
POLYNOMIAL INVARIANTS OF ORTHOGONAL

GROUPS OF FINITE CHARACTERISTICS

§1. Introduction.

Lrt Fq be the Galois field with q elements, and V = Fn
q be the vector space. Let G be a

finite subgroup of GL(V ). G induces a linear action on the symmetric algebra Fq[x1, . . . , Fn].
The invariant subring is

Fq[x1, . . . , Fn]G = {f ∈ Fq[x1, . . . , Fn] : σ(f) = f for all σ ∈ G}

A problem on Invariant Theory is to find the invariant subrings. If G = GLn(Fq) or
SLn(Fq), the result is due to Dickson[6,1911]. If G = Sp2n(Fq), it is solved by Carlisle and
Kropholler[3;1]. When G = Un(Fq2), this problem is settled by us in [5]. If G = On(Fq), we
have found the invariants for n ≤ 4[4]. In this paper, we will find the invariant subrings of
O+

n (Fq) for all n, and we also prove that the invariant subring is complete intersection.

Let q be a power of odd prime number and Fq be the Galois field with q elements. Let
V = Fq and R = Fq[x1, . . . , xn] be the associate symmetric algebra.

Consider the quadratic form

Qn = ε1x2
1 + ε2x2

2 + · · ·+ εnx2
n, εi ∈ F×q . (1-1)

and let On(Fq) be the orthogonal group associated with the o Qn. It is well-known that all
quadratic forms are equivalent to one of the following two special families:

Q+
n = X2

1 −X2
2 + X2

3 − · · ·+ (−1)nX2
n−1 + (−1)n+1X2

n, n ≥ 1;

Q−
n = X2

1 − εX2
2 + εX2

3 − · · ·+ (−1)nεX2
n−1 + (−1)n+1εX2

n, n ≥ 1 (1-2)

where ε is a non-square in F×q . The diof them are δ(Q+
n ) = (−1)b

n
2 c; δ(Q−

n ) = (−1)
n
2 ε if n is even, δ(Q−

n ) =
(−1)

n−1
2 if n is odd.

Since we are interesting on the orthogonal groups, it is known that there are three types:
O+

n (Fq), n is even or odd; O−
n (Fq), n is even . The orders of these groups are the following:

Proposition 1.1. [7] The order of the orthogonal groups are

|O+
n (Fq)| =

{

2(qn−1 − 1)qn−2(qn−3 − 1)qn−4 · · · (q2 − 1)q, if n is odd;

2(qn−1 − q
n
2−1)(qn−2 − 1)qn−3 · · · (q2 − 1)q, if n is even,

|O−
n (Fq)| =2(qn−1 − q

n
2−1)(qn−2 − 1)qn−3 · · · (q2 − 1)q, if n is even.

The orthogonal group induces a linear action on R. We want to find the invariant
subrings Fq[x1, x2, . . . , xn]On(Fq) = {f ∈ R : σ(f) = F for all σ ∈ On(Fq)}. The answer of the
corresponding problem in function fields is
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Theorem 1.2. [2] The invariant subfield is

Fq(x1, x2, . . . , xn)On(Fq) = Fq(Qn0, Qn1, . . . , Qn,n−1)

where
Qni = ε1x

qi+1
1 + ε2x

qi+1
2 + · · ·+ εnxqi+1

n . (1-3)

Notations. (a) Let M be an m× n matrix, S be a subset of {1, 2, . . . ,m} and T a subset of
{1, 2, · · · , n}. Then we denote MS;T to be the submatrix of M obtained by deleting the rows
in S and the columns in T . If S = {i} and T = {j}, we always denote Mij instead of MS;T .

(b) The Legendre symbol is defined as
(

δ
q

)

= δ
q−1
2 = 1, if δ is a square in F×q ;

(

δ
q

)

= δ
q−1
2 = −1, if δ is a non-square in F×q .

(1-4)
(c) We define the weight of variables as follows.

wt xi = wt yi = 1 for all i;

wtXi = qi + 1, wt T = 1. (1-5)

§2. Preliminary Results and the Statement of the Main Theorem for Odd n.

We first consider the infinite dimensional matrix

M(X0, X1, X2, · · · ) =





















X0 X1 X2 X3 X4 · · ·
X1 Xq

0 Xq
1 Xq

2 Xq
3 · · ·

X2 Xq
1 Xq2

0 Xq2

1 Xq2

2 · · ·
X3 Xq

2 Xq2

1 Xq3

0 Xq3

1 · · ·
X4 Xq

3 Xq2

2 Xq3

1 Xq4

0 · · ·
...

...
...

...
...

...





















.

The (i, j)-entry of M is Xqmin(i−1,j−1)

|j−i| . Let M(n) be the submatrix of the first n rows and
n columns. We define four sequences fn, gn, f ′n, g′n of polynomials which are essential in this
paper. In fact, we define g′n as the quotient of two polynomials, and we will show that they
are actually polynomials in Lemma 2.5.

Definition 2.1. Define f0 = 1, fn = detM(n) ∈ Fq[X0, X1, · · · , Xn−1], n ≥ 1;
f ′0 = 1, f ′n = detM(n+1)

1;n+1 ∈ Fq[X0, X1, · · · , Xn], n ≥ 1.

For example, f1 = X0, f2 = Xq+1
0 −X2

1 ; f ′1 = X1, f ′2 = Xq+1
1 −Xq

0X2. It is easy to see
that

fn = −f q
n−2X

2
n−1 + φ1(X0, X1, · · · , Xn−1), degXn−1

φ1 = 1 for n ≥ 3. (2-1)

f ′n = (−1)n+1f q
n−1Xn+f ′ q

n−2 Xq+1
n−1+φ2(X0, X1, · · · , Xn−1), degXn−1

φ2 = q for n ≥ 3. (2-2)

Obviously, f1 and f2 are relatively prime. Suppose that fn−1 and fn−2 are relatively
prime. Then from (2-1), it follows that fn and fn−1 are relatively prime. Moreover, from
(2-2), we see that

fn and f ′n are relatively prime for all n. (2-3)
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Definition 2.2.

g+
n =

{

f ′n − f
q+1
2

n , for n ≡ 0, 1 (mod 4)

f ′n + (−fn)
q+1
2 , for n ≡ 2, 3 (mod 4);

g−n =

{

f ′n + f
q+1
2

n , for n ≡ 0, 1 (mod 4)

f ′n − (−fn)
q+1
2 , for n ≡ 2, 3 (mod 4).

Definition 2.3. g ′ ±
−1 = 1; g′+0 = X0, g′−0 = 1;

g′±n = g±n /(g′∓n−2)
q for n ≥ 1.

Next we show that g′±n are actually polynomials in Lemma 2.5. We first state a Lemma.
We will use part (a) here and use part (b) in Lemma 3.8. This Lemma has also appeared in
[??], now we give a direct proof.

Lemma 2.4. Let R be a ring, and M ∈ Mn(R). We have the following two identities.
(a) Let N = M1,n;1,n ∈ Mn−2(R). Then

det M · det N = det Mnn det M11 − detMn1 det M1n.

(b) Let N ′ = Mn−1,n;1,n ∈ Mn−2(R). Then

det M · detN ′ = det Mnn detMn−1,1 − det Mn1 detMn−1,n.

Proof. The two identities are easily seen to be equivalent. In fact, let

M ′ =











M2

M3

...
Mn−1

M1

Mn











.

Apply (b) to M ′ and get

det M ′ detN =det M ′
nn detM ′

n−1,1 − detM ′
n1 detMn−1,n

(−1)n−2 detM detN =(−1)n−2 detMnn det M11 − (−1)n−2 det Mn1 detM1n,

(a) follows. So we only prove (b) below. Let Mi be the determinant of the matrix we obtain
by deleting the ith row, the last row, the first column and the last column from M . Multiply
the (n−1)th row of M by Mn−1 (which is det N ′), then add to this row the ith row multiplied
by (−1)n−1−iMi for all 1 ≤ i ≤ n − 2. We will find that the (n − 1)th row of M , after the
above procedure, becomes ( (−1)nMnn, 0, 0, . . . , 0,Mn1). Expand det M along this row now,
we get the identity in (b).

Applying Lemma 2.4(a) to M = M(n) , we have

fq
n−2fn = fq+1

n−1 − f ′ 2
n−1 = −(f ′n−1 + f

q+1
2

n−1)(f
′
n−1 − f

q+1
2

n−1) = −g+
n−1g

−
n−1. (2-4)
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On the other hand, from (2-1) and (2-2) we have, for n ≡ 0, 1(mod 4),

g±n = f ′n ∓ f
q+1
2

n

= (−1)n+1fq
n−1Xn + f ′ q

n−2X
q+1
n−1 + φ2 ∓ (−fq

n−2X
2
n−1 + φ1)

q+1
2

= (−1)n+1fq
n−1Xn + [f ′n−2 ∓ (−fn−2)

q+1
2 ]qXq+1

n−1 + φ3(X0, X1, . . . , Xn−1)

= (−1)n+1fq
n−1Xn + g ∓ q

n−2 Xq+1
n−1 + φ3(X0, X1, . . . , Xn−1). (2-5)

where degXn−1
φ3 = q. The last equality follows from n − 2 ≡ 2, 3(mod 4). It can be checked

that the same formula holds for n ≡ 2, 3(mod 4). (We just need to replace ± by ∓ in the first
three lines.)

To prove that g′±n are polynomials, we prove the following

Lemma 2.5. (a) fn = (−1)b
n
2 cg′ +

n−1g
′ −
n−1.

(b) (g′ ∓n−2)
q|g±n .

Proof. We prove by induction on n. Since g−2 = (Xq+1
1 − Xq

0X2) − (X2
1 − Xq+1

0 )
q+1
2 , so

Xq
0 |g

′−
2 . (a) and (b) hold for n = 1, 2 trivially. Given n ≥ 3, suppose these formulae hold for

fk, k ≤ n− 1. We first prove (a). From (2-4),

fq
n−2fn = −g+

n−1g
−
n−1.

By inductive hypothesis on (a), fn−2 = (−1)b
n−2

2 cg′ +
n−3g

′ −
n−3, so

fn = (−1)b
n
2 c

g+
n−1

(g′ −n−3)q
·

g−n−1

(g′ +
n−3)q

= (−1)b
n
2 cg′ +

n−1g
′ −
n−1.

Two fractions in the above are polynomials by inductive hypotheses on (b). Now we prove
(b). By (2-4) again and by inductive hypotheses on (a),

fq
n−1fn+1 = −g+

n g−n ,

fq
n−1 = (−1)b

n−1
2 c(g′ +

n−2)
q(g′ −n−2)

q.

By (2-3) , g+
n and g−n are relatively prime, so g ′ +

n−2 divides just one of g+
n and g−n . Since

g′ +
n−2 ∈ Fq[X0, X1, · · · , Xn−2] and observing the Xq+1

n−1-term in (2-5), we see that g′ +
n−2|g−n

and(g′ +
n−2)

q|g−n .

Lemma 2.6. g′±n = (−1)b
n
2 cg′± q

n−2 Xn + φ′3(X0, X1, . . . , Xn−1).

Proof. By (2-5), we have

g′±n = g±n /(g′∓n−2)
q = (−1)n+1 f q

n−1

(g′ ∓n−2)q
Xn + φ′3(X0, X1, . . . , Xn−1)

= (−1)b
n
2 cg′ ± q

n−2 Xn + φ′3(X0, X1, . . . , Xn−1).

The last equality follows from Lemma 2.5(a).

Now we introduce the other four sequences of polynomials.
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Definition 2.7. Given ε ∈ F×q . Define the polynomials

Fn,ε(X0, · · · , Xn−1; T ) := fn(X0 + εT 2, X1 + εT q+1, · · · , Xn−1 + εT qn−1+1),

F ′n,ε(X0, · · · , Xn; T ) := f ′n(X0 + εT 2, X1 + εT q+1, · · · , Xn + εT qn+1),

G±n,ε(X0, · · · , Xn;T ) := g±n (X0 + εT 2, X1 + εT q+1, · · · , Xn + εT qn+1),

G′ ±n,ε (X0, · · · , Xn; T ) := g′±n (X0 + εT 2, X1 + εT q+1, · · · , Xn + εT qn+1).

We often denote Fn(T ) instead of Fn,ε(T ) for short, if ε is understood. Now we give
explicit forms for Fn(T ) and F ′n(T ).

Lemma 2.8. Let fij and f ′ij be the (i, j)-minor of fn and f ′n, respectively, 1 ≤ i, j ≤ n. Then
(a) Fn(T ) = fn +

∑

1≤i,j≤n(−1)i+jε fij T qi−1+qj−1
,

(b) F ′n(T ) = f ′n +
∑

1≤i,j≤n(−1)i+jε f ′ij T qi+qj−1
.

Proof. (a) Let T = (εT qi−1+qj−1
)n×n, Then Fn = det(M(n) + T). Note that rankT = 1.

Hence when we expand the determinant Fn by multilinearity on columns, the terms which two
columns of T are taken must be zero. Then the result can be deduced easily. The proof of (b)
is similar.

Now we describe the weight, the T -degrees and the leading coefficients of the polynomials
F ’s and G’s.

Lemma 2.9. Using the definition of weight defined in (1-4), we have that Fn,ε, F ′n,εGn,ε, G′n,ε
are homogeneous polynomials. The weights are as following.

(a) wtFn,ε = 2( qn−1
q−1 ),wtF ′n,ε = (q + 1)( qn−1

q−1 ),wtG ±
n,ε = (q + 1)( qn−1

q−1 ).

(b) wtG′±n,ε = qn+1−1
q−1 , if n is odd ;







wtG′ +
n,ε = (q

n
2 + 1)( q

n
2 +1−1
q−1 )

wtG′ −n,ε = (q
n
2 +1 + 1)( q

n
2 −1
q−1 )

if n is even.

Proof. From the definition of Fn, we see that it is homogeneous if fn is, and wtFn = wtfn.
The weight of fn can be computed from the definition of fn.

Lemma 2.10. Regarding the polynomials as polynomial in T , then
(a) deg Fn,ε = 2qn−1, deg F ′n,ε = qn−1(q + 1).
(b) deg G+

1,ε = q − ( ε
q ), deg G−1,ε = q + ( ε

q ); deg G+
n,ε =deg G−n,ε = qn−1(q + 1), n ≥ 2.

(c)
{ deg G ′+

n,ε = qn + q
n
2 ,

deg G ′−
n,ε = qn − q

n
2 ,

if n is even;

{

deg G ′+
n,ε = qn − ( ε

q )q
n−1

2 ,

deg G ′−
n,ε = qn + ( ε

q )q
n−1

2 ,
if n is odd.

Proof. (a) follows from Lemma 2.8. (b) follows from (a). (c) is proved by induction.

Lemma 2.11. Let lc F denote the leading coefficient of F (T ). Then
(a) lc Fn,ε = εfn−1, lc F ′n,ε = εf ′n−1

(b) If ( ε
q ) = 1, then lc G+

1,ε = − 1
2X0 and lc G−1,ε = 2ε.

If ( ε
q ) = −1, then lc G+

1,ε = 2ε and lc G−1,ε = − 1
2X0.

(c) For n ≥ 2,

lc G±n,ε =











εg±n−1, if n is even and (−ε
q ) = 1;

εg±n−1, if n is odd and ( ε
q ) = 1;

εg∓n−1, otherwise.
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(d) If n is odd, then

lc G ′+
n,ε =

{

(−1)
n+1

2 1
2g ′+

n−1, for ( ε
q ) = 1,

(−1)
n−1

2 2εg ′−
n−1, for ( ε

q ) = −1;
lc G ′−

n,ε =

{

(−1)
n−1

2 2εg ′−
n−1, for ( ε

q ) = 1,

(−1)
n+1

2 1
2g ′+

n−1, for ( ε
q ) = −1.

If n is even, then

lc G ′+
n,ε =

{

εg ′+
n−1, for (−ε

q ) = 1,

εg ′−
n−1, for (−ε

q ) = −1;
lc G ′−

n,ε =

{

g ′−
n−1, for (−ε

q ) = 1,

g ′+
n−1, for (−ε

q ) = −1.

Proof. (a) follows from Lemma 2.8. (b) can be checked by direct computation.

(c) If n ≡ 0(mod 4), the leading coefficient of G±n = F ′n ∓ F
q+1
2

n is

εf ′n−1 ∓ (εfn−1)
q+1
2 = ε[f ′n−1 ±

(

−ε
q

)

(−fn−1)
q+1
2 ] =

{

εg±n−1, for (−ε
q ) = 1,

εg∓n−1, for (−ε
q ) = −1,

since n− 1 ≡ 3(mod 4).

If n ≡ 1(mod 4), then the leading coefficient of G±n = F ′n ∓ F
q+1
2

n is

εf ′n−1 ∓ (εfn−1)
q+1
2 = ε[f ′n−1 ∓

(

ε
q

)

f
q+1
2

n−1] =

{

εg±n−1, for ( ε
q ) = 1,

εg∓n−1, for ( ε
q ) = −1,

since n− 1 ≡ 0(mod 4).

If n ≡ 2(mod 4), then the leading coefficient of G±n = F ′n ± F
q+1
2

n is

εf ′n−1 ± (−εfn−1)
q+1
2 = ε[f ′n−1 ∓

(

−ε
q

)

f
q+1
2

n−1] =

{

εg±n−1, for (−ε
q ) = 1,

εg∓n−1, for (−ε
q ) = −1,

since n− 1 ≡ 1(mod 4).

If n ≡ 3(mod 4), then the leading coefficient of G±n = F ′n ± F
q+1
2

n is

εf ′n−1 ± (−εfn−1)
q+1
2 = ε[f ′n−1 ±

(

ε
q

)

(−fn−1)
q+1
2 ] =

{

εg±n−1, for ( ε
q ) = 1,

εg∓n−1, for ( ε
q ) = −1,

since n− 1 ≡ 2(mod 4).
(d) The cases n = 1, 2 can be checked directly. Suppose n ≥ 3 is odd and ( ε

q ) = 1. Then by
induction,

lcG ′+
n,ε = lc G +

n,ε/(lc G ′−
n−2,ε)

q = εg+
n−1/((−1)

n−3
2 2εg′−n−3)

q = (−1)
n+1

2
1
2
g′+n−1.

lcG ′−
n,ε = lc G −

n,ε/(lcG ′+
n−2,ε)

q = εg−n−1/((−1)
n−1

2
1
2
εg′+n−3)

q = (−1)
n−1

2 2εg′−n−1.

The other cases also proved by induction.
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Consider the quadratic form Qn defined in (1-1) and the polynomials Qni defined in (1-3).
Note that









x1 x2 · · · xn

xq
1 xq

2 · · · xq
n

...
...

...
xqn−1

1 xqn−1

2 · · · xqn−1

n

















ε1
ε2

. . .
εn



















x1 xq
1 · · · xqn−1

1

x2 xq
2 · · · xqn−1

2
...

...
...

xn xq
n · · · xqn−1

n











=











Qn0 Qn1 Qn2 · · · Qn,n−1

Qn1 Qq
n0 Qq

n1 · · · Qq
n,n−2

...
...

...
...

Qn,n−1 Qq
n,n−2 Qq2

n,n−3 · · · Qqn−1

n0











(2-6)

and











xq
1 xq

2 · · · xq
n

xq2

1 xq2

2 · · · xq2

n
...

...
...

xqn−1

1 xqn−1

2 · · · xqn−1

n



















ε1
ε2

. . .
εn



















x1 xq
1 · · · xqn−1

1

x2 xq
2 · · · xqn−1

2
...

...
...

xn xq
n · · · xqn−1

n











=











Qn1 Qq
n0 Qq

n1 · · · Qq
n,n−2

Qn2 Qq
n1 Qq2

n0 · · · Qq2

n,n−3
...

...
...

...
Qn,n Qq

n,n−1 Qq2

n,n−2 · · · Qqn−1

n1











(2-7)

Let D = det







x1 x2 ··· xn

xq
1 xq

2 ··· xq
n

...
...

...
xqn−1

1 xqn−1

2 ··· xqn−1
n





 and the discriminant δ(Qn) = ε1ε2 · · · εn. Taking the

determinants of (2-6) and (2-7),we have

D2 · δ(Qn) = fn(Qn0, Qn1, · · · , Qn,n−1)

and
Dq+1 · δ(Qn) = f ′n(Qn0, Qn1, · · · , Qn,n).

Canceling D from above, we get

f ′n(Qn0, Qn1, · · · , Qn,n)− δ(Qn)
q−1
2 fn(Qn0, Qn1, · · · , Qn,n−1)

q+1
2

=f ′n(Qn0, Qn1, · · · , Qn,n)−
(

δ(Qn)
q

)

fn(Qn0, Qn1, · · · , Qn,n−1)
q+1
2

=0 . (2-8)

where the Legendre symbol is defined in (1-4).
Now we discuss two special families of quadratic forms Q+

n and Q−
n defined in (1-2). From

(2-8), we get
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Lemma 2.12. g′+n (Q+
n0, Q

+
n1, · · · , Q+

nn) = 0,
g′−n (Q−

n0, Q
−
n1, · · · , Q−

nn) = 0 for even n.
g′+n (Q−

n0, Q
−
n1, · · · , Q−

nn) = 0 for odd n.

Proof. If n ≡ 0, 1(mod 4), then δ(Q+
n ) = 1. So (2-8) says that (f ′n−f

q+1
2

n )(Q+
n0, Q

+
n1, · · · , Q+

nn)

= 0. If n ≡ 2, 3(mod 4), then δ(Q+
n ) = −1. So (f ′n − (−1)

q−1
2 f

q+1
2

n )(Q+
n0, Q

+
n1, · · · , Q+

nn) = 0.
In any case, by Definition 2.2, g+

n (Q+
n0, Q

+
n1, · · · , Q+

nn) = 0. Since g′ −n−2 involves only n−1 vari-
ables, and Q+

n0, Q
+
n1, · · · , Q+

n,n−1 are algebraically independent, so g′ −n−2(Q
+
n0, Q

+
n1, · · · , Q+

n,n−2)
6= 0. Thus g′ +

n (Q+
n0, Q

+
n1, · · · , Q+

n,n) = 0.

The case Q−
n can be proved similarly. δ(Q−

n ) =
{

(−1)
n−1

2 n is odd;

(−1)
n
2 ε n is even.

. If n ≡ 0(mod4),

then f ′n−( ε
q )f

q+1
2

n = f ′n+f
q+1
2

n = g−n ; if n ≡ 2(mod4), then f ′n−(−ε
q )f

q+1
2

n = f ′n−(−fn)
q+1
2 = g−n ;

if n ≡ 1(mod4), then f ′n − f
q+1
2

n = g+
n ; if n ≡ 3(mod4), then f ′n + f

q+1
2

n = g+
n .

Lemma 2.13. (a) For all n ≥ 1, G ′+
n−1,ε(Q

+
n0, Q

+
n1, · · · , Q+

n,n−1;Xn) = 0, where ε = (−1)n;
(b) For any positive even integer n, G ′+

n−1,ε(Q
−
n0, Q

−
n1, · · · , Q−

n,n−1;Xn) = 0;
(c) For any positive odd integer n, G ′−

n−1,−ε(Q
−
n0, Q

−
n1, · · · , Q−

n,n−1; Xn) = 0.

Proof. (a) By Lemma 2.12,

G ′+
n−1,ε(Q

+
n0, Q

+
n1, · · · , Q+

n,n−1; Xn)

=g ′+
n−1(Q

+
n0 + εX2

n, Q+
n1 + εXq+1

n , · · · , Q+
n,n−1 + εXqn−1+1

n )

=g ′+
n−1(Q

+
n−1,0, Q

+
n−1,1, · · · , Q+

n−1,n−1)

=0.

(b)

G ′+
n−1,ε(Q

−
n0, Q

−
n1, · · · , Q−

n,n−1;Xn)

=g ′+
n−1(Q

−
n0 + εX2

n, Q−
n1 + εXq+1

n , · · · , Q−
n,n−1 + εXqn−1+1

n )

=g ′+
n−1(Q

−
n−1,0, Q

−
n−1,1, · · · , Q−

n−1,n−1)

=0.

(c)

G ′−
n−1,−ε(Q

−
n0, Q

−
n1, · · · , Q−

n,n−1; Xn)

=g ′−
n−1(Q

−
n0 − εX2

n, Q−
n1 − εXq+1

n , · · · , Q−
n,n−1 − εXqn−1+1

n )

=g ′−
n−1(Q

−
n−1,0, Q

−
n−1,1, · · · , Q−

n−1,n−1)

=0.
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Lemma 2.14. (a) The degree of Xn over Fq(Q+
n0, Q

+
n1, · · · , Q+

n,n−1) is

{

qn−1 + q
n−1

2 , if n is odd;

qn−1 − q
n
2−1, if n is even.

(b) The degree of Xn over Fq(Q−
n0, Q

−
n1, · · · , Q−

n,n−1) is qn−1 + q
n
2−1 if n is even.

Proof.

Fq(Qn0, Qn1, · · · , Qn,n−1, Xn) = Fq(Qn−1,0, Qn−1,1, · · · , Qn−1,n−1, Xn)

= Fq(Qn−1,0, Qn−1,1, · · · , Qn−1,n−2, Xn).

The last equality follows from Theorem 1.2.

[Fq(Qn0, Qn1, · · · , Qn,n−1, Xn) : Fq(Qn0, Qn1, · · · , Qn,n−1)]

=
[Fq(X0, X1, · · · , Xn) : Fq(Qn0, Qn1, · · · , Qn,n−1)]

[Fq(X0, X1, · · · , Xn) : Fq(Qn0, Qn1, · · · , Qn,n−1, Xn)]

=
[Fq(X0, X1, · · · , Xn) : Fq(Qn0, Qn1, · · · , Qn,n−1)]

[Fq(X0, X1, · · · , Xn−1, Xn) : Fq(Qn−1,0, Qn−1,1, · · · , Qn−1,n−2, Xn)]
=|On(Fq)|/|On−1(Fq)|.

Now applying Proposition 1.1, we get the followings and the Lemma follows. If n = 2k + 1 is
odd, then

|O+
n (Fq)|/|O+

n−1(Fq)| =
2(qn−1 − 1)qn−2(qn−3 − 1)qn−4 · · · (q2 − 1)q
2(qn−2 − qk−1)(qn−3 − 1)qn−4 · · · (q2 − 1)q

=
(q2k − 1)q2k−1

(qk − 1)qk−1

= qk(qk + 1) = qn−1 + qk.

If n = 2k is even, then

|O+
n (Fq)|/|O+

n−1(Fq)| =
2(qn−1 − qk−1)(qn−2 − 1)qn−3 · · · (q2 − 1)q
2(qn−2 − 1)qn−3(qn−4 − 1)qn−5 · · · (q2 − 1)q

= qn−1 − qk−1.

If n = 2k is even, then

|O−
n (Fq)|/|O−

n−1(Fq)| =
2(qn−1 + qk−1)(qn−2 − 1)qn−3 · · · (q2 − 1)q
2(qn−2 − 1)qn−3(qn−4 − 1)qn−5 · · · (q2 − 1)q

= qn−1 + qk−1.
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Proposition 2.15. Concider the quadratic forms Q+
n for all n and Q−

n for even n. The
minimal polynomial of Xn over Fq(Q±

n0, Q
±
n1, · · · , Q±

n,n−1) is

G ′+
n−1,ε(Q

±
n0, Q

±
n1, · · · , Q±

n,n−1; T )/lc G ′+
n−1,ε

where ε = (−1)n for “Q+
n ” case.

Proof. By Lemma 2.13, Xn satisfies the polynomial G ′+
n−1,ε(Q

±
n0, Q

±
n1, · · · , Q±

n,n−1;T ), and by
Lemma 2.10, the degree of the field extension is equal to the degree of the polynomial.

Corollary 2.16. Concider the quadratic forms Q+
n for all n and Q−

n for even n. G ′+
n−1,ε(Q

±
n0, Q

±
n1, · · · , Q ±

n,n−1; T )/lc G ′+
n−1,ε ∈

Fq[x1, x2, · · · , xn]O
±
n (Fq)[T ] where ε = (−1)n for “Q+

n ” case.

Proof. By [??,Ex. ??].

Definition 2.17. We define the polynomials R±ni(X0, · · · , Xn) in the following.
(i) If n is even, the polynomial G ′+

n,−1(X0, X1, · · · , Xn; T ) has degree qn + q
n
2 . Let R+

ni be

the coefficient of T qn−i+q
n
2 , i = 0, 1, · · · , n

2 .
(ii) If n is odd and ( ε

q ) = 1, the polynomial G ′+
n,ε (X0, X1, · · · , Xn; T ) has degree qn−q

n−1
2 .

Let R+
ni be the coefficient of T qn−i−q

n−1
2 , i = 0, 1, · · · , n+1

2 .
(iii) If n is odd and ( ε

q ) = −1, the polynomial G ′+
n,ε (X0, X1, · · · , Xn; T ) has degree qn +

q
n−1

2 . Let R−ni be the coefficient of T qn−i+q
n−1

2 , i = 0, 1, · · · , n−1
2 ; R −

n, n+1
2

be the constant
term.

Note that R±n−1,0 is the leading coefficient of G′+n−1,ε(X1, . . . , Xn−1; T ), and
R±n−1,i(X0,X1,··· ,Xn−1)

R±n−1,0(X0,X1,··· ,Xn−2)
∈

Fq[x1, x2, · · · , xn]O
±
n (Fq) for all i, by Corollary 2.16.

Now we begin to state the first case of our Main Theorem. The proof is postpone to §4.
The second case of Main Theorem is stated in §6.

We define a k × (k + 1) matrix A(k) as

A(k) =













p1,2k−1 pq
1,2k−3 pq2

1,2k−5 · · · pqk−2

13 rqk−1

12 rqk−1

11

p2,2k−1 pq
2,2k−3 pq2

2,2k−5 · · · rqk−2

24 rqk−2

23 rqk−2

22
...

...
...

...
...

...
rk,2k rk,2k−1 rk,2k−2 · · · rk,k+2 rk,k+1 rkk













(2-9)

where the (i, j)-entry is
{

p qj−1

i,2k−2j+1, if j ≤ k − i

r qk−i

i,k+1+i−j , if j > k − i.
(2-10)

The entries pij ’s and rij ’s will be defined inductively in the proof of the following Main Theo-
rem.

Theorem Ak. Let n = 2k + 1 be a positive odd integer, Q+
n = x2

1 − x2
2 + x2

3 − · · · + x2
n−2 −

x2
n−1 + x2

n be a quadratic form, O+
n (Fq) be the orthogonal group associated to Q+

n . Then
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(a) The invariant subring is

Fq[x1, x2, · · · , xn]O
+
n (Fq)

=Fq[Q+
n0, Q

+
n1, · · · , Q+

n,n−2,
R+

n−1,1(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, · · · ,
R+

n−1,k(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

].

(b) We have an isomorphism

Φn : Fq[X0, X1, · · · , Xn−2, Y1, Y2, · · · ,Yk]/〈Kn1,Kn2, · · · ,Kn,k−1〉 −→

Fq[X0, X1, · · · , Xn−2,
R+

n−1,1(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, · · · ,
R+

n−1,k(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

]

defined by

Xi 7→ Xi, 0 ≤ i ≤ n− 2

Yj 7→
R+

n−1,j(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, 1 ≤ j ≤ k.

where the relations Knj are defined by









Kn1

Kn2
...

Kn,k−1









= A(k)
k;∅









1
Y1
...

Yk









.

(c) The polynomials pij and rij ∈ Fq[X0, X1, · · · , Xj ] are independent of n.

rk,2k = −X2k + ψ(X0, X1, · · · , X2k−1) for some polynomial ψ. (2-11)

Moreover, they are homogeneous with respect to the weight defined in (1-5) with

{

wt pij = qj+1 + q
j+1
2 −i, j odd;

wt rij = qj + 1.
(2-12)

§ 3. Lemmas.

In order to prove the Main Theorem, in this section, we first give some Lemmas.

Lemma 3.1. For n ≥ 3 and i ≥ 1, we have

R±ni = (−1)b
n
2 cR ± q

n−2,i−1Xn + φni(X0, X1, . . . , Xn−1).

Proof. Let n be even. Then by Lemma 2.6,

G′+n,−1 = (−1)
n
2 G′+ q

n−2,−1(Xn − T qn+1) + φ′′3(X0, X1, . . . , Xn−1;T ). (3-1)
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From Lemmas 2.10, 2.11, we see that the leading term of G′+n,−1 is −g′ +
n−1T

qn+q
n
2 . Also by the

definition of R+
n−2,i, from (3-1) we have

G′+n,−1

=(−1)
n
2 {

n
2−1
∑

i=0

R+
n−2,iT

qn−i−2+q
n
2 −1

+
∑

j

∗
ψj(X0, X1, . . . , Xn−2)T j}qXn − g′ +

n−1T
qn+q

n
2

+ φ4(X0, X1, . . . , Xn−1; T )

=− g′ +
n−1T

qn+q
n
2 + (−1)

n
2

n
2

∑

i=1

R + q
n−2,i−1XnT qn−i+q

n
2 + (−1)

n
2

∑

j

∗
ψq

j (X0, X1, . . . , Xn−2)XnT jq + φ4.
(3-2)

where the sum
∑∗ runs over all j such that j < qn−2 + q

n
2−1 and j is not equal to qn−3 +

q
n
2−1, qn−4 + q

n
2−1, . . . , 2q

n
2−1, so jq is not equal to qn−2 + q

n
2 , qn−3 + q

n
2 , . . . , 2q

n
2 . The

coefficient of T qn−i+q
n
2 , i ≥ 1, is

(−1)
n
2 R + q

n−2,i−1Xn + φni(X0, X1, . . . , Xn−1).

Let n be odd and
(ε
q

)

= 1. Then

G′+n,ε =(−1)
n−1

2 G′+ q
n−2,ε(Xn − T qn+1) + φ′′3(X0, X1, . . . , Xn−1;T )

=(−1)
n−1

2 {

n−1
2 −1
∑

i=0

R+
n−2,iT

qn−i−2−q
n−1

2 −1

+
∑

j

∗
ψj(X0, X1, . . . , Xn−2)Tj}qXn+

(−1)
n+1

2
1
2
g′ +

n−1T
qn−1+q

n−1
2 + φ4

=(−1)
n+1

2
1
2
g′ +

n−1T
qn−1+q

n−1
2 + (−1)

n−1
2

n−1
2

∑

i=1

R + q
n−2,i−1XnT qn−i−q

n−1
2

+ (−1)
n−1

2

∑

j

∗
ψq

j (X0, X1, . . . , Xn−2)XnT jq + φ4. (3-3)

Let n be odd and
(ε
q

)

= −1. Then

G′+n,ε =(−1)
n−1

2 {

n−1
2 −1
∑

i=0

R−n−2,iT
qn−i−2−q

n−1
2 −1

+ R−
n−2, n−1

2
+

∑

j

∗
ψj(X0, X1, . . . , Xn−2)T j}qXn

+ (−1)
n−1

2 2εg′ −n−1T
qn−1+q

n−1
2 + φ4

=(−1)
n−1

2 2εg′ −n−1T
qn−1+q

n−1
2 + (−1)

n−1
2

n−1
2

∑

i=1

R − q
n−2,i−1XnT qn−i−q

n−1
2 + R − q

n−2, n−1
2

+ (−1)
n−1

2

∑

j

∗
ψq

j (X0, X1, . . . , Xn−2)XnT jq + φ4. (3-4)
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Lemma 3.2. Under the weight defined in (1− 5) , we have

if n is even, wt R+
ni =

qn+1 − 1
q − 1

− qn−i,

if n is odd,







wt R+
ni = qn+1−1

q−1 − qn−i + q
n−1

2 ,

wt R−ni = qn+1−1
q−1 − qn−i − q

n−1
2 ,wt R−

n, n+1
2

= qn+1−1
q−1 .

Proof. By Lemma 2.9.

Lemma 3.3. For all n ∈ N, we have

(a) f2k ≡ (−1)kX
2(qk−1)

q−1
k (mod X0, X1, . . . , Xk−1);

(b) f2k+1 ≡ 2X
2(qk+1−1)

q−1
k X

qk−1
q−1

k+1 + 2X
1+ qk+1−1

q−1
k · f(mod X0, X1, . . . , Xk−1);

(c) f ′2k ≡ (−1)k+1X
(q+1)(qk−1)

q−1
k (mod X0, X1, . . . , Xk−1);

(d) f ′2k+1 ≡ 2X
(qk+1−q)

q−1
k X

qk+1−1
q−1

k+1 + X
qk+1−1

q−1
k · f1(mod X0, X1, . . . , Xk−1)

where f and f1 are two polynomials.

Proof. (a) and (c) follow from direct computation. Using the Laplace expansion to the deter-
minants defining f ′2k and f ′2k+1, we can get (b) and (d).

Lemma 3.4. For n ∈ N, we have

(a) g′+2k−1 ≡ (−1)
k(k−1)

2 X
qk−1
q−1

k (mod X0, X1, . . . , Xk−1);

(b) g′+2k ≡ (−1)
k(k−1)

2 2X
qk+1−1

q−1
k (mod X0, X1, . . . , Xk−1).

(c) g′ −2k ≡ (−1)kX
qk−1
q−1

k+1 (mod X0, X1, . . . , Xk).

Proof. Step 1. By definition 2.1

f2k+1 ≡ det

































Xk

0 Xq
k ∗

... Xq2

k

. . .
Xk 0 Xqk

k
Xk+1 Xq

k

Xq
k+1 Xq2

k

...

∗
. . .

. . . 0
Xqk−1

k+1 Xqk

k

































Note that the matrix defining f2k+1 is symmetric. Expanding it along the (k + 1)th column,
we see that

f2k+1 ≡2X
qk+1−1

q−1
k detBk(mod X0, X1, . . . , Xk−1).

≡0(mod X0, X1, . . . , Xk−1, X
qk+1−1

q−1
k ) (3-5)
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where

Bk =















Xk+1 Xq
k

Xq
k+1 Xq2

k 0

. . . . . .

*
. . . Xqk−1

k

Xqk−1

k+1















.

Moreover, we have

det Bk ≡ X
qk−1
q−1

k+1 (mod X0, X1, . . . , Xk) (3-6)

Step 2.

f ′2k+1 ≡ det



























Xq
k

0 Xq2

k ∗
...

. . .
Xk xqk

k
Xk+1 Xq

k

. . . . . .
...

∗
. . . xqk

k 0

Xqk

k+1 Xqk+1

k



























Expanding along the (k + 2)th column, we have

f ′2k+1 ≡ det Dk+1 ·X
q(qk−1)

q−1
k ±Xqk+1

k · φ(mod X1, X2, . . . , Xk−1)

where

Dk+1 =















Xk+1 Xq
k

Xq
k+1 Xq2

k 0

. . .
. . .

*
. . . Xqk

k

Xqk

k+1















Since

det Dk+1 = X
qk+1−1

q−1
k+1 + Xq

k · ψ,

so

f ′2k+1 ≡(X
qk+1−1

q−1
k+1 + Xq

k · ψ) ·X
q(qk−1)

q−1
k ±Xqk+1

k · φ(mod X1, X2, . . . , Xk−1)

≡X
qk+1−q

q−1
k X

qk+1−1
q−1

k+1 (mod X0, X1, . . . , X
qk+1−1

q−1
k ). (3-7)

By (3.2) and (3.4), we have g±2k+1 ≡ X
qk+1−q

q−1
k X

qk+1−1
q−1

k+1 (mod X0, X1, . . . , X
qk+1−1

q−1
k ).

Step 3. Now by the definition 2.3, g′ ±2k+1 = g±2k+1/(g′ ∓2k−1)
q and induction, the formula for

g′ ±2k+1 is proved.
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Step 4. Let Ak =







Xk

Xq
k ∗

0
. . .

xqk−1

k





 , A′k−1 =









Xq
k

Xq2

k ∗

0
. . .

xqk−1

k









and Bk+1 =







Xk

Xq
k 0

∗
. . .

xqk

k





.

Then we have

f2k ≡
∣

∣

∣

0 Ak
At

k 0

∣

∣

∣ = (−1)kX
2(qk−1)

q−1
k (mod X0, X1, . . . , Xk−1),

f ′2k ≡
∣

∣

∣

0 A′k−1
Bk+1 0

∣

∣

∣ = (−1)k+1X
(q+1)(qk−1)

q−1
k (mod X0, X1, . . . , Xk−1)

By the definition 2.2 of g+
n , we have

g+
2k ≡ (−1)k+12X

(q+1) qk−1
q−1

k (mod X0, X1, . . . , Xk−1) (3-8)

Step 5. Now from Lemma 2.5(a), f2k+1 = (−1)kg′ +
2k g′ −2k . Comparing (3-1),(3-2) and (3-3), we

get the formula for g−2k

Lemma 3.5. For any j such that 1 ≤ j ≤ k − 1, we have

g′ ±2k−1 ≡ ±X
qk−qk−j

q−1
j X

qk−j−1
q−1

k+j (mod X0, X1, . . . , X
1+ qk−qk−j

q−1
j , . . . , Xk+j−1)

Proof. Step 1. It is not difficult to see that

f2k ≡

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. . . Xk+j ∗
. . .

. . . Xqk−j−1

k+j

. . . Xqk−j

j 0

. . .
. . . Xqk−1

j

Xqk−j

j 0 0

. . .
. . .

Xqk−1

k 0
Xk+j 0 0

. . . . . .
∗ Xqk−j−1

k+j 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≡(−1)(k+1)(j+1)−1X
2 qk−qk−j

q−1
j X

2 qk−j−1
q−1

k+j (mod X0, X1, . . . , X
1+ 2(qk−qk−j)

q−1
j , . . . , Xk+j−1)

(3-9)

Step 2. Observing the matrices defining f2k−1 and f ′2k−1,we see that the exponents of Xk+j in

f2k−1 is ≤ 2(qk−j−1−1)
q−1 , which in f ′2k−1 is ≤ qk−j−1

q−1 + q qk−j−2−1
q−1 . Thus the exponents of Xk+j
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in g±2k−1 is ≤ (q + 1)( qk−j−1−1
q−1 ). On the other hand, by induction hypothesis, the exponents

of Xk+j in g±2k−3 is qk−j−2−1
q−1 . So the exponents of Xk+j in g′ ±2k−1 is ≤ qk−j−1

q−1 .
Using Lemma 2.5(a) and comparing the exponent of Xk+j in (3-9) and in g′ ±2k−1, we see

that the exponents of Xk+j in g′ ±2k−1 is equal to qk−j−1
q−1 . Moreover, wtg+

2k−1 = wtg−2k−1 = q2k−1
q−1 ,

so they also have the same exponents for Xj . The Lemma follows.

Lemma 3.6.

(a) G′ +
2k ≡ (−1)k+1X

qk+1−1
q−1

k+1 T 2qk
(mod X0, X1, . . . , Xk),

(b) G′ −2k ≡ (−1)kX
qk−1
q−1

k+1 (mod X0, X1, . . . , Xk).

Proof. Step 1. Note that

f ′2k ≡
∣

∣

∣

∣

0 A(k−1)

B(k+1) 0

∣

∣

∣

∣

(mod X0, X1, . . . , Xk−1, X
qk−1
q−1

k ) (3-10)

where A(k−1) =











Xq
k

Xq2

k *

0
. . .

Xqk−1

k











and B(k+1) =





















Xk

Xk+1 Xq
k 0

Xq
k+1 Xq2

k
. . .

. . .

*
. . . Xqk−1

k

Xq[k−1
k+1 0





















.

Note that the (k + 1)th column in (3-5) is zero and det A(k−1) = X
qk−q
q−1

k . Thus to compute all
minors f ′ij in Lemma 2.8(b) carefully, we find that the only nonzero minor is f ′k,k+1. And we
get

F ′2k ≡ X
qk−q
q−1

k X
qk−1
q−1

k+1 T 2qk
(mod X0, X1, . . . , Xk−1, X

qk−1
q−1

k )

Step 2. Similar to Step 1. , Using

f2k ≡
∣

∣

∣

∣

0 A(k)

A(k)t 0

∣

∣

∣

∣

(mod X0, X1, . . . , Xk−1 )

where A(k) =











Xk

Xq2

k *

0
. . .

Xqk−1

k











. We use Lemma 2.8 to find F2k. Most minors are

zero, we have

F2k ≡ X
2 qk−1

q−1
k +

k−1
∑

i=0

2fk+1,i+1T qk+qi
+

k−1
∑

i=1

2fk+2,i+1T qk+1+qi
+ · · ·+ 2f2k,kT q2k+qk

(mod X0, X1, . . . , Xk−1)

All the minors appear in the above are multiple of X
qk−1
q−1

k , so

F2k ≡ 0(mod X0, X1, Xk−1, X
qk−1
q−1

k ).
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Step 3. From Steps 1,2, we have

G ±
2k ≡ X

qk−q
q−1

k X
qk−1
q−1

k+1 T 2qk
(mod X0, X1, . . . , Xk−1, X

qk−1
q−1

k )

By definition of G′ ±n and induction, the Lemma follows.

Lemma 3.7. (a) R+
2k,0 ≡ X

qk−1
q−1

k (mod X0, X1, . . . , Xk−1).

(b) R+
2k,j ≡ X

qk−1
q−1 −qk−j

k Xqk−j

k+j (mod X0, X1, . . . , ̂Xk, . . . , ̂Xk+j , . . . , X2k), 1 ≤ j ≤ k − 1

(c) R+
2k,k ≡ (−1)k+1X

qk+1−1
q−1

k+1 (mod X0, X1, . . . , Xk)

Proof. By Definition and Lemma 3.6, we have, modulo 〈X0, X1, . . . , Xk−1〉

G′ +
2k =











(F ′2k − F
q+1
2

2k )/(G′ −2k−2)
q ≡ (F ′2k − F

q+1
2

2k )/(X
qk−1
q−1

k )q, k even

(F ′2k + (−F2k)
q+1
2 )/(G′ −2k−2)

q ≡ (F ′2k + (−F2k)
q+1
2 )/(−X

qk−1
q−1

k )q, k odd

(3-11)

Note that R+
2k,j is the coefficient of T q2k−j+qk

in G′ +
2k .

Step 1. We claim the term T q2k−j+qk
cannot appear in the expansion of F

q+1
2

2k . Let S be the
set of all exponents of T appear in F2k. By (3-6)

S =S1 ∪ S2 ∪ S3 ∪ {0},
S1 ={ql + qm : 2k − j + 1 ≤ l ≤ 2k − 1, 0 ≤ m ≤ l} ∪ {q2k−j + qm : k < m < 2k − j},
S2 ={q2k−j + qm, 0 ≤ m ≤ k},
S3 ={ql + qm : k ≤ l ≤ 2k − j − 2, 0 ≤ m ≤ l} ∪ {q2k−j−1 + qm : 0 ≤ m ≤ k − 1}.

The exponents of T may appears in F
q+1
2

2k is
∑α

i=1 ui +
∑β

i=1 vi +
∑γ

i=0 w3, ui ∈ S1, vi ∈
S2, wi ∈ S3, α+β+γ≤ q+1

2 . Now suppose

q2k−j + qj =
α

∑

i=1

ui +
β

∑

i=1

vi +
γ

∑

i=0

w3. (3-12)

Since ui ≥ q2k−j + qj , so α = 0. If v1, v2 ∈ S2, then v1 + v2 > q2k−j + qk, hence β = 0, 1. If
β = 1 and v1 = q2k−j + qk, then (3-12) holds.

Suppose v1 = q2k−j + qm,m < k. then v1 + ∗ = q2k+j + qk and qm + ∗ = qk. ∗ is a sum
of some wi. Say

qm + w1 + · · ·+ vβ = qk, β ≤ q − 1
2

.

Let ν be the valuation determined by q. The valuation of the right hand side of the above
equation is k, so, in the left hand side, the terms with the minimal valuation must be cancelled.
thus the only possibilities is

β =
q − 1

2
and v1 = · · · = vβ = 2qm.
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So qm + v1 + · · ·+ vβ = qm+1, and m = k − 1. Thus we have

w1 = q2k−j + qk−1, v1 = · · · = v q−1
2

= 2qk−1.

Assume that β = 0. Suppose that there are only q−3
2 w′is which are equal to 2q2k−j−1.

Then

q − 3
2

(2q2k−j−1 + w1 + w2) = q2k−j + qk

w1 + w2 = 3q2k−j−1 + qk

w1 + w2 ≤ 2(q2k−j−1 + q2k−j−2)

q2k−j−1 + qk ≤ 2q2k−j−2

(q − 2)q2k−j−2 + qk ≤ 0.

A contradiction. Thus we have w1 = · · ·w q−1
2

= 2q2k−j−1, w q+1
2

= q2k−j−1 + qk.

Step 2. In F ′2k the coefficient of T q2k−j+qj
is

(−1)k+j(f ′k,2k−j+1 + f ′2k−j,k+1)(mod X0, X1, . . . , ̂Xk, . . . , ̂Xk+j , . . . , X2k)

. By direct computations, one can check that

f ′k,2k−j+1 ≡ 0(mod X0, X1, . . . , ̂Xk, . . . , ̂Xk+j , . . . , X2k)

f ′2k−j,k+1 ≡ (−1)j+1X
qk−q
q−1 + qk−1

q−1 −qk−j

k Xqk−j

k+j (mod X0, X1, . . . , ̂Xk, . . . , ̂Xk+j , . . . , X2k).

Step 3. Substituting the results in Steps 1 and 2 into (3-6), the Lemma follows.

Lemma 3.8. (a) Consider the ring homomorphism

Φ;Fq[X0, X1, . . . , Xn] → F(Q+
n0, Q

+
n1, . . . , Q

+
nn)

Xi 7→ Q+
ni.

Then kerΦ = 〈g′+n 〉.
(b) Consider the ring homomorphism

Φ;Fq[X0, X1, . . . , Xn] → F(Q−
n0, Q

−
n1, . . . , Q

−
nn)

Xi 7→ Q−
ni.

Then kerΦ = 〈g′+n 〉, if n is odd; kerΦ = 〈g′−n 〉, if n is even.

Proof. Comparing the transcendental degrees of the kernel and the image of Φ, we see that
kerφ is a principle prime ideal of height one. By Lemma 2.12, g±n ∈ kerΦ and it is irreducible,
so kerΦ = 〈g′±n 〉.
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Lemma 3.9. (a) 2γf
q(q+1)

2
n−2 R+ q+1

n−1,1 ≡ (−1)
q+1
2 g± q(q+1)

n−4 g+
n (mod g′ +

n−2), where γ is defined in
(3-17).

(b) Define N = M (n+2)
1,n+1;n+1,n+2 − δ

q+1
2

n M (n+1)
n;n+1M

(n+1) q+1
2

n;n .
Then N ≡ g′± q

n−2 R+
n+1,1(mod g′ +

n−1).

Proof.

fn = (−1)b
n
2 cg′ +

n−1g
′ −
n−1 = (−1)b

n
2 c

g+
n−1

(g′ −n−3)q

g−n−1

(g′ +
n−3)q

= (−1)b
n
2 c

f ′ 2
n−1 − fq+1

n−1

(−1)b
n−2

2 cf q
n−2

. (3-13)

Since
fn−1 = (−1)b

n−1
2 cg′ +

n−2g
′ −
n−2 ≡ 0(mod g′ +

n−2), (3-14)

so from (3-13) and (3-14),

fn ≡ −
f ′ 2

n−1

f q
n−2

(mod g′ +
n−2)

and
f

q(q+1
2

n−2 f
q+1
2

n ≡ (−1)
q+1
2 f ′ q+1

n (mod g′ +
n−2). (3-15)

Apply Lemma 2.4 to the matrix defining f ′n and by (3-13), we get

fq
n−2f

′
n = f ′n−1M

(n) q
n−1;n − fq

n−1M
(n+1)
1,n;n,n+1 ≡ f ′n−1M

(n) q
n−1;n(mod g′ +

n−2). (3-16)

By the definition (2.2) of g′ +
n−2, we have

f ′n−2 ≡







f
q+1
2

n−2(mod g′ +
n−2) n = 2, 3(mod 4)

(−1)
q−1
2 f

q+1
2

n−2(mod g′ +
n−2) n = 0, 1(mod 4)

Define
γ = −1, if n ≡ 0, 1(mod 4); = (−1)

q+1
2 , if n ≡ 2, 3(mod 4). (3-17)

Then f ′n−2 ≡ (−1)
q+1
2 γf

q+1
2

n−2(mod g′ +
n−2). By (3-14) and (3-15),

f
q(q+1)

2
n−2 g+

n = f
q(q+1)

2
n−2 (f ′n + γf

q+1
2

n ) ≡ f
q(q−1)

2
n−2 f ′n−1M

(n) q
n−1;n + γ(−1)

q+1
2 f ′ q+1

n−1

= f ′n−1{f
q−1
2

n−2M (n)
n−1;n + γ(−1)

q+1
2 f ′n−1}q (3-18)

Moreover,

M (n)
n−1;n = (−1)nf ′n−2Xn−1 + ψ = (−1)n(−1)

q+1
2 γf

q+1
2

n−2Xn−1 + ψ

We proceed to compute (3-16),

f
q−1
2

n−2M (n)
n−1;n + γ(−1)

q+1
2 f ′n−1 = (−1)n(−1)

q+1
2 γfq

n−2Xn−1 + ψ + (−1)
q+1
2 (−1)nγfq

n−2Xn−1 + ψ′

= (−1)n+ q+1
2 {2γfq

n−2Xn−1 + ξ}
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From (3-18) and (2-2),

f
q(q+1)

2
n−2 g+

n ≡ (−1)
q+1
2 2γfq(q+1)

n−2 Xq+1
n−1 + . . . .

g+
n = (−1)

q+1
2 2γf

q(q+1)
2

n−2 Xq+1
n−1 + . . .

Since
R′+ q+1

n−1,1 = g′± q(q+1)
n−4 Xq+1

n−1 + . . . ,

so
2γf

q(q+1)
2

n−1 R+ q+1
n−1,1 ≡ (−1)

q+1
2 g′± q(q+1)

n−4 g′+n (mod g′ +
n−2).

(b) Define

N = M (n+2)
1,n+1;n+1,n+2 − δ

q−1
2 M (n+1)

n;n+1M
(n+1) q−1

2
n;n

= fq
nXn+1 + . . .

= g′+ q
n−2g′− q

n−2Xn+1 + · · ·

R+
n+1,1 = R+ q

n−1,0Xn+1 + · · · = g′± q
n−2Xn+1 + · · ·

Thus the result follows.

Let D1 =

∣

∣

∣

∣

∣

∣

∣

∣

x1 x2 . . . xn

xq
1 xq

2 . . . xq
n

...
...

...
xqn−1

1 xqn−1

2 . . . xqn−1

n

∣

∣

∣

∣

∣

∣

∣

∣

and D2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1 x2 . . . xn
xq

1 xq
2 . . . xq

n
...

...
...

x̂1
qn−1

x̂2
qn−1

. . . x̂n
qn−1

xqn

1 xqn

2 . . . xqn

n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. Then

M (n+2)
1,n+1;n+1,n+2 = D1D

q
2δn

M (n+1)
n;n+1 = D1δnD2

M (n+1)
n;n = D2

1δn

so N(Qn0, . . . , Qnn) = 0

Lemma 3.10. (a) Let n be even and ε = −1 or n be odd and ε = 1.
(i) G′+n,−1(Q

+
n−1,0, . . . , Q

+
n−1,0;Xn) = 0

(ii) If a polynomial φ(X0, X1, Xn−1; T ) =
∑N

k=0 ak(X0, . . . , Xn−1)T k satisfies φ(Q+
n−1,0,

. . . , Q+
n−1,0; Xn) = 0, then ak ∈ 〈g′+n−1〉.
(iii) R+

ni ∈ 〈g
′+
n−1〉.

(b) Let n be odd and ( ε
q ) = −1.

(i) G′−n,−1(Q
−
n−1,0, . . . , Q

−
n−1,0; Xn) = 0

(ii) If a polynomial φ(X0, X1, Xn−1; T ) =
∑N

k=0 ak(X0, . . . , Xn−1)T k satisfies φ(Q−
n−1,0,

. . . , Q−
n−1,0; Xn) = 0, then ak ∈ 〈g′−n−1〉.
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(iii) R−ni ∈ 〈g
′−
n−1〉.

Proof. (a)(i)

G ′+
n,ε (Q+

n−1,0, Q
+
n−1,1, · · · , Q+

n−1,n−1;Xn)

=g′+n (Q+
n−1,0 + εX2

n, Q+
n−1,1 + εXq+1

n , · · · , Q+
n−1,n−1 + εXqn−1+1

n )

=g′+n (Q+
n,0, Q

+
n,1, · · · , Q+

n,n−1)

=0.

(ii) 0 = φ(Q+
n−1,0, . . . , Q

+
n−1,0;Xn) =

∑N
k=0 ak(Q+

n−1,0, . . . , Q
+
n−1,0)T

k. Since ak(Q+
n−1,0, . . . , Q

+
n−1,0) ∈

Fq[x1, . . . , xn−1], hence ak(Q+
n−1,0, . . . , Q

+
n−1,0) = 0 for all k. The statement follows from

Lemma 3.9(a).
(iii) Applying (ii) to G ′+

n,−1, we get the result.
The proofs of (b) are similar.

Lemma 3.11. All the coefficients of G′+n belong to the Fq[X0, . . . , Xn−1]-module generated by

{ R+
n0, R

+
n1, . . . , R

+
n,bn+1

2 c, if n is enen and ε = −1; or n is odd and ( ε
q ) = 1;

R−n0, R
−
n1, . . . , R

−
n,bn+1

2 c, if n is odd and ( ε
q ) = −1

.

Proof. Let Mn be the Fq[X0, . . . , Xn−1]-module generated by R±n0, R
±
n1, . . . , R

±
n,bn+1

2 c. We’ll
prove by induction on n. For n = 1, 2, it is easy to see check directly.

Let n > 2. First suppose n is even and ε = −1. Consider (3-2). In this expression
ψj(X0, . . . , Xn−2) is a coefficient of G′ +

n−2, so by the induction hypothesis, we have ψj ∈Mn−2
for all j, i.e.

ψj(X0, . . . , Xn−2) = h0jR+
n−2,0 + · · ·+ hbn−1

2 c,jR
+
n−2,bn−1

2 c

for some hij ∈ Fq[X0, . . . , Xn−3]. Let

ψ′j(X0, . . . , Xn) := hq
0jR

+
n1 + · · ·+ hq

bn−1
2 c,jR

+
n,bn−1

2 c+1
∈Mn .

Then by Lemma 3.1,

ψ′j − (−1)b
n
2 cψq

j Xn =
bn+1

2 c
∑

i=1

hq
i−1,j(R

+
n,i − (−1)b

n
2 cR+ q

n−2,i−1Xn)

=
bn+1

2 c
∑

i=1

hq
i−1,jφn,i ∈ Fq[X0, . . . , Xn−1].

So

(−1)b
n
2 cψq

j Xn = hq
0jR

+
n1 + · · ·+ hq

bn−1
2 c,jR

+
n,bn−1

2 c+1
+
bn+1

2 c
∑

i=1

hq
i−1,jφn,i.

Also
(−1)

n
2 R+ q

n−2,i−1Xn = R+
n−2,i − φn−2,i(X0, . . . , Xn−3).
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Substituting these into (3-1) and collecting all coefficients of R+
ni, we get

G′ +
n,−1(T ) = h0R+

n0 + h1R+
n1 + · · ·+ hbn+1

2 cR
+
n,bn+1

2 c + φ′(X0, . . . , Xn−1, T )

where hj ∈ Fq[X0, . . . , Xn−1; T ]. We write φ′(X0, . . . , Xn−1; T ) =
∑N

k=0 ak(X0, . . . , Xn−1)T k.
Then by Lemma 3.9 ak(Q+

n−1,0, . . . , Q
+
n−1,n−1) = 0 for all k . By Lemma 3.8, ak ∈ 〈g′+n−1〉 =

〈R+
n0〉. Hence all coefficients of G′+n belong to Mn.

To prove the other cases, we just need to replace (3-2) by (3-3) and (3-4), and use the
same arguments.

A key technical part of the proof in §4 is the use of homogeneous regular sequence. So
we first develop some basic properties about regular sequence which will be needed later. See
[12].

Proposition 3.12. If x1, x2, . . . , xn ∈ R is a regular sequence, then x1 is a non-zerodivisor
in R/〈x2, x3, . . . , xn〉.

Proof. It suffices to prove for n = 2. So suppose x1, x2 is a regular sequence. We want to show
that x1r ∈ 〈x2〉 implies r ∈ 〈x2〉. Assume that x1r = x2s. Because x2 is a non-zerodivisor in
R/〈x1〉, s = x1s′ for some s′ ∈ R. Then x1r = x2x1s′. Since x1 is a non-zerodivisor in R, we
may cancel it from both sides of the equation and get r = x2s′ ∈ 〈x2〉.

Lemma 3.13.
(a) If x1, x2, . . . , xi, . . . , xn ∈ R is a regular sequence, and x1, x2, . . . , xi−1, x′i, xi+1, . . . , xn ∈

R is a regular sequence, then x1, x2, . . . , xi−1, xix′i, xi+1, . . . , xn is a regular sequence.
(b) If x1, x2, . . . , xn ∈ R is a regular sequence, then xk1

1 , xk2
2 , . . . , xkn

n is a regular sequence
for any k1, k2, . . . , kn ∈ N.

To make the proof in §4 go more smoothly, we establish several lemmas below. The first
one is just a direct corollary of Lemma 3.13, but it is a situation we’ll often encounter.

Lemma 3.14. Let R = F [X0, X1, . . . , Xk, Y1, Y2, . . . , Yn], the polynomial ring of k + n + 1
variables over a field F . Suppose we have a sequence S1, S2, . . . , Sm ∈ R, m ≤ n, such that

Si =
n

∑

j=1

aijYj

where aij ∈ F [X0, X1, . . . , Xk] and

aij ≡ γijX
lij
i+j−2(mod X0, X1, . . . , Xi+j−3)

for some γij ∈ F×, lij ∈ N. (Here we require k ≥ m+n−2 so that this condition makes sense
). Then X0, X1, . . . , Xn−2, S1, S2, . . . , Sm is a regular sequence in R.

Proof. Observe that
S1 ≡ γ1nX l1n

n−1Yn(mod〈X0, X1, . . . , Xn−2〉) (3-19)

S2 ≡ γ2nX l2n
n Yn(mod〈X0, X1, . . . , Xn−1〉) (3-20)

S2 ≡ γ2,n−1X
l2,n−1
n−1 Yn−1(mod〈X0, X1, . . . , Xn−2, Yn〉) (3-21)
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S3 ≡ γ3,nX l3,n
n+1Yn−1(mod〈X0, X1, . . . , Xn〉) (3-22)

S3 ≡ γ3,n−1X l3,n−1
n Yn−1(mod〈X0, X1, . . . , Xn−1, Yn〉) (3-23)

S3 ≡ γ3,n−2X
l3,n−2
n−1 Yn−2(mod〈X0, X1, . . . , Xn−2, Yn−1, Yn〉) (3-24)

...

The lemma is proved by applying Lemma 3.11 over and over again. To explain the procedure,
we prove the case m = 3 explicitly.

From (3-22), X1, . . . , Xn−1, Xn, S3 is a regular sequence.
From (3-23), X1, . . . , Xn−1, Yn, S3 is a regular sequence.
So by (3-20) and Lemma 3.11, X1, . . . , Xn−2, Xn−1, S2, S3 is a regular sequence.
From (3-23), X1, . . . , Xn−2, Yn, Xn−1, S3 is a regular sequence.
From (3-24), X1, . . . , Xn−2, Yn, Yn−1, S3 is a regular sequence.
So by (3-21) and Lemma 3.13, X1, . . . , Xn−2, Yn, S2, S3 is a regular sequence.
Thus by (3-19) and Lemma 3.13 again, we see that X1, . . . , Xn−2, S1, S2, S3 is a regular

sequence.

In the following Lemmas 3.15, 3.16 and 3.17, let R = R0 ⊕R1 ⊕R2 ⊕ · · · be a positively
graded ring, and for any x ∈ R, we denote its homogeneous component of the highest degree
by in(x).

Lemma 3.15. Let x1, x2, . . . , xn ∈ R be homogeneous elements with positive degrees. If
x1, x2, . . . , xn is a regular sequence, then x1, x2, . . . , xn is a regular sequence in any order.

Proof. Since any permutation is a product of transpositions, it suffices to prove for n = 2. So
suppose x1, x2 ∈ R are homogeneous elements with positive degrees, and x1, x2 is a regular
sequence. By Lemma 3.11, we only need to show that x2 is a non-zerodivisor in R, i.e. x2y = 0
will imply y = 0. We may assume y to be homogeneous. Since x1, x2 is a regular sequence,
x2y = 0 ∈ 〈x1〉 implies y = x1y1 for some y1 ∈ R, and we may assume y1 to be homogeneous.
If y1 = 0, then we’re done; if y1 6= 0, then deg y1 < deg y because deg x1 > 0. Now x2y =
x2x1y1 = 0, and because x1 is a non-zerodivisor, x2y1 = 0. Repeat the above argument, we
have y1 = x1y2 for some homogeneous y2 ∈ R, and either y2 = 0 or deg y2 < deg y1 < deg y.
Note that since R is positively graded, this process can not be repeated indefinitely. Hence we
must have y = 0.

Lemma 3.16. Let x1, x2, . . . , xn ∈ R, not necessarily homogeneous, and suppose in(x1), in(x2),
. . . , in(xn) is a regular sequence. If s ∈ 〈x1, x2, . . . , xn〉, then there exist y1, y2, . . . , yn ∈ R such
that s =

∑n
i=1 xiyi and deg xi + deg yi ≤ deg s, 1 ≤ i ≤ n.

Proof. Induction on n. n = 1 is obvious, so suppose the statement holds for n − 1. Since
s ∈ 〈x1, x2, . . . , xn〉, there exist y1, y2, . . . , yn ∈ R such that s =

∑n
i=1 xiyi. Among all the

possible choices of y1, y2, . . . , yn, choose one such that the number m := max{deg xi + deg yi |
1 ≤ i ≤ n} is the smallest. We are going to prove by contradiction that in this case, m ≤ deg s.

Suppose m > deg s. Let di = m− deg xi, and let yi,di be the homogeneous component of
degree di in yi. Because m > deg s, we have

n
∑

i=1

in(xi)yi,di = 0 ,
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hence
in(xn)yn,dn ∈ 〈in(x1), in(x2), . . . , in(xn−1)〉 .

Because in(x1), in(x2), . . . , in(xn) is a regular sequence, this implies

yn,dn ∈ 〈in(x1), in(x2), . . . , in(xn−1)〉 ,

hence there exist homogeneous z1, z2, . . . , zn−1 ∈ R such that

yn,dn =
n−1
∑

i=1

in(xi)zi

and deg zi + deg xi = dn, 1 ≤ i ≤ n− 1.
Let

y′i = yi + zixn , 1 ≤ i ≤ n− 1 ,

y′n = yn − yn,dn −
n−1
∑

i=1

(xi − in(xi))zi .

It can be easily checked that
∑n

i=1 xiy′i =
∑n

i=1 xiyi = s. Note that deg y′n < dn, because
deg(yn − yn,dn) < dn and deg(xi − in(xi))zi < deg xi + deg zi = dn. Thus

deg xny′n ≤ deg xn + deg y′n < deg xn + dn = m ,

and since we suppose m > deg s, we have deg(s − xny′n) < m. By the induction hypothesis,
there exist y′′1 , y′′2 , . . . , y′′n−1 ∈ R such that

n−1
∑

i=1

xiy′′i =
n−1
∑

i=1

xiy′i = s− xny′n

and deg xi + deg y′′i ≤ deg(s − xny′n) < m, 1 ≤ i ≤ n − 1. Let y′′n = y′n, then
∑n

i=1 xiy′′i = s
and deg xi + deg y′′i < m, 1 ≤ i ≤ n. This contradicts to the minimality of m.

Lemma 3.17. Let x1, x2, . . . , xn ∈ R, not necessarily homogeneous. If in(x1), in(x2), . . . , in(xn)
is a regular sequence, then x1, x2, . . . , xn is a regular sequence.

Proof. The statement obviously holds for n = 1. Suppose it holds for n − 1. Then we only
have to show that xn is a non-zerodivisor in R/〈x1, x2, . . . , xn−1〉.

Suppose xny ∈ 〈x1, x2, . . . , xn−1〉 in R. By Lemma 3.13, there exist y1, y2, . . . , yn−1 ∈ R
such that

xny =
n−1
∑

i=1

xiyi

and deg xi + deg yi ≤ deg xny, 1 ≤ i ≤ n− 1. Hence

in(xn)in(y) ∈ 〈in(x1), in(x2), . . . , in(xn−1)〉 .
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(Note that in(xn)in(y) may be zero). Since in(x1), in(x2), . . . , in(xn) is a regular sequence, this
implies

in(y) ∈ 〈in(x1), in(x2), . . . , in(xn−1)〉 .

Thus there exist homogeneous z1, z2, . . . , zn−1 ∈ R such that

in(y) =
n−1
∑

i=1

in(xi)zi .

Let y′ = y−
∑n−1

i=1 xizi, then xny′ ∈ 〈x1, x2, . . . , xn−1〉 and deg y′ < deg y. Since R is positively
graded, an induction on deg y will conclude that y ∈ 〈x1, x2, . . . , xn−1〉.

§ 4. Sopme results on Main Theorem.

Now we assume that Theorem Ak and Proposition Bk−1 hold and want to prove the
following Proposition.

Proposition Bk. Let n = 2k + 1. (a) Define a homomorphism

Φ̃n : Fq[X0, X1, · · · , Xn−2, Xn−1, Y1,Y2, · · · , Yk]/〈Kn1,Kn2, · · · , Kn,k−1〉 −→

Fq[X0, X1, · · · , Xn−2, Xn−1,
R+

n−1,1(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, · · · ,
R+

n−1,k(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

],

which is defined by

Xi 7→ Xi, 0 ≤ i ≤ n− 2

Yj 7→
R+

n−1,j(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, 1 ≤ j ≤ n.

Then
ker ˜Φn = 〈Kn1,Kn2, · · · ,Kn,k−1,Knk〉/〈Kn1,Kn2, · · · ,Kn,k−1〉

where Kni are defined as








Kn1

Kn2
...

Knk









= A(k)









1
Y1
...

Yk









.

(b) det A(k)
∅;1 = −R+

n−1,0, det A(k)
∅;i = (−1)i+1R+

n−1,i−1, 2 ≤ i ≤ k + 1.
(c) For any l, 1 ≤ l ≤ k − 1,

det A(k)
∅;1 ≡ rk,k+lX

qk−qk−l

q−1
l φ(mod X0, X1, · · · , X

1+ qk−qk−l

q−1
l , · · · , Xk+l, · · · , Xk−1).

(d)

pij ≡ αijX
q

j+1
2 −i

i+ j+1
2

(mod X0, X1, · · · , Xi+ j+1
2 −1).
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rij ≡ βijXj(mod X0, X1, · · · , Xj−1).

(e) Let

Ψn : Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1] → Fq[X0, . . . , Xn−1, (
R+

n−1,1

R+
n−1,0

)q, . . . , (
R+

n−1,k

R+
n−1,0

)q]

be the ring homomorphism which sends Xi to Xi and Yi to (
R+

n−1,i−1

Rn−1,0
)q. Then

kerΨn = 〈K ′
n,1,K

′
n,2, . . . , K

′
n,k〉

where K ′
n,1,K

′
n,2, . . . , K

′
n,k are defined as











K ′
n,1

K ′
n,2
...

K ′
n,k











= ϕ(A(k))













1
Y2
Y3
...

Yk+1













.

And the kernel of the map

Fq[X0, . . . , Xn, Y2, . . . , Yk+1] →Fq[X0, . . . , Xn, (
R+

n−1,1

R+
n−1,0

)q, . . . , (
R+

n−1,k

R+
n−1,0

)q]

defined by

Xi 7→ Xi, Yi 7→ (
R+

n−1,i−1

R+
n−1,0

)q

is also 〈K ′
n,1,K

′
n,2, . . . , K

′
n,k〉.

Proof of (a). Step 1. Let

Π:Fq[X0, . . . , Xn−2, Xn−1, Y1, . . . , Yk+1]/〈Kn1, . . . , Kn,k−1〉 −→
Fq[X0, . . . , Xn−2, Y1, . . . , Yk+1]/〈Kn1, . . . ,Kn,k−1〉

be the ring homomorphism which sends Xi to Xi for 0 ≤ i ≤ n − 2, Yj to Yj for 1 ≤ j ≤ k,
and Xn−1 to 0. Then by Theorem Ak, Φ2n+2 ◦Π = ˜Φ2n+2 and Φn is an isomorphism. Thus

ker ˜Φn = Π−1(kerΦn)

= kerΦn + kerΠ = kerΠ

We just need to find Knk such that kerΠ = 〈Knk〉. Here we also define the entries rk,2k, rk,2k−1,
. . . , rk,k in the matrix A(k).

Step 2. From

Fq[x1, x2, · · · , xn]O
+
n (Fq) = Fq[Q+

n0, Q
+
n1, · · · , Q+

n,n−2,
R+

n−1,1(Q
+
ni)

R+
n−1,0(Q

+
ni)

, · · · ,
R+

n−1,k(Q+
ni)

R+
n−1,0(Q

+
ni)

],
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where R+
n−1,j(Q

+
ni) is the abbreviation of R+

n−1,j(Q
+
n0, . . . , Q

+
n,n−1), and Q+

n,n−1 ∈ Fq[x1, x2, · · · , xn]O
+
n (Fq),

it follows that
Xn−1 ∈ Fq[X0, X1, · · · , Xn−2,

R+
n−1,1

R+
n−1,0

, · · · ,
R+

n−1,k

R+
n−1,0

]

i.e. there exists a polynomial H(X0, X1, . . . , Xn−2;Y1, . . . , Yk) such that

Xn−1 = H(X0, . . . , Xn−2;
R+

n−1,1

R+
n−1,0

, . . . ,
R+

n−1,k

R+
n−1,0

) (4-1)

Among all such polynomials, we choose H to be the one whose total degree in Y1, Y2, . . . , Yk

is the smallest.

Step 3. We claim that
H is linear in Y1, Y2, . . . , Yk. (4-2)

We write

H =
l

∑

m=0

∑

|Λ|=m

hΛ(X0, X1, . . . , Xn−2)YΛ

where Λ = (λ1, λ2, · · · , λk), |Λ| =
∑n

i=1 λi,YΛ = Y λ1
1 Y λ2

2 · · ·Y λk
k . Obviously l 6= 0, because

X0, X1, . . . , Xn−2 are independent variables. By Lemma 3.1,

H(X0, . . . , Xn−2;
R+

n−1,1

R+
n−1,0

, . . . ,
R+

n−1,k

R+
n−1,0

) ∈ Fq(X0, . . . , Xn−2)[Xn−1],

Let Hl be the Y-degree l part of H. Then the coefficient of X l
n−1 is

Hl(X0, . . . , Xn−2;R
+ q
n−3,0, . . . , R

+ q
n−3,k−1)/R+ l

n−1,0

So if l ≥ 2, then by (4-1), Hl(X0, . . . , Xn−2;R
+ q
n−3,0, . . . , R

+ q
n−3,k−1) = 0. Let H ′

l(X0, . . . , Xn−2;
Y2, · · · , Yk) be the dehomogenization of Hl with respect to Y1 regarding it as a polynomial in
Y1, Y2, · · · , Yn. Then

H ′
l(X0, . . . , Xn−2, (

R+
n−3,1

R+
n−3,0

)q, . . . , (
R+

n−3,k−1

R+
n−3,0

)q) = 0.

By Proposition Bk−1(e) there exist S′1, · · · , S′k−1 ∈ Fq[X0, X1, · · · , Xn−2, Y2, Y3, · · · , Yk] such
that H ′

l =
∑k−1

i=1 S′iK
′
ni. By Proposition Bk−1(d),

X0, X1 , . . . , Xk ,K ′
n,1 − pq

1,n−2 , K ′
n,2 − pq

2,n−2 , . . . , K ′
n,k−2 − pq

k−2,n−2 , K ′
n,k−1 − rq

k−1,n−1

is a regular sequence in Fq[X0, . . . , Xn−2, Y2, . . . , Yk]. Since they are homogeneous with respect
the weight, by Lemma 3.15

K ′
n,1 − pq

1,n−2 , K ′
n,2 − pq

2,n−2 , . . . , K ′
n,k−2 − pq

k−2,n−2 , K ′
n,k−1 − rq

k−1,n−1

is a also regular sequence in Fq[X0, . . . , Xn−2, Y2, . . . , Yk]. Now if we consider the grading
defined by total Y-degree then Lemma 3.16 tells us that we may assume degY S′i ≤ l − 1.
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So let Si be the homogenization of S′i with respect to Y1 regarding it as a polynomial in
Y1, Y2, · · · , Yk, we get

Hl =
k−1
∑

i=1

(Kn,i − pi,n)Si .

Therefore H −
∑n

i=1 Kn,iSi has strictly smaller total degree in Y1, . . . , Yk than H, which is a
contradiction because

Xn−1 = (H −
k−1
∑

i=1

Kn,iSi)(X0, . . . , Xn−2,
R+

n−1,1

R+
n−1,0

, . . . ,
R+

n−1,k

R+
n−1,0

).

This proves our claim (4-2) that l = 1.

Step 4. (4-1) can be written as

Xn−1 = r′k,2k + rk,2k−1
R+

n−1,1

R+
n−1,0

+ rk,2k−2
R+

n−1,2

R+
n−1,0

+ · · ·+ rkk
R+

n−1,k

R+
n−1,0

(4-3)

for some r′k,2k, rni ∈ Fq[X0, . . . , Xn−2]. Since by Lemma 3.2,
R+

n−1,i

R+
n−1,0

is homogeneous of

weight qn−1 + qn−i−1, comparing the weight of each term, we may assume that rn,n−i−1

is homogeneous with weight qn−i−1 + 1. Moreover, comparing with wt Xi, we see that
rni ∈ Fq[X0, . . . , Xi].

Let rk,2k := r′k,2k −Xn−1 and Knk := rk,2k + rk,2k−1Y1 + rk,2k−2Y2 + · · ·+ rkkYk. Then
ker Φ̃n = 〈Knk〉 as desired.

Proof of (b). We compare the coefficients of Xn−1 from both side of (4-3), and by Lemma
3.1 we see that

(−1)k = rk,2k−1
R+ q

n−3,0

R+
n−1,0

+ rk,2k−2
R+ q

n−3,1

R+
n−1,0

+ · · ·+ rkk
R+ q

n−3,k

R+
n−1,0

,

i.e.
(−1)kR+

n−1,0 = rk,2k−1R
+ q
n−3,0 + rk,2k−2R

+ q
n−3,1 + · · ·+ rkkR+ q

n−3,k. (4-4)

With this, we can calculate detA(k)
∅;1 by expanding along its last row:

detA(k)
∅;1=

∑k
i=1(−1)k+irk,2k−i(detA(k−1)

∅;i )q

= (−1)k+1 ∑k
i=1 rk,2k−iR

+ q
n−3,i−1 (by (b) in case k − 1)

= −R+
n−1,0 (by (4-4).

To determine the value of detA(k)
∅;i for 2 ≤ i ≤ k + 1, we’ll view

A(k)









1
Y1

Y2

...
Yk









= 0
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as a system of linear equations in Y1, Y2, . . . , Yk with coefficients in the field Fq(X0, . . . , Xn−1).
The fact that detA(k)

∅;1 = −R+
n−1,0 6= 0 tells us this system has a unique solution

Yi = (−1)i
detA(k)

∅;i+1

detA(k)
∅;1

= (−1)i+1
detA(k)

∅;i+1

R+
n−1,0

, 1 ≤ i ≤ k

However, we have already seen that

Yi =
R+

n−1,i

R+
n−1,0

, 1 ≤ i ≤ k ,

is a solution to the system. Therefore detA(k)
∅;i = (−1)i+1R+

n−1,i−1, 2 ≤ i ≤ k + 1.

Proof of (c). To go further the proof, it is convenient to rename the entries of A(k) as follows:

A(k) =









a0k a0,k−1 · · · a01 a00

a1k a1,k−1 · · · a11 a10
...

...
...

...
ak−1,k ak−1,k−1 · · · ak−1,1 ak−1,0









.

note that

aij =

{

pqk−j

i+1,2j−1 ∈ Fq[X0, · · · , X2j−1], if j ≥ i + 2

rqk−i−1

i+1,i+j+1 ∈ Fq[X0, · · · , Xi+j+1], if j ≤ i + 1.
(4-5)

Moreover, from (2-12), we have

wt aij = qk+j + qk−i−1 (4-6)

Let āij ∈ Fq[Xl, Xk+l] be the residue of aij modulo 〈X0, X1, · · · , X
1+qk−l( ql−1

q−1 )
l , · · · , X̂k+l,

· · · , Xn−1〉. We use the notation ν(f) to denote the largest integer s such that Xs
l |f , we set

the convention that ν(0) = ∞. Let Sk be the symmetric group on {0, 1, 2, , · · · , k − 1}. Let
detA(k)

∅;1 =
∑

σ∈Sk
(±

∏k−1
j=0 āσ(j),j). To prove (c), we just need to show that

(i) For any σ such that σ(l) 6= k − 1, then ν(
k−1
∏

j=0

āσ(j),j) > 1 + qk−l(
ql − 1
q − 1

). (4-7)

(ii) For any σ such that σ(l) = k − 1, then ν(
∏

0≤j≤k−1
j 6= l

āσ(j),j) ≥ qk−l(
ql − 1
q − 1

). (4-8)

Before proving the claims (i) and (ii), we first note the following.

If j ≤ l, then āij ∈ Fq[Xl] except that (i, j) = (k − 1, l)
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by (4-5). Moreover, since āij is homogeneous, so if āij 6= 0, it must be some power of Xl and

wt Xl = ql + 1 | wt āij = qk−i−1(qi+j+1 + 1).

Thus we have l | i + j + 1, say,

i + j + 1 = lm for some odd integer m, (4-9)

and

ν(āij) =
wt āij

wt Xl
= qk−i−1(

qi+j+1 + 1
ql + 1

). (4-10)

Now we begin to prove Claims (i) and (ii). Let ±
∏k−1

j=0 āσ(j),j be a term in detA(k)
∅;1,

σ ∈ Sk. Suppose σ(l) 6= k − 1 and āσ(l),l 6= 0. Then

ν(
k−1
∏

j=0

āσ(j),j) ≥ν(āσ(l),l) = qk−σ(l)−1(
ql+σ(l)+1 + 1

ql + 1
) by (4− 10)

=
qk+l + qk−σ(l)−1

ql + 1

>
qk − qk−l

q − 1
.

by routine checking. Thus the Claim (i) is proved. Now we suppose that σ(l) = k − 1. For
any j = 0, 1, · · · , l − 1, if āσ(j),j 6= 0, from (4-9), then we have

σ(j) = mj l − j − 1.

For any h such that 1 ≤ h ≤ mj − 1, find s(j)
h such that

σ(s(j)
h ) = hl − j − 1, s(j)

h 6= j. (4-11)

Let S(j) = {s(j)
h : 1 ≤ h ≤ mj − 1}. Note that the sets S(j)’s are disjoint for different j’s. If

0 ≤ s(j)
h ≤ l − 1 for some h, then āσ(s(j)

h ),s(j)
h

= 0. Otherwise, by (4-9), l|σ(s(j)
h ) + s(j)

h + 1 =

hl− j−1+ s(j)
h +1, so l|s(j)

h − j. But 0 < |s(j)
h − j| < l, a contradiction. Hence we may assume

that s(j)
h ≥ l + 1 for all 0 ≤ h ≤ mj − 1. By (4-6),

wt(āσ(s(j)
h ),s(j)

h
) = qk+s(j)

h + qk−σ(s(j)
h )−1 = qk+s(j)

h + qk−hl+j .

Suppose āσ(s(j)
h ),s(j)

h
= γXα

l Xβ
k+l, α, β ≥ 0. Then we have an equation

qk+s(j)
h + qk−hl+j = α(ql + 1) + β(qk+l + 1). (4-12)

Suppose the equation (4-12) has no solution, then āσ(s(j)
h ),s(j)

h
= 0. Thus we assume that (4-12)

has an integer solution (α, β). Observe that

α(ql + 1) = (qs(j)
h −l − β)(qk+l + 1) + qk−hl+j − qs(j)

h −l. (4-13)
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The case qs(j)
h −l − β < 0 is impossible since α is nonnegative. If qs(j)

h −l − β ≥ 1, then

α ≥ qk−hl+j − qs(j)
h −l + qk+l + 1

ql + 1
(4-14)

ν(
k−1
∏

j=0

āσ(j),j) ≥ ν(āσ(sh1(j)),s(j)
h

) = α ≥ qk−1(
ql

q − 1
).

The last equalioty follows from (4-14) and direct checking. Thus (4-6) holds. Hence we have
qs(j)

h −l − β = 0. From (4-12), we have

qk−hl+j − qs(j)
h −l ≥ 0 (4-15)

and

α =
qk−hl+j − qs(j)

h −l

ql + 1
= qs(j)

h −l(
qk−hl+j−s(j)

h +l − 1
ql + 1

). (4-16)

so l | k− hl + j − s(j)
h + l = k + j + l− s(j)

h − hl and the quotient is an even integer. Therefore
we have

s(j)
h = k + j + l − τ(h)l (4-17)

where τ is a one to one map defined on {1, 2, · · · ,mj − 1} and τ(h) ≡ h(mod 2). From
(4-12), we have k − hl + j ≥ s(j)

h − l. This implies that τ(h) ≥ h, that is τ is a nondecreas-
ing function. Moreover, from s(j)

h ≤ k − 1, we have τ(h) ≥ 2. We consider the sequence
1, τ(1), τ2(1), τ3(1), · · · . note that this sequence is strictly increasing. In fact, 1 < 2 ≤ τ(1),
by induction, suppose τ i(1) < τ i+1(1), then τ i+1(1) < τ i+2(1) since τ is one to one. The
sequence 1 < τ(1) < τ2(1) < · · · < τ r−1(1) < τ r(1) will terminate until τ r(1) ≥ mj .

ν(āσ(0),0āσ(1),1 · · ·̂̄aσ(l),l · · · āσ(k−1),k−1)

≥ν(

l−1
∏

j=0

[āσ(j),j

mj−1
∏

h=0

āσ(s(j)
h ),s(j)

h
])

=
l−1
∑

j=0

[ν(āσ(j),j) +
mj−1
∑

h=0

ν(āσ(s(j)
h ),s(j)

h
)]

≥
l−1
∑

j=0

[ν(āmj l−j−1,j) +
r−1
∑

i=0

ν(āτ i(1)l−j−1,sτi(1)
)] by (4-11)

≥
l−1
∑

j=0

[
qk+j + qk+j−mj l

ql + 1
+

r−1
∑

i=0

qk+j−τ i(1)l − qk+j−τ i+1(1)l

ql + 1
] by (4-10), (4-14) and (4-15)

≥
l−1
∑

j=0

[qk+j + qk+j−l + qk+j−mj l − qk+j−τr(1)l]/(ql + 1)

≥ qk

ql + 1

l−1
∑

j=0

qj(1 + q−l) since τ r(1) ≥ mj

=
qk

ql + 1
ql − 1
q − 1

ql + 1
ql =

qk−l(ql − 1)
q − 1

.
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Thus claim (ii) is proved.

Proof of (d). The statement is equivelent to aij ≡ αijX
qk−i−1

i+j+1 (modX0, X1, . . . , Xi+j). By
induction, we may assume that the result holds for aij , i < k − 1 or j < k. We will prove the
cases aik, 0 ≤ i ≤ k − 2 and ak−1,j , 0 ≤ j ≤ k. We separate into several cases. We first prove
that

aik = pi+1,2k−1 ≡ αiX
qk−i−1

i+k+1 (modX1, · · · , ̂Xk, · · · , Xk+i−1). (4-18)

From Kn,i+1, we have

pi+1,2k−1R+
n−1,0+pq

i+1,2k−3R
+
n−1,1 + · · ·+ pqk−i−1

i+1,2i+3R
+
n−1,n−i−1+

rqk−i

i+1,2i+2R
+
n−1,k−i + rqk−i

i+1,2i+1R
+
n−1,k−i+1 + · · ·+ rqk−i

i+1,i+1R
+
n−1,k = 0

That is,

aikR+
n−1,0 + ai,k−1R+

n−1,1 + · · ·+ ai,k−i−1R+
n−1,i+1 + · · ·+ ai0R+

n−1,k = 0. (4-19)

It is known that, modulo 〈X0, · · · , ̂Xk, · · · , Xk+i〉, we have R+
n−1,j ≡ 0, 1 ≤ j ≤ i by

Lemma 3.7(b) and aij ≡ 0 for j ≤ k − i− 2 by induction hypothesis. So (4-19) implies that

aikR+
n−1,0 + ai,k−i−1R+

n−1,i+1 = 0(modX0, · · · , ̂Xk, · · · , Xk+i) (4-20)

Moreover, R+
n−1,0 = g+

n−2 ≡ X
qk−1
q−1

k by Lemma 3.7(a), R+
n−1,i+1 ≡ Xqk−i−1

k+i+1 X
qk−1
q−1 −qk−i−1

k by

Lemma 3.5, and ai,k−i−1 ≡ Xqk−i−1

k by induction hypotheses. Substitute these data into
(4-20), we get (4-18).

Second, ak−1,k = rk,k−1 is followed by (2-11). Since

det A(k)
∅;1 ≡

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ0,kXqk−1

k

γ1,k−1Xqk−2

k 0

. . .
∗ γk−1,1Xq

k rkk

∣

∣

∣

∣

∣

∣

∣

∣

∣

≡ R+
2k,0 ≡ X

qk−1
q−1

k (mod X0, X1, · · · , Xk−1).

Thus ak−1,0 = rkk ≡ Xk(mod X0, X1, · · · , Xk−1). Moreover, since

det A(k)
∅;k ≡

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ0,k+1Xqk

k+1

γ1,kXqk−1

k+1 0

. . .
∗ γk−1,2Xq

k+1
rk,k+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

≡ R+
2k,k ≡ X

qk+1−1
q−1

k+1 (mod X0, X1, · · · , Xk).
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Thus ak−1,1 = rk,k+1 ≡ Xk+1(mod X0, X1, · · · , Xk).
At last, the remaining cases are ak−1,l such that 2 ≤ l ≤ k − 1. By Lemma 3.5, when we

modulo 〈X0, X1, · · · , X
1+ qk−qk−l

q−1
l , · · · , ̂Xk+l, · · · , Xn−1〉, we get

det A(k)
∅;1 = R+

2k,0 = g ′+
2k−1 ≡ X

qk−qk−l

q−1
l X

qk−l−1
q−1

k+l , (4-21)

and by (c),

det A(k)
∅;1 ≡ rk,k+lX

qk−qk−l

q−1
l ψ. (4-22)

Comparing (4-21) and (4-22), we have rk.k+l 6≡ 0(mod Xl). But rk,k+l ∈ Fq[X0, X1, · · · , Xk+l]
and wt rk,k+l = qk+l + 1, so rk,k+l ≡ Xk+l. Thus all statements in (d) are proved.

Proof of (e). The second statement follows from the first, since R+
n−1,i do not involve

Xn. Comparing the transcendental degrees of the domain and the image of Ψn, we see that
kerΨn is a prime ideal in Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1] with height k. By (a), it is obvious
that 〈K ′

n1, . . . , K
′
nk〉 ⊂ kerΨn. Thus to prove the fist statement, we just need to show that

〈K ′
n1, . . . ,K

′
nk〉 is a prime ideal in Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1] with the same height, and

then they must be equal.
Step 1. In Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1][ 1

g′ +
n−2

]/〈K ′
n1, . . . , K

′
nk〉, the relations K ′

n1, . . . ,K
′
nk

can be written as

ϕ(A(k)
∅;1)









Y2

Y3
...

Yk+1









= −













p1,n−2

p2,n−2
...

pk−1,n−2

rk,n−1













.

By (b), detA(k)
∅;1 = g′ +

n−2. Since we have localized at g ′+
n−2, the matrix ϕ(A(k)

∅;1) becomes invert-
ible, so we can solve the above relations to express Y2, Y3, . . . , Yk+1 in terms of X0, . . . , Xn−1.
Therefore

Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1]b
1

g′ +
n−2

]/〈K ′
n1, . . . ,K

′
nk〉

= Fq[X0, . . . , Xn−1][
1

g′ +
n−2

]

is an affine domain with Krull dimension n. Since Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1][ 1
g′ +

n−2
] is an

affine domain with Krull dimension n+n, 〈K ′
n1, . . . , K

′
nn〉 is a prime ideal in Fq[X0, . . . , Xn−1,

Y2, . . . , Yk+1][ 1
g′ +

n−2
] with height n.

Step 2. From (d) and definition of K ′
ni, we have K ′

ni ≡ Xk+i(modX0, . . . , Xk+i−1). Thus by
Lemmas 3.3,3.13 and (b), X0, X1, . . . , Xn−2, g′ +

n−2,K
′
n1,K

′
n2, . . . ,K

′
nk is a regular sequence in

Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1] . They are homogeneous with respect to the weight given in
(1.5) and wt Yi = qn − qn−i+1, then by Lemma 3.15, this sequence is a regular sequence
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in any order. In particular, g′ +
n−2 is a non-zero divisor in Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1]

/〈K ′
n1, . . . , K

′
nk〉 hence

Fq[X0, . . ., Xn−1, Y2, . . . , Yk+1]/〈K ′
n1, . . . ,K

′
nk〉

↪→ Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1][
1

g′ +
n−2

]/〈K ′
n1, . . . ,K

′
nk〉

and thus is also a domain. So 〈K ′
n1, . . . ,K

′
nk〉 is a prime ideal in Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1],

and its height is n, the same as the height of its localization in Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1][ 1
g′ +

n−2
].

Thus (e) is proved and all the proof of Proposition are complete.

§ 5. The Proof of the Main Theorem for Odd n.

Now we assume Theorem Ai and Proposition Bi holds for i ≤ k. We want to give a

Proof of Theorem Ak+1. Step 1. First we are going to define pi,n, 1 ≤ i ≤ n. By Proposition
Bk(e),

ϕ(A(k))





















1
(

R+
n−1,1

R+
n−1,0

)q

(
R+

n−1,2

R+
n−1,0

)q

...
(

R+
n−1,k

R+
n−1,0

)q





















= 0 ⇒ ϕ(A(k))











R+q
n−1,0

R+q
n−1,1
...

R+q
n−1,k











= 0.

By Proposition 2.12 and Lemma 3.9, there exist pi,n ∈ Fq[X0, . . . , Xn], 1 ≤ i ≤ n, such that

ϕ(A(n))











R+
n+1,1

R+
n+1,2
...

R+
n+1,k+1











= −









p1,n

p2,n
...

pn,n









Rn+1,0 (5–1)

Moreover, from (a) in case k and Lemma 2.9, we have pi,n is homogeneous of weight qn+1 +
qn+2−i, 1 ≤ i ≤ n.

Step 2. From (5-1) we have









p1,n

p2,n
...

pk,n









+ ϕ(A(k))



















R+
n+1,1

R+
n+1,0

R+
n+1,2

R+
n+1,0

...
R+

n+1,k+1

R+
n+1,0



















= 0.

So 〈Kn+2,1,Kn+2,2, . . . , Kn+2,k〉 ⊂ kerΦn+2.
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To prove the opposite inclusion, suppose

H(X0, . . . , Xn, Y1, . . . , Yk+1) =
l

∑

m=0

∑

|Λ|=m

hΛ(X0, X1, . . . , Xn)YΛ ∈ kerΦn+2 .

(Here we use the same notations as (4-2).) We proceed by induction on l. l = 0 is trivial. So
suppose l ≥ 1. By Proposition 3.1,

H(X0, . . . , Xn,
R+

n+1,1

R+
n+1,0

, . . . ,
R+

n+1,k+1

R+
n+1,0

) ∈ Fq(X0, . . . , Xn)[Xn+1] ,

By the similar arguments as given in the proof of Proposition 4.1 (a), there exist Si(X0, . . . , Xn, Y2, . . . , Yk+1) ∈
Fq[X0, . . . , Xn, Y2, . . . , Yk+1] , 1 ≤ i ≤ k , such that H −

∑k
i=1 Kn+2,iSi ∈ kerΦn+2 whose to-

tal degree in Y1, Y2, . . . , Yk+1 is strictly less than that of F . By the induction hypothesis,
H −

∑k
i=1 Kn+2,iSi ∈ 〈Kn+2,1,Kn+2,2, . . . ,Kn+2,k〉, hence H ∈ 〈Kn+2,1,Kn+2,2, . . . , Kn+2,k〉.

Step 3. To prove that Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈Kn+2,1, . . . , Kn+2,k〉 is a UFD, it is enough
to show that

Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈g′ +
n−2, Kn+2,1, . . . , Kn+2,k〉is an integral domain.

In fact, in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈Kn+2,1, . . . , Kn+2,k〉, the relations Kn+2,1, . . . , Kn+2,k

take the form






p1,n
...

pk,n





 + ϕ(A(k))





Y1
...

Yk+1



 = 0,

or

ϕ(A(k)
∅;1)





Y2
...

Yk+1



 = −











p1,n + pq
1,n−2Y1

...
pk−1,n + pq

k−1,n−2Y1

pk,n + rq
k,n−1Y1











By Proposition B(d),(b), detA(k)
∅;1 = g′ +

n−2, so in Fq[X0, . . . , Xn, Y1, . . . , Yk+1][ 1
g′ +

n−2
] /〈Kn+2,1, . . . , Kn+2,k〉,

ϕ(A(k)
∅;1) is invertible and we can solve Y2, . . . , Yk+1 in terms of X0, . . . , Xn, Y1. Hence

Fq[X0, . . . , Xn, Y1, . . . , Yk+1][
1

g′ +
n−2

]/〈Kn+2,1, . . . ,Kn+2,k〉 = Fq[X0, . . . , Xn, Y1][
1

g′ +
n−2

]

is a UFD. If we can show that Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈g′ +
n−2,Kn+2,1, . . . ,Kn+2,k〉 is an

integral domain, or equivalently, that g′ +
n−2 is a prime element in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]

/〈Kn+2,1, . . . , Kn+2,k〉, then, by Nagata lemma [8], Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈Kn+2,1, . . . , Kn+2,k〉
would be a UFD.

Step 4. In order to prove a ring R to be a domain, we just need to find a non-zerodivisor u ∈ R
and show that R[u−1] is a domain, since R can be embedded in R[u−1]. In our situation, the
“u” we found is g′n−4. So, in the following, we are going to show that
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(i) g′n−4 is a non-zerodivisor in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈g′ +
n−2,Kn+2,1, . . . , Kn+2,k〉,

(ii) Fq[X0, . . . , Xn, Y1, . . . , Yk+1][ 1
g′ +

n−4
]/〈g′ +

n−2,Kn+2,1, . . . ,Kn+2,k〉 is a domain.

Step 5. We want to prove the claim (i). k = 1 is trivial, so suppose k ≥ 2. By Proposition BK

(a) and Lemma 3.12, in our case n = 2k is even, so Kn+2,i−pin ≡ Xk+i(modX0, . . . , Xk+i−1),
and

X0 , X1 , . . . , Xk , Kn+2,1 − p1,n , Kn+2,2 − p2,n , . . . , Kn+2,k − pk,n

is a regular sequence in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]. Consider the grading determined by total
degree in Y1, · · · , Yk+1 and apply Lemma 3.14, we know that

X0 , X1 , . . . , Xk , Kn+2,1 , Kn+2,2 , . . . , Kn+2,k

is a regular sequence in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]. By Lemma 3.3,

X0 , X1 , . . . , Xk−2 , g′n−4 , g′n−2 , Kn+2,1 , Kn+2,2 , . . . , Kn+2,k

is a regular sequence in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]. Finally, consider the weight defined in
(1-5) and apply Lemma 2.15, we conclude that

X0 , X1 , . . . , Xk−2 , g′ +
n−4 , g′ +

n−2 , Kn+2,1 , Kn+2,2 , . . . , Kn+2,k

is a regular sequence in any order in Fq[X0, . . . , Xn, Y1, . . . , Yk+1]. In particular, g′ +
n−4 is a

non-zerodivisor in

Fq[X0, . . . , Xn, Y1, . . . , Yk+1]/〈g′ +
n−2,Kn+2,1, . . . ,Kn+2,k〉 .

Step 6. In Fq[X0, . . . , Xn, Y1, . . . , Yk+1][ 1
g′ +

n−4
]/〈g′ +

n−2,Kn+2,1, . . . , Kn+2,k〉, the relations Kn+2,1,

. . . ,Kn+2,k−1 can be written in the form


















p1,n + pq
1,n−2Y1 + pq24

1,n−4Y2

p2,n + pq
2,n−2Y1 + pq2

2,n−4Y2

...
pk−2,n + pq

k−2,n−2Y1 + pq2

k−2,n−4Y2

pk−1,n + pq
k−1,n−2Y1 + rq2

k−1,n−3Y2



















+ ϕ2(A(k−1)
∅;1 )









Y3
Y4
...

Yk+1









= 0. (5–3)

By (d) in case k, detA(k−1)
∅;1 = g′ +

n−4. Since we have already localized at g′ +
n−4, ϕ2(A(k−1)

∅;1 ) would
be invertible, so from (5-3) , Y3, Y4, . . . , Yn+1 can be solved in terms of the other variables .
Moreover, the relation between Y1 and Y2 is

R + q
n−1,1Y1 −R + q

n−1,0Y2 −R + q
n−1,1

R+
n+1,1

R+
n+1,0

+ R + q
n−1,0

R+
n+1,2

R+
n+1,0

= 0.

Thus let

˜Kn+2,k :=
−R+ q

n−1,1R
+
n+1,1

R+
n+1,0

+ R+ q
n−1,1Y1,
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we have

Fq[X0, . . . , Xn, Y1, . . . , Yk+1][
1

g′+n−4
]/〈g ′+

n−2, Kn+2,1, . . . ,Kn+2,k〉

= Fq[X0, . . . , Xn, Y1, Y2][
1

g ′+
n−4

]/〈g ′+
n−2, ˜Kn+2,n〉.

By Lemma 3.1, the relation g ′ +
n−2 can also be solved to express Xn−2 in terms of the other

variables, thus

D := Fq[X0, . . . , Xn, Y1, Y2][
1

g′ +
n−4

]/〈g′ +
n−2〉

= Fq[X0, . . . , X̂n−2, . . . , Xn, Y1, Y2][
1

g′ +
n−4

]

is a UFD. Therefore if we can proof that ˜Kn+2,k is irreducible in D, then we are done.

Step 7. Remembering that R+
n−1,0 = g ′ +

n−2, it is easy to see that R+
n−1,1 is irreducible in D.

Hence

˜Kn+2,k is irreducible in D ⇐⇒ R+
n−1,1

R+ q
n−1,1R

+
n+1,1

R+
n+1,0

in D .

But from Lemma 3.9, we have

R+
n+1,0 = g′+n = −

(R+
n−1,1)

q+1

g ′+ q
n−4

in D .

and
R+ 2

n−1,1R
+
n+1,1 in D .

Let R∗n = Fq[Q+
n0, Q

+
n1, · · · , Q+

n,n−2,
R±n−1,1(X0,X1,··· ,Xn−1)

R±n−1,0(X0,X1,··· ,Xn−2)
, · · · ,

R±n−1,n(X0,X1,··· ,Xn−1)

R±n−1,0(X0,X1,··· ,Xn−2)
]. More-

over, since R+
n−1,i is linear in Xn−1, Qn−1,n belongs to the quotient field of R∗n. Hence the

quotient field of R∗n is Fq(x1, x2, . . . , xn)On(Fq). Because the monic minimal polynomial of xn

belongs to R∗n[T ] by Lemma 3.4. Fq(x1, x2, . . . , xn)On(Fq)is integral over R∗n. By Steps 3 ∼ 7,
R∗n is a UFD, hence is integrally closed. Thus Fq(x1, x2, . . . , xn)On(Fq) = R∗n

The proof of the Theorem Ak+1 is thus complete.

§ 6. The Statemaen of the Main Theorem for Even n.

Theorem Ck. Let n = 2k be a positive even integer, Q+
n = x2

1−x2
2+x2

3−· · ·−x2
n−2+x2

n−1−x2
n

be a quadratic form, O+
n (Fq) be the orthogonal group associated to Q+

n . Then
(a) The invariant subring is

Fq[x1, x2, · · · , xn]O
+
n (Fq)

=Fq[Q+
n0, Q

+
n1, · · · , Q+

n,n−2,
R+

n−1,1(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, · · · ,
R+

n−1,k(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

].
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(b) We have an isomorphism

Φn : Fq[X0, X1, · · · , Xn−2, Y1, Y2, · · · ,Yk]/〈Kn1,Kn2, · · · , Kn,k−1〉 −→

Fq[X0, X1, · · · , Xn−2,
R+

n−1,1(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, · · · ,
R+

n−1,k(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

]

defined by

Xi 7→ Xi, 0 ≤ i ≤ n− 2

Yj 7→
R+

n−1,j(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, 1 ≤ j ≤ k.

where the relations Knj are defined by









Kn1

Kn2
...

Kn,k−1









= C(k)
k;∅









1
Y1
...

Yk









.

where

C(k) =













p′1,2k−2 p′q1,2k−4 p′q
2

1,2k−6 · · · p′q
k−2

12 r′q
k−1

11 r′q
k−1

10

p′2,2k−2 p′q2,2k−4 p′q
2

2,2k−6 · · · r′q
k−2

23 r′q
k−2

22 r′q
k−2

21
...

...
...

...
...

...
r′k,2k−1 r′k,2k−2 r′k,2k−3 · · · r′k,k+1 r′k,k r′k,k−1













(c) The polynomials pij and rij ∈ Fq[X0, X1, · · · , Xj ] are independent of n.

rk,2k−1 = −X2k−1 + ψ(X0, X1, · · · , X2k−2) for some polynomial ψ.

Moreover, they are homogeneous with respect to the weight defined in (1-5) with

{

wt pij = qj+1 + q
j+1
2 −i, j even;

wt rij = qj + 1.

Proposition Dk. Let n = 2k. (a) Define a homomorphism

Φ̃n : Fq[X0, X1, · · · , Xn−2, Xn−1, Y1,Y2, · · · , Yk]/〈Kn1,Kn2, · · · ,Kn,k−1〉 −→

Fq[X0, X1, · · · , Xn−2, Xn−1,
R+

n−1,1(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, · · · ,
R+

n−1,k(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

],

which is defined by

Xi 7→ Xi, 0 ≤ i ≤ n− 2

Yj 7→
R+

n−1,j(X0,X1,··· ,Xn−1)

R+
n−1,0(X0,X1,··· ,Xn−2)

, 1 ≤ j ≤ n.
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Then
ker ˜Φn = 〈Kn1, Kn2, · · · ,Kn,k−1,Knk〉/〈Kn1, Kn2, · · · , Kn,k−1〉

where Kni are defined as








Kn1
Kn2

...
Knk









= C(k)









1
Y1
...

Yk









.

(b) det C(k)
∅;1 = R+

n−1,0, det C(k)
∅;i = (−1)i+1R+

n−1,i−1, 2 ≤ i ≤ k + 1.
(c) For any l, 1 ≤ l ≤ k − 1,

det C(k)
∅;1 ≡ rk,k+lX

qk−qk−l

q−1
l φ(mod X0, X1, · · · , X

1+ qk−qk−l

q−1
l , · · · , Xk+l, · · · , Xk−1).

(d)

p′ij ≡ αijX
q

j+1
2 −i

i+ j
2

(mod X0, X1, · · · , Xi+ j
2−1).

r′ij ≡ βijXj(mod X0, X1, · · · , Xj−1).

(e) Let

Ψn : Fq[X0, . . . , Xn−1, Y2, . . . , Yk+1] → Fq[X0, . . . , Xn−1, (
R+

n−1,1

R+
n−1,0

)q, . . . , (
R+

n−1,k

R+
n−1,0

)q]

be the ring homomorphism which sends Xi to Xi and Yi to (
R+

n−1,i−1

Rn−1,0
)q. Then

kerΨn = 〈K ′
n,1,K

′
n,2, . . . , K

′
n,k〉

where K ′
n,1,K

′
n,2, . . . , K

′
n,k are defined as











K ′
n,1

K ′
n,2
...

K ′
n,k











= ϕ(C(k))













1
Y2

Y3
...

Yk+1













.

And the kernel of the map

Fq[X0, . . . , Xn, Y2, . . . , Yk+1] →Fq[X0, . . . , Xn, (
R+

n−1,1

R+
n−1,0

)q, . . . , (
R+

n−1,k

R+
n−1,0

)q]

defined by

Xi 7→ Xi, Yi 7→ (
R+

n−1,i−1

R+
n−1,0

)q

is also 〈K ′
n,1,K

′
n,2, . . . , K

′
n,k〉.

The proof are almost the same as that of the odd cases, hence we omit it.
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