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Abstract

In this project we propose a class of new
testsfor timereversibility. It is shown that
thistest has an asymptotic normal
distribution under the null hypothesis and
non-trivial power under local alternatives.

A novel feature of thistest isthat it does not
have any moment restriction, in contrast with
other time-reversibility and linearity tests.
Our simulations also confirm that the
proposed test is very robust when data do not
pOSSess proper moments.  An empirical
study of stock market indicesis also included
to illustrate the usefulness of the new test.

Keywor ds:. distribution symmetry,
Gaussianity, linearity, time reversibility

A leading approach to representing
stationary time seriesis based on Gaussian
ARMA models. Unfortunately, many
empirical studies suggest that this class of
models is unable to capture many interesting
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dynamic behaviors of data. For example, a
Gaussian ARMA model cannot describe
macroeconomic variables that have an
asymmietric pattern during the periods of
expansion and contraction, nor can it
characterize financial time series that exhibit
“amplitude-frequency dependence” (e.g.,
clustering of volatility). Hydrological data
and other well known data sets such as Wolf's
sunspot data and the Canadian lynx data are
also frequently adopted to demonstrate
nonlinearity and/or non-Gaussi anity.

To accommodate various dynamic
structures in data, there is now a growing
interest in nonlinear time series models and
non-Gaussian distributions such as stable
distributions. Seee.g., Tong (1990),
Brockwell and Davis (1991), and Granger
and Terasvirta (1993) for examples and more
detailed discussion. Numerous diagnostic
tests are a'so proposed in the literature, e.g.,
Hinich (1982), McLeod and Li (1983),
Keenan (1985), Weiss (1986), Tsay
(1986,1989), Petruccelli and Davis (1986),
Luukkonen et a. (1988), Lee et a. (1993),
and Wong (1997). These tests focus on
either linearity or Gaussianity but not both
and hence may yield misleading results.  For
instance, alinearity test that ignores potential
non-Gaussianity (e.g., distributions without
proper moments) may perform quite poorly,
asshownindelLima(1997). An aternative
approach isto consider tests for time
reversibility, as did in Ramsey and Rothman
(1996) and Hinich and Rothman  (1998).

A stationary time seriesis said to be
time reversibleif its finite dimensional
distributions are all invariant to the reversal
of time indices; otherwise, it istime
irreversible. In particular, sequencesof i.i.d.



random variables and stationary Gaussian
processes aretime reversible.  On the other
hand, alinear, non-Gaussian processistime
irreversible in general, except when its
coefficients satisfies certain constraints.  For
nonlinear processes, Tong (1990) also argued
that: “timeirreversibility isthe rule rather
than the exception when it comesto
nonlinearity” (p. 197). Assuch, testing for
time reversibility may be viewed as ajoint
test for linearity and Gaussianity and
therefore can serve as a useful diagnostic
check in model building, as noted in Cox
(1981). Rgecting the null hypothesis
suggests that standard Gaussian ARMA
models are inappropriate; more efforts are
needed to formulate proper models.
Empirically, Rothman (1994) and Ramsey
and Rothman (1996) also employed such a
test to evaluate the random walk hypothesis
in financial data and business cycle
asymmetry in macroeconomic data.

Our first result shows that if atime
series{Y} istimereversible, then its
differenced sereis{Y— Yy} must have
symmetric marginal distribution for each k.
Based on thisimplication, we propose a class
of new tests for distribution symmetry. By
contrast, the test of Ramsey and Rothman
(1996) focuses only on the third moment of
these distributions which is not equivalent to
distribution symmetry. We show that the
proposed test has an asymptotic normal
distribution under the null hypothesis and
non-trivial power under local aternatives.

A novel feature of thistest isthat it tests
whether the imaginary part of the
characteristic function is zero and therefore
does not have any moment restriction,
whereas the tests of Ramsey and Rothman
(1996) and Hinich and Rothman (1998)
reguire that the sixth moment of data exists.
Note that most of linearity tests also have
similar requirements. Thisconcernis
indeed practically relevant. Jansen and de
Vries (1991) and de Lima (1997) found that

the maximal moment exponents of many
financial time series do not exceed four; see
also Mandelbrot (1963).

In this project we also suggest two
weighting functions for the proposed test
which lead to convenient statistics. We
discuss why weighting functions of thistype
isuseful in constructing operational test
statistics.  Our simulations confirm that
these tests outperform the existing moment-
based test in most of cases considered and
that they are very robust when data do not
possess proper moments.  In particular, our
tests all maintain proper sizes regardless of
the moment properties of data. While the
third-moment-based test virtually has no
power when data lack proper moments, our
tests still have very high power. This
feature makes the proposed test a useful
complement to existing diagnostic tests.

In our empirical analysis of six stock
indices, our tests also lead quite different
results. For example, the Ljung-Box test
may show that a seriesis Gaussian white
noise so that no futher modelling would help,
whereas our test indicates that it istime
irreversible and therefore should be modelled
using nonlinear models and/or non-Gaussian
distributions.  All these results suggest that
the proposed test can lead to very different
conclusions than do the traditional tests.
Therefore, the proposed test should serve as
an important diagnostic test in practice.
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