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Electrophoresis of a Spherical Dispersion of Polyelectrolytes in a Salt-Free Solution

Chia-Ping Chiang, Eric Lee, Yen-Ying He, and Jyh-Ping Hsu*
Department of Chemical Engineering, National Taiwan UniVersity, Taipei, Taiwan 10617

ReceiVed: September 1, 2005; In Final Form: NoVember 6, 2005

The electrophoretic behavior of a spherical dispersion of polyelectrolytes of arbitrary concentration is analyzed
theoretically under a salt-free condition, that is, the liquid phase contains only counterions which come from
the dissociation of the functional groups of polyelectrolytes. We show that, in general, the surface potential
of a polyelectrolyte increases nonlinearly with its surface charge. A linear relation exists between them, however,
when the latter is sufficiently small; and the more dilute the concentration of polyelectrolytes, the broader the
range in which they are linearly correlated. If the amount of surface charge is sufficiently large, counterion
condensation occurs, and the rate of increase of surface potential as the amount of surface charge increases
declined. Also, it leads to an inverse in the perturbed potential near the surface of a polyelectrolyte, and its
mobility decreases accordingly. For a fixed amount of surface charge, the lower the concentration of
polyelectrolytes and/or the lower the valence of counterions, the higher the surface potential. The qualitative
behavior of the mobility of a polyelectrolyte as the amount of its surface charge varies is similar to that of
its surface charge.

1. Introduction

Electrophoresis, the migration of charged entities of colloidal
size as a response to an applied electric field, has various
applications in practice, including estimation of the charged
conditions of an entity, as a separation tool, and as a displayer
such as e-paper, to name a few. Under the conditions of
infinitely thin double layer and low surface potential, Smolu-
chowski1 was able to show that the electrophoretic velocity of
an isolated particle in an infinite electrolyte medium per unit
of applied electric field is proportional to its surface potential.
A similar analytical expression was derived by Huckel2 for the
case of an infinitely thick double layer. Many attempts were
made in subsequent studies to extend these analyses to condi-
tions that are more plausible and/or realistic. Unfortunately,
because of its complicated nature, solving a general electro-
phoresis problem is still challenging nowadays even if a
numerical approach is adopted.

Salt-free dispersions comprise a special class of dispersed
system where the ionic species in the dispersion medium come
solely from the dissociation of the functional groups of the
dispersed phase. A typical example in practice includes an
aqueous dispersion of polyelectrolyte, a macromolecule contain-
ing dissociable functional groups. The dissociation of these
functional groups yields a poly-ion backbone and counterions
in the liquid phase. The specific electrical interaction between
poly-ion backbone and counterions leads to behaviors that are
unique to such a dispersed system. A polyelectrolyte such as
polyacid, polybase, or polyampholyte can come from natural
sources such as proteins and nucleic acids. DNA, the carrier of
the genetic code, is also a polyelectrolye. Artificial polyelec-
trolytes are also ubiquitous in real life. The water-absorbing
materials used in diapers and fixatures, for example, belong to
this category. Other areas in which synthetic polyelectrolytes
can play a key role include reverse osmosis, ion exchange,
frictional drag reduction, and oil recovery.3 A salt-free dispersion

usually comprises a dispersion medium which is electrolyte-
free or the degree of dissociation of the electrolyte it contains
is negligible in comparison to those dissociated from the
dispersed phase. An aqueous polyelectrolyte dispersion can be
treated as a salt-free dispersion when the concentrations of
hydrogen ions and hydroxide ions are much lower than the
concentration of the counterions dissociated from polyelectro-
lyte.

The electrokinetic phenomenon of a salt-free dispersion was
investigated first by Imai and Oosawa4 and Oosawa5 under the
conditions of low particle concentration. The relation between
the surface charge density and the surface potential of a spherical
dispersion was discussed, and it was concluded that there exists
a critical value for the surface charge density or the surface
potential. The so-called counterion condensation occurs when
this critical value is reached. On the basis of the theory of Imai
and Oosawa,4 Ohshima6 was able to derive an analytical
expression relating the surface charge density and the surface
potential for spherical particles. The electrophoretic mobility
of a spherical dispersion was also derived under the conditions
of weak applied electric field,7 and the approximate analytical
result obtained was justified by solving two transformed
electrokinetic equations by an iteration method.8 It was found
that, if the amount of fixed charge carried by a particle is small,
its mobility increases linearly with the amount of fixed charge.
On the other hand, if the amount of fixed charge is large, because
of counterion condensation, the mobility becomes independent
of the amount of fixed charge. The analysis of Ohshima6-8 was
limited to a medium concentration of particles, and the rationale
behind the results observed was not discussed in detail. Adopting
a molecular simulation approach, Lobaskin et al.9 investigated
the electrophoresis of colloidal particles in a salt-free medium.
If the amount of fixed charge carried by a particle is small,
they arrived at the same result as that of Ohshima.7,8 However,
if it is large, they found that, because over half the amount of
counterions in the liquid phase move in the same direction as
the particles, the mobility decreased with an increase in the* Tel: 886-2-23637448. Fax: 886-2-23623040. E-mail: jphsu@ntu.edu.tw.
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amount of fixed charge. Colby et al.10 applied the scaling model
of De Gennes11 to construct an alternating current conductivity
model and evaluated the degree of counterion condensation
through experiment. On the basis of the counterion condensation
theory of Manning,12 Bordi et al.13 studied the conductivity of
a polyelectrolyte in a low-frequency electric field. The influences
of the concentration of the polyelectrolyte, its molecular weight,
and the temperature on the conductivity were investigated, and
the results obtained were justified by experiment. Bordi et al.14

showed that, if the concentration of polyelectrolytes is low, the
effective surface charge correlates positively with that concen-
tration. On the other hand, if it is high, the concentration of
mobile counterions decreases with the concentration of poly-
electrolyte.

In this work, the electrophoresis of a spherical dispersion of
polyelectrolytes in a salt-free solution is investigated. The
analysis of Ohshima6-8 is extended to the case of arbitrary
polyelectrolyte concentrations. The influences of the electric
Pelect number and the valence of counterions on the electro-
phoretic mobility of polyelectrolytes are examined. The ration-
ales behind the occurrence of the specific behaviors of the
electrophoretic mobility before and after counterion condensa-
tion are explained in detail. The unit cell model of Kuwabara15

is adopted to simulate the spherical dispersion, and the governing
equations and associated boundary conditions are solved by a
pseudo-spectral method16 based on Chebyshev polynomials. The
influences of the key parameters of the system under consid-
eration on the electrophoresis behavior of polyelectrolytes are
discussed.

2. Theory

Referring to Figure 1a, we consider a dispersed system where
the dispersed phase contains monodispersed spherical polyelec-
trolytes of radiusa, and the dispersion medium is salt-free,
containing only counterions dissociated from the functional
groups of polyelectrolytes. A uniform electric fieldE is applied
in the Z-direction, andU is the electrophoretic velocity of
polyelectrolytes. The dispersion system is simulated by Kuwa-
bara’s unit cell model shown in Figure 1b where a representative
cell comprises a representative polyelectrolyte and a concentric
spherical shell of radiusb. The spherical coordinate (r, θ, æ) is
adopted with its origin located at the center of the polyelectro-
lyte. The volumetric fraction of polyelectrolytes can be estimated
by H3 ) (a/b)3.

2.1. Governing Equations. The spatial variation of the
electrical potentialφ can be described by the Poisson equation
as17

where∇2 is the Laplace operator,ε is the permittivity of the
dispersion medium, andF ) -zenis the space charge density,
with -z, n, andebeing, respectively, the valence and the number
density of counterions and the elementary charge.

At the steady state, the conservation of the amount of
counterions leads to17

where∇ is the del operator,D is the diffusivity of counterions,
v is the velocity of the dispersion medium, andk andT are the
Boltzmann constant and the absolute temperature, respectively.

We assume that the liquid phase is an incompressible
Newtonian fluid having constant physical properties. For
electrophoresis, the flow field is in the creeping flow regime,
that is, the convective term in the equation of motion can be
neglected, and it can be shown that in terms of the stream
function ψ this equation becomes17

where

and µ is the viscosity of dispersion medium. Note that, since
the continuity equation is satisfied automatically byψ, the flow
field is defined solely by eq 3. Also, in terms ofψ, the r- and
θ-components of the velocityv, Vr and Vθ, can be expressed,
respectively, by

Suppose that the applied electric field is weak relative to that
established by a polyelectrolyte. For an easier mathematical
treatment,17,18φ is partitioned into the equilibrium potentialφe,
or the potential in the absence ofE, and a perturbed electrical
potentialδφ, which arises from the presence ofE, that is,φ )

∇2
φ ) - F

ε
(1)

∇2n - ze
kT

(∇n‚∇φ + n∇2
φ) - 1

D
(v‚∇n) ) 0 (2)

Figure 1. (a) Problem considered where an electric fieldE in the
Z-direction is applied to a dispersion of spherical polyelectrolytes of
radiusa, and U is the electrophoretic velocity. (b) Kuwabara’s unit
cell model where the dispersion in (a) is simulated by a representative
cell comprising a polyelectrolyte and a concentric spherical liquid shell
of radiusb. The spherical coordinates (r, θ, æ) are adopted with its
origin located at the center of the polyelectrolyte.

µE4ψ ) (∂φ∂θ
∂F
∂r

- ∂φ

∂r
∂F
∂θ) sin θ (3)

E4 ) E2‚E2 with E2 ) [ ∂

∂r2
+ sin θ

r2

∂

∂θ( 1
sin θ

∂

∂θ)]

Vr ) - 1

r2 sin θ
∂ψ
∂θ

andVθ ) 1
r sin θ

∂ψ
∂r
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φe + δφ. It can be shown that the governing equations for the
equilibrium potentialφe and the perturbed electrical potential
δφ are, respectively,17

and

wheren0 is the bulk concentration of counterions. A perturbed
functiong is introduced below to take account of the deforma-
tion of the ionic cloud surrounding a polyelectrolyte arising from
its movement18

Applying this expression yields

In terms of scaled symbols, eqs 4, 7, and 8 can be rewritten as

where ∇*2 ) a2∇2, φe
/ ) φe/(kT/e), δφ* ) δφ/(kT/e), g* )

g/(kT/e), E*2 ) a2E2, E*4 ) E*2‚E*2, andκ ) [(ze)2n0/εkT]1/2,
which is the Debye-Huckel parameter,ψ* ) ψ/a2UE, andUE

) ε(kT/e)2/µa, which is a reference velocity equivalent to the
electrophoretic velocity of an isolated particle predicted by the
Smoluchowski’s theory when an electric field (úa/a) is applied
whereúa is theú potential of that particle.

The governing equation for the perturbed functiong can be
derived from eqs 2 and 6, and it can be shown that17

In scaled form, we have

where Pe) ε(e/kT)2/µD is the electric Pelect number of
counterions, andv* ) v/UE is the scaled velocity of the
dispersion medium.

2.2. Boundary Conditions.The following boundary condi-
tions are assumed for the equilibrium potentialφe:

whereσ represents the surface charge density. Here, we assume
that the surface charge density remains constant and the unit
cell as a whole is electrically neutral, which implies that there
is net current across the cell boundary. The total amount of
surface charge on a polyelectrolyte can be expressed as

The following boundary conditions are assumed for the per-
turbed electric potentialδφ:

whereEz is theZ-component ofE. The first expression is based
on the fact that polyelectrolytes are nonconductive, and the
second expression was proposed by Shilov et al.19 and arises
from the nature of Kuwabara’s unit cell model, that is, since
cell boundary corresponds to system boundary, the electric field
over there is that contributed by the applied electric field only.

Since the ionic concentration should reach its bulk value on
the cell surface (r ) b), and the surface of polyelectrolyte is
ion-impenetrable, we have

For convenience, we let the representative polyelectrolyte be
fixed in the flow field, and the fluid on the cell surface moves
in the Z-direction with a relative velocity of-U. Also, the
vorticity on the cell surface vanishes. In terms of the stream
functionψ, these lead to the following boundary conditions for
the flow field:

Also, the symmetric nature of the present problem requires that

Equations 14-25 can be expressed in terms of scaled symbols
as follows:

dφe

dr
) 0 r ) b (15)

Qs ) 4πa2σ ) 4
3

π(b3 - a3)zen0 (16)

∂δφ

∂r
) 0 r ) a (17)

δφ ) -Ezb cosθ r ) b (18)

∂g
∂r

) 0 r ) a (19)

g ) -δφ r ) b (20)

ψ ) 0 r ) a (21)

∂ψ
∂r

) 0 r ) a (22)

ψ ) 1
2

r2U sin2 θ r ) b (23)

∂
2ψ
∂r2

+ sin θ
r2

∂

∂θ( 1
sin θ

∂ψ
∂θ) ) 0 r ) b (24)

∂φe

∂θ
) ∂δφ

∂θ
) ∂g

∂θ
) ψ ) ∂ψ

∂θ
) 0 θ ) 0 or θ ) π (25)

dφe
/

dr*
) -

(κa)2

3z [(1
H)3

- 1] r* ) 1 (26)

dφe
/

dr*
) 0 r* ) b

a
) 1

H
(27)

∇2
φe )

zen0
ε

exp(ze
kT

φe) (4)

∇2δφ )
zen0
ε [exp(ze

kT
φ) - exp(ze

kT
φe)] (5)

n ) n0 exp[ze(φe + δφ + g)

kT ] (6)

∇2δφ )
zen0
ε {exp[ ze

kT
(φe + δφ + g)] - exp(ze

kT
φe)} (7)

µE4ψ ) εκ
2 exp(ze

kT
φe)dφe

dr
∂g
∂θ

sin θ (8)

∇*2
φe
/ )

(κa)2

z
exp(zφe
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(κa)2

z
{exp[z(φe

/ + δφ* + g*)] - exp(zφe
/)} (10)
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/)
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dr*
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sin θ (11)

∇2g + ze
kT

∇g‚(∇φe + ∇δφ + ∇g) -

1
D
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In these expressions,Qs
/ ) Qs(e/kT)/4πεa, Ez

/ ) Ez(e/kT)/a,
andU* ) U/UE.

By applying the method of separation of variables, each of
the scaled functionsδφ*, g*, and ψ* is expressed as a product
of a radial function and an angular function, and the solutions
to eqs 9, 10, 11, and 13 subject to eqs 26-37 take the forms

whereδΦ*( r*), G*( r*), andΨ*( r*) are, respectively, the radial
parts ofδφ*, g*, and ψ*. On the basis of these expressions,
eqs 9, 10, 11, 13, and 26-37 lead to

The scaled one-dimensional operators used in these expressions
are defined by

The electrophoretic mobility of a polyelectrolyte can be
evaluated on the basis of the fact that the sum of the forces
acting on it vanishes at steady state. For the present problem,
only the Z-component of those forces, which include the
electrical force,FEz, and the hydrodynamic force,FHz, need to
be considered. We have

or in terms of scaled symbols as

whereFEz
/ ) FEz/ε(kT/e)2, FHz

/ ) FHz/ε(kT/e)2. The Z-compo-
nent of the electrical force acting on a polyelectrolyte can be
evaluated by

where the subscript S denotes the surface of a polyelectrolyte,
FE is the electrical force,δz is the unit vector in theZ-direction,
and (E)S is the applied electric field onS. It can be shown that17

The Z-component of the hydrodynamic force acting on a
polyelectrolyte includes the drag on a charge-free polyelectro-
lyte, and that arises from the presence of charge on its surface.
The former can be evaluated by the method of Happel and
Brenner.20 It can be shown that17

Qs
/ )

(κa)2

3z [(1
H)3

- 1] (28)

∂δφ*
∂r*

) 0 r* ) 1 (29)

δφ* ) -Ez
/ b

a
cosθ r* ) b

a
) 1

H
(30)

∂g*
∂r*

) 0 r*)1 (31)

g* ) - δφ* r* ) b
a

) 1
H

(32)

ψ* ) 0 r* ) 1 (33)

∂ψ*
∂r*

) 0 r* ) 1 (34)

ψ* ) 1
2

r*2U* sin2 θ r* ) b
a

) 1
H

(35)

∂
2ψ*

∂r*2
+ sin θ

r*2

∂

∂θ( 1
sin θ

∂ψ*
∂θ ) ) 0 r* ) b

a
) 1

H
(36)

∂φe
/

∂θ
) ∂δφ*

∂θ
) ∂g*

∂θ
) ψ* ) ∂ψ*
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) 0 θ ) 0 or θ ) π

(37)

δφ* ) δΦ*( r*) cos θ (38)

g* ) G*(r*) cos θ (39)

ψ* ) Ψ*( r*) sin2 θ (40)
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/2

φe
/ )

(κa)2

z
exp(zφe

/) (41)

L*2δΦ* - (κa)2 exp(zφe
/)δΦ* ) (κa)2 exp(zφe

/)G* (42)

dδΦ*
dr*
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δΦ* ) -Ez
/ b

a
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a
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H
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dφe
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dr*
dG*
dr*

- 2
Pe
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dφe
/

dr*
Ψ* (45)

dG*
dr*

) 0 r* ) 1 (46)

G* ) -δΦ* r* ) b
a

) 1
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(47)
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dφe
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whereFHFz and FHSz are, respectively, the viscous form drag
and the viscous skin drag acting on a polyelectrolyte. In these
expressions

Equations 58 and 59 can be rewritten in scaled form as

where

and

are, respectively, the scaled viscous form drag and the scaled
viscous skin drag acting on a polyelectrolyte.

The set of governing equations, eqs 41, 42, 45, and 48, and
the associated boundary conditions are solved numerically by
a pseudo-spectral method16 based on Chebyshev polynomials.
Previous experience17 indicates that this approach is efficient
and accurate for a problem of the present type.

3. Results and Discussion

Figure 2 shows the variation of the scaled surface potential,
ús
/ () φe

/(1) - φe
/(1/H)), as a function of the scaled total charge

on a polyelectrolyte,Qs
/, at various volumetric fractions of

polyelectrolytes,H3. This figure reveals that, in general,ús
/

increases withQs
/ nonlinearly. However, ifQs

/ is sufficiently

small, ús
/ increases withQs

/ linearly. For example, forH3 )
10-6, ús

/ ) Qs
/ for Qs

/ in the range [1, 10]. Note that the more
dilute the concentration of polyelectrolytes the broader the range
in which ús

/ is linearly dependent onQs
/. These behaviors were

also observed by Ohshima,6 except that his results were limited
to low polyelectrolyte concentrations; counterion condensation
was proposed to explain those behaviors without detailed
discussions. The results shown in Figure 2 can be explained by
the counterions in the liquid phase coming solely from the
dissociation of the functional groups on the polyelectrolyte

Figure 2. Variation of scaledú potential,ús
/, as a function ofQs

/ at
various values ofH for the case whenz ) 1.

Figure 3. (a) Variation of scaledú potential,ús
/, as a function ofQs

/

at various values ofz for the case whenH3 ) 0.008. (b) Spatial
distribution of counterions at various values ofz for the case whenQs

/

) 3 andH3 ) 0.008.

FHz ) πε(kT
e )2 ∫0

π[r*4 sin θ ∂

∂r*(E*2ψ*

r*2 )]|
r*)1

dθ +

πε(kT
e )2(κa)2

z ∫0

π{r*2 sin2 θ exp(Rφe
/) ×

[1 + R(δΦ* + g*)]
∂δφ*
∂θ }|

r*)1
dθ

) 4
3

πε(kT
e )2|[r*2d(D*2Ψ*)

dr*
- r*2 (κa)2

z
×

exp(zφe
/)δΦ*]|

r*)1
- 8

3 |πε(kT
e )2

(r*D*2Ψ*) |
r*)1

) FHFz + FHSz (57)

FHFz ) 4
3

πε(kT
e )2[r*2 d(D*2Ψ*)

dr*
-

r*2 (κa)2

z
exp(zφe

/)δΦ*]|
r*)1

(58)

FHSz ) - 8
3

πε(kT
e )2

(r*D*2ψ*) |r*)1
(59)

FEz
/ ) 8

3
π

dφe
/

dr*
δΦ* |

r*)1
(60)

FHz
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3
π[r*2 d(D*2Ψ*)

dr*
-

r*2 (κa)2

z
exp(zφe

/)δΦ* - 2r*D*2Ψ*]|
r*)1

(61)

) FHFz
/ + FHSz

/

FHFz
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3
π[r*2 d(D*2Ψ*)

dr*
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exp(zφe

/)δΦ*]|
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(62)

FHSz
/ ) - 8

3
π(r*D*2ψ*) |r*)1
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surface, and the amount is the same as that of the fixed charge
on the polyelectrolyte surface. IfQs

/ is small, because the
interaction between a polyelectrolyte and the counterions in the
liquid phase is unimportant, its surface potential is determined
mainly by the amount of surface charge. In the case when the
concentration of polyelectrolytes is low, the surface potential
can be estimated by that established by a polyelectrolyte carrying
a total amount of surface chargeQs, ús ) Qs/4πεa, or in terms
of scaled symbols,ús

/ ) Qs
/, which is the dashed line in Figure

2. AsQs
/ increases, the electrical interaction tends to attract the

counterions in the liquid phase to the surface of a polyelectrolyte,
and the larger theQs

/, the more significant is that phenomenon,
the so-called counterion condensation. In this case, the rate of
increase ofús

/ asQs
/ increases declined and deviates from the

linear relationús
/ ) Qs

/. According to Figure 2, for a fixed
value ofQs

/, the smaller the value ofH3, the larger the value of
ús
/. This is because, ifH3 is small, there is enough space in the

liquid phase for the concentration of counterions to decay to
its bulk value. The absolute value of the gradient of the electrical
potential near the polyelectrolyte surface is small, and so isús

/.
On the other hand, ifH3 is large, the decay of the concentration
of counterions is limited, and so is the absolute value of the
gradient of the electrical potential near the polyelectrolyte
surface andús

/.
Figure 3a indicates that, for a fixed value ofQs

/, the higher
the valence of counterionsz, the smaller the value ofús

/. This
is expected because counterions of a higher valence are easier
to attract to the surface of a polyelectrolyte than counterions of
a lower valence, as is illustrated in Figure 3b. That is, the

phenomenon of counterion condensation is more significant for
counterions of a higher valence than that of a lower valence.

The variations of the scaled electrophoretic mobilityµm
/ as a

function of Qs
/ at various values ofH are shown in Figure 4a,

and typical variations in the scaled electric forceFEz
/ , scaled

viscous form dragFHFz
/ , and scaled skin dragFHSz

/ as a function
of Qs

/ are presented in Figure 4b. The qualitative behavior of
µm
/ observed in Figure 4a is similar to that ofús

/ shown in
Figure 2. The dashed line in Figure 4a isµm

/ ) 2Qs
//3, the

Henry’s formula, which is expected, since as discussed previ-

Figure 4. (a) Variation of scaled electrophoretic mobilityµm
/ as a

function ofQs
/ at various values ofH for the case whenz ) 1 and Pe

) 0.256. (b) Variations of the scaled electric force, viscous form drag,
and skin drag acting on a polyelectrolyte as a function ofQs

/ for the
case of (a) except thatH3 ) 0.125.

Figure 5. Contours of scaled perturbed potentialδφ* at different values
of Qs

/ for the case whenH3 ) 0.008,z ) 1, and Pe) 0.256. The
region whereδφ* > 0 is shaded. (a)Qs

/ ) 5; (b) Qs
/ ) 40.

Figure 6. Variation of scaled electrophoretic mobilityµm
/ as a

function of Qs
/ at various valences of counterions-z for the case

whenH3 ) 10-3 and Pe) 0.256.
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ously, if Qs
/ is small, the electrical interaction between the

polyelectrolyte surface and the counterions is unimportant and
the presence of counterions can be neglected; therefore, the
mobility of a polyelectrolyte can be determined solely by its
surface charge, especially when the concentration of polyelec-
trolytes is low. As Qs

/ increases, the electrical interaction
becomes important, counterions tend to approach the polyelec-
trolyte surface, and as a result, the electrical force acting on a
polyelectrolyte does not increase proportionally to the increase
in Qs

/. However, as shown in Figure 4b, because the skin drag
on a polyelectrolyte also increases withQs

/, the rate of increase
of µm

/ with the increase ofQs
/ declines. For a given value ofH,

when Qs
/ reaches the corresponding saturation value,Qs,s

/

(=20), a large amount of counterions are attracted to the region
near a polyelectrolyte, and counterion condensation occurs. As
will be discussed later, this leads to an inversion in the perturbed
electrical potential near the surface of a polyelectrolyte, the
electrical force acting on it decreases accordingly, as can be
seen in Figure 4b, and therefore,µm

/ should decrease with the
increase inQs

/. However, because the reverse inδφ* also leads
to a decrease in form drag,µm

/ remains roughly constant when
Qs

/ exceedsQs,s
/ . For the case whenH3 ) 0.750, because the

separation distance between polyelectrolytes is small, the
hydrodynamic friction acting on a polyelectrolyte is large, and
µm
/ is small. Also, since counterion condensation is inap-

preciable,µm
/ varies roughly linearly withQs

/. The relation
betweenµm

/ and Qs
/ was also discussed by Ohshima7,8 for a

medium level of polyelectrolyte concentration, and the results
obtained were explained by counterion condensation only
without detailed discussions, especially the variations in relevant
forces.

Figure 5 shows the contours of the scaled perturbed potential
δφ* for two levels ofQs

/. The region whereδφ* > 0 is shaded
in these figures. According to eq 42,δΦ*( r*), and therefore,
δφ*, is influenced by both the applied electric field and the
presence of counterions measured byG*. Figure 5a reveals that,
if Qs

/ is small, counterion condensation does not occur. In this
case, the concentration of counterions in the dispersion medium
is low, their presence has a negligible influence on the perturbed
potential, and therefore, it is mainly determined by the applied
electric field. Note thatδφ* is negative in the upper region of
a polyelectrolyte and is positive in the lower region of the
polyelectrolyte, so that∇δφ* has the same direction as that of
the applied electric field. Figure 5b shows that, ifQs

/ is large,
counterion condensation occurs, leading to a high concentration

Figure 7. Variation of scaled electrophoretic mobilityµm
/ as a

function of Qs
/ at various values of Pe for the case whenH3 ) 0.008

andz ) 1.

Figure 8. Contours of scaled perturbed potentialδφ* at various values of Pe for the case whenH3 ) 0.008,z ) 1, andQs
/ ) 40. The region where

δφ* > 0 is shaded. (a) Pe) 0.1; (b) Pe) 0.5; (c) Pe) 1.
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of counterions near the surface of a polyelectrolyte. As the
polyelectrolyte moves in theZ-direction, counterions tend to
migrate toward its rear part, that is, the bottom part of the
polyelectrolyte in Figure 5b. This leads to an induced electric
field which is in the reverse direction to that of the applied
electric field, and the former is strong than the latter. The
occurrence of counterion condensation also yields a low
concentration of counterions in the dispersion medium, and the
perturbed potential in that phase becomes determined mainly
by the applied electric field.

Figure 6 shows the variation of the scaled mobilityµm
/ as a

function of the scaled total amount of fixed chargeQs
/ at

various valences of counterions. This figure indicated that the
higher the valence of counterions the smaller the scaled mobility
is. As pointed out previously, this is because, for a fixed value

of Qs
/, the higher the valence of counterions, the more easily

they are attracted to the surface of a polyelectrolyte; the
screening effect leads to a smaller electric force acting on the
polyelectrolyte, and therefore, its mobility becomes smaller.
Also, since the higher the valence of counterions, the more easily
they are attracted to the surface of a polyelectrolyte, it is easier
for counterion condensation to occur, which also yields a smaller
mobility.

The influence of the electric Peclet number Pe on the variation
of the scaled mobilityµm

/ as a function of the scaled total
amount of fixed chargeQs

/ is illustrated in Figure 7. This
figure suggests that, ifQs

/ is sufficiently large, the larger the
Pe, the smaller theµm

/ is. Again, this arises from the effect of
counterion condensation and the establishment of an induced
electric field near polyelectrolyte surface as illustrated in Figure
8 where the contours of the scaled perturbed potentialδφ* at
various levels of Pe for the case when counterion condensation
occurs (Qs

/ ) 40). The region whereδφ* > 0 is shaded. Pe can
be interpreted as the ratio (rate of ion transfer through convec-
tion/sum of the rates of ion transfer through diffusion and
through migration). If counterion condensation occurs and Pe
is large, the convection term dominates, and its influence on
ionic distribution is significant. In this case, the reverse of the
perturbed electric field becomes serious, the electric force acting
on a polyelectrolyte declines, and accordingly, its mobility
becomes small. On the other hand, if Pe is small, the diffusion
and migration terms dominate, the reverse of the perturbed
electric field is less serious, and the mobility becomes larger.

The influence of the concentration of polyelectrolytes on the
variation of µm

/ as a function ofús
/ is presented in Figure 9.

This figure can also be viewed as a combination of Figures 2
and 4a. In practice, if the valence of counterions, the Peclet
number, and the concentration of particles are known, then
Figure 9 can be used to determineús

/ whenµm
/ is measured.

Figure 9. Variation of scaled electrophoretic mobilityµm
/ as a

function of scaledú potential,ús
/, at various values ofH for the case

whenz ) 1 and Pe) 0.256.

Figure 10. Variations of flow field at various values ofQs
/ for the case whenz ) 1 andH3 ) 0.008. (a)Qs

/ ) 1; (b) Qs
/ ) 30; (c) Qs

/ ) 100.
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Figure 10 shows the variations of the flow field at various
values ofQs

/ for the case whenH ) 0.008. In Figure 10a,Qs
/

is small ()1). Figure 10b represents the case when counterion
condensation just occurs (Qs

/ ) 30), and Figure 10c represents
the case whenQs

/ is large ()100). Here, the direction of liquid
flow is expressed by the arrows, and the magnitude of liquid
velocity is measured by the length of the line segment. The
flow of liquid in Figure 10 is toward theZ-direction, because
we assume that a polyelectrolyte is fixed in the flow field. Figure
10 reveals that, while the liquid velocity increases with an
increase inQs

/, it becomes inappreciable to the variation ofQs
/

whenQs
/ exceedsQs,s

/ .

Conclusions

In summary, the electrophoretic behavior of a spherical
dispersion of polyelectrolytes is analyzed for the case when the
liquid phase contains only counterions which come from the
dissociation of the functional groups of a polyelectrolyte. We
show that, in general, the surface potential of a polyelectrolyte
increases nonlinearly with its surface charge. A linear relation
exists between them, however, when the latter is sufficiently
small, and the more dilute the concentration of polyelectrolytes,
the broader the range in which they are linearly correlated. If
the amount of surface charge is sufficiently large, counterion
condensation occurs, where counterions in the dispersion
medium are attracted to stay near the surface of a polyelectrolyte.
In this case, the rate of increase of surface potential declines as
the amount of surface charge increases. Also, it leads to an
inverse in the perturbed potential near the surface of a
polyelectrolyte, and its mobility decreases accordingly. For a
fixed amount of surface charge, the lower the concentration of
polyelectrolytes or the lower the valence of counterions, the
higher the surface potential is. The qualitative behavior of the
mobility of a polyelectrolyte as the amount of its surface charge
varies is similar to that of its surface charge. For example, if

the amount of surface charge is low, the Huckel’s formula is
applicable when the concentration of polyelectrolytes is low.
Also, the higher the valence of counterions, the smaller the
scaled mobility is. If the amount of surface charge of a
polyelectrolyte is sufficiently large, its mobility decreases with
the increase in the Peclet number of counterions.
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