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Abstract

In this project, we study two problems arose in cONA microarray data anaysis.
Thefirst problemis on identifying estimable parameters in alarge two-way
additive ANOV A modelswhich isrelated to the normalization. The second
problem is on selecting informative variables in linear regression model with large
number of unknown parameters using L, norm constraint and multiple testing
problem arose in gene selection.

Keywords: cDNA Microarray data, normalization, model selection, multiple
testing.

= ~ Consistent Estimate of Component in a Bivariate Additive Model with Sparse
Data

Motivated by “local normalization” to remove bias in the observed intensity levels

of gene expressions measured by microarray study, we consider a bivariate additive

model in which the intensity effect is modeled by a smooth function. When the

smooth function is approximated by aregression spline, it is shown that the

estimate of smooth component can no longer achieve the usual rate of convergence

as that of univariate nonparametric regression.

Nonparametric regression has been used in various applications to explore the
relationship between dependent variable and predictors. Due to the curse of
dimensionality, general nonparametric regression maynot be useful when there are
many predictors. Instead, additive regression is considered in Stone (1985) which
can be used in awide variety of situation for readily interpretable. Stone (1985)
showed that the additive regression can be estimated with the usual
one-dimensional convergence rate under proper design condition. Under similar
design condition asin Stone (1985), Opsomer and Ruppert (1997) gave adetalled

anaysis on the bias of a bivariate additive regression.
As motivated by the result in Fan et al. (2005), we consider estimation problem
in the following bivariate additive model

y =y (2) + ma (22) + €, (1)

where y is the response variable, x1 € A and x2 € A% are covariates. Under the setting of

Fan et al. (2005) and the print-tip block effects are known, 4 is a categorical variable taking



ralues on a finite set Ay, Ay is an interval, my(-) is bounded, and ms(.) is a smooth function
with E[mga(x9)] = 0. Moreover, there are I observations associated with each element in &)
while the cardinality is of the same order the number of total observations, where I = 2.

This paper addresses the question on identifving design condition to ensure the asymp-
totic result as given in Fan et al. (2005) under (1). The objective is achieved by considering
how to aggregate information from the I observations and how to express the information
matrix of the parameters used to approximate mo(-). Then, under the general design con-
dition, the asymptotic result in Fan et al. (2005) is attempted to connect with which in
Stome (1985) and Opsomer and Ruppert (1997).

By writing the information in terms of a mixture of covariance matrix of
multinomial distributions, we not only give a new proof why “connectedness” isa
necessary condition on the estimability of atwo-way additive model, but also we
can get the result asin Fan et al.~(2005) under much more general design
condition.



= ~ Operating characteristics of C;-LASSO on variable selection in linear
regression with orthonormal regressors

Model selection coupled with regularization is acommonly used method to do
model fitting to achieve sparsity or parsimony of resulting model. In this project,
we study the operating characteristics of LASSO (Tibshirani, 1996) coupled with
Mallows’ C, on identifying important orthonormal predictor variables of linear
regression. We consider the case that the dimensionality of predictor variables, m,
Is high and the number of observations, n, is of the same order m.

The orthogonal predictors arises naturally in the problem of nonparametric
function estimation with awavelet basis or through the conversion of
nonorthogonal predictor variables by principa component analysis. When the goal
in variable selection isto select a model to minimize the mean square error of
prediction, Malows C, (1973) is the often used penalized model selection criteria
to achieve it by combining the residua sum of squares and the fitted number of
predictors. Efron et al. (2004) also suggest the use of Mallows’ C, to do variable
selection with Lasso.

For a given nested linear models, acommon approach to the selection of
statistical modelsisthe so-called penalized model selection criteria which include
Mallows’ C, (1973). Woodrofe (1982) and Zhang (1992) give a detailed
description on the number of uninformative predictors chosen by Mallows’ C,
when one of the nested linear model isthe correct one. It is shown that Mallows’
Cp leads to a over-fitted regression model with no more than one noninformative
predictor in average. For alinear regression model with uncorrelated predictors,

L asso gives a data-driven nested models by varying bound on the L, norm of the
coefficients as stated in Efron, Hastie, Johnstone and Tibshirani (2004). In this
paper, an analysis aong the line of Woodrofe (1982) and Zhang (1992) to describe
the operating characteristic of using Mallows’ C, as the automatic predictor
selection criterion for the Lasso method when the number of predictorsislarge and
al informative predictors are among { Xy, . . . , X} . The reported result also
addresses the comments made by Ishwaran and Stine on their discussions of the use
of C,-Lasso shrinkage in Efron et al. (2004).

We now briefly review the Lasso method in the linear regression model with
uncorrelated predictors.  We also characterize the random walk induced by
C,-Lasso under normal error.



Suppose that we have data (x',y;), 2 = 1,...,n, where X' = (x5, ..., 2im)7 are the predictor
variables and y; are the responses. Let X, by the n x m predictor matrix with jth entry xy;
and XITX,, = (n/m)l,,, where I, is the m x m identity matrix. We assume a homoskedastic
model
e
i = o+ Zj‘j.{,u—“tz, (1)

where €q,....e, are i.i.d. normal random variables with mean 0 and variance 2. Let 3 =
(Bi,y.. ., Fm)T denote the vector of model parameters and mg denote the total number of nonzero
;.

The Lasso estimate is defined by

i mn 2
s . I; . 100 m f -
E ..‘!ﬁ — 0 — E ;j_;i Tij EU]}JEﬂt Lo Zj:l |j_j'| < T. (2]
i=1 i=1
Without loss of generality, we can assume Y- ry; = 0for j = 1,2, ..., m by employing location

transformation when none of x; falls in the linear space spanned by 1 = (1,...,1)¥ € R". Then
the minimization problem in (2) can be solved as the following minimization problem

n 2

Z Yi — 4 — Z ﬁj.l'ﬁ Subject Lo Z;Jl]_ |J-‘J| < 7. (3]
i=1

i=1
We now describe the Lasso algorithm for accruing predictor variables one at a time in
successive steps by decreasing the penalty 7 accordingly. Let 5;, 1 < j < m, denote the least

squares estimates of ;. Lasso adds the kth predictor X; which satisfies x?y = |,;’3’|(m_k), where

|_,-'§|(1) < e |a3|£mJ At the kth step, Lasso leads to
Bij = sign(3;)(10;] — |8lem-w)*

and

A "

}'—fi'k — g]_ + Z [(83 — |,3|(m—k)) ]-(,"33 T ||Irj-’|(m_k):l + (Il'rj-’j + ||J'§|(m_jc)) l('j < —|g|(‘m—k))i| €T
=1

where 1(-) is the indicator function and (m)* =7, 7 > 0; 0, 7 < 0.

By decreasing 7 from |3|LmJ to |e3|( 1), Lasso gives a data-dependent nested models. Cp-Lasso
is to use Mallows™ €, to identify important predictors among the data-driven nested models.
At the kth step of Lasso, Mallows™ C,, is defined to be ||y — fi/|*/o* + (2k — n). (From now
on, we assume that o2 is known or an accurate estimate of o2 is available. Without loss of

generality, we assume o2 = 1. Write
Cp (jir) = Cr = ||y — ful|* — n + 2k,

where
LS

ly — fwll® = lly — 712 = > B8] > 18lom—ry) + kB2



We now describe the random walk induced by C-L asso.
For C,-Lasso.
Crp1 — G =2 —(k41) (|.f?|?m—kj - |-{;||;2m—k—l.,'|) -

The final chosen model given by C-Lasso will depend on the random walk determined by

e+ 1) (18By — By -
This random walk is different from those in Woodrofe (1982) and Zhang (1992)
due to data induced nested models.

Lemma 3.1 When {V2Y oo are i.i.d. v2 random variables,
i Jl<i<m 1

(a). (k+1) [V = V2

(m—k) — (m_k_”] = T/ Mvel(apy_g) where T;, 1 < i < m, are i.i.d. exponen-

tially distributed random variables with mean 1, Ay2(z) is the hazard function of V2, and
Uy_p 18 between I;En—k ) and E-Ifn_k_l )

(b). For a fized k, Fyz2(a,_i) — 1 almost surely as m goes to oc.
(c). For a fized k, Ay2(an_k) converges to 2 almost surely as m goes to oo.

(d). Fork=pm,0<p<1, as m — o

1—p

Im—k

e+ (V2 o —Vv2 . V2 \
R e Ll W 1% TE sy

and

i kY s r l _p
L [k;ﬁ“‘ 1) (L(f‘n—k;‘ — ngn_:;—n” - f‘.,g(ﬂ‘,l(l —p))
2Ly

(e). #ZSuppose that

T 0 (4)
im— = 0, -
sles dr | Aya(2) =
where xq is 7. For a fived k,

R S

—————— — a constant
FIF Y Ans))

almost surely as m goes to oc.

Based on the above Lemma, Under null model or sparse model with strong signals,

its performance is similar to the results obtained in Woodrofe (1982) and Zhang

(1992) under normal errors. This confirms the comments made by Ishwaran (2004)
The use of Cp seemsto encourage large modelsin LARS, especially in high-dimensiona
orthogonal problems,

AsinLeng et d. (2006), it cannot be a consistent procedure. However, C,-Lasso
can be improved by increasing its penalty. Thisis consistent with the suggestion
madein Zou et a. (2007) on using BIC instead of AIC. However, increase
penalty won’t help for abundant models. This suggests that C,-Lasso is most useful
for sparse model.
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