing Pathsl(F, k, k, {dy, d, ..., d}, {1, 2, ..., k}). Lemma 8
assures their digoint property. Besides, since [d; [E|dk+1 [EE/20- 2 for all 1£i£k as a consequence of Step 1,
each Q has length at most fI;[+2£&k/20 Then Q.1 was constructed and Q was changed, depending on
whether dy.1 T Q for some 1£1£K or not.

When di;1 1 Q, Qi was constructed as the subpath of Q from s to d;, and then Q was

reconstructed as the combination of alink (s, s), ashortest path from s to d, inak-cube, and alink (d, ,
d). Qx+ haslength at most &k/204- 1, and (new) Q, has length (k- |d_I )+2E£&/20 Q. isdigoint with Q, ...,
Q.1 Q41 ..., Q. Supposethat a isanodein Qy, ..., Q-1, Qu1, ..., Quaand bl {s, d} isanodein (new)
Q. (New) Q is digoint with Qq, ..., Q.1, Q+1, ..., Qs+, provided alb. We have alb because
laEldkcal+1£6K/20 1<|d, [Ep

When d.1 | Q for all 1£i£k, Qe Was constructed as the combination of alink (s, s), a shortest path
from s to d,, inak-cube, and alink (d,,, , d1). Qess haslength (k- |d,,, )+2£&/20 Supposethat gis a
nodein Qy, Q,, ..., Qcand h {s, des1} isanodein Q1. Qe isdigoint with Qq, Q, ..., Q¢ because e
o1 F1EE/20 1<[d, , [E].

3.2.2.2 Case 2 |y |=6k/20r 1

Q1, Qy, ..., Qk+1 Were obtained, depending on whether k is even or odd. If kiseven, then Qq, Q», ..., Qu+1
were constructed all the same as in Case 1. Similarly, they are digoint to each other, and their maximal
length is at most|dy.,|[+2=&k/2t+1. If kis odd, then Qy, Q, ..., Qx were obtained by executing Paths1(F, k,
k, {dy, do, ..., A}, {1, 2, ..., K}). By Lemma 8, they are digoint to each other, and their maximal length is
a most gy [+2=6ék/20+1. Q.1 was constructed, depending on whether dy.; T Q for some 1£1£k or not.

When dis1 1 Q, Quir Was constructed as a subpath of Q from s to di.1. Qs has length at most /20
and isdigoint with Qq, ..., Q. 1, Q+1, ..., Q. Then Q needs to be changed, depending on whether dy.; is
the immediate predecessor of d, in Q or not. If di.; is the immediate predecessor of d, in Q, then Q was
reconstructed as the combination of alink (s, s), ashortest path from s to d, inak-cube, and alink (d, ,

d). Since d, and dy., are adjacent and P |E |dk+1|, we have [d|=|dk-1 | 1=€k/20+ 2. Hence, (new) Q has length
(k- |d_I [+2=&k/2u Definea and b all the same asin Section 3.2.2.1. (New) Q isdisjoint with Qy, ..., Q_1,

Qi1 ..., Qs because ja[E[d +1=ék/20<ek/20+2=]d, [Elb].
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On the other hand, if dy.; is not the immediate predecessor of d, in Q, then Q was reconstructed as
the combination of alink (s, s), a shortest path from s to x in a k-cube, and alink (x, d)), where x is the
immediate predecessor of d, in (old) Q.. (New) Q has length é&/20++1, as explained below. Since dy,11 (old)
Q, (old) Q has length at least fy.+1|+2=k/2u+1. Also, (old) Q haslength at most i [+2£|dx+1|+2=k/20+1
by Lemma 8. Hence, (old) Q has length exactly é/20+1. Again, by Lemma 8, [ |Eé&k/20 1 and |=[d,|+1=
&k/2u The length of (new) Q is equal to (k- [x|)+2=&/2u+1. Suppose that a has the same meaning as in
Section 3.2.2.1 andt | {s, x, d} isanodein (new) Q. Clearly, we have at x. Since R E [d.1|[+1=€k/20=[x|<
t|, we havealt. Hence (new) Q isdigoint with Qy, ..., Q. 1, Q1 ..., Qkst-

When di.q T Q for all 1£i£k, Q.1 Was constructed as the combination of alink (s, s) and a shortest
path from s to dy.; in a k-cube, which has length (k- [ds1[)+1=é/20+1. In case Qy.1 intersects with Q, for
some 1£h£k, they need to be changed as follows. Q.; was reconstructed as the combination of the
subpath of Q, from sto y and a shortest path from y to dy.;, Where y (* S) is the intersection of (old) Qy+1
and Q.. Q, was reconstructed as the combination of alink (s, s), a shortest path from s to z in a k-cube,
and alink (z, dy), where z is an adjacent node of d, so that f|=|dn|+1 and z1 (old) Q for al 1£i£k. In the
following, we show the existence of z.

We first show H,[Fék/20 1 as follows. Since y1 (old) Qn, we have YIE|d|[+1£ |des1[+1. Further, we
have y! dy;; because d.; I (old) Q. On the other hand, since y1 (old) Q1 and the subpath of (old) Q.1
from s to dy.; is shortest, we have P |dy.1|+1. Consequently, we have |=ld.1|+1, and hence i |=|dys1]=
ek/2t+ 1. Supposethat q's, 1£tEk- |dn[+1, are the k- |dy|+1 distinct adjacent nodes of d, in a k-fcube with
[o:|=ldh|+1 (one of g;'sis d_h ). Anode g, | (old) Q for all 1£i£k can serve as z, where 1£WEk- [dy|[+1. Since
ldv [ [d+1|=1dn|<Ichh [+ 1=k |, each (old) Q, with d,¢ 4, =0 contains a most one ¢, where 1EvEk. On the
other hand, as explained below, each (old) Q, with d, (4, =1 does not contain any ¢, where IEufk.
Since ly|=ldn[+1, we have d, 4, =0 as a consequence of Lemma 8. Lemma 11 assures |d,|£|dn| and
dye @y =1. By Lemma, (old) Q, is shortest with length f,|. Since |dy [ [dn |<fdn|+1=|, (old) Q. does not
contain ¢ Since there are only k- fdn| (old) Q/swith d,¢ 4, =0, aqy asrequired can be found.

Sincey is adjacent to dy+; and y* dy, (new) Q.1 has length at most 1+(|d, [+1)=ek/2t+1. (New) Q, has
length (k- [z])+2=&k/20+1. (New) Qs isdigoint with Qq, Qy, ..., Qn-1, Qh+1, ..., Qk- Supposethat | isa
nodein Qy, ..., Qn-1, ety -y Qu, (NEW) Qir andr 1 {s, z dy} isanodein (new) Q.. (New) Q, isdisjoint
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with Qy, Qo, ..., Qn.1, Qs ---, Qk, (NewW) Q1 because zisnot contained in Qq, Qy, ..., Qn 1, Qnsty --+r Qi
(new) Qs and | [Efdk 1+ 1=ek/20=[Z|<f |

3.2.2.3 Case 3: |di+1[Fék/20

Q1 Qa ..., Q1 Quuy, ..., Q Were first obtained by executing Pathsi(W, k, k, {d,, d,, ..., d. , dy, ...,
dd, {1, 2, ..., K}), where Q' ends a d. for all I£ifr. That Wis minimal was assured by Lemma 12
(substituting r, d_I , and Wfor h, d';, and Y, respectively). By Lemma 8, Q'1, Q', ..., Q', Q41 ..., Q¢ are

digioint to each other. Besides, each Q| is shortest with length |d; F&k/20 because d, |, =d, . ., =1.

For all r+1£j£k, if OlE&/20- 1, then Q; has length at most fj|[+2£&k/20+1. If H;Fék/2u, then djwa) =1
(by our assumption), which implies by Lemma 8 that Q; is shortest with length |dj|=é&/2u We note
(GHE Il /20

For all 1£i£r, Q was constructed as the combination of the subpath of Q'; from sto f; and two links (f;,

f)and (f ,d)if d =d, for some r+1£h£k+1, and the combination of Q' and alink (d, , d;) else (refer

to Figure 3), where f; is the immediate predecessor of d_I in Q. Q haslength &/20+1. Q,, Q,, ..., Q are

digoint to each other, provided that Q, isdigoint with Q.1, Qr+2, ..., Qv and Qy, Q, ..., Q; are digoint to
each other. We first show that Q; is digoint with Q.1, Qr4p, ..., Qk. It suffices to show that d; is not

contained internaly in Qi+, Q2 ..., Q¢ ad T, is not contained in Qi+, Q42 ..., Q. The former is
assured by Lemma 13 (substituting r, d_I , and Wfor h, d';, and Y, respectively). The latter can be shown
as follows. Suppose that a isanode in Qj;, where r+1£j£k. When [;|=&k/20, we have |a|Eék/20 because Q;
is shortest with length é/20 When [0 JE&/20+ 1, we have R [£|d;+1£&/20 Since | f, k- (|d, | 1)=&/20+1>

la], f; isnot containedin Qu.1, Qrsz, .., Qx.

We then show that Q,, Q, ..., Q are digoint to each other. It suffices to show that Tl f_2 v £
areall distinct, { f,, f,,..., f. }C{dy, dp, ..., d} isempty, andeach of f,, f,, ..., f ,dy, Oy ..., dkis
not contained in Q1, Q5 ..., Q,. Clearly, f,, f,, ..., f are al distinct. Since |, Fé&/2+1 and

ldiEé/20 for all 1£ifr, we have{ f,, f,, ..., f, }C{dy, dy, ..., d} empty. Besides, each of f,, f,, ...,

f, isnot contained in Q'3, Q'y, ..., Q' because Q'y, Q'y, ..., Q' are al shortest with length &/20 Since

Lemma 13 assures that each of d4, d,, ..., d; isnot contained internally in Q'y, Q'», ..., Q';, we only need to
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show {dy, d, ..., d:} C{ d_1 d_2 d_r} empty. Suppose conversely di:d_i, where 1£i£r, 1£j£r, and it].

It follows by Lemma3 (d; 4, =0, dj(q)=0,and dig o, =d =1) that F is not minimal, which is

J'F (d))
a contradiction.

Q«+1 Was constructed as the combination of alink (s, 5) and a shortest path from s to dy.y in ak-cube
whose length is (k- |dg+1[)+1£E/20H1. Q.1 iS NOt necessarily digoint with Qy, Q,, ..., Q. As stated below,
there are two situations in which some of Qy, Q,, ..., Q1 need to be changed, in order to satisfy the
digoint property. The two situations have to be treated sequentialy.

Thefirst situation isthat Q.1 intersectswith Q, for some 1£t£r at anode x (1 s). Q; and Q,,, need to be

changed as follows: Q; was reconstructed as the combination of the subpath of Q. from sto g and two

links (g, a) and (a , dy), and Qp, was reconstructed as the combination of the subpath of (old) Q; from sto
X and a shortest path from X to dn, Where d_t =d,, for some r+1£mgEk and g is the immediate predecessor
of dmin (old) Qn That x (=f,) iscontained in (old) Q, and d, surely exists is explained below.

According to the construction of (old) Q;, we have xt k., and f;1 (old) Q.. Besides, |><|£ék/2t1+1:|Tt [ if
d_t:dh for some r+1£h£k+1, and kE&/20 else. On the other hand, since x T Qc.1, we have kP [di:a|+1=
é&/20+1. Hence Kk|=&/20+1, which impliesthat x= f, (hence x=f,) and x is the immediate predecessor of
sz in Q. Since f, =x1 (old) Q,, we have d, =d,. We have d, * dy.;, for otherwise (d, =d+;) both f,
and f; are adjacent to dy.1, which isimpossible because k3 4. Hence d_t =d,, for some r+1£meEk.

Since x=f, and dy=d, , (new) Qy,isidentical with Q'.. Hence (new) Qs shortest with length &/20.

(New) @ has length greater by one than that of (old) Q.. (Old) Q. is shortest with length &/20, as
explained below. By Lemma 9 (substituting d; and dr, for dy and dj, respectively), we have d, ¢ 4 , =1.

Hence, d,ww ) = dme o) =1 and by Lemma 8 (old) Qn is shortest with length fin|=8</20. Besides, p|=

[} 1=6k/20- 1. That Qq, ..., Qu 1, (new) Q;, Qu1y --.y Qm 1, (NEW) Qny, Qmie1, ..., Q ae digoint to each
other is mainly due to the construction method. More reasons are supplemented as follows. (New) Qn,is

digoint with Qy, ..., Q.1, Q1 -+-y Qm 1 Qmers -.-» Qk, 8S a consequence of (new) Q,, identical with Q';.
Since (old) Qnisdigoint with Q'y, Q'5, ..., Q', we have g f; (hence 51 Ti) for all 1Eifr. (New) Q is

digoint with Qy, ..., Q.1, Qu1, «--y Qm-1, Qm+1, -.., Q«, @ a consequence of 51 T, and |§ [=ék/20+1>a .



(New) Q and (new) Q, are disjoint because gi (new) Q.

Qus1 is digoint with Q, ..., Q. 1, (new) Q;, Quy, ..., Q:, as explained below. Suppose that b 1 {s, X,
d+1} isanodein Qg and gisanodein Qy, ..., Q.1 (new) Q;, Qu1, ..., Q. The construction method
assures p|>x[Fék/2u+1 (recall that x is the immediate predecessor of dg.1 in Qx+1) and plE&/20+1. Hence

we have bt g. The construction method also assures that x and dy., are not contained in Q4, ..., Q. 1, (new)

Q Qua, ., Q (recall x=1, 1 g).

To sum up, Q1, Qo, ..., Q that we obtained with the first situation taken into consideration are digoint
to each other. Besides, Q.1 is digoint with Q,, Q,, ..., Q.. It should be noted that Q.; intersects with at
most one of (old) Q,, (old) Q,, ..., (old) Q. If Q1 intersects with another (old) Q,, (1EWEr and wit) at a
nodex (I {s, x}), in addition to (old) Q,, then we have X' |=&/2t+1=[x|. Since both x and X' are contained in
Qk+1, We have x=x', which is a contradiction.

The second situation is that Qg+, intersects with Q for some r+1£I£k. Since |alE&/20=|dy+1|, the
intersection of Q.1 and Q must be dy.;. Q«+1 Was reconstructed as the subpath of Q, from sto dy.; whose
length is a most é&k/2u (New) Q. is digoint with Qi, Qo ..., Q.1, Q41 ..., Q. Q needs to be

reconstructed, depending on whether k is even or odd. If kis even, then Q was reconstructed as the
combination of alink (s, s), a shortest path from s to d, in a k-cube, and a link (d, , ), which has
length (k- |d_I [)+2=[d [+2. We have [ [E&k/2(+ 1, as explained below. It was shown that (old) Q has length

a most é&/20+1. Also, (old) Q has length at least [d.1[+1=ék/20+1 because di.11 (old) Q. Hence (old) Q
has length exactly é&/2u+1. Since |di[E€/20, we have [di|=ék/20+ 1 as a consequence of Lemma 8.
(New) Q is digoint with Qy, ..., Q.1, Q41 ..., Q« (new) Qx+1, as explained below. Suppose that h

i {s d, ,d}isanodein (new) Q andt isanodein Qi, Q, ..., Q. We have h|>|d, |z&k/20+1=ék/20+1.
According to the construction method, we have | Eé/2c+1 if t 1 {Tl, f_2 ?r 6}, and | kék/20+1
else. Besides, we have d| i {fy, fo, ..., fr, g} (equivalently, d, 1 { f,, f,,.... f,, g}). Hence (new) Q, is

digoint with Qy, Q,, ..., Q. Since h[E&/20, (new) Q isdigoint with Q.+, ..., Q. 1, (0ld) Q, Qi+1,..., Qx,
which also implies that (new) Q and (new) Q.+, are digoint.

If k is odd, then Q was reconstructed as the combination of alink (s, s), a shortest path from s to y
in a k-cube, and a link (y, d,), where y is an adjacent node of d, so that y/|=|d/|+1 and y1 (old) Q for all
1fifk. We have [d|=&/2%-1 similarly. (New) Q has length (k- ly[)+2=&k/2u+1. Suppose that q.'s,
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1£cEk- |di|+1, are k- [d|[+1 distinct adjacent nodes of d, in a k-fcube with p|=|d/|+1 (one of g.'sis d_,). In
the following, we show the existence of y by showing the existence of a g, | (old) Q for all 1£i£k, where
1EWEK- [di[+1.

We first show that each (old) Q, with d,. ) = 1 does not contain any q., where 1£u£k. Since Ay 1
(old) Q and [d+1|=ldi [+1, we have d, ., =0 by Lemma8. By Lemmal1l (d,¢ 4y =d e, = 0), we have
ldufEldi| and dg (4, =1. By our assumption, we have r+1£uEk, and hence d, ) =dyr @) =1. By
Lemma 8, (old) Q, is shortest with length |dy|. Since [d,[E|d; |<|di [+1=]q|, (old) Q, does not contain g.. Then
we show that each (old) Q, with d, 4, =0 contains a most one g, where 1£VEK. It suffices to show that
each (old) Q, with d, ,, =0 contains a most one node, say r, with | [Fék/2u=|qc|. When IEVEr, each

(old) Q, contains exactly oner according to the construction method. When r+1£v£k, it was shown that if
[dy|= é&/2u, then (old) Q, is shortest with length é&/20 Hence (old) Q, contains exactly one r. If
[y [EE/20 1, then Lemma 8 assures that (old) Q, contains at most one r. Since there are k- |d,[+1 distinct

dc'sbut only k- fdi| (old) Q/swith d, ,, =0, aqy asrequired can be found.
Supposethat | | {s,y, d} isanodein (new) Q. Since || [>ly|=&/2(? |a| and y is not contained in Qy, ...,

Q.1 (old) Q, Qi+, Q«, we have (new) Q digoint with Q.+, ..., Q. 1, Q+1,..., Qk, (new) Q.1 (recall that
(new) Qx+1 is a subpath of (old) Q). If (new) Q intersects with Q, for some 1£vEr at anode z (* ), thenQ,

and Q,, need to be reconstructed in order that the final Qq, Qo,..., Q1 are digoint, where d_V =d,, for some
r+1£wEk and wt |. We have 22 d, because (old) Q isdigoint with Q, Qo, ..., Q.. That is, zis contained in
the subpath of (new) Q, from sto y. Since ly[Fé&k/20-|dy. |, the reconstruction of Q, and Q,, can be made dll
the same as the reconstruction of Q; and Q,, in the first situation that Q.1 intersectswith Q, for some 1£tEr
(substituting y, v, w, p, z, and the subpath of (new) Q, from stoy for dc.1, t, m, g, X, and Qx.1, respectively).
Consequently, (new) Q, and (new) Q, have lengths &k/2(+1 and /20, respectively. Besides, Q, ...,
(new)Qy, -.., Q-1 Quigy -o-y (NEW) Quy -.., Ok, (NEW) Qc41 are digjoint (I<w is assumed), (new) Q isdigoint
with Qg, ..., (new) Q,, ..., Q;, and (new) Q is digoint with (new) Q, (because (new) Q, has length

&k/20<&d2UFy|<) |). We have d_V:dW for some r+1£wEk with the same arguments as d_t:dm for some

r+1£mek in the first stuation that Q. intersects with Q; for some 1£tEr. Further, d_vld| (i.e, wtl) was
shown below.

Suppose conversely d, =d,. Since y is adjacent to d,, either y=d, or y is adjacent to d, in a k-cube. If
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y=d, , then y=d,, which contradicts to y T Q.. If y is adjacent to d, in a k-cube, then d, and d, areat a
distance of three at most in a k-cube, as explained below, which contradicts to our assumption of k3 4. It
suffices to show a path (d;, y, z, d, ) in a k-cube. We have shown x= f, above (for the situation that Q.1
intersects with Q,). Similarly, we have z:f_V . Nodes y and z are adjacent in a k-cube because z1 (new) Q
and |z|=| f, Fé&/2i+1=}y|+1. Nodes z and d, are adjacent in a k-cube because d, =d,, z= f, , and d, is

adjacentto f, inak-cube.
3.2.2.4 Case 4: |deqFék/20+1

Qu ...y Qu, Quiry ..., Q¢ were first obtained by invoking Pathsl(Y, k, k, D={d_1, d_u Pu+1s «-+» Py
dysa, ..., A}, 15{1, 2, ..., k}), where Q'; ends at d_J for all 1I£jEuand Q' ends a p; for al u+l1£tEv. We
first show by induction that Y: D® | isminimal. Let D™ and Y (™ represent the D and Y, respectively,
that were obtained after the mth modification, where 0Emgv- u and D@ and Y ©©) denote the initiadl D and Y,
respectively. By Lemma 12 (substituting u, d. , and Y © for h, d';, and Y, respectively), Y © is minimal.
Suppose that Y ™ is minimal, and assume, without loss of generality, D™={d,, ..., d,, Pus1, .., Pusm

Ourmea,s -, Ok} If there exists a di T D™ so that u+m+1£I£k, d, =0, fE&/20 and d, 1 D™, then

Y (M(d,)
D™D and Y ™ are obtained by modifying D™ and Y ™. We show below that Y ™% is minimal.
By Lemma 14 (substituting d,, p;, D™, and Y ™ for dy, X, {d4, do, ..., di}, and F, respectively), there

exists an adjacent node p, of d, so that |p|=|d, | 1, pii D™, and p, T DE{d,..}. Besides, we have
Py, =1 O Py, =1 Since |d, [F&k/20t /20 1=|p, | for all u+1E£wEu+m, we have d, =d, for some
u+m+1£hEk and htl. We would like to have p, w,, =1 If P, =0, then swap Y M(d)) and

Y ™(d,), and hence p =1, where (new) Y™ is minima by

ey ™ gy — Py ™) = Progy )
Lemma 10 (substituting |, h, (old) Y™, and (new) Y™ for h, I, F, and Y, respectively). D™? was
obtained by replacing d, with p, in D™, and Y (™7 results by assigning Y ™%(p) with Y (™(d). We have
Py way) = Prymq, =1-By Lemmal2 (letting h=1 and substituting d, p, Y™ and Y ™D for d,, d'y,

F,and Y, respectively), Y ™% isminimal. Hence, thefinal Y isminimal.
If Y™(d) and Y ™(d,) were not swapped, then it is easy to see that Y ™3 (p)=Y ™(d,)=F (d) and
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Y ™(d.)=Y ™(d,)=F (dy). On the other hand, if Y ™(d|) and Y ™(d}) were swapped, then Y ™(p))=F (d\)
and Y ™3(d,)=F (d) remain valid after a slight modification of F, as explained below. We simply swap
F(d) and F(dy), and then we have Y ™3(p) = (new) Y ™(d)) = (old) Y ™(d\) = (old) F (dy) = (new) F (d)
and Y™d) = (new) Y™d) = (old) Y™) = (old) F(d) = (new) F(d). Since

d aF () :dl,(old)Y gy = 0, (new) F is minimal and d; (¢ @) :di,(old)F(di) for al 1£i£k by Lemma 10

(substituting |, h, (old) F, and (new) F for h, |, F, and Y, respectively). Without loss of generality, we
simply assume Y ™3(p)=F (d)) and Y ™(d,)=F (d). For the fina D={d,, ..., d,, Puss, ---» P G, -,
di}, wehaveY (py)=F (d,) for all u+1£tE£v and Y (d.)=F (d.) for all v+1£cEk.

By Lemmas8, Q'y, ..., Q\, Qu1, ..., Q¢ are digoint to each other. Besides, Q' is shortest with length
|d_i |=&k/2G- 1 for all 1£i£r, Q' is shortest with length |d_j Fé&k/2Gfor al r+1£j£u, and Q'; is shortest with

length [p=&/20 1 for all u+1£tEv, because d, @ :d_LF(d_) =1 for al 1£ifr, d; @ d;. o, =1 for

al r+1£j£u, and p,y ,, =1 for al u+1£tEv. The lengths of Qc's for all v+1£cEk are computed as follows.

If |dfeék/20-1, then Q. has length not greater than |d|[+2E&/2u+l. If |d.Fé&k/20+1, then
ey (o) =Uer oy =1, and hence Q. is shortest with length |dc[=&/20+1. If fic[=ek/2u, then Q. is shortest

with length |d |=é&/20because d.y (4, =1, as shown below.

Suppose conversely d., ,, =0. We have d, T {dy, da, ..., di} because |d, |=&/20* &/20+1=|ck| for all

1£i£r. We have d_ i {0, Gra, ..., du} because d_ T {Gre, Grao ..., du} implies d_ =dei {dy, do ..., d,
which is a contradiction. We have d_i {dy.1, Oysa ..., d} because d_T {dy1, dyszr ..., d} implies
d_.

ey @ -0 and then by Lemma 9 we have d., 4, =1, which is a contradiction. On the other hand, we

have d,T{dy, dp ..., di} because d T {dy, da ..., di} dong with d ¢ 4, =0y o, =0 and |dc|=&/20
implies r+1£c£u, which is a contradiction. Consequently, d_1 {d1, duz ..., d, i.e, d 1D, is
concluded. Since u+l1£cEk, d;y ) =0, |d=&/20, and d_1 D, a further modification of D and Y is

required, which is a contradiction.

Q«+1 Was constructed as the combination of alink (s, 5) and a shortest path from s to de.q in ak-cube,
which has length &/20 Q. isdigoint with Q'y, ..., Q'v, Qu+1, ..., Q«, as explained below. Suppose that a
I {s, di.1} isanodein Q.1, bisanodein Q'1, Q' ..., Qv and gl {dys1, Ayso, ..., d} isanodein Quuq,
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Qus2s ---» Qk. Since fa[>ldk+1FEK20+1, [o[EEK/20, and jgl<ék/2(H1, we have al b, at g, di+1t b, and dy+1! g

For all 1£ifr, Q was constructed, depending on whether d_I =d,, for some v+1£wEK or not. If d_I =d,,
then Q was constructed as the combination of the subpath of Q'; from s to f; and two links (f;, f ) and (
d) (refer to Figure 4(a)), where f; denotes the immediate predecessor of d_I in Q. If TiT Q«+1, then Q'
and Q,, need to be swapped prior to the construction of Q.. Q'; is shortest with length &/20- 1. By Lemma

9 (dgqg,)=0and d, =d,), we have Aug g,y =1. Since d,y gy =dyr g, =1, Qu is shortest with length

|dW|:|d_i F&k/20+ 1 by Lemma 8. Hence Q; has length &/20. Q, isdigoint with Q'r4y, ..., Q'vy Qu+1s -y Qx+1,
as explained below.

We first assume f, 1 Q. For al u+1£tEv, since F(d)=Y (py) and Piy (a) =1, we have pg 4, =1.
By Lemma 13 (substituting v and d_I (or p) for h and d', respectively), each of d,, d, ..., d, is not
contained internally in Q'y, ..., Q'v, Qu+1, ..., Q«. Since |Ti Fék/2tH+2 is greater than p|, p|, and d.| for all
v+1£cCEK, T, is not contained in Q'+1, ..., Qv, Quit, ..., Q. Hence Q is digoint with Q';4q, ..., Q'y,
Qu+1, ..., Q. Supposethat t | { f,, d} isanodein Q. Since | [Effi=&k/20- 2<fa| and [ |<[dy+1], each nodein
Q-{ f., d} is not contained in Qu:. We have d | Q1 because |di[E|d:1/<k| Hence Q and Q. are
digoint. If TiT Qk+1, then Q' and Q,, were swapped and f; was changed to be the immediate predecessor
of d, in (new) Q; (f, was changed accordingly). We have (new) f, i Q..1, because (new) f, * (old) f,,
|(new) f, |=|(old) f, |, and the subpath of Q.; from s to dy.; is shortest. With the same arguments, Q is

dIQOI nt Wlth Q'H-l, ey QIV, Qv+1, ey Qk+1.
On the other hand, if d_I 1d; for al v+1£j£k, then Q was constructed as the combination of Q'; and a

link (d_i, d) (refer to Figure 4(b)), which has length &/20 Q; isdigoint with Q',+4, ..., Q'v, Qus1y -y Qi1

provided a,l {E, ety dy , Pusts --r P diea} @nd d is not contained internally in Q41 ..., Qv, Qui, -,

Q. Wehave d i {d ., d.,, ..., d } becaused i {Oh1, sz, ..., do}, d T {Puss, Pusas ..., P} because

{dy, d,, ..., d,}C{Pus1, Puszs ..., P} iS empty, and d. 1 d.; because |d, F&k/20 11 [dyss|. We have
shown above that d; is not contained internally in Q'r+1, ..., Q'v, Qu+1, ..., Qk. Since [diFek/2t+1=|dy+1|<p],

d; is not contained internally in Q1.

Next we show that Q;, Q,, ..., Q; are digoint to each other. Without loss of generality, we assume
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d_T{dy1, duz ..., dJ for all EcEm and d T {dy1, Az, ..., A} for al mrlfcEr, where EmeEr. It

suffices to show that f,, f,, ..., f_ areall distinct, { f,, f,, ..., f._}C{dy, 0y ..., d} is empty, and

m

eachof f,, f,,..., f ,dydy ..., d isnot contained in Qy, Q' ..., Q. The first two hold because f;,

fo, ..., fmareall distinct, | f_ [=ék/20#+2 for all 1£cEm, and [d; [Fék/20+1 for al 1£i£r. The last holds because
Q1 Qo ..., Q areadl shortest with length &/20 1.

For all r+1£j£u, Q was constructed as the combination of Q'j and a link (d_j, d;), which has length

&/20+1. Q isdigoint with Qy, Qz, ..., Qn, Q'uits ..., Qv Quers .., Quer, provided d_ll {dy, dy, ..., d,
Putts «--s Pus Oty ---, Gra} @nd d; is not contained internally in Qy, Qo ..., Qr, Q'uss,y -, Q'vs Quaty --+» Qust
By our assumption (refer to the beginning paragraph enclosed by /* and */ in Case 4), we have d_ll {dy,
dy, ..., di}. Since |d, [F&/20F &/20- 1=|py for all u+1£tEv, we have d, T {puss, Pusz, --., P} . Also we have

d; * desy because |d; | [dc.1]. On the other hand, since dj is not contained internally in Q'y, ..., Q'v, Quy, -,

Q. weonly need toshow d;i { f,, f,,..., f., d,, d,, ..., d, } and d; isnot contained internally in Q.
The former holds because f|=é&k/2ct ék/2u+2:|Ti| and |d|= &k/20F &/20- 1=|d_i| for all 1Eifr. The latter
holds because fi|<lg|. Further, Qr.1, Qriz, ..., Q, are digoint to each other because d_JI {dy, dy, ..., A}
and d; is not contained internally in Q'r+1, Q'r+2, ..., Q'u.

For all u+1£tEv, Q, was constructed as the combination of Q' and two links (p, p,) and (p, , dy),
which has length &/20+1 (refer to Figure 5). Q is digoint with Qq, Q», ..., Qu, Qu+1, Que2r --vy Qxe,
provided p; T {dy, 0y, ..., Ay, Aysg, Aysz, ..., Ger}, P, iSNOt contained in Qy, Qy ..., Qu Quer, Quiz -+ Qs
and d; is not contained internally in Qy, Q,, ..., Qu, Qus1, Quiz, ..., Qus1. By our assumption, we have py
{d,, d,, ..., d,, At Oz ..., dd and p, 1 {d,, d,, ..., d,, dus, sz, ..., d, desa}, from which p, 1
{dy, dy, ..., d} and p, T {dy, dy, ..., d;} are implied. Since p|F&k/20- 1 [dy+1|, we have pl dy.1. Suppose
that h T {dy, da, ..., Ay, Oysz, Oua, ..., Gksr} iS@nodein Qy, Qs ..., Qu, Qust, Quizs .., Q. We have p, th
because |E|:ék/21)+11 Ih| (as a consequence of our construction method). Since d; is not contained
internaly in Q'1, Q' ..., Qu, Qu1, Que2s .-, Qk, d; isnot contained internaly in Qy, Qy,..., Qu, Q1 -+,

Qus1, provided o1 {f,, f,, ..., f., d,, d,, ..., d,} and d; is not contained internally in Q. The

r
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former holds because f=&/20, | f; F&/20+2 and |d; F&/20 1 for all 1£i£r, and d, T {dy, dy, ..., di} for

al r+1£j£u (by our assumption). The latter holds because |d;|<ék/20+1<]a|.

Qu+1, Queas -.., Qy aredigoint to each other for the following reason. By our assumption, we have py.1,
Puszr ..., Py al distinct (hence, p,.., Pups -.-» P, @l distinct). For al u+l1£tEv, since | p, F&/20+1,
[diEék/20, and Q'; is shortest with length ék/20- 1, neither of E and d; iscontained in Q'y+1, Q'us2s ..., Q'v.
Besides, since | p, Fé&/2it+1 and [d;Eé/20for all u+1£tEv, wehave{ Py, Pygs--or Py} C {Ouss, sz -,
dy} empty.

3.2.25Case5: |d+1f ék/2u+2

By carefully checking Section 3.2.2.4, it can be found that the execution of Case 4 remains correct even if
there are the following two extensions: (1) flnlEé/2u+1 for all IEmEK and fi.F &/20+1; (2) di=d;is

alowed if [i|=ldjl<ék/20, where 1£ifk+1 and 1£j£k+1. Since [Fék/20 1 for al 1£i£r', |d_j IE&k/20 2 for
al r'+1f£j£u, and [d Eé&/20+1 for all u'+1£cEk, Q'y, ..., Quw, Qu+1, ..., Qus1 Can be obtained by the
construction method of Case 4, where Q'; ends at ¢ for all 1£i£r' and Q'; ends at d_J for al r'+1£jEU'.

Besides, Q'y, ..., Qu, Qu+1, ..., Qe+ @re digoint to each other and their maximal length is not greater than
€k/2u+1. We also note that thereisno complement link in Q'4, Q'5, ..., Q'y. Actualy, Q', Q'5, ..., Q' have
lengths smaller than é&/20+1. Since Wis minimal, Lemma 16 assures ¢, =1 for al 1£i£r'. According
to Lemma8, Q' with 1£i£r' is shortest with length [g;[F&k/20+ 1. Besides, Q' with r'+1£j£u’ has length not
greater than |d, [+2£&k/20

For al 1£i£r', Q was constructed as the combination of Q'; and two links (q;, ai) and (ai, d), which
has length &/20+1 (refer to Figure 6). Q is digoint with Q',41, ..., Q'u, Qu+1s -.., Qusa, Provided g |
{d..,, ..., dy, dyss, ..., A, Gess}, G is not contained in Q'ruy, ..., Qu, Quins -..r Qs ad d; is not
contained internally in Q'r.4, ..., Q'u, Qu+1, ..., Qs+1- By our assumption (refer to the beginning paragraph
enclosed by /* and */ in Case 5), we have qii { d...,, ..., dy , Oy, ..., O}. AlSO, Gt Chsy because g [<Idysal.
Since |q Fé/2#1 and Q'41, Q2 ..., Q' have lengths at most &/20, g, is not contained in Q'r.1,

Q'rs2 ..., Qu. g isasonot containedin Quu1, Qusz ..., Qu as explained below.

We assume, without loss of generality, that Qme1, Qmez, .-y Qmec CONAIN Prviy Prvs s -ovr Prc s
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respectively (refer to Case 4 where Q; was constructed as the combination of Q'y and two links (p, E)

and (p,, d,) for al u+1£tEv), where u'+1£m+1£mtcEk. Suppose that a | {dys1, dysz, oo A3 E{ P,uys

Priss -+ Pric} is @ node in Quiy, Quezr ..., Q. We have g ta because |g Féd/2i+1tfa| (as a
consequence of Case 4). By our assumption (refer to the beginning paragraphs enclosed by /* and */ in
Case 4 and Case 5), we have ¢ | { Pms1, Pezs +-- Prvc}» 1-€4 G § { Provss Prea s -or Pre 3 @nd @ T {dyug,
Ays2y «ov, O}

Then we show that d; is not contained internaly in Q'r+y, ..., Q'u, Qu+1, .-, Qr+1. Since i [Fék/2012
and Q'1v1, Q'r4o, ..., Q'w have lengths at most &/20, d; is not contained internally in Q'y4q, Qv ..., Q'ue.

We assume, without loss of generality, that Qm+1, Qm+2, -y Qm+c contain f .., f.o, .ov foic
respectively, where u'+1£m+1£m+c£k. Supposethat b 1 { f_.,, f .., ..., f ...} isanodein Q.1
Qu+2 ---» Q. We have plE&/2u+1 as a consequence of the execution of Case 4. Since {; [Fék/2u+2, we

have di b. By our assumption, we have d. =d; (I {fus1, fris2, -, frisc}) fOr someu'+1£1£k, ie, dil { f_.,.,

friios —oor Tryee 3. Since PifE|dk+| and the subpath of Qy.y from s t0 dy.q is shortest, d; is not contained
internally in Q1.

Q1 Q,, ..., Q- aredigoint to each other, provided that g, g», ..., g~ are al distinct, E q_2 v Qp
are all distinct, each of @, @, ..., 0., dy, dy, ..., dp is not contained in Q'1, Q'5, ..., Qy, and {q,,
q_z, q_r.}(;{dl, dy, ..., dv} is empty. By our assumption, we have qy, Oy, ..., g~ al distinct (i.e., E
G, ..., g, al distinct). Since |q [Fék/2i+1 and |diFék/2+2 for all 1£iEr', we have {q,, G, , ...,
q_r.}(;{ dy, dy, ..., d-} empty. Besides, since Q'; is shortest with length pi|Fé/2G- 1 for all 1£i£r', each of
al, q_2 a dy, do, ..., dr isnot contained in Q'y, Q'y, ..., Q'r.

For all r'+1£j£u, Q was constructed depending on whether d_j:dt for some u'+1£tEk or not. If

d; =d;, then Q; was constructed as the combination of the subpath of Q'; from s to g; and two links (g;, g_j)
and (g, , d), where g denotes the immediate predecessor of d; in Q. If g, T Q. then @ and Q need

to be swapped prior to the construction of Q;. Since Q'; has length at most &/20, Q; has length at most
(&/20- 1)+2=6k/20+1. Q isdigoint with Qy, Qs ..., Qr, Qu+1, Qu2, --., Qusa, @S explained below.

If g, T Quu, then it suffices to show that g; is not contained in Qi Qy, ..., Qr, Qurt, Quaz, .., Qi
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and d; is not contained internally in Qq, Qy, ..., Qr, Qu+1, Qu+2, .., Qs We first show [g;[E&/20- 2, i.e.,
|g, P &/2+2. Since there is no complement link in Qj, we have [g|= |d,}1 or |d, [+1. Since
|d_j IE&k/20 2, we have [gjE&/20- 1. If [gj|=&k/20- 1, then |d_j|:ék/20- 2. By Lemma8 (|gj|:|d_j|+1), we have
d

ow@ _— =0), afurther modification of D and Wis

=0. Consequently (ld_j|:é</20- 2, d_J:dt’ and d_ivW(dv)

still required, which is a contradiction.

We show that g_j is not contained in Qq, Qi ..., Qr, Qu+1, Qu+z ..., Q¢ as follows. Since
|g_j|3ék/21]+2 and Q'; is shortest with length g |=&k/20- 1 for all 1£i£r, g_J isnot containedin Q'y, Q', ...,
Q.. Further, g; is not contained in Qi, Qy, ..., Q-, provided g; | {q,, O, ..., ., Oy, Do, ..., d}.
Clearly, we have g; T {du, Gz, ..., O}, i.e, g, | {9,, G, ..., Q. }. Since d. T {dysz, dyar ..., di} for all
1£ifr' and g T { Ay, Ay, -, Ak}, wehave g i {d,, d,, ..., d.},i.e, g; T {dy dy ..., d:}. Onthe other
hand, g, is not contained in Qu+1, Quea, ..., Qc because [g; [>bl and g T {furt, ez oy Frinc} (i€,
9T { freas frazs s e D)

Then we show that d; is not contained internally in Qi, Qy, ..., Qr, Qu+1, Qu+2, ..., Qus1. Suppose that
gl {dy, dy, ..., d:} isanodein Q Qg ..., Q. Since PP &/2t+2 (by our assumption) and [giE&k/20+1

(refer to the construction method of Case 5), d; is not contained internally in Qq, Q, ..., Q.. Besides, d; is

not contained internally in Qu.1, Qu+2 ..., Q« because fd|>p| (i.e., db) and d_JI {fisns Friezs oeny Friac}

(e, di {f 1) frips oo Tryue }). Since [dIE[des| and the subpath of Qe:; from s to dys is shortest, d;
isnot contained internally in Q..

On the other hand, if g_jT Q1. then Qj and Q were swapped and g; was changed to be the
immediate predecessor of d; in (new) Qj. It suffices to show (new)g; | Qu., in order for Q; to be
digoint with Qy, Q> ..., Qr, Qu+1, Qu+2y vy Quar. If dt,W(dt) =1 ad d_ij(d_i) =1, then by Lemma 8 (old)
Q: and (old) Q; are shortest with lengths |d (:|d_j ), which implies |(new) gj|=|(old) g, i.e.,
[(new) g; |=l(old) g; |- Since (old) g; T Qs I(new) g; [=[(0ld) g; |, (new) g; * (old) g; , and the subpath of

Qw1 from s to dy. is shortest, we have (new)g_j'l' Q- If dyyyq) =0, then Lemma 8 assures |(new)
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gl=k+1=[d, [+1, i.e, |(new) g, |= o 1<ld.a]. It follows that we have (new) g, | Q. If d, =0,

hw)
then we have |(old) gl=| d, [+1, i.e, |(old) g, |=ldi}- 1<fdk| Hence, (old) g, | Qws, which is a
contradiction.

If d, td, for al u+1£vEk, then Q was constructed as the combination of Q; and a link (d; , d),
which has length at most &/2{+1. Q;isdigoint with Q, Qo, ..., Qr, Qu+1, Qu+2, -.., Qusa, provided dis
not contained internally in Qq, Qo, ..., Q, Qu+1, Qus2s -..r Quar ad d_JI {dy, dy, ..., dv, Gs1}. The former
has been shown above. The latter holds because |d_j E&/20 2 and [dy+4f |dif é/20+2 for al 1£i£r'.

Finally we show that Qy+1, Q2 ..., Qu are digoint to each other. Without loss of generality, we
assume d_T {dys1, duszr ..., A} for al r'+1£cEl' and d_ i {dys1, duszs ..., di} for al I'+1£cEU’, where

r'EIEU. It suffices to show that g..,, U..p, ..., g, are al distinct, { G,,1, Urps oor O }C{Chss,
Orso, ..., dy} 1S empty, and each of E E g_I dr+1, drsp, ..., dy 1S NOt contained in Q'y4q,

Q42 ..., Qu. Thefirst two hold because gy+1, 942, ..., g @e dl distinct and {gr+1, Gr+2, ..., O} C{E,

d ..., d,} is empty. The last holds because |g, P &/20+2 for all r'+1£c£l', |df &/20+2 for all

r+2

r'+1£j£u, and Q';41, Q'rip, ..., Q' have lengths at most &k/20 (recall that none of Q'yvq, Q'vvp, ..., Qv

contain complement links).
3.3 Themain result

Since the folded hypercube is node symmetric, the following theorem is an immediate consequence of

Lemmal7.

Theorem 1 Given arbitrary k+2 distinct nodes s, d;, dy, ..., dc+q Of @ k-dimensional folded hypercube,
there are k+1 node-digoint paths from sto di, dy, ..., dk+1, respectively, whose maximal length is at most
&k/2u+1, where k3 4.

Theorem 1 provides an upper bound of é&/2t+1 on the Rabin number of a k-dimensional folded
hypercube. Since a lower bound of é&/2u+1 was proposed in [10, 18], the Rabin number of a
k-dimensional folded hypercubeis equal to é&/2u+1, as stated below.

Corollary 1. The Rabin number of ak-dimensional folded hypercube is equal to é/2u+1, where k3 4.
It is not difficult to see that the Rabin number of ak-dimensional folded hypercube is equal to &/2u



for k=2 or 3.
4 Discussion and Conclusion

The main contribution of this paper is to show the effectiveness of routing functions in constructing
one-to-many digoint paths in networks. The hypercube and the folded hypercube were taken as two
illustrative examples. For both, any minimal routing function can be used to produce a maximal number of
digoint paths whose maximal length is minimized. As a byproduct, the strong Rabin number of the
hypercube and the Rabin number of the folded hypercube were computed. The latter has been left as an
open problem in [18]. Besides minimal routing functions, there are some other routing functions with
different characteristics which can be used to produce digoint paths with different properties. For example,
the digoint paths produced for the hypercube will have minimum total length if an implicit routing
function in [14] is used. Some existing methods (e.g., [14, 20]) for constructing digoint paths involved the
use of an implicit routing function.

In [14], n non-empty subsets Xy, Xy, ..., X, of {1, 2, ..., n} were used to represent n nodes di, d, ...,
d, so that for all 1£uEn and 1£wEN, wi X, if and only if dy,=1. A set of mdistinct integers ;1 X, , to1

) ORI t X, iscaled a partial System of Distinct Representatives (SDR for short) for {Xy, Xy, ...,

Xn} if kq, ko, ..., kpare all distinct, where men. Further, {ty, to, ..., t} ismaximum if mis maximized, and
iscaled an DRIif m=n. A maximum partial SDR {ty, t,, ..., t,} can be used to construct a maximal
number of digjoint paths whose total length is minimized, if thereisno j1 {1, 2, ..., n}-{Kky, Ko, ..., Kn}
satisfying the following two: (C1) X I X, for some 1£iEm and (C2) there exists an SDR for { X, ,

Xisoor X v Xjy Xy oo X, }. Such amaximum partial SDR can be determined in O(n*®) time (see
[14]).

Actualy, a maximum partial SDR {t,, t,, ..., t,} can be regarded as a routing function from {X,
Xo, ooy X} t0{1, 2, ..., n} which maps X, tot; for al 1£i£m. Suppose Lr={u| d,¢ 4, =1 and 1EuEn}.
It followsthat Pathsl(F, n, n, {dy, do, ..., dn}, {1, 2, ..., n}) will produce a maximal number of digjoint
paths whose total length is minimized, if g | is maximized and thereisno j1 {1, 2, ..., n}- L¢ satisfying
the following two: (C1') d d, and d;£d,,, for some I'T Lg and all 1£wEn and (C2') there exists a routing
function Y with djy(dj) =d,y 4, =1 for al vi Le-{I}. Here, F:{dy, d,, ..., di} ® {1, 2, ..., n} with

maximum |g | corresponds to a maximum partial SDR (Lg corresponds to {ki, k, ..., kg and {F(dy) Ju
T L} correspondsto {ty, t,, ..., t.}). Besides, (C1') and (C2') correspond to (C1) and (C2), respectively. A
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routing function F with maximum |¢| so that thereisno j 1 {1, 2, ..., n}- Lg satisfying (C1') and (C2)
can be determined with the same time complexity as a maximum partial SDR so that thereisno j 1T {1,
2, ...,n}-{ky, ky, ..., ki satisfying (C1) and (C2).

There exist other routing functions that can result in mdigoint paths from sto dy, do, ..., dy,, whose
total length is minimized. For example, if (C1') is changed to "di|<|di| for some I T Lg", then the resulting
F also serves the purpose. The method of [20] for constructing digoint paths also involved the use of an
implicit routing function. It is worth while exploring more relations between the characteristics of routing
functions and the properties of digoint paths.

Although both [20] and [14] aso constructed digoint paths in the hypercube, their construction
methods cannot be used to obtain Theorem 1. The reason is that the correctness of Lemma 16 cannot be

assured by their construction methods.
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Figurel. Thestructureof a3- fcube.
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Figure2. The path fromstod. (* denotesashortest path).
(@ Whend, ¢, =1.(b) Whend, 4, =0.



d g ldFd2

|d |=ék/2( , '
k21 ; L ld F&/20
T 1= g/ 20+1 i
Q'.

Figure3. Theconstructionof Q, (LEi £r) from@, in Case3. (a) When d_I =d, forsomer +1£h£k +1

(b) When d,  d, forall r +1£ jEk+1.

g ldiFé&/2c+1
|d; = &/2(- 1

Figure4. Theconstruction of Q (L£i £r) fromQ, in Case4. (a) When d, =d,, for somev +1£ w£ k

(b) When d; t d, foral v+1£ j£Kk.



di |d, |5 &/2
|p = ek/20-1
| p Fé&/20+1

Figure5. Theconstructionof Q, (u+1£t£v)fromQ, in Case4.

I, = é/20+2
a lg Fe&k/2(-1
|q = é&/20+1

Figure6. Theconstructionof Q, (1£i £r') from@, in Case5.



