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Improved Full-Vectorial Finite-Difference Mode
Solver for Optical Waveguides With
Step-Index Profiles

Yen-Chung Chiang, Yih-Peng Chiou, and Hung-Chun Ch&sgior Member, IEEE

Abstract—A general relation considering an interface condition
between a sampled point and its nearby points in the finite-differ-
ence analysis of optical waveguides is derived. Our formulation is a
full-vectorial one, and the interface can be oblique to the global co-
ordinate axes or even can be with curvature. Using the derived for-
mulation, optical waveguide structures with arbitrary step-index
profiles can be dealt with. The validity of the proposed method is
examined by comparing the numerical calculation with the analyt-
ical solution of a step-index optical fiber. The method is also ap-
plied to the analysis of fused fiber-optic couplers and compared
with prior analysis using the surface integral equation method.

Index Terms—Finite-difference method, full vectorial mode
solver, fused fiber couplers, step-index optical waveguides.

I. INTRODUCTION

IELECTIC optical waveguides such as fiber waveguides,

buried rectangular waveguides, and rib waveguides have
played an important role in the design of optical devices and
systems. With the rapid progress of computers, in both software
and hardware, a relatively low-cost and highly accurate method
to design or predict the performance of an optoelectronic device
is to make use of the simulation programs or computer-aided de-
sign (CAD) tools. Among these CAD tools, the finite-difference
method (FDM) has become an attractive numerical method for
analyzing optical waveguides because of the simplicity of its
implementation and the sparsity of its resultant matrix.

For the dielectric waveguides mentioned above, it is quite
usual that the structure is piecewise homogeneous and thus con-
tains a step refractive index profile. A general cross-sectional
view of the structure is shown in Fig. 1(a). The complete solu- (b)
tion of the electromagnetic fields for such a problem is gener-
ally vectorial rather than scalar or semivectorial. Since the difig. 1. (a) Cross section of the problem under consideration. (b) Stair-case
ferential equations are approximated with their correspondifgproximation for the oblique interface.
finite-difference equations in the FDM, the efficiency and ac-

curacy of the FDM are greatly affected by its finite-differenc@rp) formulas. The simplest FD formula is based on the scalar
approximation and it may not be sufficiently accurate when the
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where the differential operators are defined as
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wheref is the modal propagation constantijs the transverse

refractive-index function, ank, is the free-space wavenumber.

Note thatP,, # P,, causes the polarization dependence.

whereasP,, # 0 or P,, # 0 induce polarization coupling

betweent, and£, . Conventional FD schemes are obtained by

directly discretizing (1)—(5) with the graded-index approxima-

tion at the interface. The graded-index approximation assumes

that the transverse refractive-index function is graded Fig.2. Cross section of the problem under consideration for a linear oblique

varying and continuous across the interface. The conventiofégrface.

FDMs are generally arranged in such a way that the fields are

continuous in the first partial differential operation in ordefarization components of the field will be automatically included

to avoid the discontinuity problem at the interface. Howevel, the resultant FD formulas.

the second-order partial differential operation still can only be The gerivations of our formulations are given in Section II,

approximated by the graded-index assumption. Recently, SOffowed by a description of numerical implementation in Sec-

modified treatments have been presented to deal with optiggh, |i1. Some numerical results are presented in Section IV for

waveguides with step-index profiles [2], [3], [8], [9], includingyerifying the validity of our formulations. We apply our im-

our former work dealing with the planar waveguide case [9hoved formulation into the multimode optical fiber, and the re-

Most of the improved formulas have been constrained it show that our formulation converges to the exact analytical

semivectorial cases. Although some of them are full-vectorigh|ytion very well in both the weakly and strongly guiding cases.

in nature, in those formulations the improved FD formulas weige also apply our new formulations into the fused optical fiber

still substituted back into the above equations based on {§pler; in this case, we compare the results with those com-

graded-index approximation in order to evaluate the couplingjied using the surface integral equation method (SIEM) and

term between the two polarization components of the field [8}i,q good agreement between the two kinds of methods. The
Besides the step-index interface problem, the rectanguinclusion is drawn in Section V.

meshes usually used in the FDM cause another problem in the

FDM when the structure contains oblique or curved interfaces,

as shown in Fig. 1(b). The conventional treatment is to use [l. FORMULATION

either the graded-index approximation or the stair-case inde

X . .
.= . . A general relation between the f|elqﬂs|(m nyr § = T Ory,
approximation. Vassallo [2] derived an improved FD formu‘,;It the sampled pointm, n) and the fields nearby, as shown

lation considering an oblique interface, but the formulation | Fig. 2 for a linear oblique interface or as shown in Fig. 3

qnly suitable for the sc_alar case and the trunc_atlon erroris of OF a curved interface, is derived in this section. The quantities
first order at best. In his treatment of the semivectorial case, the :
, respectively, denote the transverse mag-

. S . anda),
structures were only allowed to have discontinuities d|rected”|(mv”) Wy |r(1131?

alona either ther or v axes. iust like other semivectorialnetic fieldsH, a 4 or the transverse electric fields, and
g e Y ] E, at the sampled poir(tn, n).
formulations.

In this paper, we will derive improved FD formulations whichA Linear Obliaue Interface Case
can treat optical waveguides with step-index profiles. The for- q
mulations are full-vectorial ones and the interface can be obliqueConsider a linear oblique interface between two dielectric re-
to thex andy axes or can even be curved. Our process of derivgions with different refractive indexes, as shown in Fig. 2, with
tion is similar to Vassallo’s [2] in that we employ the Taylor sethe normal and tangential unit vectors, denoted asdi, re-

ries expansion and match the interface conditions. To obtairsgectively.:);|, and |, shown in Fig. 2 represent the fields
full-vectorial formulation that can treat the oblique interface, wat just to the left and right sides of the interface, respectively,
further introduce the local coordinate transformation and deribetween the two sampled points:,n) and (m + 1,n + 1).
rigorous expressions for the interface conditions in the localfyfe will derive the relationship between the fiel¢§|(m,n) and
transformed coodinate. We also find that, through matching i'ﬂ)‘s|(m+1,n+1)- The problem under consideration Is piecewise
terface conditions, the coupling between the two transverse p@mogeneous, and we can employ the two-dimensional (2-D)

-1)
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where H.O.T. denotes “higher order terms.” By assembling
Ye|;, and ¢y, |, and their derivatives into a vectol; =
[¢x|La 8¢x/8x|Lawx/8y|L 82¢m/8$2|L7“-7
¢y|L ) 8@Z}y/axh; 78'¢y/ay|L 782'¢y/ax2|L U L where
the superscript denotes “transpose,” (9) leads to

Up = Mpmn) - Uimn) + HO.T. (10)

where the vectoll(,,, ) is composed ofis. |, .}, Pyl ()

Fig.3. Cross section of the problem under consideration for a curved interfagéld thEi_r derivatives in t'he same manne"IQﬁ_ Simila.lrly,' by
expressings | ,,, 11,,+1) in terms of )|, and its derivatives,

Taylor series expansion within the homogeneous region and ¥¢ have

pressys |, in terms of¢,],, ., and its derivatives as Timitinil) = ﬁ(mﬂ’nﬂ)ﬂ Tp+ HOT. (11)
Yalr =l mmy + Az 88‘25 + Ayy 88‘/;8 whereVU p, is similarly defined as fo#, and¥,, ,, and
(m,n) (m,n) —
Ark 0| 2wy 9%, Tnst o) = el iy 00+ Yol iy 00,1
20 9z |, . 2! LY | (1 ) The number of elements of the vectdy. is determined by the
Ay? 9%, Az 93, order of the truncation error we desire in the formulation. The
2l 92 (mm) 31 0a% |, . + (6) choice of grid points used in our formulations decides which
’ o Y ._.__derivative terms should be included in the veclgy, .. In this
whereAz;, andAyy, are as shown in Fig. 2. By differentiatingpaner, the truncation error is of order two and we choose nine
(6) with respect ta: or y, we have points as shown in Fig. 2, and thus the number of elements is
Ops | _ O + Ax 0?15 18. Itis worth noticing that, under such a choice of mesh points,
oz |, oz () L 52 (rmym) t_he elements oﬁ{(m,n) cannot co_ntain qerivgtive tgrms o.f the
024 2 93 field which are higher than the third partial differentiation in the
+ Ayr, 2 L - 7= + e eitherz or y direction, since such terms will make the resultant
050y |y 2 02° [ matrix become singul
gular.
(7) We next make a coordinate transformation by rotating:the
OYs | Os 0%, coordinate at the interface to the coordinate with the unit vectors
dy |, Oy (mm) L ozoy (mm) # and£, as shown in Fig. 2, as the bases. Using the relations
+ Ayy 99 Aa:% s +.. & =cosf-f —sinf -t
O lmmy 21 0220y () §=sing-f+cosh-i
(8) ) .
— =cosf - — —sinf - —
The higher order derivatives af,|, can thus be obtained in Oz on ot
terms of the derivatives of.|,, .., by successively differenti- 9 _ sinf - — + cosf - 9
ating (7) and (8) with respect to or y and written in a matrix dy on ot
form as
[ sl ) N o R
s 1 Azp Ayp S AzpAyp - W, is transformed intal ;, through
9z |, 0 1 0 Az, Ayp - =
331/; i 0 0 1 0 Azy Uy, =Mcr VY (12)
o =0 0 0 1 0 whereU ;, is a vector composed af, |, , 1|, , and theim- and
;”:/} L (_) 0 (_) (_) 1 o t-derivatives. Similarly, if we transform from thet coordinate
D20y . : ’ back to ther-y coordinate system, it is expressed as
LO 0 0 0 0 1 4 — — ~
L | Vg = Mpgc - Yr. (13)
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We need to link the vecto?L at one side of the interface withwhere

the vector@R at the other side. The interface conditions require=

M (mi1n+1) = M(mi1nt1):r - Mre - Mg - My

that L
M. . (16
Holp = Hal, Li(mm)- (16)
Hi|p = Hylp, The relation between the above-mentioned fields and their
oH,|  OH, derivatives can be illustrated as
on |, On |, TSE LCT -
w| m+1,n+1 = w|R — 1/)
OH,| _ OH, ( " Miniininn Mpc 7
o |p Ot | MBC . LCT TSE
OH, _€g OH; 1/} — 1/)|L — 1/}|(m,n)

Mgz L Mcg L:(m,n)

n |_Cn 0H,
L €, ot

Gn |, e, on

OH, OH, - where TSE denotes Taylor series expansion, LCT denotes
ot .= Tar local coordinate transformation, and MBC denotes matching
92 H R 2H L the boundary conditions. Equation (16) connects the fields
= = |+ k2(e, — e, ) HplL at the nearby pointm + 1,n + 1) with the fields, and
M2 |p  On? | 1, and their derivatives at the sampled mesh pdint n).
OH| _ Hi| | K (e, — e )Hi| Similarly, the fields at other nearby points: — 1,7 + 1),
on? |, on? |, 08¢ ™ Cr/tIL (m,n + 1),... can be expressed as the linear combana-

tions of the fields and their derivatives at poifit:, n). For
our new FD formulation withO(h?) truncation error, we
choose nine points in the formulation domain for derivation.

for the magnetic fields and ] : ! ) ;
By assembling the fields at the nine mesh points into a

€
En|R :i En|L \:/eitori v = [qi}/x||(m—l,n+1) ’ rll)x L;m[n+1) ’ d}wl/(7T+17n+1) ]t
Ve m+1n—1)° Oy m—1,n 1o Y m,n—1) "’ Oy m—+1,n— '
Eilp = Brly we éar+1 1o'btall)n thé gollobVirﬁé)equatié)és'fro}% thé (reIJE&ioné)similar
ez - 9B, to (16) connecting the fields and their derivatives at the sampled
I g On g point (m, n) with the fields at the nearby eight points:
ok, €, OE, -
Ot | e, O |, U=M-Vg,n- 17)
Ok _ 9F; n (f_L _ > Iy Since the vector?(,, ,) contains the quantitie®?y,/0z?,
on |p On g €4 ot |, 0?1, |0y?, 9%, /0x?, and 824, /0y* at the sampled point
OFE, OFE; (m,n), if we take the inverse operation of (17), a new set of
ot R ~ ot . FD formulas can be obtained as the linear conbinations of
K, ¢ 0°F, ke, (e, —€,) the fields.at t_he nine _mesh ;_)oints. The coypling_ between_ the
o2 ze—L o2 | T - : ““En|L two polarizations of fields will be automatically included in
) R e L " these FD formulas if the interface exists, and we do not need
O E — O E, +k2(e, — €,) e to evaluate the coupling terms by the graded approximation
on? |, On? | O T formulation expressed in (4) and (5), as was done in [4], [7],

and [8].
for the electric fields, where, ande,, are the permittivities on B- The Curved Interface Case
the left-hand and right-hand sides of the interface, respectivelylf the interface is curved with the normal and tangential unit
In either case, it is expressed as vectorsp and¢, respectively, as shown in Fig. 3, the formula-
tions can be further modified. Let the curvature of the interface
be x or the effective radius b& = 1/«. A similar process to
o what we did in the linear oblique interface case can be derived.
with M gz corresponding to the above interface conditions dthe process of Taylor series expansion is the same as that dis-
the magnetic field or the electric field. The above interfaceussed in the linear oblique interface case, but the local coor-
conditions are derived from boundary conditions for the fielddjnate transformation and the formulas for interface conditions
the divergence and curl Maxwell equations, and the Helmholtzed to be modified. The coordinate transformation is no longer
equation. It is worth noticing that the and y components simply the rotation transformation, and we set up a local cylin-
of the fields at the interface are coupled to each other via tecal coordinate system. The position of the origif of the

Up=Mp, Uy (14)

interface conditions.

Finally, by combining (10)—(14), we obtain

ﬁ(m—i-l,n—l—l) = M(Trl—i—l,n—l—l) ‘ W(’m,n) + H.O.T.

local cylindrical coordinate system is determined by the point

where we match the interface conditions, the normal and tan-

gential unit vector$ and¢3, and the effective radiug, as shown
in Fig. 3. The transformation is more complicated than those in
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the linear oblique interface case, and the field components gmaim those in the linear oblique interface case. Their expres-
their derivatives with respect wand¢ are given as follows: sions are given as follows:

gy =cos¢ -1, —sing -y H,)|l,=H,|,
Py =sing -, + cosd - Py Hy|p = Hyl,
0y Sln2¢¢ ¢8¢p _ singbcosqﬁ% oH,| 0H,
ox pt R a¢32 dp | ap |
quSIgOS(bwd,—sm(j)cosqﬁ 0y sn;ng%_l/;ﬁ 8;(]]; R: 0H,
} ; 2 4 O
Oy __ Sm(ﬁCOSd)w +sm¢COS¢ 'f’p cos ¢>% 0H, _r 0H, 0H,
dy R R 99 Op |p € O9p L R 0¢
_cos <Z>¢} sin ¢8¢¢ smgﬁcomb% 1— €r
¢~ R 9¢ - —5 Helz
)
%:_SIHQS;OS(% +sm¢cos¢aw sn;zqﬁ% OH, :8H¢
’ g bl cinpasiObe T e
sm ¢ sin ¢ cos P 0*°H 0%H
1y + cos ¢> “ TR 0 apzp = ap;’ + kg(er, — er)H, |1
R L
v, _ cos 4) 81/1,) sin ¢pcos ¢ 0P, 2H O2H E_R
dy Yot sin’o o R 08 3p2¢ N 8p2¢ i [k%(EL —t T ] ol
sin ¢ cos ¢ 8¢¢ cos? ¢ Oy R _ eL_R _¢r
-y +sm¢>cos¢ — 1-2E oH, . OH
R R ¢ - .
R dp|, R
Compared with those for the linear oblique interface case, the  E, |R ) ol
complexity of the above equations results from the partial differ- By, = E |
ential operation with respect tbandp in the local cylindrical IR 1L er
coordinate. The above transformation can also be expressed in 9E, - 9E, + L E,|L
a linear equation form as in (12). We can also transform the 92 |~ 9p |, R
guantities from the—¢ local coordinate system back to they OE,| ey OE,
global coordinate system in a similar manner as ¢ |5 o
_ OB, OB, = —19E,
Py =CO8 P - Py + sing - Py dp R: Ip g R 0p
81/;¢:—sin¢ Py +cosP - Py OE, _8E¢
81/) =cos ¢ wT —|—sm¢cos¢i—|—sm¢cos¢ Q/y 99 |lp 09 |
P w O°E,| e &E,| &-10E,
+ sin? ¢ J op® | €r 0p% |, R Bp
2 fL
o _ My . kier(er — 6R)
ai(/)p:—SlIlgbwz dx d) /lzj + |: €ER R2 :|Ep|L
0*E, 0%’E,
+ cos ¢ih, — Rsin® qS dy —{—Rsmdmosgb djy 5 2¢> =3 24 +ka(er —er)Eylr
P~ IR L
a(;/}pd’ = —sin¢cos ¢ 1[;9: —sin® ¢ (;/yz + cos? ¢ ;;y + ! ;22; %
+ sin ¢ cos qﬁﬂ
dy
Ny _ @bz . Mo
Y $1fe + Rsin® 45 ay for the magnetic fields and the electric fields, respectively. The
) o, L/,y interface conditions can be rewritten in a matrix form as in (14).
—sindipy — Rsindcosd— -~ + Rcos ¢ It is worth noticing that the curved interface will introduce dif-

ferent amounts of coupling between the two polarizations of the

field compared with that in the case of linear oblique interface

case. The other procedure of derivation is the same as that in the
or expressed in a matrix form similar to (13). The interface cotinear oblique interface case, leading to expressions similar to
ditions in the local cylindrical coordinate system are differer{il5)—(17).
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[Il. | MPLEMENTATION at the interface. We have computed the same problem using
oth the conventional formulation and our new formulation with
the same programming algorithm on the same computer and
have found that the run time of our method is only 10%—20%

"+ E2ep = %) (18) longer than that of the conventional method. Again, the reason
is that most of the mesh points belong to the homogeneous re-
for 2 andy polarizations of the field, respectively, at the samplegions where our formulation reduces to the conventional one,
point (m, n) leads to and the only extra effort in our method is that we need to solve
; an 18x 18 matrix inversion at every interface mesh point.

Substituting the resultant FD formulas derived in Section
into the Helmholtz equation

I T/Jm |(m—1 n+1)
: IV. NUMERICAL RESULTS

M. | Yelemsrn-y Vel (m, n):| A. Assessment of the Formulation

+II€0€ (m,n) |:¢J|( :

To validate the method presented above, we choose a step-
index fiber as an example since the exact analytical solutions
are known. The parameters we choose for a multimode fiber are
as follows: the core diameter= 15 um, the refractive index

= (32 [d}wkm»")} (19) of the corenCO = 1.47, the refractive index of the cladding
7y (m,n) nead = 1.46, and the operating wavelength = 1.55 pm.
where M is a 2 x 18 matrix containing entries obtained! "€S€ parameters are the same as those used ky &u[5].
from the derived new FD formulas, ang,, ., denotes the Xu et al. calculated the same problem using the conventional
relative permittivity at the poin{m,n). By assembling the full-vectorial FD method with the graded-index approximation

fields at all sampled points in the computation domamIla& expressed in (2)—(5).

1/}?J|(m—1,n+l)

L ,I/Jy|(m+1,n—1) J

[ |(0 0 Va |(1 0 s |(M ) Ay 0.0) byl as We calculate the fundamentélE;; mode and the higher
and applying (19) together with swtable bounéary condltlongrderTEOl mode and compare them with the analytical so-
we obtain an algebraic eigenvalue equation lutions. The convergence of the numerical solutions is evalu-
ated by reducing the mesh size. Fig. 4(a) shows the percentage
[A + k:gE] ¥ = ?¥ (20) error in the normalized propagation constant versus the mesh
size(Az = Ay) for the different modes. The exact propaga-
or denoted as tion constants of this waveguide are 5.952 859 9309 ! and
_ 2w 21) 5_.943 809559 9ym~1! for the_HEll andTE_Ol modes, respec-
tively. The percentage error in the normalized propagation con-
whereA = A + k2E, E = diag(eo €00, €(1,0)s - mn): ..), Stantis calculated as
and A results from the operatofi?/ax + 32/031 on and 7 _3
its elements can be obtained from the elements of the matrix error, % = | —calenlated 7 Pexact |y 0 (23)
M. The eigenvalue probelm of (21) can be solved with the Pexact

shifted-inverse power method (SIPM) [10]. Because the resyith the normalized propagation constant defined by
tant matrix A will be nonsymmetric in the vectorial case, W& = (neof — Netadko)/(Neoko — Meiadko). We perform
adopt BICGSTAB [11] to solve the matrix inverse operation. Tghe calculation using the following four formulationdfields
evaluate the eigenvalue, we apply the Rayleigh quotientformyi&h a curved interface E-fields with a curved interface,
TEAD H-fields with a linear oblique interface, anfl-fields with a
Rty (22) linear oblique interface. We also show the results reported by
vty Xu et al.[5] in Fig. 4(a) for comparison. It is seen that, for both
Because the resultant fields are confined fields in our calcullte fundamental and the higher order modes, numerical results
tion, we choose the transparent boundary condition (TBC) [12pnverge to the exact solutions as the mesh size decreases, and
[13] at the boundary of our computational window. in both cases our results converge more rapidly compared to
For a 2-D problem withV total mesh points in the computa-those of [5]. In most of the cases, the accuracy of these four
tional domain, the resultant matrix of the corresponding eigekinds of formulations are of the same order except that the
value problem will be @ N x 2N one. If we adopt the conven- accuracy of theZ-formulation with the linear oblique interface
tional five-point FD scheme, the storage memory required wdlppears to be worse than its correspondiixfprmulation. This
be10x (2NV) only. In our method, we still employ the five-pointcan be explained by the discontinouity of tfigfield which
formulas in the homogeneous region, but we need to use at léagbduces extra errors in the process of matching interface
nine points to obtain correct formulas at the interface. Thus, thenditions with a linear oblique interface approximation. On
memory requirement of our method for a general case will lbee other hand, we also find that the error is particularly small
18 x (2N). However, since most of the mesh points are locatéd the HE;; mode case obtained by tHé-formulation with a
in the homogeneous regions, the memory requirement candoeved interface. In thélE;; mode case, it is found that the
practically reduced td0 x (2V) + 4K with an appropriate pro- ratio between the two orthogonal transverse field components
gramming technique, wherk is the number of mesh points(e.g., £, and E,) is over one thousand. Therefore, tH&;

g =
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> : . . ] is seen that thé’-formulation with the linear oblique interface
assumption does not give convergent results because the
g discontinuity of the field in the interface conditions is treated
161 =—e=H (curved) TEo1 across the approximate linear interface rather than across the
1.4 ———«E (curved) \ 1 real curved boundary. However, the results obtained by the
1.2 ~---0-H (linear oblique) 7 - H -field formulation with linear oblique interface assumptions
1L —+-—+-E (inear oblique) 7 | still converge to the analytical results due to the continuity
g Y. of the fields, and its order of truncation error is also close to
' two. The error of results calculated by (1)—(5) based on the
HA 1 conventional graded-index approximation is on the order of
o.al " “meq;, 4 1072 and does not converge to the analytical results. Both
- | & and H -formulations with curved interface uniformly converge
o mmeagiSE o2 - to the analytical solutions for both ti€E,; andTE,; modes
X =3 o5 o7 1 with an order-of-two truncation error.
Mesh size (um) Figs. 5 and 6 plot patterns of the two transverse electric field
(@) components of thélE;; mode and thé['Ey; mode, respec-
+ tively, for the case of Fig. 4(b). We find that the ratio between the
maximum amplitudes of the two transverse field components of
100 -+ 1 theHE;; mode(£,:L,) is about 1:0.0593 in Fig. 5, and an
> analysis using scalar or semivectorial formulations would cause
significant error. As can be seen in Fig. 5, the amplitude max-
-s—o— H (curved) g et PO imum of E, is at the center of the fiber, while those Bf, are
e ) 4 H;ﬂ located at the internal edge of the fiber where the normalized
= > e 1 amplitude of the dominant field,, are about 0.0938. As for the
TEq; mode shown in Fig. 6, the ratio between the maximum
| amplitudes offs, andE, is almost 1:1 with an accuracy to the
—+--+E (linear oblique) seventh digit. The fields at the interface for fi&,; mode are
~0---¢- H (linear oblique) continuous since the only component of the transverse field is
10 = — E4 which is continuous at the interface. The contour profiles of
10 Mesh si 10 the fields obtained by our curved interface formulation appear
esh size (um) . . . !
(b) to be smoothly con_tlnuous at t_he mterfacg as shown in F_|g. 6.
The contour behaviors of the fields at the interface are still ac-
Fig. 4. Percentage error in the normalized propagation constant féfihe curate even for the case with large refractive index difference.

andTE,; modes of the step-index optical fiber as a function of the mesh size
Az = Ay. (@)d = 15 pum, ne, = 1.47, naaa = 1.46, andA = 1.55 um. . i X .
(b)d = 0.6 uM, 11eo = /8, fteraa = 1, andA = 1.5 pm. B. Application to Fused Fiber-Optic Couplers

------- Ref. [5]

Error, %

> E (curved)

Error, %

.......... Conventional

The fused fiber-optic coupler is an important device in op-
mode is very close to the scalaP;; mode and can be calcu-tical communication systems [14]. It can be designed as a power
lated accurately by either scalar or semivectorial formulatiogplitter, a polarization beamsplitter, and other devices [15]. The
However, as mentioned in [5], in th&Ey; mode case the characteristics of the fused fiber-optic coupler have been care-
two transverse field components have amplitudes of the safoly studied by employing SIEM [16], [17]. Here we calculate
order, and it cannot be accurately analyzed by the scalarte modal quantities, including the propagation constants, the
semivectorial method since neither of the two componentsdeupling coefficients, and the form hirefringence of the fused
negligible. fiber-optic coupler using our proposed formulation and compare

In our formulations, it can be found that the differencethe results with those given in [17]. The cross-sectional view of
in the refractive index and in the curvature of the interfadie structure is shown in Fig. 7(a) and the parameters considered
significantly influence the accuracy of the calculated resultare as follows: the core index.,, = 1.45, the cladding index
The difference in the refractive index in the case of Fig. 4(a)...a = 1, the operating wavelength = 1.523 um, the aspect
is only 0.01, and, with the core diameter of 1Bn, the ratio2d/2r = 1.8, wherer is the radius of the individual core,
graded-index approximation could be still valid. We considerand the normalized frequen&y= (27 /X)-r-\/n2, — n%, 4 =
strongly guiding case for comparison. The parameters chosgn These parameters are the same as those used in [17]. We
ared (the core diametery 1.2 um, neo = V8, neaa = 1.0, calculate the propagation constants of the lowest order even
and A = 1.5 um. The exact propagation constants of thiand odd modes of andy polarizations,52..., 5% ens 52aa:
waveguide are 11.242 79384378 and 10.48343943i95' andf”,,, where the even or odd mode is defined according to
for the HE,; and TEy; modes, respectively. Fig. 4(b) showsvhether its main component of the magnetic field is symmet-
the percentage error in the normalized propagation constaiotl or antisymmetrical about the axis, and the polarization
versus the mesh size, again for tH&;; and TEy,; modes. direction is defined as the main direction of the electric field.
The results are now presented in log scale along both axesThie coupling coefficient of thépolarization state(’; (: = x or
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Fig. 5. Electric filed patterns of thHE;; mode. (a)E, component. (b}, component.
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Fig. 6. Electric filed patterns of th€Eq; mode. (a)E, component. (b}, component.

y), is defined as’; = (B, — Bl4q)/2 and the form bire- are similar to that of thélE;; mode in a single optical fiber
fringence is defined a® = (rV?/A%/?)(C, — C,) where and the H-formulation with curved interface is particularly
A = (n?2, — n?,4)/2n?,. The coupling coefficient decidesaccurate in this case, we choose this formulation for making
the coupling strength of the coupler and the form birefringentlee comparison. The numerical results obtained using our
causes the polarization splitting behavior. As mentioned in [17iipproved formulations are shown in Tables | and Il and the
the form birefringence is very small, and achieving an accurdteld patterns of these four modes are shown in Fig. 7(b)—(e).

caculation of such a small quantity is quite difficult. As indicated in [17], detailed calculation of the fields at the
The converged normalized propagation constants of thearp corner of the dumbbell-shaped cross section significantly

first four modes caculated by the SIEM [17] af& ., = affects the accuracy of the computed propagation constants

0.998298 295 pm~1, BY... = 0.998287649 pm 1, 3%,, = and related coupling quantities, and using nonuniform division

0.997581191 um~!, andB¥,, = 0.997574799 um~'. Also, near the corner can improve the efficiency of computation.
the corresponding normalized coupling coefficients and tivge also use the nonuniform division scheme in the improved
form birefringence areC, = 0.006494 5, rC, = 0.0064555, FD calculation, andAz,,;, and Az .« in Table Il represent
and B = 0.727627. These results were calculated by usinthe minmum and maxmum division grids, respectively, in
very fine boundary meshes. Since the field patterns of tklee calculation. The computational domain in our calculation
lowest four modes in each individual fiber of the fused coupléncludes only one quarter of the dumbell-shaped cross section
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TABLE I
CONVERGENCECHARACTERISTICS OFCOUPLING COEFFICENTS AND
FORM BIREFRINGENCE BY THEPROPOSEDFORMULATION WITH
NONUNIFORM DVISION

AZpin (pm) | AZpey (pm) | Ny X N, rCy rCy B
0.04 0.45 69x 65 | 0.0064824 | 0.0064171 | 1.2224
0.04 0.2 125x 90 | 0.0064935 | 0.0064439 | 0.9272
0.04 0.125 188%122 | 0.0064952 | 0.0064472 | 0.8982
0.02 0.3 98x 88 | 0.0064895 | 0.0064408 | 0.9065
0.02 0.125 196 x137 | 0.0064967 | 0.0064526 | 0.8199
0.02 0.08 292x187 | 0.0064974 | 0.0064542 | 0.8039
0.01 0.2 143x125 | 0.0064911 | 0.0064467 | 0.8269
0.01 0.125 207x157 | 0.0064934 | 0.0064512 | 0.7856
0.01 0.08 303x207 | 0.0064941 | 0.0064527 | 0.7721
0.005 0.1 253%188 | 0.0064934 | 0.0064515 | 0.7797
0.005 0.08 307%216 | 0.0064936 | 0.0064525 | 0.7641
0.005 0.065 370%251 | 0.0064933 | 0.0064527 | 0.7559
0.003 0.055 437x297 | 0.0064930 | 0.0064528 | 0.7491

third significant digit. Our results generally compare with those
of [17] to within 0.0001%, 0.04%, and 3% for the normalized
propagation constants, the coupling coefficients, and the form
birefringence, respectively. The consistency of our results with
those calculated by the SIEM further supports the accuracy of
the proposed improved FD method.

Fig. 7. (a) Cross-sectional view of the fused fiber-optic coupler. (b)—(e) V. SUMMARY AND CONCLUDING REMARKS

Magnetic field patterns of the lowest four mode of the fused optic-fiber coupler: . . .
(b) z-polarized even mode, (c)-polarized odd mode, (dj-polarized even  We have derived improved FD formulas for solving full-vec-

mode, and (e)-polarized odd mode. torial modes of step-index optical waveguides. A general rela-
tion is derived from the Taylor series expansion, the local co-
G TA(?'-E ' ordinate transformation, and matching the interface conditions.
ONVERGENCE CHARACTERISTICS OF . . . .
PROPAGATION CONSTANTS OF THEFIRST FOUR MODES BY THE PROPOSED The fprmUIatlon IS a fU-”'VeCtO-rlal one and the Only truncation
FORMULATION WITH NONUNIFORM DIVISION error is not from matching the interface conditions but from the

: _ _ __ _ truncation of the higher order terms in the Taylor series expan-
AZpin (pm) | Ny X Ny | B2 (™) [ Bl (pm™) [ Blen (pm™) | Boyg (pm™") . . . . .
0.04 o 05 | 0.65530055 T 0995750550 | 0997535410 [ 0.00 550656 sion. The interface in the structure is allowed to be oblique to
0.04 125% 90 | 0.998300907 | 0.998289193 | 0.997582567 | 0.997576332 the coordinate axes and even to be curved, thus our formulation

0.04 | 188x122 | 0.098300646 | 0.998289049 | 0.997582116 | 0.997575827 - ) i . . ; i
0.02 98 83 | 0.098301021 | 0.098288732 | 0.007584475 | 0.997577563 is flexible for dealing with step-index boundaries of arbitrary
0.02 | 196x137 | 0.998209801 | 0.998288286 | 0.997582252 | 0.997575811  shape.

0.02 | 209x187 | 0.998299405 | 0.998288236 | 0.097581985 | 0.997575585 ; : .

0.01 143125 | 0.998200607 | 0.008288173 | 0097582074 | 0.997576355 The improved formulation has been applied to calculate the

0.01 207x157 | 0.998299217 | 0.998288078 | 0.997582242 | 0.997575763 fundamentaHE;; mode and the higher orddrE,; mode of

ot —Fasr s | Dooso0s | possasTony osorsets namrese 2 Step-index fiber, and the resuits have been compared with

0.005 | 307x216 | 0.998298924 | 0.998287924 | 0.997581929 | 0.997575552 exact analytical solutions and those of [5] which involve the

0.005 379><25l 0.998298858 | 0.998287980 0.997581893 0.997575498 graded-index approximation. It is found that our results con-

0.003 437x297 | 0.998298803 | 0.998287976 | 0.997581862 | 0.997575478 . .

verge to the exact analytical solutions and are better than those
of [5]. We have also applied our new formulation to the analysis

using the symmetry conditions of the fields. The symhBls of the fused fiber-optic coupler. By comparing our results with
and N, in Tables | and Il denote the numbers of divisionscin those calculated using the SIEM [17], it is found that our new
andy directions, respectively, in our calculation. We model thioermulation can be used to compute such quantities as the form
sharp corner as a small section of arc with a very small effectibeefringence which must be determined from calculated prop-
radius. The curvature would influence the calculated fielalgation characteristics of very high accuracy.
behavior, as indicated in the discussion of the curved interfaceThe example of the fused fiber-optic coupler contains a sharp
formulations. We find that, adx,,;, near the corner decreasescorner in its cross section, although it is located at the boundary
the result converges to that given in [17]. We also obsereé the computaional domain after using the mode field sym-
that the form birefringence still does not reach a stable valuagetry. We have modeled the corner as a small section of arc
as the number of divisons increase, although the propagatisith a very small effective radius. For optical waveguides in
constants converge. To obtain a convergent value of the foimtegrated optical devices, e.g., rib waveguides, the waveguide
birefringence, the propagation constants of the lowest foaross section often contains (90corners. Field singularities
modes have to converge to the sixth significant digit and tlweould appear at such corners and cause difficulty in full-vecto-
coupling coefficients of both polarization states to at least thial mode solutions [18], [19]. We can again model the corner as
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a tiny section of arc, use the curved interface formulations prof9] D.-U. Li and H.-C. Chang, “An efficient full-vectorial finite element
posed in this paper, and adopt nonuniform division in the FD modal analysis of dielectric waveguides incorporating inhomogeneous

elements across dielectric discontinuitidsEE J. Quantum Electron.

mode solution. We have studied such problems and found that ;| 35 pp. 1251-1261, Nov. 2000.
the calculated field behaves like a singular one as the effective

radius of the arc is made to be much smaller. The results will be

reported in a separate publication.
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