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Abstract. The transient response of a half-space containing a subsurface inclined semi-infinite crack excited by
a dynamic moving antiplane loading on the surface of the half-space is investigated in this study. The solutions
of dynamic stress intensity factors are derived for all load speeds (subsonic and supersonic) and are determined
by superposition of a proposed fundamental solution in the Laplace transform domain. The fundamental problem
is the problem of applying an exponentially distributed traction in the Laplace transform domain on crack faces.
The method of analysis is based on integral transform techniques and the Wiener—Hopf technique. The exact
closed form transient solutions of dynamic stress intensity factors are expressed in very compact formulations in
this study. These solutions are valid for an infinite length of time and have accounted for all the contributions of
infinitely many waves. Numerical results of the transient stress intensity factor are obtained and the results of the
limit case of zero load speed is compared with the corresponding static values.

1. Introduction

A considerable amount of research has been directed towards the solution of problems involv-
ing the interaction of stress waves with cracks and boundaries to improve understanding of
the behavior of material failure under dynamic loading. The study of crack interaction is also
of great interest from the point of view of quantitative nondestructive evaluation of structural
material. The scattered field carries information on the location and the size of the crack.
There is considerable interest in scattering by cracks, with a view towards solving the inverse
problem to obtain the crack geometry from the scattered fields.

Transient response due to a concentrated force moving in an infinite medium was deter-
mined by Payton [1] and the transient solution for a force moving in a half space was solved
by Gakenheimer and Miklowitz [2]. In conventional studies of a semi-infinite crack in an
unbounded medium subjected to a spatially uniform crack face traction, the complete solu-
tion is usually obtained by integral transform methods together with direct application of
the Wiener—Hopf technique (Noble [3]) and the Cagniard—de Hoop method (de Hoop [4])
of Laplace inversion. If the crack face traction distribution is spatially nonuniform and a
characteristic length is introduced, then this procedure using integral transformation methods
does not apply. The problem of an elastic solid containing a semi-infinite crack subjected
to concentrated impact loading on the faces of the crack has been studied by Freund [5].
He proposed a fundamental solution rising from an edge dislocation climbing along the line
ahead of the crack tip with a constant speed to overcome these difficulties of the case with a
characteristic length. The solution can be constructed by taking an integration over a climbing
dislocation of different moving velocity. Basing their procedures on this method, Brock [6-8]
and Ma and Hou [9, 10] have analyzed a series of problems involving a semi-infinite crack
subjected to dynamic impact loadings.
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Figure 1. Configuration and coordinate systems of a subsurface inclined crack subjected to an impact loading
moving with supersonic speed on the half-space.

Whenever dynamic loading is applied to a body with an internal crack, the resulting stress
waves may initiate crack growth. Few analytical solutions for a cracked elastic solid subjected
to dynamic loading are available. Exact transient closed form solutions for a stationary semi-
infinite crack subjected to a suddenly applied dynamic body force in an unbounded medium
have been obtained by Tsai and Ma [11] for the inplane case and by Ma and Chen [12] and
Brock [13] for the antiplane case. The dynamic stress intensity factor for a half plane crack
subjected to suddenly applied concentrated shear loads is obtained by Zhu and Kuang [14]
by using the Laplace transforms together with the Wiener—Hopf technique and the Cagniard—
de Hoop method. All of the problems mentioned above are discussed for the case of a
semi-infinite crack in an unbounded medium and the number of waves generated in those
problems are all finite. The problem to be considered in this study is the transient response of
an elastic half-plane with an inclined subsurface crack extending from infinity to a location
near the half-plane surface. The cracked half plane is subjected to a dynamic antiplane loading
moving with constant speed, either subsonic or supersonic, on the half-plane surface as shown
in Figure 1. The most difficult part of this problem is that an infinite number of waves will be
generated and all should be taken into account in the analysis. To the author’s knowledge, most
solutions for scattering of elastic waves by a crack, located in the immediate vicinity of a free
surface, are given for incident plane time-harmonic waves (e.g. Achenbach and Brind [15]
and Brind and Achenbach [16]). The only available transient analysis is presented by Ma and
Chen [17] who consider the special case of applying dynamic loading with zero moving speed.
The solution of the proposed transient problem in this study is complicated by the presence of
the crack surface in addition to the free surface of the medium. The transient response of the
cracked half plane is analyzed as the superposition of the fields in an uncracked half plane and
the fields generated by appropriate surface tractions on the faces of the crack in the cracked
half plane. In analyzing this problem, the reflections and diffractions of stress waves by the
half-plane boundary and by the crack will generate an infinite number of waves that must be
taken into account. This problem involves a characteristic length which makes a direct solution
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by standard techniques difficult. A new fundamental solution is used for overcoming these
difficulties. This alternative fundamental solution is successfully applied towards solving the
problem and is to be demonstrated as an efficient methodology. The final formulations for
dynamic stress intensity factors are expressed explicitly and the dynamic effect of each wave
is presented in a compact closed form. The results are valid for infinite waves that are scattered
from the crack tip and reflected by the half-plane boundary. The corresponding result for the
full field analysis has been obtained by Ma and Hwang [18]. Numerical results are presented
for the loading, moving with various speeds along the half-plane free surface.

2. The fundamental solutions

Superposition of solutions plays a significant role in this study. The solutions of the problem
considered in this study can be determined by superposition of the following problems.
Problem A treats the dynamic concentrated force moving with constant velocity (subsonic
and supersonic) on a half-plane medium without a crack, which induces a traction on the
planes that will eventually define the semi-infinite crack faces. In problem B, an infinite
body containing a semi-infinite crack is considered in which the crack faces are subjected to
tractions which are equal and opposite to those on the corresponding planes in problem A.
Problem C considers a half-plane free surface subjected to the waves which are generated by
the crack in problem B. Problem B in the above mentioned three fundamental problems is the
only one which is difficult and needs careful analysis.

For most of the dynamic problems, the incident waves can be represented in an exponential
functional form in the Laplace transform domain of time. The exponentially distributed load-
ing acting on the crack faces can be analyzed by using the standard Wiener—Hopf technique,
giving rise to a very useful result called the fundamental solution for the problem and the cor-
responding field quantities can be determined directly by superposition over this fundamental
solution. The superposition scheme proposed in this study, unlike the usual superposition
methods which are performed in the time domain, is performed in the Laplace transform
domain,

The solution for applying an exponentially distributed loading on semi-infinite crack faces
in the Laplace transform domain will be referred to as the fundamental solution. The funda-
mental problem can be viewed as a half-plane problem with the material occupying the region
y > 0, subject to the following boundary conditions in the Laplace transform domain

7:yz'(wa(),p) = ep?]:ﬂ’ =00 < < O’ (21)
w(z,0,p) =0, 0<z< o0, 2.2)

where p is the Laplace transform parameter and ) is a constant. The overbar symbol is used for
denoting the transform on time ¢. The governing equation can be represented by the following
two-dimensional wave equation

w 0w — 5 0*w

a2 o e 23)

where b is the slowness of the transverse wave given by

bzl/vs=M7
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in which w(z, y, t) is the displacement normal to the zy-plane; v, is the shear wave speed, 4
and p are the respective shear modulus and the mass density of the material. The nonvanishing
shear stresses are

0 ow
Tye = ui, oz = (2.4)

The above mentioned fundamental problem can be solved by the application of integral
transforms. The solution is obtained by applying the one-sided Laplace transform over time,
the two-sided Laplace transform over z under the restriction of Re(n) > Re()\), and finally
implementing the Wiener—Hopf technique. The fundamental solutions of stresses and dis-
placement expressed in the Laplace transform domain for the boundary conditions (2.1) and
(2.2) are

Tyz(2,Y,D) = 2_175 /FA (b(:i);;j/;;(iy;;z) da, (2.5)
—play—Az
Fos(T,y,p) = “2%‘ /FA s 3:(:(_ y/\)(b)_ ot dx, (2.6)
1 e—P(ay—Az)
Wo8) = =57 | T =G @7
where
o=@ -2

The fundamental solutions presented in (2.5)~(2.7) will be used to construct the reflected
and diffracted waves generated by the crack in the following analysis. The corresponding
result of the stress intensity factor expressed in the Laplace transform domain is

K(p) = ;i_r)x})\/wa?yz(x,O,p)

2/m)121(1/2

3. Transient solutions of dynamic stress intensity factors

Having two coordinate systems is convenient for the following analysis since the surface of
the half-plane is not parallel to the crack faces. The origins of the two coordinate systems
(Z,7) and (z, y) are both located at the crack tip as shown in Figure 1. The planar crack lies in
the plane § = 0, T < 0 and the inclined angle of the crack is ¢. The valid range of ¢ for this
analysis is 0 < ¢ < 7/2. The coordinate transforms and stress relations between these two
systems are

T =1xc0os¢+ ysing, 3B.D
y = —xsing + ycos e, 3.2)

Tzz = Tzz COS ¢ — Tyz Sin @, 3.3)
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Tyz = Tgz SIN @ + Tz COS . (3.4)

The investigation of a subsurface crack subjected to dynamic moving loading is an impor-
tant topic in dynamic fracture analysis. The problem considered here is an inclined semi-
infinite crack located under the surface of a half-plane as shown in Figure 1. The problem
has a characteristic length and a direct attempt towards solving this problem by transform
and Wiener—Hopf techniques is not applicable. The transient elastodynamic problem will be
solved by superposition of the fundamental solutions obtained in the previous section in the
Laplace transform domain. The transient solutions are composed of an incident field, reflect-
ed field, and diffracted field, which will be denoted by superscripts of 7, r, and d for the
case of subsonic moving speed and additional superscripts of I, R and D will be used for
the supersonic case, respectively. The incident wave is the response for applying a dynamic
loading that moves along an uncracked half-plane with constant velocity. The reflected and
diffracted waves are generated through application of an opposite traction at the crack surface
thus eliminating the stress induced by the incident wave.

Consider a half-plane medium which is stress-free and at rest. At time ¢ = 0, an anti-
plane concentrated dynamic load of magnitude Q) is applied at the free surface of a half-
plane at position (I, k). For ¢ > 0, this concentrated load travels on the surface along the
positive z-axis with a constant speed vo. The time dependence of the loading is represented
by the Heaviside step function H(t). The boundary condition on the half-plane surface is
Tyz(Z, h,t) = Qé(z — I — vot)H(t). The incident fields of shear stresses in the Laplace
transform domain can be represented as follows

i _ L Q@ _play—h)+r(z-D)]

Tyz('T’yap) = i A}\ 1+ A’UO € d)\, (35)
» _ 1 AQ_ pla(y—h)+A(-1)]

To (T,y,0) = 5 /F o) e dX. (3.6)

The Laplace transform is inverted by a modification of Cagniard’s [19] technique due to
de Hoop [4]. For this technique (3.5) and (3.6) are converted into the Laplace transform of a
known function, so that the Laplace transform can be inverted by inspection. In the subsequent
calculations p is assumed to be a real and positive number. The transient solution has different
forms depending on the speed of the moving load relative to the shear wave speed. In particular,
the terms supersonic and subsonic refer to the cases when the load speed is greater than the
shear wave speed (vg > v;) or less than the shear wave speed (vg < v;), respectively.

The full field transient solutions of incident wave in time domain can be obtained as follows

Q(—vob*r? sin 8 cos § + rt sin6)
7(t2 — B2r2)1/2(r2 — 2rupt cos @ — v3b2r? sin2 0 + v3t2)

T;z($7yat) = H(t_b'r)

+%5[t —c(z — 1)+ Vb — c*(y — h)|H(vo — vs)H(bcos 8 —c), (3.7)

: Q(vot? — vob?r? sin? @ — rtcos )
i (z,y,t) = _ H(t — b
Tax(%, 95 ?) m(t? — B2r2)1/2(r2 — 2rugt cos @ — vZb2r? sin? @ + v3t2) ( r)

Q
—Uo—— %;1;(2)_—15[75 —c(z —1) + Vb2 — 2(y - h)]

x H(vg — vs)H(bcosd — ¢), (3.8)



6 C.-C. MaandL.-R. Hwang

where

r=[(z-10*+ @y - h?H" 8 = cos”! <m—l) )

r

and ¢ = 1/vg is the slowness of the speed of the moving load. The symbols 4(-) and H(-)
represent the Dirac delta function and the unit step function, respectively. The contribution
of the second term shown in (3.7)—(3.8) only exists for the supersonic case and represents a
plane wave. For the subsonic case, only the first term is left in the transient solution expressed
in (3.7)-(3.8).

The incident wave will induce a stress field ?f/—z (Z,0, p) along the semi-infinite crack face,
conveniently expressed in the Z-¢ coordinate system as

1 Q —paho+pA(E—l)
(x 0.p) = 2mi / (1 4+ Av, cos ¢ — awp sin @) © dX, (3-9)

where
lop =1lcos¢ + hsin ¢, ho = —lsin¢ + hcos ¢.

The applied traction on the crack face, in order to eliminate the stress induced by the incident
wave as indicated in (3.9), has the functional form eP*Z. Since the solutions of applying traction
eP® on crack faces have been solved in Section 2, the reflected and diffracted fields generated
from the inclined crack can be constructed by superimposing the incident wave traction that is
equal and opposite to (3.9). When we combine (2.5) and (3.9), the solution of the first reflected
and diffracted waves for T3z and 7Tz in the Laplace transform domain can be expressed as
follows

—d+'r — _ 771,772)
@) = g [, e e
x g~ Plorhotmbo) o=ple2§=m3) gy, dny, (3.10)
Td—-l_r(f 7 p) — _i E G(nla"h)
gz 4n2 Jr, Jr,, a2 [1 +vo(m cos ¢ — ay sin ¢)]
x e~ Plethotmlo) o —p(@2F—m7) g4, gy,
where
(b+m)'/?
G ; = ’
(1, m2) (®+m)2(m —m)
1/2 /2
a=®-m" a=®-"

Since the stress intensity factor of applying traction e?”® has been obtained in the previous
section, the solution of the dynamic stress intensity factor due to the incident wave in the
Laplace transform domain can be represented as follows

K(p) = —1— Q(Z/'rr)l/zf(l/Z) —p(arho+mlo)
K(p) = 271 /[‘m [1 4 vo(n1 cos ¢ — a; sin ¢)](b + n1)1/2p!/2 e dm. (3.11)
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By using the Cagniard—de Hoop method of the Laplace inversion, the dynamic stress
intensity factor in time domain can be obtained by Cagniard—de Hoop method. The idea of
the Cagniard—de Hoop method is to deform the path of integration in the complex 7;-plane
in such a manner that the inverse Laplace transform of the integral along the new path of
integration can be obtained by inspection. From the following elementary property of the
one-sided Laplace transform

E_l{/:" _— ()dt} g H(E - t),

the inversion of the two transforms (i.e., the transform in time ¢ and in the spatial variable z)
can be operated at one time. We consider a path of integration in the ;-plane defined by

arhg +mlo =t¢,
where t is real and positive. This equation can be solved for n; to yield
771i _ tcc;o@o " 2,sir}nzi)o
where
Ro= B +h)Y2, 6 =cos~!(lo/Ro).

This represents essentially a transformation of the ¢-plane to the 7;-plane which changes
the path of integration Iy, to Fnlj: . The inversion of the Laplace transform of (3.11) in the time

domain is

(t2 - bzR(2))1/2)

\/7 / Qo /¢ L g
3 1+ vo(nyf cos ¢ — of sing)](b+n7) /2] VE—¢€

Q[ Y20 — 1cos ¢ + sin ¢)(t — Vb2 — c2h + cl)~1/?
+
7T b2v0—1(b+ Vb2 — c?sing — ccos @)

X H(vg — vs)H(t — Vb2 — c*h + cl), (3.12)
where
of = [6* — (n)]V/2

For the supersonic case (vyp > vs), the incident wave contains an additional plane wave and
this plane wave will also make a contribution to the stress intensity factor which is represented
in the second term in (3.12). The configuration of the wave fronts for the supersonic case is
shown in Figure 2. The reflected wave (R wave) and diffracted wave (D wave) generated from
the crack by the incident plane wave are constructed from the contribution of the pole (i.e.
1 + vo(m cos ¢ — a; sin @) = 0) shown in (3.11), which is g1 = —ccos ¢ + Vb2 — 2 sin ¢.
Hence, the second term in (3.12) is obtained from the contribution from this pole for the
inverse Laplace transform of (3.11).

For the subsonic case, the incident cylindrical shear wave (i wave) will generate only a
reflected wave (r wave) and a diffracted wave (d wave) from the subsurface crack. After some
later time, these two waves will be reflected from the free half-surface and are indicated as the
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Figure 2. Wave fronts for reflected and diffracted waves generated from the inclined crack by incident plane and
cylindrical waves.

rr wave and dr wave. The solutions for rr and dr waves can be constructed by employing
the method of images, which can be obtained from the solutions of r and d waves, and the
results are omitted here. The reflected rr and dr waves will arrive at the crack at a later time.
The traction induced on the crack face by rr and dr waves in the Laplace transform domain
can be expressed as follows

T=(,0,p) = /P - F(m, mp) e~P(eahombo)
m 22
x ¢~ 2Ph(Br2c0s $+5nsind) opSuT 4g,, dn, (3.13)

where

_ G(m,m)
F(m,m) = 1 + vo(n1 cos p — g sing)’

Sip=asing+mceosd, P2 = aycosd —mpsing,
S = Prasin ¢ + Siacos d = aj sin2¢ + 1, cos 2¢,

B = (B — 8%)""* = a cos 2¢ — mp sin 2.

The applied traction on the crack face has the functional form of e?522% as shown in (3.13).
Since the solutions of applying traction e?"® on the crack face have been previously solved
in Section 2, the dynamic stress intensity of the inclined crack due to the contribution for
incident rr and rd waves can be constructed by superimposing (2.8) and (3.13). The solution
for the dynamic stress intensity factor expressed in the Laplace transform domain is

K(p) = —Q" 2/7r/ / F(m,m)I'(1/2) e~ P(arho+mlo)
472 Ty, Js,, P 1/2(b+ 822)1/2

x @~ 2Ph(B22 cos ¢-+S sin @) dSy dn,. 3.1

A similar procedure is followed as previously indicated for constructing the contribution
from the incident wave. Cagniard contours are introduced here by setting

athe +mly = t1,
2h(B22 cos ¢ + S22 sin @) = ¢y,
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which can be solved for 7; and S; as follows

+ t1c0s6g .sin @y

£ IO gy,

T TR Ry
+ t2$iﬂ¢ COS¢ 2,2 1/2
st = 22t £ 0 - arh)

We shift the n;- and S>;-integration onto the associated Cagniard contours along which ;
and ¢, are both real and positive. The two Cagniard contours must be superimposed in this
technique for different locations of loading point and crack tip. Because F(n;,7,) possesses
a pole at ; = 1, the contribution of the pole has to be taken into account in the change
of integral paths from 7, to ¢; and 7 to ¢;. The contribution of this pole represents the fact
that the reflected rr wave would pass the crack tip and the condition for this to happen is
O > %w + ¢. Hence the contribution of the dynamic stress intensity factor due to rr and dr
waves in time domain can be expressed as follows

\/7 / 25 L g

T Jorg |1+ vo(A] cosg— By sing)](b+ T55) /2 | vVE—€
\/2?77 w=2bh [ F(nt,nd) ont 0S5

B /Ro+2bh t— )1/2/ Re

(b+ SH)1/2 oty oty
F(n,n3) 8ny 953 1
S NN T dt;| du for® > ir +¢, (3.15)

2/w 1 u2bh F(nf,n3) onf 853
K@) = YT _ / Re
272 Jyrgroen (t— u)1/? (b+ SH)1/2 0t oty
F(’?l ,712) ony 6522 1
dt;| du fi 5 .
(b+ 522)1/2 Bt, Ot u for© > 57+ ¢, (3.16)
where
¢S] ¢S]
T = 850000 | SO0 2 papayire

Rp Ro,
A} = T3 cos 2¢ — (B2 — (T35)%/? sin 24,
Pit = [0 — (T55)1/% cos 2¢ + T sin 2¢,

l
Ry = (l%z + h(2)1)1/2, Op = cos™! (%) ,

lop = lcos3¢ + hsin3¢ + 2h sin ¢, hoy = —lsin3¢ + hcos3¢ + 2h cos ¢,
th =1t —1.

The arrival times of the wave fronts for 77 and dr waves are found to be bR, and b(2h+ Rp),
respectively. The contributions of the rr wave and dr wave for the dynamic stress intensity
factor are expressed in the first term and second term of (3.15), respectively.
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Figure 3. Wave fronts of the incident, reflected and diffracted waves for a short time period after the impact loading
is applied on the half-space for the supersonic case.

For the supersonic case, additional waves should be included which are initiated by the
incident plane wave. There are two waves, i.e. DR and RR waves, the explicit expressions of
stress intensity factor due to the contributions of these two waves are

K1) = 2Q l (1/bPvE — 1cos ¢ + sin§) ]

/2 \/b?v3 — 1(b — ccos ¢ + Vb? — cZsin ¢)1/2

X /t L im (b+n3)'/2 96
0 VE—u | (—cosd+ /bR — Lsing — nFwo)(b+ )12 Ou
— VB = @h +cl — 2bk) du, 3.17)
B \/E Q(+/b?vE — 1cos 3¢ + sin3¢)
T /623 — 1(b— ccos3¢ + Vb2 — 2 sin3¢)1/2

« Ht — VB — 2(h + 2hcos2¢) + c(l — 2h sin2¢)
[t — Vb2 — c2(h + 2hcos 2¢) + c(l — 2hsin 2¢)]~1/2’

(3.18)

where
G = Sm¢’ —VE =+ ] + i (u = VI = Bh + cl)? — 47K 2,

The correspondent configuration of the wave fronts for the supersonic case is shown in
Figure 3. Following a similar procedure to that used for constructing the dynamic stress
intensity factor for the first few waves, the complete transient solution of the dynamic stress
intensity factor is finally obtained explicitly. The solutions of all the contributions for reflected
and diffracted waves are included. The complete solution for dynamic stress intensity factor
can be simplified into a very compact form as follows

K(t) = Zn:[ +ZK’” ]

k=0

+ zn: [K"'(t) + i K*¥ (t)] H(vp — vs). (3.19)

k'=0 I'=1
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For the subsonic case, the complete solutions only consist of the first two terms in (3.19).
The first term with one summation is the contributions for incident wave and reflected waves
which are only generated by purely reflected waves, i.e., & = O for incident wave, & = 1 for
rr wave, k = 2 for rrrr wave. The explicit forms are expressed as follows

/ 2t
B ? ‘/bRO,Zk

0S5 11/0T 1
x Im T = T in| eedn 320
[1 + vo(ngy cos ¢ — oy sin@)](b+ Sy 1) b=
where
+ 7 c08 O ox + % 5in Og 24 (7 2 — bzR(Z),zk)l/ 2
S2ker1 = Roo ,

_ gt +
Mot = 341 €052 — By, sin2¢,

Lok

Rook = (5.0 + 1, )" cos Ogax = ,
Ry o

k-1
look = 1cos(2k + 1)¢ + hsin(2k + 1)¢ + > _ 2hsin(2m + 1)¢,

m=0

k—1
hoar = —lsin(2k + 1)¢ + hcos(2k + 1)¢ + > 2hcos(2m + 1)¢.

m=0

The second term in (3.19) with two summations comes from the contributions for reflected
waves from the half-plane surface which are generated by diffracted waves from the crack tip,
ie., k =0,l =1 for dr wave, | = 2 for drdr wave, | = 3 for drdrdr wave; k = 1,1 = 1
for rrdr wave, | = 2 for rrdrdr wave; [ = 3 for rrdrdrdr wave. k = 0 can be seen here to
consist of a diffracted d wave which is diffracted by the incident wave and an infinite sequence
of reflected waves (i.e., dr wave, drdr wave, etc.). k = 1 consists of diffracted rrd wave
which is diffracted by the crack tip for the rr wave and an infinite sequence of reflected waves
(ie., rrdr wave, rrdrdr wave, etc.). The results of the dynamic stress intensity factor due to
the contribution of each wave indicated above can be expressed as follows

—/2/7()
ki
y t - —_— -
K@) = 2m2(2mi)! /R02k+2lhb (t —u)l/? /ROZk/Z

b

FUNKy dt; dt;_y,...,dt; du, 3.21)
2hb
where
G(SE,. +, G(SE.a
FUNKy; = l i 2,k+1 77k+2) ( 2,k+2 Wk+3) .
[1+ v0(7jy1 COS & — ak_H sing)|(b+ S, k+l+1) /
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a8 48T
+ 2,k+1 2,k+2
X (S5 k1 M ri41) (i—-—atk-{-l ) (i—atk+2 )

8SE Sy
[ £ %2k 2k ++1 for 1 =1,3,5,..., (3.22)
Oty Otgyi

G( 2,k+1? 77k+2)G(S§t,k+2’ nki+3) T
(M1 COS G — g sin@)](b+ S ki)

08311 0532
X G(ka_}_lanl-c:—H-l) (i atk—}—l Tt )

FUNKy; = Im
kil l[1+vo

Otk42
oS5 0SS
B [t CLadad for [ =2,4,6,..., (3.23)
Oty yy Otti41
in which

tr41008Ogor SO 2p2 1172

Sf . =— =8 4 K2 —b 2,
2.k+1 o oot (te4+1 — b"Rg o)

. .
S;:k—f—'u—l-l k‘H";;lSlnd) + Zc;jld) (ti+v+1 - 4b2h2)1/2’ v = 1) 2,3,... 7la

tk+vr18in  coso, ,
nlf—{-v—i—l == +U-£h +1 2 (tk+v+1 - 4b2h2)1/2’ v = 13 2a 3, R al
g=1,when [ =2,4,6,...; q=0,whenl=1,3,57,...,
by =u—2lhb, bypy1 =u—t; —t2,...,—tm —2(l —m)hd, m=1,2,...,01—1.

However, for the supersonic case (vg > v;), the incident waves generated by the moving
loading consist of not only a cylindrical wave but also a plane wave as shown in Figure 1.
We have already expressed the complete expressions of the dynamic stress intensity factor
induced by an incident cylindrical wave in (3.20)~3.21). The reflected and diffracted waves
generated by the incident plane wave are expressed in (3.19) for the last two terms. The term
with one summation is the solution of incident plane wave and reflected waves which are
generated by pure reflected waves, i.e., k' = 0 for incident plane wave, k' = 1 for R wave,
k' = 2 for RR wave, k' = 3 for RRR wave and all these waves are plane waves. The explicit
form of the dynamic stress intensity factors due to the contributions of these plane waves can
be expressed as follows

Ht — VB — E(h+ hg) + c(l — )]
[t — Vb2 — 62(h + hgr) +e(l — lk/)]l/z'

The term with two summations comes from the contributions for waves which are diffracted
by the crack tip, i.e., k¥’ = 0,1’ = 1 for DR wave, !’ = 2 for DRDR wave; k' = 1,1' = 1 for

Q

M(K) (3.24)

K* (1) =
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RRDR wave,l' = 2for RRDRDR; k' = 2,1' = 1 for RRRRD R wave. The correspondent
results are

Kk’,l (t)

—./2 M) /
/ Vi—u
(b+ M yp) Ht — 2bh — V02 — (b + hy) +c(l — l)]
x Im
[— cos(2K + 1)¢ + /b2 — 1sin(2k' + 1) — vomh o} (b + S5 2)1/2
ast,,
2,k +2] du,

£ (3.25)

where

lo =0, ho =0,

lw =Y 2hsin@mg),  hw = Y 2hcos(2mg),

m=1 m=1

, \/ 0?03 — 1cos(2k' + 1) + sin(2k' + 1)¢
M(K) = : ;
/0203 — 1[b — ccos(2k’ + 1)¢ + VB2 — 2 sin(2k' + 1)¢]1/2

Mosr = % {‘[t+ c(l = ) = VB — c(h + hy)] cos 9;
+ising;[(t +c(l — lp) — VB2 — E(h + hi))? — b2d§]1/2} ,

and

1t Z/WZqQM kl by
K
Ry v — A A M
FUNKkI’ll dtll dty_q,...,dt2 du, (3.26)

where

t* = VB = R(h + h) — c(l — lpr) + 2I'Rb,

b* = \/W(h-f-hkl) —c(l - lg),

by = u — 20'hb,

bpta=u—ty—t3— - —tpme1 —2(' =—m)hb, m=1,2,...,I' =2
g=0,when I' =3,5...;

g=1,when ' =2,4)6,...,
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(b+ ’7/}5+t'+1)G(ka'+17W$+2)G(S2i,k'+2a’71:5+3)
— cos(2k' + 1)¢ + 1/b?v3 — 1sin(2&’ + 1)¢p — vorph 4

+
G S:t + :tasz,kl+1
v ( 2,k 1 nk’+l’+1) 8tk/+1 ve

+
' iasz,k, ) (08T kv | a7
Oty 1 Oty v 11

in which the operator ‘Op’ is ‘Re’ (or ‘Im’) if I’ is even (or odd) and

FUNKp py = Opl:

tyosing | .cosd 2;2\1/2
‘r’l:ct’+2:_ 2h =) 2% (tk’+2_4bh ) / H
thiy 18N  .COS¢
Sty = SNG4 O R —a) 2 = 1,23,

tk 41/ +p28iDP | .COSP 5 25211/2
T i Lt — 4R W = 1,23,

The number of reflected waves (i.e. n and n') which will pass the crack tip and induce
diffracted waves is dependent on the location and the inclined angle ¢ of the crack, the speed
of the moving load and the position where the dynamic point loading is initially applied. The
results are expressed as follows

If ¢pj41 <7/2 < 1, then n=j

where

1 [ 241
¢2j+1 = cos™! (—J— )

Ryj41

Rojr1 = (B + h’%j+l)1/2a

n
Ljt1 =1cos2(j + 1)¢ + hsin2(j + 1)¢ + > _ 2k sin(2pg),
p=1

n
hyjy1 = Lsin2(j + 1)¢ — hcos2(j + 1)¢ — Y 2hcos(2pg).
p=1

If;r - cos_l(%{-f;) <cosH(Z) + 2k¢ < srandcos™!(£) + (2k +2)¢ > im, thenn' =k,
where

lO = la hO = h7
k—1
b = lcos(2k¢) + hsin(2kd) + D 2hsin2m¢, k=1,2,3,...,
m=0
k-1
hor = —lsin(2k¢) + hcos(2kg) + Y 2hcos2mep, k=1,2,3,...,

m=0

Ro = (3, + B3 )2
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7/

Figure 4. Wave fronts for a short time period after the dynamic loading is applied on the half-space for the subsonic
case.

4. Numerical results of stress intensity factors

The geometric configuration considered in this study is an inclined semi-infinite crack located
under the surface of a half-plane. The incident wave (for subsonic case) generated by the
dynamic antiplane loading will be diffracted from the crack tip and reflected from the crack
surface as d and r waves, which will be reflected from the half-plane as a dr and rr wave and
interact with the inclined crack again at a later time. These waves will reflect back and forth
between the half-plane and the crack, which will generate an infinite number of reflected and
diffracted waves. The wave fronts for incident, reflected and diffracted waves (subsonic case)
for a short time period are expressed in Figure 4.

In the previous section, the exact transient closed form solution of the stress intensity factor
has been determined. The transient response of the stress intensity factor will be investigated
numerically here for a point dynamic loading with a Heaviside function H (¢) time dependence
initially applied at (—25, 10) and moving with a constant speed in the positive z-direction.
The applied loading is located at the left hand side of the crack tip and the inclined angle ¢
of the crack is chosen to be 30°. The transient responses of dynamic stress intensity factors
for both the subsonic and supersonic are shown in Figure 5. The time has been normalized by
dividing bRy, where Ry is the distance from the location of point loading initially applied to
the crack tip. The corresponding static value is also indicated in the figures. The normalized
arrival times for the first few wave fronts at the crack tip are 1 for the incident ¢ wave, 1.738 for
the rr wave, 1.742 for the dr wave and 2.48 for the rrdr wave. The history of stress intensity
factor for the subsonic case shows a finite jump as the 7+ wave and rr wave have arrived at
the crack tip. The transient solution of the stress intensity factor for the case vp = 0 will tend
toward the corresponding static value after the second diffracted wave has passed the crack
tip.

Finally, we consider the case where the crack is parallel to the half plane surface, i.e.
¢ = 0. For the numerical investigation, we consider a dynamic point loading with a Heaviside
function time dependence initially applied at (—1, 1)(or (0.5, 2)) which is at the left (or right)
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Figure 5. Transient response of the dynamic stress intensity factor due to the impact loading applied at (—25, 10)
for the inclined angle ¢ = 30°.
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Figure 6. Transient response of the dynamic stress intensity factor due to the impact loading applied at (—1, 1) for
the crack parallel to the half-space.

hand side of the crack tip. The transient history of the dynamic stress intensity factor is shown
in Figures 6 and 7, both for subsonic and supersonic cases.

5. Conclusions

Most of the problems which have been studied in the development of fracture mechanics
are quasi-static. Because of loading conditions and material properties, numerous problems
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Figure 7. Transient response of the dynamic stress intensity factor due to the impact loading applied at (0.5, 2) for
the crack parallel to the half-spac;e.

have existed for which the assumption that the deformation is quasi-static is invalid and the
inertia of the material must be taken into account. The propagation of stress waves through an
unbounded medium is not a difficult subject. However, if boundaries are introduced, infinitely
many reflected and diffracted waves will be generated from boundaries, making the problem
much more complicated. In dynamic fracture analysis, the interest is in the determination of
the stress field near the crack tip in order to study the phenomenon of crack propagation under
dynamic loading. This study provides a useful methodology and results for a cracked body
subjected to dynamic moving loadings.

The transient response of a half-space containing a subsurface inclined crack has been
considered here to gain insight into understanding the interaction of stress waves generated by
dynamic moving loading with material defects. This problem contains a characteristic length
and is solved by superposition of proposed fundamental solutions in the Laplace transform
domain. This new methodology is shown to be both powerful and efficient in solving more
difficult problems. The exact transient solutions of dynamic stress intensity factor for a long
period of time are obtained in this study. The closed form transient solutions for both subsonic
and supersonic cases are expressed in a very simple formulation which accounts for all the
contributions coming from incident, reflected and diffracted waves. The numerical calculations
are also investigated for both subsonic and supersonic cases. For the special case of the moving
speed of the dynamic loading equal to zero, the transient result will approach the correspondent
static value after the first few waves have passed the crack tip. The solution of dynamic stress
intensity factor obtained in this study can be used for analyzing the condition for the unstable
crack propagation under dynamic moving loading.
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