POLYNOMIAL INVARIANTS OF ORTHOGONAL
GROUPS OF FINITE CHARACTERISTICS

61. Introduction.

Lrt Fy be the Galois field with ¢ elements, and V' = Fy be the vector space. Let G be a
finite subgroup of GL(V'). G induces a linear action on the symmetric algebra F[z1, ..., F,].
The invariant subring is

Fylz1,..., Fy]¢ ={f € P lx1,...,F,] :0(f) = f forall 0 € G}

A problem on Invariant Theory is to find the invariant subrings. If G = GL,(F;) or
SL,(F,), the result is due to Dickson[6,1911]. If G = Spa,(F,), it is solved by Carlisle and
Kropholler[3;1]. When G' = U, (FF;2), this problem is settled by us in [5]. If G = O, (F,), we
have found the invariants for n < 4[4]. In this paper, we will find the invariant subrings of
O; (F,) for all n, and we also prove that the invariant subring is complete intersection.

Let g be a power of odd prime number and F, be the Galois field with ¢ elements. Let
V =F, and R = Fy[z1,...,z,] be the associate symmetric algebra.
Consider the quadratic form

Qn = elx% + 62:1:% + oo+ enxi, € € ]F;. (1-1)

and let O, (IF,;) be the orthogonal group associated with the o @,. It is well-known that all
quadratic forms are equivalent to one of the following two special families:

Qp =X —XJ+ X5 — -+ (-1)"X; , + ()X n > L

Qn = X7 —eXi +eX5 — -+ (-1)"eXp_y + (-1)"leXy, n>1 (1-2)

where € is a non-square in F. The diof them are §(Q;}) = (-3 6(Q;) = (=1)%eif n is even, §(Q;;) =
(—1)"771if n is odd.

Since we are interesting on the orthogonal groups, it is known that there are three types:
O (F,), n is even or odd; O, (F,), n is even . The orders of these groups are the following:

Proposition 1.1. [7] The order of the orthogonal groups are
N 20" = 1) 2(q" 3 = 1)g" - (¢ — 1)q, if n is odd;
0, (Fq)| = n—1 AN -2 n—3 2 . .
20" —q2 )@ = )g" - (" — g, ifn is even,
05 (F) =2(¢" " = ¢*7)(¢" > = 1)¢" -+ (¢® = 1)g, if nis even.
The orthogonal group induces a linear action on R. We want to find the invariant

subrings F,[x1, %2, ..., 2,]% ) = {f € R: 0(f) = F for all 0 € O,,(F,)}. The answer of the
corresponding problem in function fields is
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Theorem 1.2. [2] The invariant subfield is
IFq(xh Zo, ... 7$n)on(Fq) = Fq(Qn07 Qn17 ceey Qn,n—l)

where _ _ _
i1y i1 it
an’ = 613?31 * + 621‘% + + -+ Enl'% + . (1_3)

Notations. (a) Let M be an m x n matrix, S be a subset of {1,2,...,m} and T a subset of

{1,2,---,n}. Then we denote Mg, to be the submatrix of M obtained by deleting the rows

in S and the columns in 7. If S = {i} and T' = {j}, we always denote M;; instead of Mg,p.
(b) The Legendre symbol is defined as

o a=1 e R o a=1 e .
—) =072 =1,if § is a square in F; —) =462z =—1,if 6 is a non-square in F .
q q
(1-4)
(c) We define the weight of variables as follows.
wtx; = wty; = 1 for all 7;
wt X; =¢" + 1, wtT = 1. (1-5)

§2. Preliminary Results and the Statement of the Main Theorem for Odd n.

We first consider the infinite dimensional matrix

Xo X1 Xo Xz Xy
X, X¢ X! x4 Xx¢

2 2 2
X, X? x¢ x¥ x¢
M(Xo, X1, X3, ) = | x, x1 x7° x¢° X7
X, x¢ x¢ x¢ x¢

3

4

min(i—1,5—1)

The (i,7)-entry of M is ij_i‘ Let M be the submatrix of the first n rows and

n columns. We define four sequences f,, gn, f,, g, of polynomials which are essential in this
paper. In fact, we define g/, as the quotient of two polynomials, and we will show that they
are actually polynomials in Lemma 2.5.

Definition 2.1. Define fo =1, f, =detM™ € F [Xo, X1, -+, X,,_1],n > 1;
fo=1, fi=detM"T € Fy[Xo, X1, , X),n > 1.

For example, fi = Xo, fo = XqT' — X2, fl = X\, f5 = XTT — XIX,. It is easy to see
that
fo= =110 X2 1+ (X0, X1, , Xno1), deg, @1 =1 for n>3. (2-1)

fro= (DM L Xt £, X+ 60(Xo, Xa, -, K1), degy 6o =g for n>3. (2-2)

Obviously, fi and fy are relatively prime. Suppose that f,,_1 and f,,_o are relatively
prime. Then from (2-1), it follows that f,, and f,_; are relatively prime. Moreover, from
(2-2), we see that

fn and f], are relatively prime for all n. (2-3)
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Definition 2.2. it
N O for n =0,1 (mod 4)
' L4 (—fa)=, forn =23 (mod 4);

g+1
N B e for n =0,1 (mod 4)
I —(—fn) 2, forn=2,3 (mod4).

Definition 2.3. ¢/ * =1;¢/" = Xo,9," = 1;

=9n /(Q;f_z)q forn > 1.

Next we show that ¢/ are actually polynomials in Lemma 2.5. We first state a Lemma.
We will use part (a) here and use part (b) in Lemma 3.8. This Lemma has also appeared in
[77], now we give a direct proof.

Lemma 2.4. Let R be a ring, and M € M, (R). We have the following two identities.
(a) Let N = M p1.n € My—2(R). Then
det M - det N = det M,,,, det M7, — det M,,; det M1,,.
<b) Let N' = Mn—l,n;l,n S Mn_2<R) Then

det M - det N’ = det M,,,, det M,,_1 1 — det M1 det My,_1 .

Proof. The two identities are easily seen to be equivalent. In fact, let

Mo
M3

Apply (b) to M’ and get

det M’ det N =det M,,,, det M}, ; ; — det M, det My, 1,
(—1)"*2 det M det N =(—1)""2det M, det My, — (—1)"_2 det M,,1 det My,

(a) follows. So we only prove (b) below. Let M; be the determinant of the matrix we obtain
by deleting the ith row, the last row, the first column and the last column from M. Multiply
the (n—1)th row of M by M,,_1 (which is det N’), then add to this row the ith row multiplied
by (=1)"17*M; for all 1 < i < n — 2. We will find that the (n — 1)th row of M, after the
above procedure, becomes ( (—1)"M,,,0,0,...,0,M,;). Expand det M along this row now,
we get the identity in (b).

Applying Lemma 2.4(a) to M = M) | we have

at1 a1 _
nofn = F = 2 = (s F L 2D (et = £ 21) = — 91901 (2-4)
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On the other hand, from (2-1) and (2-2) we have, for n = 0, 1(mod 4),

GE = fLF fa?
= (_1)n+1fq—1Xn + f/ I Xq+1 +¢2 F ( . 2X2 1t ¢1)%
= (D)™ X+ (o F (—fam2) T 19X + 65(Xo, X1, Xosn)
= (—1)" X, 4 g, T IXIT 4 (X0, X1y, X 1) (2-5)

where deg,  ¢3 = ¢. The last equality follows from n — 2 = 2, 3(mod 4). It can be checked

that the same formula holds for n = 2, 3(mod 4). (We just need to replace £ by F in the first
three lines.)
To prove that ¢/ are polynomials, we prove the following

Lemma 2.5. (a) f, = (-1)lz Jgn 190 1
(b) (97,75) 195 -
)Lﬂ

Proof. We prove by induction on n. Since g; = (X{ — X{X5) — (X2 — X", so
Xdg5~ . (a) and (b) hold for n = 1,2 trivially. Given n > 3, suppose these formulae hold for
fr,k <n—1. We first prove (a). From (2-4),

q _ + -
n—2f'n - _gn—lgn—l .

By inductive hypothesis on (a), fr,_2 = (—1)LnTﬁJg;Lf3g;L:3, SO

N 9 1 In—1 K3
fn = (—]_) 2 TL_— . n— = ( 1) 2 gn gn
(9,23)7  (gn2s)e e
Two fractions in the above are polynomials by inductive hypotheses on (b). Now we prove
(b). By (2-4) again and by inductive hypotheses on (a),

fa-vfoer = =97 90,
n_1 —
1= (D ) )
By (2-3) , g} and g, are relatively prime, so g,/ % divides just one of g} and g, . Since
gty € Fy[Xo, X1, -, Xn_»] and observing the X?™1-term in (2-5), we see that g/, T, |g;
and(g;, *5)|g;;
Lemma 2.6. ¢/F = (—1)!31g/= 21X, + ¢4(Xo, X1,..., Xn_1).
Proof. By (2-5), we have

o g (T )7 = (—1) (g’f";> Xt 64(Xo. X, Xo)

= (=D)LEg £9X,, + ¢4(Xo, X1, ..., Xn_1).

The last equality follows from Lemma 2.5(a).

Now we introduce the other four sequences of polynomials.
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Definition 2.7. Given € € F;. Define the polynomials

Froc(Xo,  , Xp_1;T) i= fr(Xo+ €T Xy + €T - X, 1 + (T,
Frlz,e(XO7" Xy T) = f1(Xo + €T? Xy + €T .. ,Xn—l—eanH),
GE (Xo, +, Xn;T) i= g (Xo + eT? X1 + €T, X, + T+,
G, jE(X07 X T) =g (Xo + €T, X, + €T X, + ean+1),

We often denote F,(T') instead of F), (T') for short, if € is understood. Now we give
explicit forms for F,,(T) and F, (T).

Lemma 2.8. Let fi; and f]; be the (i,j)-minor of f, and f;,, respectively, 1 <1i, j <n. Then
=1, j—1
(a) Fn(T) = fn+ Zlgi,jgn( ) fiy T F0
L i, j—1
(b) Fo(T) = f,, + Z1§i,j§n(_1)z+j€ fi; T e

Proof. (a) Let T = (¢I7 ' +¢ "), ., Then F, = det(M™ + T). Note that rankT = 1.
Hence when we expand the determinant F,, by multilinearity on columns, the terms which two
columns of T are taken must be zero. Then the result can be deduced easily. The proof of (b)
is similar.

Now we describe the weight, the T-degrees and the leading coefficients of the polynomials
F’s and G’s.

Lemma 2.9. Using the definition of weight defined in (1-4), we have that F, ¢, F, Gn.c, G}, .
are homogeneous polynomials. The weights are as following.
(a) wt e — 2<%>,th; — (g + D(ESL), wlG, F = (g+ (L),
i = (g + (L)
(b) wtGf, = " 1 ifnisodd; ’ if n is even.

Wt T = (¢3! + 1) (251

Proof. From the definition of F),, we see that it is homogeneous if f, is, and wtF,, = wtf,.
The weight of f,, can be computed from the definition of f,.

Lemma 2.10. Regarding the polynomials as polynomial in T, then
(a) deg Fe =2¢" ",  degF) . =q" *(qg+1).
(b) deg G{.. = ¢ — (£), degGr,.=q+(5): deg Gy =degG, . =q" '(¢+1),n>2.
deg G/t =q" — (£)g"7
n " if nis even; L, ifnis odd.
deg G,/ =q" +(5)a =,

Proof. (a) follows from Lemma 2.8. (b) follows from (a). (c) is proved by induction.

Lemma 2.11. Let Ic F' denote the leading coefficient of F(T'). Then
(a) leFy e =efn1, IcF, =e¢fy 4
(b) If (¢) =1, then lc Gf’é =—3Xo and lc Gy =2¢
If (£) = —1, thenlc GY. =2 and lcGy, = —3Xo.
(c) Forn > 2,
€g= |, if n is even and (5) =

lcGE_ = egff_l, if n is odd and ( ) =1,

n,e

egrf_l, otherwise.
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(d) If n is odd, then

ntl
g { CUF 505 for
C n,e = n—
(—1)71269n'__1, for (

QI Qe
—
o
D)
<
|
|

) =1, B { (—1)"% 29,5, for (£) =1,
)= -1 (

If n is even, then

Egn/j—lv fOT(_Te):l,
€9, Jor () = —1;

Proof. (a) follows from Lemma 2.8. (b) can be checked by direct computation.
at1
(c) If n = 0(mod 4), the leading coefficient of Gi¥ = F! F F,,* is

+ —€
g — q €9n—1> for (_) =1,
efl 1 F (efn 'glzef;_i(_e) — fo oty _ q
1 F (efn1) o\ ) (o) 7] g 1. for (=) = 1,
since n — 1 = 3(mod 4).
qg+1
If n = 1(mod 4), then the leading coefficient of G = F/, ¥ F,,* s
+ €
. at1 €g, 1, for (£)=1,
efh 1 F(efuo1)T =e[fi ) F <E>f:3 = !
1 F (efn-1) [fna . 1 o1, for (£) = 1,
since n — 1 = 0(mod 4).
q+1
If n = 2(mod 4), then the leading coefficient of G = F/ + F,,* s
+ —€
a - atl €In—1> for <_) =1,
E’I{L— :I': —€ n— %1:6 ,_ :F(_E) qi = 4
1 ( f 1) [fn 1 q fn 1] 692:717 for (_75) — 1,
since n — 1 = 1(mod 4).
g+l
If n = 3(mod 4), then the leading coefficient of G = F/, + F,,* s
+ €
g g €9n—1> for (_) =1,
El_j:—ﬁn_ y:e;_i(g)_n_gl: q
e I ek B Y

since n — 1 = 2(mod 4).

(d) The cases n = 1,2 can be checked directly. Suppose n > 3 is odd and (g) = 1. Then by
induction,
n— n 1
le Gn/,t =lc an; (Ie Gn/:Q,e)q = eg:—1/((—1)T32€9:@_—3)q = (—1)# 59;4—_1-

n— 1 n—
leG,le = 1eG, /(e Gl )1 = eg [(F1) 5 Seg ) = (—1)"F 2eq) .

The other cases also proved by induction.
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Consider the quadratic form @,, defined in (1-1) and the polynomials @Q,,; defined in (1-3).

Note that
q qn 1
I i) ey €1 il xq xq
q q n—1
Ty T T €2 o wd xd
P i - D :
vy z 4 end L, x¢ g
QnO in Qn2 Qn,n—l
q q q
in n0 nl n,n—2
= . . . (2-6)
: : 2 n—1
q q q
Qn,n—l n,n—2 n,n—3 n0
and
-1
i 5 z, €1 ry :c‘{n
q2 q2 q2 q qn—l
T Ty T €2 To Tg Ty
n—1 n—1 :7 . ;
x] zd zd" ' €n T, x4 x%n_l
q q q
Qﬂl n0 nl n,n—2
2 2
q q q
| O B (2-7)
: : 2: n—1
q q q
Qn,n n,n—1 n,n—2 nl
xq ) Tn
z x5 g,
Let D = det . . : and the discriminant §(Q,) = €1€2---€,. Taking the
x‘fﬁ71 wgr;fl a:?fﬁl
determinants of (2-6) and (2-7),we have
2
D 5<Qn) :fn(QTLOaina"' 7Qn,n—1>
and
1
Dq+ (5(@71) :f';L(QTLOaina"' 7Qn,n)-
Canceling D from above, we get
/ g—1 g+1
fn(QnO: in: e 7Qn,n) - 5(Qn) 2 fn(QnOa ina e 7Qn,n—1) 2
6(Qn) PEE]
:fylz(Qannl?"' 7Qn,n) - ( qn fn(QnOanlv"' 7Qn,n—1) 2
=0 (2-8)

where the Legendre symbol is defined in (1-4).
Now we discuss two special families of quadratic forms Q;" and Q,, defined in (1-2). From
(2-8), we get
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Lemma 2.12. g (Qn07 n17 U aQr—tn) - 0,
9 (@0, @nrs- - »Qnn) =0 for even n.
97/1+(Q;o, Qo1 s Qnn) =0 for odd n.

Proof. If n =0, 1(mod 4), then §(Q;') = 1. So (2-8) says that (f/ _fr%)(Qnm Q- ,Qk)
= 0. If n = 2,3(mod 4), then 8(@;) = ~1. S0 (J; — (~1)"7 1% )(Qho- Q.= Q) =

In any case, by Deﬁmtlon 2.2, gy (Qnm in, <+, Q) = 0. Since g,,~, involves only n—1 vari-
ables, and Qno, AEPREE ,Q n_1 are algebraically independent, so g;, 7, (Qro, @1, -+ Qrr _2)

7§ 0. Thus g (Qn07 nl’ o 7@3,71) = 0.

n—1
—-1)7=" is odd;
The case Q,, can be proved similarly. §(Q,,) = { (=1)"2 nisodd;

(-1)3e nis even.
gq+1 g+1 g+1 q+1
then f;b—(g)f,ﬂ = fl+fn? =g, ;ifn=2(mod4), then f/ — (_e)fn2 =fl—(=fa) = =g;;
a1 at1
if n = 1(mod4), then f! — f,2 = gl if n = 3(mod4), then f! + f,2 =g .

. If n = 0(mod4),

Lemma 2.13. (a) For alln > 1, G,/7, (Qf,, Q- ,an 1;Xpn) =0, where e = (—1)";

n—1,e

(b) For any positive even integer n, G ' Q@ Q13 Xn) = 0;
(c) For any positive odd integer n, G,/=; _ (Q0,Qn1, -+ Q13 Xn) = 0.

Proof. (a) By Lemma 2.12,

GnH_l E(Qn07 in’ T Q:,n—l; Xn)
n—1
:gn—l( + €X2 Q+1 + EX'r%—’_la T 7Q7+L,TL—1 + EXT% +1)

_ 1+ + +
_gn—l( 107Qn 1,107 7Qn—1,n—1)
=0.

G, Qo Qs Qpy 13 X))
:gn—l(Qno + EX”’ le + EX;IL+1’ U aQr_z,nfl + Ein_l_'_l)

1t - - -
_gn—l( n—l,O?Qn—l,D”' 7Qn—1,n—1)
=0.

(c)

Grfl,—e(Q;m Qnis - ’Q:Lnfl; Xn)
_gn 1(@ anan _ qu“, R 7Q7:,n—1 . GX;IL”JH)

:gn—l( n—1,00 Qn—l,la T 7Q;fl,n71>
=0.
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Lemma 2.14. (a) The degree of X, over Fy(Qt,, Q-+, Q. ) is

nl» n,n—1

n—1 1

{ ¢+ an_l, if n is odd;
q —q27Y, ifn is even.

(b) The degree of Xn over Fy(Qy0, @1y » Q1) 18 ¢+ q27 if nis even.
Proof.

Fq(Qnm th e 7Qn,n—1a Xn) = Fq(Qn—l,Oa Qn—l,la e 7Qn—1,n—17 Xn)
=Fy(Qn-1,0,Qn-11, s Qn-1,n—2,Xn).

The last equality follows from Theorem 1.2.

[Fo(@Qnos Qni1, -+ Quin—1,Xn) : Fg(Qno, Qn1, - s Qnn—1)]
_ [Fe(Xo, Xy, -+, Xn) : Fg(Qno, Qs+ 5 Qnn—1)]

[FQ(XO’ X17 T 7Xn) : Fq(QnO, in: T 7Qn,n—17Xn)]
_ []F(I(X07X17"' 7Xn> :Fq(Qannl,"' 7Qn,n—1)]

[Fq(XOa X1, X1, Xn) : IFq(Qn—l,m Qn—l,l; T 7Qn—1,n—27Xn)]
=|On(Fq)|/|0n-1(Fq)|.

Now applying Proposition 1.1, we get the followings and the Lemma follows. If n = 2k + 1 is
odd, then

2(¢" ' - 1)g"2(¢" P —1)g" - (¢* — 1)g

2(q"* —¢* ) (g" P = 1)g" - (g7 — 1)g
(qQk . 1)q2k—1

T (F DT

=q"(¢" +1) =¢"" + 4"

(O (Fg)l /1071 (Fg)| =

If n = 2k is even, then

2(¢" 1 = ¢ (@ = 1)g" - (¢® —1)g
O (F O [(F)| =
| n( q)|/| n 1( (I)| 2(qn,2 _ 1)qn,3(qn,4 — 1)(]”75 . (q2 — 1)q
— qn—l . qk—l'

If n = 2k is even, then

92 n—1 k—1 n72_1 n—3 .. 2_1
07 (E)I/10; ()] = gy R

— qn—l _}_qk—l‘




10 POLYNOMIAL INVARIANTS OF ORTHOGONAL GROUPS OF FINITE CHARACTERISTICS

Proposition 2.15. Concider the quadmtic forms Q;F for all n and Q,, for even n. The
minimal polynomial of X, over F (Q%,,Q%,, - - »Qin—l) is

n le(Qn07Qn17"' 7an 13 )/ICGn/__FLe

where e = (—1)" for “Q;'” case.

Proof. By Lemma 2.13, X,, satisfies the polynomial G,/ %, ( £,Q%5 - ,an 1;T), and by
Lemma 2.10, the degree of the field extension is equal to the degree of the polynomlal.

Corollary 2.16. i’onczder the quadratic forms Qt for alln and Q;, for even n. Gn 1 E( :07 fl, . ,Qn ]
Fylz1, 22, 2,]% F[T] where e = (—1)" for “Q;” case.
Proof. By [77,Ex. ?77].
Definition 2.17. We define the polynomials R (X0, -+, Xy) in the following.
(i) If n is even, the polynomial G, + (Xo,Xl, -+, X5 T) has degree ¢" +q% . Let R, be
the coefficient of an7i+q%, i=0,1,---,%.
(ii) If n is odd and ({) =1, the polynomial G,/ (X0, X1,---, Xo; T) has degree ¢" —q =

Let R, be the coefficient of anii_q%, i=0,1,---, 2.
(ili) If n is odd and ({) = —1, the polynomial G/t (X0, X1, -+, Xp;T) has degree ¢" +
— n—1 n_1
anl. Let R, be the coefficient of T9 +4* i =0,1,--- ,”T*I; Rn_L-H be the constant
)2
term.

i DRy
(X1,..., Xn_1:T), and Sn-1aX0.Xa0Xn 1)

Ry (X0, X1+, Xp2)

Note that RE | (o 1s the leading coefficient of Gt

n—1,e

Folz1, 2, -, zp] 0% (Fa) for all 1, by Corollary 2.16.

Now we begin to state the first case of our Main Theorem. The proof is postpone to §4.
The second case of Main Theorem is stated in §6.

We define a k x (k + 1) matrix A*) as

q 2 k—2 k—1 qk—l
DP1,2k—1 P 2k—3 i 25 o P13 T12 11
q qk72 qk72 qk72
Ak — | P2.2k=1 P3op—3 p2 2k—5 0 T2 T23 22 (2-9)
Tk, 2k Tk2k—1 Tk2k—2 °° Tkk+2 Tkk+1 Tkk
where the (i, j)-entry is
J 1 . . .
p12k 2j4+1> ifj<k—i (2-10)
qk i . . . a
T kb1 tieio if j > k—i.

The entries p;;’s and r;;’s will be defined inductively in the proof of the following Main Theo-
rem.

Theorem Ay. Let n = 2k + 1 be a positive odd integer, Q} = 23 — 23+ 23— +22_5 —
x2_| + 22 be a quadratic form, O, (F,) be the orthogonal group associated to Q. Then
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(a) The invariant subring is

O (F
Fylz1, 2o, - 20 » (Fq)
_F, QY. Qe QF Ry 1(Xo. X1, Xno1) R:,l,k(xo,xl,---,xn_l)]
q n0» ¥nl> )y n,n—2 RI,LO(Xonla'“,Xn—z)’ 7RI,170(X0,X1,~--,XH,2) .

(b) We have an isomorphism

@n : ]FQ[XO7X17“' ,ang,Yl,YVQ,"‘ 7Yk]/<KTL17K’n27”' JK’I’L,’C71> —

Rl X X RN R
defined by
Xi— X;, 0<i<n-—2
e R 15 <k
where the relations K, ; are defined by
Ko 1
ean )
Kn,'k—l Yk
(c) The polynomials p;; and r;; € Fq[Xo, X1, , X;] are independent of n.
Tiok = —Xog + (Xo, X1, -+, Xok—1) for some polynomial ). (2-11)

Moreover, they are homogeneous with respect to the weight defined in (1-5) with

tpij = ¢+ ¢ oodd;
{ij e (2-12)

wt iy = ¢’ + 1.
§ 3. Lemmas.

In order to prove the Main Theorem, in this section, we first give some Lemmas.

Lemma 3.1. Forn >3 and i > 1, we have
RE = (-1)UEIR S X + ¢ni(Xo, Xiv oo, Xps1).
Proof. Let n be even. Then by Lemma 2.6,

Gt = (-1)2G (X =TT ) + ¢4(Xo, X1, .., X3 T). (3-1)

n,—
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From Lemmas 2.10, 2.11, we see that the leading term of G/ | is —g/ T, 77" +2*

definition of R;_, ;, from (3-1) we have

. Also by the

Gn —1

5—1
1) {Z Rn 2 1 172+q§71 + Z*w](X()? Xl, e ,Xn_Q)Tj}an — g;/i'qun+q§

~—

+ ¢4(X0,X1,...,Xn_1;T

n
2

Rn+2qi_1Xann—i+q% + (—1)%Z*¢3(X0’ X, ... ,Xn_Q)Xnqu + ¢4
(3-2)

'Mw\:

= — g, T (o)
! j

7

Land j is not equal to ¢"~3 +

Where the sum Z* runs over all j such that j < ¢" 2 + g2
.,2g%. The

Lt + ¢ 1;-- ,2¢% 71, so jq is not equal to ¢" "2 + ¢%,¢" 3 + ¢2

gz~
coefficient of 79" "+92 4§ > 1, is
(—D)2 R, X+ bni(Xo, X1, .., Xpo1).
Let n be odd and (g) = 1. Then
Git. :<—1)”T”G;+§€(Xn — T (Ko, Xy, Xt T)
n 1
—92 ﬂ—l *
S T Y (X, Xy, X o) T X
n+1 1 + qn 1+q 5
<_]‘) 2 §gn T +¢4
n+1 ]_ !+ qn—l_'_anil nfl z +q q i_qn;l
:(_]‘) 2 EgnflT +<_1> ZRn 2,4— 1X T
=1
~1)"T > (X0, X1, ..o, X)X 197 + . (3-3)
Let n be odd and (3) = —1. Then
n 1_
—i—2 n=-1_j, _ * .
G { Z Rn 21 e +Rn_2,nT—1 +Z wj(X07X17"-7Xn72)Tj}an
J

n—1
+ (-1 26gn RVA Tlta 2 + ¢4
n—1
— 1 nT_12 /= an_1+qn2 n L — R 7i—q% R —q
_(_ ) egn—l n— 21, 1 + 27n71

+ (_1)%_12 w?(XO7X17'"7Xn—2)Xnqu+¢4- (3—4)

J
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Lemma 3.2. Under the weight defined in (1 —5) , we have

qn+1 -1 )
if m is even, wt Rt = e 7
wt R = Lt =t 4 g
n — )
if nis odd, qan 1 , o1 g
- - n—i = - _ —
thni_ -1 4 —q 2 7thn7n-2§-1_?
Proof. By Lemma 2.9.
Lemma 3.3. For all n € N, we have
2(qk 1)
(a) for = (—1)FX, " (mod Xo,X1,..., Xp-1);
2(q k+1_1) k1 1+qk+171
() fortr =2X, 7 X,;Hl +2X, " - f(mod Xo, X1,..., X 1);
(g+1) (g% —1)
(C) fék = (_1)k+1Xk = (HlOd X07X17"'7Xk:—1>;'
(ChRr)) gkt gkt 1

(d) fék+1E2Xk -t Xk+q1_1 +Xk: ! -fl(mod Xo,Xl,...,Xk_l)
where f and f1 are two polynomials.

Proof. (a) and (c) follow from direct computation. Using the Laplace expansion to the deter-
minants defining f3, and f3, ., we can get (b) and (d).

Lemma 3.4. Forn € N, we hcwe

k
k(k H L=
(a) gy = (1) X - (mod Xo, X1,..., X¢—1);
k+1_1
(k k(k—1)
(b) gé—l"; = (_1) : 2X (IIlOd XOale s an:fl)~

—1

(C) 92]; = ( )kaj_ll (mOd Xo,Xl,...,Xk).
Proof. Step 1. By definition 2.1

_ X, -
0 X} *
2
Xi
) k
f2kz+1 = det Xk 0 XIZ
Xkt1 XIZ
2
Xy Xk
* ek 0
L Xip1 X i

Note that the matrix defining for11 is symmetric. Expanding it along the (k 4 1)th column,
we see that

gkl _q
f2k+1 EQXk -t det Bk(mod Xo,Xl, ce ;Xk—l)-

gkl 1

EO(mOd X07X17---7Xk717Xk -t ) (3—5)
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where
-XkJ,»l X}g -
Xp, x; 0
B =
k—1
i ) Xlgk 1
i X
Moreover, we have
k
g —1
— 1
det By, = X, (mod Xo, X1,...,Xg) (3-6)
Step 2.
— XZ -
q2
0 X, *
k
Xk LEq
/ooy = det a *
forpr =det | Xpypr X}
k
* :EZ 0
k41
L X{, X i

Expanding along the (k 4+ 2)th column, we have

a@®-1)

k1
fék+15detDk+1'Xk -t :|:X]Z ¢(m0d Xl,XQ,...,Xk_l)

where
F X1 XY _
2
X,‘CIJr1 X} 0
Dy =
* sz
L X, |
Since
N
TTg—1
det Dy41 :X/l€+1 +X ),
SO
gkt adP—1)
! 1 1
Jori1 (kal +X ) X, 0T j:Xq gzﬁ(mod X1, X0, oo, Xi—1)
k1 _g gkl 1 Pl g
—_ —1 —1 —1
:Xk 4 Xk+q1 (HlOd X(),Xl,...,Xk 1 ) (3-7)
L, gkl Rt

By (3.2) and (3.4), we have g3, , = X, ' X, (mod Xo,X1,....X, " ).

Step 3. Now by the definition 2.3, ggk 11 = gjt,m/ (go" ;)9 and induction, the formula for
ng 1 is proved.
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Xk Xy , Xk
x4 x X . x4 0
Step 4. Let A, = ) VAL = ) and By1 =
0 . oy 0 . * &
- k—1
i, z] xj,

Then we have

2(¢F-1)

for = ‘,& o= (-1FX, 7T (mod Xo, X1, .., Xp_1),

(a+1)(a"-1)

_ 0 Aj,_ q—
fék = ’Bk+1 16 = (_1)k+1Xk: ' (mOd X07X17"'7Xk—1)

By the definition 2.2 of g,F, we have

k
(a+1) &=
g5 = (=D)*12x," T (mod Xo, X1, ..., Xi_1) (3-8)

Step 5. Now from Lemma 2.5(a), for+1 = (—1)*gh.t g5, - Comparing (3-1),(3-2) and (3-3), we
get the formula for g,

Lemma 3.5. For any j such that 1 < j <k —1, we have

gk —gk—i gk—i_1 k_,k—3
I+ —1 —1 —1
g2k—1:j:Xj a Xk+qj (mod Xo,Xl,...,X- B 7--~7Xk+jfl)

Proof. Step 1. It is not difficult to see that

Xk:+j *
k—j—1
q
Xk+j
k—j
q
X 0
for = . 1
. X1
k—j J
Xf 0 0
k—1
X} 0
Xk+j 0 0
) k—j—1
* Xy 0
k_gk—J k—j_q 2(qk — gk 1)
i 24 q a 142" —a
— k+1 +1 —1 q—1 q—1 qg—1
=(—1)*HDEHD-1 X X" (mod Xo, X1,..., X, vy Xnjo1)

(3-9)

Step 2. Observing the matrices defining far,_1 and fJ, ,,we see that the exponents of X} ; in

o e . =31
for—11s < ( i, ), which in f}, , is < qq_l + g4

k—j—2

—L Thus the exponents of Xkt

qg—1
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in g5 ,is < (¢+1 )(qk qj 1), On the other hand, by induction hypothesis, the exponents
of Xp4; in ng 4 is % So the exponents of Xy, ; in g% L is < 1 711_1'

Using Lemma 2.5(a) and comparmg the exponent of Xgy; in (3-9) and in g5~ |, we see
that the exponents of X}, ; in gzk , is equal to 4 . Moreover, th%_1 =wtgo,_1 = %,
so they also have the same exponents for X;. The Lemma follows.

Lemma 3.6.
k+1 1
(a) Gt = (— )k+1X T 724" (mod Xo, X1, ..., Xi),
q* 1
(b) Gy = (— 1)"3X1,€Jr1 (mod Xo, X1,...,Xk).
Proof. Step 1. Note that
, 0 AGkD s
for = B+ 0 (mod Xo, X1,..., Xp—1, X, " ) (3-10)
— Xk
b'e 7 Xer1 X .
ng * XIZ+1 X
where A(F=1) = and B+ =
0 g1 % . g1
X . X¢
(k—1
- Xpk

LT
Note that the (k + 1)th column in (3-5) is zero and det A*~Y = X,*"" . Thus to compute all
minors f/; in Lemma 2.8(b) carefully, we find that the only nonzero minor is f,"c pi1- And we
get

k=g a1
B =X,1 = X,;Hl 72" (mod Xo, X1,..., Xp—1, X7 " )

Step 2. Similar to Step 1. , Using

0 Ak)

f2k = ‘A(k)t 0 (IIlOd XO,Xla---ka—l )

Xk
x4 *
where A% = . . We use Lemma 2.8 to find F5;,. Most minors are
0 .
ng—l
zero, we have
gk —1
2 +1 7 2k k
Py =X, " +szk+1 i 77+ +szk+2 R T A
1=0 =1

(mod Xo,Xl, Ce an—l)

gk -1
1

All the minors appear in the above are multiple of X,""" , so

g1

ng = O(mod Xo,Xl,kal,quil )

0.
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Step 3. From Steps 1,2, we have

k: qk—q qk—l qk—l

Gy =X, i X 724" (mod Xo, X1,..., Xp_1, X" " )

By definition of G/,* and induction, the Lemma follows.

k-1
Lemma 3.7. (a )R;kO_X T (mod Xo, X1,..., Xk 1)
af—1 k- . . =R
(b) Rij_Xq s X]z+]](m0dX07X17'"7Xk7--'7Xk+j7"'7X2k)71Sjék_l
A1

() Rfyp = (—)M1X, T (mod Xo, X1, ..., Xp)
Proof. By Definition and Lemma 3.6, we have, modulo (Xg, X1,..., Xx_1)

‘1+ q+1 aF-1
(F2/k 2k: )/(GIZk:_ 2) = (lek - sz )/(X ot ) 5 k even

ak—1

(Fyp, + (—Fa) %) /(Goyy)? = (Fyp + (—Far) 5) /(=X )4,k odd

Gyt = (3-11)

=3 _|_qk .

Note that R;’k j is the coefficient of T n G/%"' .

—j atl
Step 1. We claim the term T3 7 +4" cannot appear in the expansion of F,,> . Let S be the
set of all exponents of T" appear in Fy;. By (3-6)

S =85 US, US; U {0},

=g 4+ ¢ 2%k —j+1<I<2%k—-1,0<m<DU{FT+¢™: k<m<2k—j},
S ={¢*"7 +¢™,0 <m <k},

=+ ¢ k<I<2k—j-20<m<DU{FF T g 0<m<k—1}.

a1
The exponents of T may appears in Fy,> is > 0 u; + Zle v + Y ws, u; € S1,v; €

So, w; € Ss, oz+ﬁ+7< . Now suppose

« B 2
2T g :Z“i+zvi+zw3' (3-12)
i=1 i=1 i=0

Since u; > ¢** 77 + ¢, so a = 0. If v1,v5 € So, then v; + vy > ¢** 7 + ¢*, hence 3 =0,1. If
B =1and v; = ¢**7 + ¢*, then (3-12) holds.
Suppose v; = ¢?*77 4+ ¢™, m < k. then vy + * = ¢**1t7 + ¢* and ¢"™ + * = ¢*. * is a sum

of some wj. Say
qm T W1 T U =(q 76 < 9

Let v be the valuation determined by g. The valuation of the right hand side of the above
equation is k, so, in the left hand side, the terms with the minimal valuation must be cancelled.
thus the only possibilities is

—1
ﬁ:q2 and v; = -+ = v8 = 2¢,.
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So ¢™ + vy + -+ +vg = ¢™", and m = k — 1. Thus we have

wlzqzkfj—kq - 71)1:...:1]%:2(]]471_

Assume that § = 0. Suppose that there are only % w!s which are equal to 2¢?*~7~1.
Then

-3

5 <2q2k_j_1 + w1 + wg) = q%_j + qk

w1 + wy = 3q2k—j—1 + qk
wy +U)2 S 2(q2k—j—1 +q2k—j—2)
P2EI gk < 9g2ki—?
(g—2)¢* 72 +4" <.

A contradiction. Thus we have wy = - - - wg—1 = 2¢** =771,

2 wap =g 4 g

Step 2. In F}, the coefficient of 77"’ +4’ g

(_1)k+j<fl/c,2k—j+1 + fék—j,k—kl)(mOd XO? Xla v 7Xk7 cee an-‘rj) cee 7X2k)
. By direct computations, one can check that

fl;,2k—j+1 = O(HlOd X07X17' . '7)/5]’»‘7' e 7Xk+j7' e 7X2k‘)

_gk—d k—i
q J
X!

k+j (mod X())Xl:"'7)/5k7---755k:+j5---7X2k)-

/ _ j+1 qq%l“r%
for—jp1 = (17X,

Step 3. Substituting the results in Steps 1 and 2 into (3-6), the Lemma follows.

Lemma 3.8. (a) Consider the ring homomorphism

n0’» ¥nl>

®:Fy[Xo, X1,..., Xn] = F(QFy, QFy, ..., Q1)

Then ker ® = (g/t).
(b) Consider the ring homomorphism

q);Fq[X())Xl: oo 7X’I’L] - F(Qr,:O?Q:Ll? .. aQr_Ln)

Then ker ® = (g/t), if n is odd; ker ® = (g/.7), if n is even.

Proof. Comparing the transcendental degrees of the kernel and the image of ®, we see that
ker ¢ is a principle prime ideal of height one. By Lemma 2.12, gﬂf € ker ® and it is irreducible,
so ker & = (g/*).
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a(q+1)

Lemma 3.9. (a) 2vf, 3 R/ ql+11 = (-1)*% g- LV g+ (mod ¢ 1), where v is defined in
(5-17).
n LR n n+1
(b) Deﬁne N Ml( n—'—_|-21)’n+1,n+2 - 5n2 M’r(z,'rj—i—l%M;hn :
Then N = ¢/ = JRY, | (mod g, *)).

g+1
2

Proof.
- +1
n _ gn 1 gn—l n fq
fu=(=DElg 59,7 = (-1)E] = (-1)tz n - (3-13)
' b (Gn—3)1 (gi:g)q (_ )L 22ani12
Since »
fn-1= (_1)LTJ9;£F297/1:2 = 0(mod g, %), (3-14)
so from (3-13) and (3-14),
fa2
fn = _f q1 (mOd g;j—2)
n—2
and
(gt a
Fo faT = (<) 0 (mod g ty). (3-15)
Apply Lemma 2.4 to the matrix defining f; and by (3-13), we get
o fn = f7/171M7571)1?n - z—lMl(,r;J;ri,)nﬂ = frn_ 1Mr(L )1qn(m0d 9;:2)- (3-16)
By the definition (2.2) of ¢/, *,, we have
q+1
. f,25(mod g;:2) n = 2,3(mod 4)
n—2 = g1 g+l
(—1)Tlf:32(mod g.") n=0,1(mod 4)
Define »
v =—1,if n = 0,1(mod 4); = (=1)"% ,if n = 2, 3(mod 4). (3-17)
q a+1
Then f} 5 = (~1)# ~f,%,(mod g, %,). By (3-14) and (3-15),
(1((1;‘1) i Q(q2+1) , qT-H q(q2—1) , (n) q q+1 / g+1
fn—2 In :f (f +'7fn )Efn—Q fn an 1n+7(_1) fn 1
n at1
= Jn— l{fn 2Mq(1 )1n+7(_1)q2 fr—1} (3-18)

Moreover,
n n n qt+1
M) = ()" o X+ = (1)) T 7, Dy X + 0
We proceed to compute (3-16),

g+1

LM (D) L = (C1) (1) A f X 4+ (—1) 5 (—1) X+
= ()" {2, X + €
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From (3-18) and (2-2),

q(g+1) q+1

fod gf = (—1)"7 2y x4

Since
+ g+1 1%+ q(g+1) yq+1
R, 11 =04 Xpl+.
SO .
q(g+1
e pt g+l atl 1t q(g+1)
27fn ] Rn—l,l = (_1) 9n—4 +(m0d gn 2)
(b) Define
_ (n+2) a=1 , (nt1) 5 p(n+1) 5
N = Ml,n+1;n+1,n+2 - 5 Mn n+1M
- qun+l + ...
_ I+ q /-
=9n—29n— 2X7Z+1 + -
+ _
Ryiiq1= Rnfl,OX"’H‘l +eee= gn I X1+ -
Thus the result follows.
T ) Tn
X1 i) In q q
q q T Lo z]
Ty Lo Ly
Let D, . . and Dy = :
. n—1 n—1 n—1
gt qix—l n—1 Qflq I'Qq l'nq
xl ':UQ 'Tq q” q" qn
L Lo Ty

n+2
M1 n(+1 nzr1 n+2 — Dqu(S
M"Y = Dis, D,y

n;n-+

M) = pis,

S0 N(QnO:---ann>:0

Lemma 3.10. (a ) Let n be even and e = —1 or n be odd and € = 1.

(i) Gn—l( n— 107---7Q:§—1,0§Xn):0

. Then

(ii) If a polynomial ¢(Xo, X1, Xpn—1;T) = z]kvzo ap(Xo, ..., Xn_1)T* satisfies ¢(Qn 1,05

. -aQ;;Lo;Xn) =0, then ay € (g, ).
(i) R7; € (g, 1)
(b) Let n be odd and (<) = —1.
q

(i) ;1_,—1( ;—1,07---7Q;—170§Xn):0

(ii) If a polynomial ¢(Xo, X1, Xpn—1;T) = Z]kvzo ap(Xo, ..., Xn_1)T* satisfies H(Q, 1,05

.,Q;_I,O;Xn) =0, then ax € {g,_1).
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(iii) R, € (g, 1)-
Proof. (a)(i)

G'rLHe_( ; lO’Qn 1,10 aQ:—l,n—ﬁXn)
n—1
=0 (Q —10 T GXm Qn—1,1 + qu‘ZLH, T 7Qj;71,n—1 +eX +1)

:gn ( O?Qn IR 7Q;7/._,TL—1)
=0.

(i) 0 = ¢(Qn 1,003 Qn 1,05 Xn) = Zg 0 ak(QZ—l,m ) Qn 1 O)Tk' Since ak(Q:—l,Ov ce QI—LO) S
Fqlzi,..., xn_l] hence ak(Qn 105+ @i_10) = 0 for all k. The statement follows from
Lemma 3.9(a).

(iii) Applying (ii) to Gn ", we get the result.

The proofs of (b) are similar.

Lemma 3.11. All the coefficients of Gt belong to the Fy[Xo,. .., Xn_1]-module generated by
{ Rf,, RY ""R+L"+1J’ if n is enen and € = —1; or n is odd and (g) =1;
Ll

R R, ifnisodd and () = -1

n0» nl"‘ ">|_n§ ]

Proof. Let M,, be the Fy[Xo,..., X, _1]-module generated by RfO,Rffl, .. ’RiL”T“J' We’ll

prove by induction on n. For n = 1,2, it is easy to see check directly.

Let n > 2. First suppose n is even and € = —1. Consider (3-2). In this expression
¥i(Xo, ..., Xn_2) is a coefficient of G/, *,, so by the induction hypothesis, we have ¥; € M,,_»
for all j, i.e.

n—2

for some h;; € Fy[Xo, ..., Xp—3]. Let

e M,

/ [ ) + q +
V5 (Xoy oo X ) o= gy Ry oo b Mo (R0

Then by Lemma 3.1,
L2 )
( 1)L quX = Z h‘% 1,] ( )L JR;’IL—(IQZ 1X>

L"“J

Z hz 1]¢7’L,i € Fq[X(h"'?anl]-

So

L 23]

(“D)BIIX = R+ b RE L+ Z iy Oni-

Also
1Xn :RZ ,—¢n 27,(X07---aXn—3)-
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-+

Substituting these into (3-1) and collecting all coefficients of R, we get

G (T) = hoRSy + MR}, + -+ +thT+1JR;LnTHJ +¢'(Xo,. -+, Xp—1, 1)

n,—1

where h; € Fy[Xo, ..., Xp_1;T]. We write ¢/(Xo,..., X 1;T) = S0 g ax(Xo, ..., Xp_1)T".
Then by Lemma 3.9 ax(Q;_ o,---,Q;_1,,_1) =0 for allk . By Lemma 3.8, ax € (g,," ;) =
(R},). Hence all coefficients of G/ belong to M,,.

To prove the other cases, we just need to replace (3-2) by (3-3) and (3-4), and use the
same arguments.

A key technical part of the proof in §4 is the use of homogeneous regular sequence. So
we first develop some basic properties about regular sequence which will be needed later. See
[12].

Proposition 3.12. If x1,29,... ,x, € R is a reqular sequence, then x1 is a non-zerodivisor
in R/{(xo,x3,... ,&y).

Proof. 1t suffices to prove for n = 2. So suppose x1, x2 is a regular sequence. We want to show
that z17 € (z2) implies r € (z2). Assume that x17 = x2s. Because x5 is a non-zerodivisor in
R/{x1), s = x5’ for some s’ € R. Then x1r = xox15’. Since x; is a non-zerodivisor in R, we
may cancel it from both sides of the equation and get r = xs" € (z2).

Lemma 3.13.

(a) Ifxy,29,... ,%i... &y € R is aregular sequence, and x1,Xa, ... ,Ti—1, s Titx1,... , Ty €
R is a regular sequence, then x1,Ta,... ,Ti—1,TiTi, Tiy1,... ,Ty IS a rEgular sequence.
b) If v1,29,... ,x, € R is a reqular sequence, then ot gk ke is q reqular sequence
) ) 3 ’ 1 %2 yvn

for any ki, ko, ... k, € N.

To make the proof in §4 go more smoothly, we establish several lemmas below. The first
one is just a direct corollary of Lemma 3.13, but it is a situation we’ll often encounter.

Lemma 3.14. Let R = F[Xo, X1,... , Xk, Y1,Y2,..., Y], the polynomial ring of k +n + 1
variables over a field F'. Suppose we have a sequence S1,5%,...,9n € R, m <n, such that

Si=) _a;Y;
=1
where a;; € F[Xo,X1,...,Xx] and

lij
Qi = injXszfQ(mOd Xo, Xl, PN ,Xi+j_3)

for some ~;; € F*, l;; € N. (Here we require k > m+n —2 so that this condition makes sense
). Then Xo,X1,...,Xn_2,51,52,...,Sn is a reqular sequence in R.

Proof. Observe that

S, = VlnXiLllen(mOd<X0, X1,... 7Xn—2>) (3—19)
SQ = ’)/QnXiLQ”Yn(HlOd<X0, Xl, c. 7Xn—1>) (3—20)
S = Yo 1 XY, 1 (mod(Xo, X1, . .., X2, Ya)) (3-21)
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S = 3., X2 Y, 1 (mod(Xo, X1, ..., X)) (3-22)
S3 =30 1 X2V, (mod(Xo, X1, ..., Xpn_1,Yn)) (3-23)
S3 = ’73 n— 2Xl3 e 2Y 2(H10d<X0, Xl, e ,Xn_g, Yn—la Yn>) (3—24)

The lemma is proved by applying Lemma 3.11 over and over again. To explain the procedure,
we prove the case m = 3 explicitly.
From (3-22), Xy,... Xn 1, Xn, S3 is a regular sequence.

From (3-23), X1,...,X,—1,Ys, Ss3 is a regular sequence.

So by (3-20) and Lemma 3.11, Xq,...,X,_92,X,_1,59,53 is a regular sequence.
From (3-23), X1,..., X, — 2,Yn,Xn 1,53 is a regular sequence.

From (3-24), X1,..., X2, Y,,Y,_1,S3 is a regular sequence.

So by (3-21) and Lemma 3.13, Xq,...,X,_2,Y,,5,53 is a regular sequence.
Thus by (3-19) and Lemma 3.13 again, we see that Xi,..., X, _2,51,52,S53 is a regular
sequence.

In the following Lemmas 3.15, 3.16 and 3.17, let R = Ry ® R1 ® R2 & - - - be a positively
graded ring, and for any z € R, we denote its homogeneous component of the highest degree

by in(z).

Lemma 3.15. Let x1,22,...,x, € R be homogeneous elements with positive degrees. If
T1,T2,...,Ty 1S a Teqular sequence, then x1,xa, ..., Ty, 1S a reqular sequence in any order.

Proof. Since any permutation is a product of transpositions, it suffices to prove for n = 2. So
suppose r1,T2 € R are homogeneous elements with positive degrees, and x1,x2 is a regular
sequence. By Lemma 3.11, we only need to show that zs is a non-zerodivisor in R, i.e. xoy =0
will imply y = 0. We may assume y to be homogeneous. Since x1, x5 is a regular sequence,
xoy = 0 € (x1) implies y = x1y; for some y; € R, and we may assume y; to be homogeneous.
If y; = 0, then we're done; if y; # 0, then degy; < degy because degxzy > 0. Now zoy =
xox1y1 = 0, and because x; is a non-zerodivisor, zsy; = 0. Repeat the above argument, we
have y; = x1y2 for some homogeneous y» € R, and either y, = 0 or degys < degy; < degy.
Note that since R is positively graded, this process can not be repeated indefinitely. Hence we
must have y = 0.

Lemma 3.16. Letxzq,xa,...,z, € R, not necessarily homogeneous, and suppose in(x1),in(xs),
,in(xy,) is a reqular sequence. If s € (x1,x2,...,2y), then there exist y1,ya,...,Yn € R such
that s =Y i x;y; and degx; + degy; < degs, 1 <i <n.

Proof. Induction on n. n = 1 is obvious, so suppose the statement holds for n — 1. Since
s € (r1,22,...,T,), there exist y1,y2,...,y, € R such that s = Z?:l x;y;- Among all the
possible choices of y1, ¥y, ..., Yn, choose one such that the number m := max{degx; + degy; |
1 < i < n} is the smallest. We are going to prove by contradiction that in this case, m < degs.

Suppose m > degs. Let d; = m —degz;, and let y; 4, be the homogeneous component of
degree d; in y;. Because m > deg s, we have

n

Zin(l'i)yi,di =0 ,

=1
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hence
in(xn)yYn.a, € (in(z1),in(z2),...,in(x,-1))
Because in(z1),in(z2),...,in(z,) is a regular sequence, this implies
Yn,d, € (in(z1),in(z2),...,in(x,—1))
hence there exist homogeneous z1, 23, ..., 2,_1 € R such that
n—1

Yn,d, = Z in(z;)z;

=1

and degz; +degx; =d,, 1 <1< n—1.
Let

Yi=vyi+zz, , 1<i<n-—1,
n—1

Yp, = Yn — Yn,dp — Z(ﬂfz —in(z;))z;
i=1

It can be easily checked that Y. z;y, = > i, z;y; = s. Note that degy), < d,, because
deg(yn — Yn.a,) < dp and deg(z; —in(x;))z; < degz; + degz; = d,,. Thus

deg x,y,, < degx,, + degy, < degx, +d, =m

and since we suppose m > deg s, we have deg(s — xz,y,,) < m. By the induction hypothesis,
there exist y7,y5,...,y_; € R such that

n—1 n—1

" / /
E LilYy = E LiY; = S — Tnln
i=1 i=1

and degx; + degy! < deg(s — zpy,) <m, 1 <i<n-—1. Lety! =y, then > "  xy) =s
and deg x; + degy) < m, 1 <i <n. This contradicts to the minimality of m.

Lemma 3.17. Letxy,xa,...,2, € R, not necessarily homogeneous. If in(xy),in(xs),...,in(x,)
18 a reqular sequence, then x1,x9,...,T, 1S a reqular sequence.

Proof. The statement obviously holds for n = 1. Suppose it holds for n — 1. Then we only
have to show that x,, is a non-zerodivisor in R/{(x1,22,...,Tn_1).
Suppose =,y € (x1,x2,...,2,_1) in R. By Lemma 3.13, there exist y1,¥y2,...,yn—1 € R

such that
n—1
Ty =Y Til
i=1

and degx; +degy; < degx,y, 1 <i<n—1. Hence

in(x,)in(y) € (in(xy),in(xs2),...,in(x,—-1))
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(Note that in(z,,)in(y) may be zero). Since in(x1),in(z2),...,in(x,) is a regular sequence, this
implies
in(y) € (in(zq),in(xs2),...,in(zr,—1))

Thus there exist homogeneous 21, 22, ..., 2,1 € R such that

n—1
in(y) = in(z;)z
i=1

Let ¢/ = y—Z?:_ll x;z;, then z,y’ € (x1,x9,...,2,_1) and degy’ < degy. Since R is positively
graded, an induction on degy will conclude that y € (x1,22,...,2p_1).

§ 4. Sopme results on Main Theorem.

Now we assume that Theorem Ay and Proposition Bi_; hold and want to prove the
following Proposition.

Proposition By. Let n =2k + 1. (a) Define a homomorphism

(i)n : Fq[X0>X17 T >Xn—27Xn—17Y17Y27' o 7Yk]/<KnlaKn2a T 7Kn,k—1> —

RY (X0, X1, Xn 1 Rt . (X0,X1, Xn_1)
]Fq[X07X1,"' 7X77,—27X’7'L_1’ 1 1,1( n )7 ’ i 1,k ) n ]’
Ry o(Xo0, X1, . Xn—2) Ry o(X0, X1, Xn—2)
which is defined by
Xir= X, 0<i<n-—2
R (X0, X1, X ]
Yj— 1_14(0 - nl),1<j<n,
/ Rnfl,O(X()lev"'vXn72) - -

Then B
ker (I)n - <Kn17 Kn2> e 7Kn,l€—17 Knk>/<Knla Kn?a Tt >Kn,k—1>

where K,; are defined as

K, 1
B ONCH RS
Ky Yy
(b) det AJ") = —R} |, det AJY) = (-1)"'Rf_,, ,2<i<k+1.
(c) Foranyl, 1 <l <k-—1,
(k) _ o RS -
det A@;l :rk,k-HXl gzﬁ(mod XOlev"' 7Xl y " 7Xk:+l7"' 7Xk71)-

(d)

i1,
— q 2 ‘
Pij :ainZ-+j+1 (mOd XOale"' 7Xi+ﬂ_1)~

2 2
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Tij = ﬂinj(mod Xo,Xl, ce ,Xj_l).

(e) Let
Rf |, q R, q
\Iln:]Fq[XOa"'>Xn717§/2>"‘7Yk)—|—1]_>Fq[XO7"'7X'rL717(R:_1O) ) 7(R:—10) ]

+
be the ring homomorphism which sends X; to X; and Y; to (Rg%lf;l)q. Then

keran - <K’I/'L,17K’I/'L,27"'7 ':L,k>
where K}, 1, K}, 5,..., K, . are defined as
/ 1
o Yy
T =ea®) | Y
K! :
n,k Yk—l—l
And the kernel of the map
RI711 q szl.k q
]Fq[X()a s 7Xn7§/2; s 7Yk—|—1] HFQ[XO7 e aXna (ﬁ) ) ) (R+—1’0) ]
defined by
) szl,ifl q
XZ = X’LJ Yl — ( R+ )
n—1,0
is also < 1/1,17 ’;L,27 T 7K7/1,k>'

Proof of (a). Step 1. Let

H:]Fq[XOa s 7Xn—27X'rL—17Y17 s 7Yk+1]/<Kn17 B 7Kn,k:—1> -
IE‘q[)((h cee 7Xn—2aY17 cee 7Yk—|—1]/<K'rL17 cee 7Kn,k—1>

be the ring homomorphism which sends X; to X; for 0 <i <n —2,Y; to Y} for 1 < j <k,
and X,,_1 to 0. Then by Theorem Ay, ®2,12 0 Il = @9, ;5 and P, is an isomorphism. Thus

ker @, = I~ (ker @,,)
= ker ®,, + ker II = ker II

We just need to find K, such that ker II = (K,;,). Here we also define the entries ry o, 7% 2k—1,

..+, Tk, in the matrix AR
Step 2. From
" RY_, Q) RY_, (@)
Fq[Il,I'Q,-.. ,mn]O”(Fq) :]FQ[Q;’L'_O? ;1"1’,.. 7Q+ 1,1 1k ],

n,n=27 RI—LO(Q:'L)’ ’ RI—I,O(Q:'L')
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where R:ﬁLj(Q:{i) is the abbreviation of Rf{_l’j(Q:[O, Q) and Q€ Fylwy, a0, - -
it follows that
R;";—l 1 R:—l k
Xn—lepq[X07X17"'7Xn—2aR+ : )T R/E : ]
n—1,0 n—1,0

i.e. there exists a polynomial H (X, X1,..., Xp—2;Y7,...,Ys) such that

R;t—l 1 R:71 k
Xno1=H(Xoy. .., Xp—2; RLI:O,..., Ri—lzo) (4-1)
Among all such polynomials, we choose H to be the one whose total degree in Y1,Ys,..., Y,
is the smallest.
Step 3. We claim that
H is linear in Y1,Ys,...,Y}. (4-2)

We write

where A = (A1, Mg, -+, M), [A] = 307 A, YA = YU Y52 .. V2%, Obviously | # 0, because
Xo, X1,...,X,_o are independent variables. By Lemma 3.1,

Rt R
H(Xo, ., Kot 2o ) € Fy(Xovo o, Xomo) X,

Let H; be the Y-degree [ part of H. Then the coefficient of X! is

H(Xo,..., Xn_oi R 38, ... R0 )/REL
Soif I > 2, then by (4-1), H;(Xo, ..., Xn-2; R 58,..., R 51 1) =0. Let H/(Xo,...,Xn 2;
Y3, -+, Yy) be the dehomogenization of H; with respect to Y; regarding it as a polynomial in
Y1,Ys,---,Y,. Then

/ R:—s 1\q Rz—s k—1\q
Hl(Xo,...,Xn_g,(R+ ’),...,(—RJr’ )):0
n—3,0 n—3,0

By Proposition By_1(e) there exist S, --,S,_; € Fg[Xo, X1, , Xp—2, Y2, Y5, -+ Y] such
that H = >.*"' S/K!,. By Proposition Bj_;(d),

/ q / q / q / q
KXoy X1y.00y Xg 7Kn,1 —Pin-2> Kn,Q “Pop—2ss B2 " Pron-2 Bpk—1 " Tko1n-1

is a regular sequence in F,[Xo,..., X, _2,Ys,...,Ys]. Since they are homogeneous with respect
the weight, by Lemma 3.15

/ q / q / q / q
Kn,l —Pin-2: Kn,2 “Pop—2s- Bpnkg—2"Pron-2 Bnk—1"Tg 1n1

is a also regular sequence in F,[Xy,..., X, _2,Y2,...,Y;]. Now if we consider the grading
defined by total Y-degree then Lemma 3.16 tells us that we may assume degy S, < [ — 1.

, T

O (Fq)
9
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So let S; be the homogenization of S, with respect to Y; regarding it as a polynomial in

Y1,Ys, -+ Y5, we get
k—1

H; = Z(Kn,i — Din)Si -

=1

Therefore H — E?:l K, i S; has strictly smaller total degree in Y7,...,Y) than H, which is a
contradiction because

k—1
Rt R _
Xpo1 = (H — z; Ko i) (Xos oo Xnogy 2t )
1=
This proves our claim (4-2) that [ = 1.
Step 4. (4-1) can be written as
Ry, R 1, RY 4
X1 = Thop + Th2k—1 o + Th2k—2—r—— + -+ Thp—r— (4-3)
) ’ —+ ’ —+ +
Rn—l,O Rn—l,O Rn—l,O
! : R:—li :
for some 7 o5, i € Fy¢[Xo,...,Xpn—2]. Since by Lemma 3.2, & Is homogeneous of
) n—1,0

weight ¢"~! 4+ ¢"~*~!, comparing the weight of each term, we may assume that Tron—i—1
is homogeneous with weight ¢"~*~! + 1. Moreover, comparing with wtX;, we see that
Tni € FQ[XO, c. ,Xi].

Let ri ok 1= 1, o, — Xn—1 and Kpp = g2k + Tk2k-1Y1 + Tk 26-2Y2 + - -+ + 751 Y. Then
ker ®,, = (Knk) as desired.

Proof of (b). We compare the coefficients of X,,_; from both side of (4-3), and by Lemma
3.1 we see that

+ q + q + q
k Rn— Rn—3,1 Rn—3,k
(=1)" = rg,26-1 ot + Tk2k—2 ot + o TR ot )
n—1,0 n—1,0 n—1,0
ie.
k p+ _ + q + q + q
(=D)"Ry_10 = rk2k—1R, 50 + re2n—2R, 3+ + el S (4-4)

With this, we can calculate det Aé,kl) by expanding along its last row:

det A§Y =S8 | (—1)Fry op_i(det AJ )
= (=1)F* Zle 7”k,2k—iR:_§7i_1 (by (b) in case k — 1)
=—R!_|, (by (4-4).
To determine the value of det Aé)’,? for 2 <i<k+1, we'll view

1
Y1

AR |2 —

Y
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as a system of linear equations in Y7, Ys, ..., Y} with coefficients in the field Fy(Xo, ..., X;—-1).
The fact that det Aé)kl) = —R;F_LO # 0 tells us this system has a unique solution

det AL det A
Vi = (-1) o = () B 1 <<k
det Ay 7 Ry 10
However, we have already seen that
Y, — Rz 1,2 1<
T — _|_ = 1 S k )
Rn—l,O

is a solution to the system. Therefore det Aéfi) (-1)"*R i—1:2<i<k+1

Proof of (c). To go further the proof, it is convenient to rename the entries of A*) as follows:

Aok a0,k—1 T ao1 aoo
AR a?k a1.k—1 T a1 aio
-1,k Qg—-1,k—1 *°° OQk—1,1 Qk—1,0
note that .
p;‘]+1,2j_1 EIFq[XvOF" aXQj—l]v ifj>i+2
Q5 = gt o . (4_5)
Titlitj+1 € Fq[XOa T aXz‘+j+1]a if j <i+1.
Moreover, from (2-12), we have
wta;; = " 4 gF ! (4-6)
_ . 1+qk_l(ql__11) &
Let a;; € Fq[X;, Xj41] be the residue of a;; modulo (X, X1, -+, X| T X,
, X;—1). We use the notation v(f) to denote the largest integer s such that X}7|f, we set
the convention that v(0) = co. Let Si be the symmetric group on {0,1,2,,--- ,k — 1}. Let
det Aé)kl) = ses, (E H?;é ds(5),)- To prove (c), we just need to show that
k—1 1 1
(i) For any o such that o(l) # k — 1, then I/(H Ao(jy,;) > 1+ qk_l(q—l). (4-7)
. q—
7=0
¢ -1
(ii) For any o such that o(l) = k — 1, then v/( H Ao (j),5) L 7 ) (4-8)
0<j<h— 7=
Jj#l

Before proving the claims (i) and (ii), we first note the following.

If j <, then a;; € Fy[X;] except that (i,5) = (k—1,1)
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by (4-5). Moreover, since a;; is homogeneous, so if a;; # 0, it must be some power of X; and
wt Xl = ql + 1 | wt C_lij = qk_i_l(qiﬂﬂ + 1)

Thus we have [ | i 4+ j + 1, say,

i+ 7+ 1 =Im for some odd integer m, (4-9)
and

- be a term in det A

Now we begin to prove Claims (i) and (ii). Let iH?;& Ao (5),j 01

o € Sy. Suppose o(l) # k — 1 and @y, # 0. Then

l4+o(l)+1 41

k—1
— — —0o — q
V(H o (j).5) ZV(Aeqy) = " 77 g + 1 ) by (4-10)
7=0

| gFtl g gho -
¢ +1
¢ — ¢!
qg—1

>

by routine checking. Thus the Claim (i) is proved. Now we suppose that o(l) = k — 1. For
any j =0,1,---,1 —1,if @y ; # 0, from (4-9), then we have

o(j)=m;l —j—1.
For any h such that 1 <h < m; — 1, find ng) such that
o(s) =hl—j—1, s # . (4-11)

Let SU) = {sg) : 1 < h <mj; —1}. Note that the sets SU)’s are disjoint for different j’s. If

0< sg) <[l —1 for some h, then aa(sg) )= 0. Otherwise, by (4-9), l|a(3§f)) + s%j) +1=

)
hl—j—1 +s§f) +1,s0 l|s§lj) —j. But 0 < |5§Lj) —j| < I, a contradiction. Hence we may assume
that SEL” >1+1forall 0 < h <mj;—1. By (4-6),

_ (J) _ (G)y_ (3 _ ;
wt(@, o)y o) = ¢ 4 gF IR T = gRren gkt
O'(Sh ),sh

B

k1> @ 3 > 0. Then we have an equation

Suppose do_(sgbj))ys;j) =X X

() ;
¢+ 4 M = a(q! + 1)+ B + 1), (4-12)

Suppose the equation (4-12) has no solution, then U,y () = 0. Thus we assume that (4-12)
h h

)7
has an integer solution («, (3). Observe that

@) _

G Cnei s
L= B) (" 1)+ gF T g L (4-13)

(g +1) = (g™
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) . ) ) . . €)
The case qshJ —l — 5 < 0 is impossible since « is nonnegative. If qshj —l_ 3 >1, then

k—hitj sy K+ q
0> (i + ¢+ (4.14)
q +1

g—1
The last equalioty follows from (4-14) and direct checking. Thus (4-6) holds. Hence we have

$@)_

¢*» ' — 3 =0. From (4-12), we have

k—1 1
_ _ — q
V(H Ao (j),j) = V<ag(sh1<j>),5§j>) =a>dq" 1(—)
§=0

qk—hl—I—j o q‘S;Lj)_l 2 0 (4_15)
and , ;
L qsij)—z ng)_l<qk—hl+j—s§f>+l _ 1) (16)
a = = . -
¢ +1 ¢ ¢+ 1

sol | k—hl+j— szj) +l=k+5+1- ng) — hl and the quotient is an even integer. Therefore
we have

s =k j+1—7(h) (4-17)
where 7 is a one to one map defined on {1,2,--- ,m; — 1} and 7(h) = h(mod 2). From

(4-12), we have k — hl + j > sg) — [. This implies that 7(h) > h, that is 7 is a nondecreas-
ing function. Moreover, from sg) < k — 1, we have 7(h) > 2. We consider the sequence
1,7(1),72(1),73(1),---. note that this sequence is strictly increasing. In fact, 1 < 2 < 7(1),
by induction, suppose 7¢(1) < 7¢t1(1), then 7¢t1(1) < 7972(1) since 7 is one to one. The
sequence 1 < 7(1) < 7%(1) < --- < 7771(1) < 7"(1) will terminate until 7"(1) > m;.

—_—

V(Gg(0),000(1),1 " Qo(l),l " Oo(k—1),k—1)
-1 m;—1
ZV(H[@a(j),j H da(s;ﬂ),s;ﬁ])
j=0 h=0
1 mjfl

[V@a(j),j) + };) V(da(szj)),szj))]

-

- <
|
Ll

r—1

W@mij-1,5) + D v(@riqy—jo1s.,,)] by (4-11)
=0

~ <
|
LL

; . r—1 i il
qk+j +qk+j mgl qk+j (1)1 _qk+] T (1)

¢ +1 +§ ¢ +1

[

| by (4-10), (4-14) and (4-15)

v
Dl g

[qk+j poghti—l g gkl qk+j—TT(1)l]/(ql +1)

7=0
k -1
Z¢11' ¢’ (14 q7") since 77(1) > m;
7=0
@ ¢-1¢d+1 ¢ g -1)

Tdtlq-1 ¢~ gq-1
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Thus claim (ii) is proved.

k—i—1
Proof of (d). The statement is equivelent to a;; = ozinfJerrl (mod Xy, X1,...,Xiyj). By
induction, we may assume that the result holds for a;;,7 < k —1 or 7 < k. We will prove the
cases a;x,0 <i < k—2and ap_1,;,0 < j < k. We separate into several cases. We first prove
that

k—i—1

_ — q %
Aikk = Pi+1,2k—1 = aiXi+k+1 (mOdX17 to 7Xk:7 to 7X/€+i—1)' (4_18)
From K, ;11, we have
- q - "t ot
Pit1,2k—180 1 0FPiy1 op—sBn_11 T T D123 Bt nict
k—1 k—1 k—1
+ q + q +
Tivt2ivo B 1 ki T i1 2im1 B0 1 i+ i i By, =0
That is,
+ + + +
@ikl 1ot @ik Ry g+t iRy o FaR, =0 (4-19)

It is known that, modulo (Xo,--- ,)?k,n' , Xk+i), we have R;:—Lj =0,1 <j<iby
Lemma 3.7(b) and a,;; =0 for j < k — ¢ — 2 by induction hypothesis. So (4-19) implies that

aikR:_l,O + ai,k_i_lR;Ll’iH = O(mOdXo, cee ,Xk7 cee 7Xk+i) (4—20)
aF—1 o i1 qk—l_qk—i—l
Moreover, Rj{_l,o = 974{_2 = qu—l by Lemma 3.7(a), R:—1,i+1 = X13+i+1 qu_l by

Lemma 3.5, and a;y—i—1 = ng_i_l by induction hypotheses. Substitute these data into
(4-20), we get (4-18).

Second, aj—_1, = ri k1 is followed by (2-11). Since

qk—l
Y0,k X},
X2 0
(k) _ V1, k—14y
det A(Z);1 =
* Ye—1,1 X
Tkk
+ =
— i —1
:RQk:,O:qu (HlOd Xo,Xl,"' ;Xk71)~
Thus ag—1,0 = 76k = Xk (mod Xy, X1, -, Xx—1). Moreover, since
qk
Y0, k+1 X5
xat Tt 0
(k) _ Y1, kA 41
det A(Z);k =
* Ye—1,2X7 4

Thk,k+1
gktl_g

ER;k,kE k+q1_1 (mod Xo,Xl,"' ,Xk)
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Thus ar—1,1 = ri k1 = Xg41(mod Xo, X1,---, Xy).

At last, the remaining cases are ap—1, such that 2 <! <k —1. By Lemma 3.5, when we
k—1

modulo (X, X7, -- ,Xl1Jr T e ,)?;Hl, o, Xpo1), we get
gk gkl gk—l_
det AY) =Ry =gt =X, ©7 X, 50, (4-21)
and by (c),
gk gkl
det Aé)l) = Tk,k+le -t . (4—22)

Comparing (4-21) and (4-22), we have 74 4; # 0(mod X;). But 74 41 € Fg[Xo, X1, -+, Xt
and wtry g4 = ¢t +1, so Tk k+1 = Xg+1. Thus all statements in (d) are proved.

Proof of (e). The second statement follows from the first, since R, ; ; do not involve
X,,. Comparing the transcendental degrees of the domain and the image of v,,, we see that
ker ¥,, is a prime ideal in F,[Xy,..., X1, Y2,...,Ysy1] with height k. By (a), it is obvious
that (K,,,...,K/,) C ker¥,,. Thus to prove the fist statement, we just need to show that
(K)q,...,K!,) is a prime ideal in Fy[Xo,...,X,—1,Y2,...,Y,41] with the same height, and
then they must be equal.

Step 1. In Fy[Xo,...,Xpn-1,Y2,... Yk+1][g 1/(K],,...,K.,), the relations K,,..., K/,

can be written as

Y- Pin—2
2
P2n-2
CNIERE A
@(A@’l) : = -
Yk.+1 Pk—1,n—2
Tkn—1

By (b), det Agf) = g/, ;. Since we have localized at g,'",, the matrix go(A( )) becomes invert-

ible, so we can solve the above relations to express Ys,Ys, ..., Y 1 in terms of Xoyeooy Xn_1-
Therefore
1
Fq[XO7---aXn—17Yéa"'aYk+1]LF]/< ':117"'a 7/1141>
n—2
1
= Fq[XO; P 7Xn—1][ﬁ]
In—2
is an affine domain with Krull dimension n. Since Fy[Xo,..., X—1,Y2,... ,Yk+1][g/1+ ] is an
n—2
affine domain With Krull dimension n+n, (K,,,..., K}, ) is a prime ideal in F;[Xo, ..., X, 1,

Ya, Yk+1][ A | with height n.

Step 2. From (d) and definition of K/ ., we have K/, = Xj4,(modXo, ..., Xi+i—1). Thus by
Lemmas 3.3,3.13 and (b), Xo, X1, ..., Xn_2,9, 5, nl,K;LQ, .., K/, is a regular sequence in
F,[Xo,..., Xn-1,Y2,...,Yet1] . They are homogeneous with respect to the weight given in

(1.5) and wt Y; = ¢ — ¢"**!, then by Lemma 3.15, this sequence is a regular sequence
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in any order. In particular, ¢/, %, is a non-zero divisor in F,[Xo,..., Xn_1, Y2, .., Yis1]
J(K]1,...,K,,) hence

]Fq[XOV"?Xn—la}/Qv-"aYk+1]/<K1/fL1a"'7 717,k>
1
— Fq[XO, P ,Xn_l,Yé, e ’Yk+1][T]/<K':l17 ceey ”:Lk>
n—2
and thus is also a domain. So (K},,..., K], ) is a prime ideal in Fy[Xo, ..., Xpn—1,Y2, ..., Yit1],

].

and its height is n, the same as the height of its localization in Fy[Xo, ..., X;—1, Y2, ..., Yit1] [g,l+

Thus (e) is proved and all the proof of Proposition are complete.
§ 5. The Proof of the Main Theorem for Odd n.
Now we assume Theorem A; and Proposition B; holds for i« < k. We want to give a

Proof of Theorem Aj ;. Step 1. First we are going to define p; ,,, 1 < i < n. By Proposition
B (e),

n—1,1\q +q
=) Rnfl,O

+q
Rn—l,l

=0 = oA®) = 0.

-I-'q
Rn—l,k

By Proposition 2.12 and Lemma 3.9, there exist p; , € Fy[Xo,...,X,], 1 <i <n, such that

+
R¢+1,1 Pin
Rn+1 2 b2n
p(AM) . =—| . | Botro (5-1)
R;:+1,k+1 Pnyn

Moreover, from (a) in case k and Lemma 2.9, we have p; ,, is homogeneous of weight gt 4
"t 1< i< n.

Step 2. From (5-1) we have

+
n+1,1

+
n+1,0

Pin
Pan Bnirz

+ tp(A(k)) Riii0 =0.

L
Pk Rn+1,k+1

+
L n4+1,0

So (Kny2,1, Knyo2,- . Knjor) Cker @y, po.
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To prove the opposite inclusion, suppose
!
H(Xo,.... Xp,Y1,..., Y1) = Z ha(Xo, X1, .., Xn)Y? € ker ®,,.5 .

(Here we use the same notations as (4-2).) We proceed by induction on I. | = 0 is trivial. So
suppose | > 1. By Proposition 3.1,

R++1 1 R++1 k+1
n+1, n+1,
H(XOv"'aXn7R+ Yty R+ )EFQ(Xov"'vXn)[Xn+l]7
n+1,0 n+1,0
By the similar arguments as given in the proof of Proposition 4.1 (a), there exist S;(Xo, ..., Xn, Y2, ..., Yii1) €
F,[Xo,..., X0, Yo,..., Y1) ,1 <i <k, such that H — Zle K, 42,:S; € ker @, 5 whose to-
tal degree in Y7,Ys,..., Yy 1 is strictly less than that of F. By the induction hypothesis,
H — Zle Kn+27i5’i € <Kn+2’1, Kn+2’2, . 7Kn+2,k>7 hence H € <Kn_|_2,1, Kn_|_2’2, . 7Kn—|—2,k>-

Step 3. To prove that Fy[Xo, ..., X, Y1,.. ., Yier1]/(Knt21, - .., Knto k) is a UFD, it is enough
to show that

FolXos--s Xn, Y1, o, Y1) /{9l o, Kng21, - - -, Kntok)is an integral domain.

In fact, in Fo[Xo, ..., X0, Y1,.. ., Y1) /(Knt21, ..., Kntok), the relations K401, .., Kniok
take the form

pl,n Yl
+o(A) | =0,

Dk,n Yit1

or .
v Pin +p17n_2Y1
2
k . .
<P(Aé);1)) : == q
Yies1 Pk—1,n +pk_17n_2Y1

q
Dk + rk,n—lyl

By Proposition B(d),(b), det AJ") = g/, %5, s0in Fy[Xo, ..., X, Y1, .. Yl /(Kngan, Koo k),
@(Aé)kl)) is invertible and we can solve Ys,...,Yi 1 in terms of Xy, ..., X, Y7. Hence
1 1
FolXos- oy X, Y1, Y] [ 1/ (Kns21, - -+, K2 k) = Fg[Xo, -+, X, Vi[5
n—2 n—2

is a UFD. If we can show that F,[Xo,..., X,,Y7,... ,Yk+1]/(g;:2, Kpio1,..., Kptok) is an
integral domain, or equivalently, that g;fz is a prime element in Fy[Xo,..., X, Y1, .., Yii1]
J(Kn+t2.1,- .., Knto ), then, by Nagatalemma [8], Fy[Xo, ..., Xpn, Y1, ..., Y1)/ (Kns2.1, s Kntok)
would be a UFD.

Step 4. In order to prove a ring R to be a domain, we just need to find a non-zerodivisor v € R
and show that R[u~!] is a domain, since R can be embedded in R[u~']. In our situation, the

W,

u” we found is ¢],_,. So, in the following, we are going to show that
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(i) gl_, is a non-zerodivisor in F,[Xo, ..., Xn, Y1,..., Yir1]/{0 oy Knio 1, Kntok),
(i) Fy[Xo,..., Xn, Y1,... ,Ykﬂ][ﬁ]/(g,gjz,ffnw,l, ooy Kpio k) is a domain.
n—4

Step 5. We want to prove the claim (i). & =1 is trivial, so suppose k > 2. By Proposition Bg

(a) and Lemma 3.12, in our case n = 2k is even, so Kyy2; — pin = Xgyi(modXo, ..., Xpri—1),
and
Xo, X1,..., Xg, Kn+2,1 —Pin, Kn+2,2 —P2n,---, Kn+2,k — Pk,n
is a regular sequence in Fy[Xo, ..., X,,Y7,...,Ysy1]. Consider the grading determined by total
degree in Y7, -+, Yr+1 and apply Lemma 3.14, we know that
XQ, X1 ey Xk R Kn+271 , Kn+2,2 ey Kn+2,k
is a regular sequence in Fy[Xo,..., X,,,Y1,...,Ys11]. By Lemma 3.3,
Xo, X1yoos Xeo, Gnas Gnoos Knyo1, Kngoo ooy Knyog
is a regular sequence in F,[Xo,..., X,,Y7,...,Ye41]. Finally, consider the weight defined in

(1-5) and apply Lemma 2.15, we conclude that
XO P Xl gty Xk—2 P gq/’Lj_Zl ) g;j—Z ) KTL+2,1 ) KTL+2,2 PR Kn+2,k

is a regular sequence in any order in F,[Xo,...,X,,Y7,...,Ys41]. In particular, g;il is a
non-zerodivisor in

Fol X0y Xy Y1, oo, Y1) /(90 oy K21y -+ o Kngo k) -

Step 6. In Fq[XQ, e ,Xn, Yl, e ’Yk+1][ﬁ]/<g;‘i—2’ Kn+271, e 7Kn+2,k>> the relations Kn+271,

..., Ky42 k-1 can be written in the form

_ . 24 -
2
P2.n + pg n_2Y1 + pg n_4Y2 3
7 7 20 A (k=1) Y
: + (A@;1 ) : =0. (5-3)
2 .
Pk—2,n + pZ—z,n—zyl + pZ—z,n—4Y2 Yii1
2
| Pk—1,n t pZ—l,n—le + Tg—l,n—BYZ i

By (d) in case k, det Aéfl_l) = g/, ,. Since we have already localized at g/, &, (,02(Agf:1_1)) would
be invertible, so from (5-3) , Y3,Yy,...,Y, 41 can be solved in terms of the other variables .

Moreover, the relation between Y; and Y5 is

Rt 11 R++1 )
+q +q +q “mtl, +q “ntl2
Rn—1,1Y1 - Rn71,0Y2 - Rn—1,1 R+ Rn—l,o R+ =0.
TL-‘r].,O n+170

Thus let N N
~ -R —q1 1R
Kn+2,k = e ntl,

+ q
R + Rn—1,1Y17
n—+1,0
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we have

1
FolXo, . Xn, Y1, Y [5—1/(90 50 Kng21, - - Kngo k)

n—4
1 -
= FQ[XO’ s 7Xm Yl? YQ][/—+]/<gn/j—27 Kn+2m>'
n—4

By Lemma 3.1, the relation g,/ % can also be solved to express X,,_s in terms of the other
variables, thus

1

D :=Fy[Xo,..., X, Y1,Yo][551/(9,55)

/
gn 4
N 1
=Fy[Xo,..., Xn o, ... ,Xn,Yl,YQ][F]
n—4

is a UFD. Therefore if we can proof that I?nJrg,k is irreducible in D, then we are done.

Step 7. Remembering that R:—l,o = g,/ %, it is easy to see that R;{_Ll is irreducible in D.

Hence +q
R, an+1 Ly

Kn+2 , is irreducible in D <= Rn 1.1 Rt nbD.
n+1,0
But from Lemma 3.9, we have
R+ )q+1
+ I+ ( n—1,1 .
R io=0n =———F inD .
n—4
and
+2 pt
R4 R nt1,1 10 D .
Rf 11 (X0, X1, X 1) Rf 1o (X0, X1, , X 1)

_ +
Let R* _FQ[QTLO’Q;;?"' ,an 2 Ri 10(X07X17 - ] MOI‘G—

over, since R’

Xn—2)' ) RE| (X0 X1, Xn_2)
is linear in X,,_1,Qn—1,, belongs to the quotient field of R;. Hence the

n—1,7

quotient field of R} is F,(z1, 72, ..., 7,)?"(Fd). Because the monic minimal polynomial of z,,
belongs to R [T] by Lemma 3.4. F, (1,2, ..., x,)°"Fdis integral over R%. By Steps 3 ~ 7,
R is a UFD, hence is integrally closed. Thus Fy(z1,zs,...,z,)Fd) = R

The proof of the Theorem Ay, is thus complete.

§ 6. The Statemaen of the Main Theorem for Even n.

Theorem Cj,. Letn = 2k be a positive even integer, Q} = x? —x3+x3—---—22_,+22 | —
be a quadratic form, O (F,) be the orthogonal group associated to Q;5. Then
(a) The invariant subring is
+
Fylz1, 2o, -+ ,]On (Fq)

—F,[Q, oF RY | (X0:X1,, Xpn1) RY_| (X0, X1, Xn_1)
n0» nla »en,n—2 R+ (Xo,X1,"',Xn_2)’ 7Rt_170(X07X17”"Xn_2) .
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(b) We have an isomorphism

¢n :Fq[X()?Xl)"' 7Xn—27Y17Y27"' 7Yk]/<KnlaKn27”' 7Kn,k—1> —

RY_ (X0, X1, Xn_1 R (X0, X1, Xpn 1)
Fq[X(tha' 7Xn—27 i 1’1( )7 ) :LL = ]
R} o(Xo, X1, Xn—2) Ry o(Xo0, X1, Xn—2)
defined by
RY_ (X0, X1, ,Xn_1) )
Yo —p=ba o 0 1<4<k.
J R;t_170(X0aXla"'7Xn—2), _j -
where the relations K,; are defined by
K1 1
Kn2 (k) Yl
: - Ck;® :
Ky k-1 Y
where
’ /q Iq2 /qk—2 /qk—l /qk—l
Diok—2 DPiok—4 Piok-6 P12 11 10
2 k—2 k—2 k—2
’ 1q 1q 1q Iq 1q
k) — Paok—2 DPoog—4 Poor-¢ ~°° T3 T2 To1
/ / ! / / !
Teok—1 Tk2k—2 Tk2k—3 " Tkrtr1 Tk Tkik-1

(c) The polynomials p;j and r;; € Fy[Xo, X1, -+, X;] are independent of n.
Tkok—1 = —Xog—1 + VP(Xo, X1, -+, Xog—2) for some polynomial 1.
Moreover, they are homogeneous with respect to the weight defined in (1-5) with
wt pi; = qj"'1 + q%_i, j even;

wt T'ij :qj + 1.

Proposition Dy. Let n = 2k. (a) Define a homomorphism

D, Fy[Xo, X1, -+, X0, X1, Y1,Yo, -+ VY3 (K1, Koy -+ K pm1) —

RE | (X0, X1, Xn-1) RI | (X0, X1, Xn_1)
FIXn X+ . X o X, _ n—1,1 1 n—1,k
q[ 0y <21, y An—2,An 17RI_170(X0,X1,~-~,Xn_z), ’R:_lyo(X07X1,”an—2) 9
which is defined by

R (X0,X1,, X 1)
R:_l,o(XOaxla"' 7X'n,—2)’

Y, — 1<j<n.
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Then B
ker (I)n = <Kn17 Kn27 e 7Kn,k717 Knk>/<Kn17 Kn27 e 7Kn,k71>

where K,; are defined as

K, 1
K Y;

Pl=cw ]
K Yy

(b) det C§) = R}, o, det CfY) = (-1)""'Rf_,, ,,2<i<k+1.
(c) Foranyl, 1 <l <k-—1,

k_ k-1 k_ k-1
e 144228
det Cé)l,ql) = rk,k—O—le ot ¢(mod XQ,Xl, tee ,Xl -t P ,Xk+l, T 7Xk:—1).
(d) ,
/ %%
Pij = O‘inf+%' (mod X, X1,--- 7X7;+%_1)~
’I",Ej = ﬂinj(HlOd X(),Xl, e ,Xjfl).
(e) Let
th—l 1\q Ri—l k\q
\I/n ZFq[Xo,...,Xn_l,YvQ,...,Yk_i_l] HFq[XOw”,Xn—la(R-&- * ) s ’(R+—) ]
n—1,0 n—1,0

n—1,i—1

be the ring homomorphism which sends X; to X; and Y; to (RRnﬁ)q. Then

keI'\Ifn - <K’I/'L,17K':'L,27"'7 ':’L,k>
where K, 1, K}, 5,..., K, . are defined as
Ky i
K, o | 12
.| =ec®) | s
; :
Ko Yit1
And the kernel of the map
R;tfl 1\q RI71 k\q
Fq[Xo, e ,Xn,}/g, e ,Yk+1] —>Fq[X0, e 7Xn, (R+_1’0) sy (rlo) ]
defined by
+
Xim Xi, Vi (faptaty
n—1,0

is also (K] 1, K]

n,1»*n,2y

LKL,

The proof are almost the same as that of the odd cases, hence we omit it.

39
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