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Abstract

The effective thermoelastic properties of composites
reinforced with short-coated fibers whose orientations
and aspect ratios are varied have been formulated.
Under the assumption of thin coating, the stress field of
the coated layer remains uniform across the thickness
of the layer but otherwise possesses variation along
other directions and can be found in terms of the stress
field of the fiber and the direction cosines through the
use of the interface jump condition between the coating
and the fiber. The effective thermoelastic properties are
then derived based on the Mori—Tanaka scheme and
the modified Walpole method. Numerical examples
including some parametric studies are also included.

Keywords: effective thermoelastic property, coating,
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1 INTRODUCTION

Composite materials have been extensively used in
many applications because of their high specific
stiffness and strength. Discontinuous fiber-reinforced
plastics are attractive in their versatility of properties
and relatively low fabrication costs (e.g. injection
molding). They consist of relatively short variable
length, and imperfectly aligned fibers distributed in a
continuous matrix material (usually isotropic). The
orientation of short fibers depends on the processing
conditions (e.g. hot pressing, extrusion or rolling)
employed and may vary from random to nearly
aligned. The length distribution of short fibers
depends on the shear forces of screw and ram which
break the fibers during extrusion compounding or
injection molding. Thus it is imperative to take into
consideration the effects of the bias in variation of
fiber orientation and fiber length on the thermoelastic
properties of the composites.

In most of the applications fibers are not coated.
Recently, there has been a growing demand for coated
fibers as a reinforcement in some new application
areas such as electrical composites, metal-matrix

329

composites (MMC) and ceramic-matrix composites
(CMC) intended for high-temperature applications. In
MMC and CMC, coating prevents the fiber from
debonding owing to the chemical reaction between the
matrix and the fiber. In electrical composites,
conductive metals are coated on nonconductive fibers
to obtain the desired level of conductivity of the
composite at reduced material cost. Coating can also
act as a protective barrier for the fiber and prevent
oxidation, thus enabling it to be used for extended
periods of time in an oxidizing environment. Coating
of different materials and of varying amounts have
also been applied to the fibers to prevent or control
the degree of bonding at the fiber/matrix interface,
which leads to a substantial improvement in the
strength and damage tolerance of composites.

A basic problem in composites with coated fibers is
the calculation of stress field and thermoelastic
properties. Walpole' proposed a simple method,
avoiding actually solving the elastic field, to calculate
the stress field within a thin coating if the solution to
the stress field is known a priori for a single noncoated
fiber embedded in an infinite matrix. Hatta and Taya®
calculated the thermal stress field within the coating
for a coated fiber composite by modifying the Walpole
method together with Eshelby’s equivalent inclusion
method. The above-mentioned studies limited them-
selves only to the stress field and did not discuss
thermoelastic properties. Pagano and Tandon™ gave
their bounds to the thermoelastic properties for
multidirectional coated fiber composites, in which the
fibers were continous. Their work holds for both thin
and thick coatings but they limited themselves to
composites with long continuous fibers, partially due
to the difficulty in solving the stress field of
short-coated fiber composites. Recently the work of
Hatta and Taya® has been extended® to caiculate the
thermoelastic properties of composites reinforced with
aligned short-coated fibers. Most of the existing
models to predict the thermoelastic properties of a
short-coated fiber composite were based on the
assumption that all short fibers have the same length
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(or aspect ratio). Since the thermoelastic properties of
a composite are not a linear function of fiber length, a
uniform fiber length assumption may result in greater
prediction error than in the actual case. Thus, a
further extension of previous work to predict the
effective thermoelastic properties of composites
reinforced with randomly oriented short-coated fibers
is aimed at in this work. Again it is assumed that the
coated layer is thin and hence the stress field within
the coating is reasonably assumed to be uniform
through the thickness but otherwise may vary along
other directions. Numerical examples including
several parametric studies are conducted and the
results presented.

2 EFFECTIVE ELASTIC MODULI

Consider an infinite elastic body (without inclusions,
i.e. the matrix only) subjected to a uniform stress field,
. The uniform strain, €,, produced is:

€0=C0_10'0 (1)

in which C° is the elastic modulus tensor of the matrix
(which is assumed to be isotropic). In this paper
boldface upper-case English letters and lower-case
Greek letters denote fourth- and second-order
tensors, respectively. When there are -ellipsoidal
inclusions (coated fibers) present in the matrix, a
perturbed stress field is induced and is denoted as
& (x). The total stress field, or(x), is now the sum of
two stress fields: oy + &(x). The volumetric average
of the perturbed stress and strain fields of the matrix,
o and €, are defined according to:

1
Vb-a

G- @ a-7—| a0V -Ce @
D—-Q

in which D, Q, and D — Q are the domains of the
whole elastic body (composite), all the coated fibers
and the matrix respectively; Vp_g is the volume of the
matrix; and ( )p_o is the volumetric average for the
domain D — Q. Thus the average stress field in the
matrix is:

0'm=00+6=C0.(€0+€) (3)

The elastic modulus tensors of the fiber and the
coating are denoted by €/ and C°.

Consider now the fibers being oriented in a
distributional way. Let x{—x;—x; be the local
coordinate system for the inclusions and x; —x, — x3
be the global coordinate system of the whole elastic
body. Let Q be a coordinate transformation matrix,
such that:

X'=0.X )

In the following the symbols with and without primes
denote respectively quantities in local and global

coordinate systems. Short fibers with different aspect
ratios are modelled by spheroidal inhomogenities (i.e.
the cases of I/d > 1,1/d =1, and I/d < 1 for prolate
spheroid, sphere and oblate spheroid, respectively).
The domain Q consists of N subdomains, Q,, i =1,
2,...,N. The subscript i denotes the ith group of
fibers which happen to share the same fiber aspect
ratio (//d),. Thus the ith group of fibers and the jth
group of fibers are viewed as different kinds of fibers if
their aspect ratios are different from each other no
matter whether they possess the same material moduli
or not. Volume fractions of fiber and coating of the ith
group of fibers are denoted V; and V, , respectively.
The volume fractions of whole fibers and whole
coatings are hence the sum of those of all the groups,
namely, V; =L, V; and V, =X, V,, . Then by the
use of Eshelby’s equivalent inclusion method,’” one
has, in the domain of a typical fiber, € :

oly=C . ey=C" . (eh+ & + el + )
=C" . (eh+€ +ely +ei —€k)) (5)
and, in the domain of coating of a typical fiber, Q. :
0% =C. €l =C" . (f+ & + €5 + €3))
=C" (ef+ & + B + €Y — i) (6)

in which €}’ and €f] are ‘eigenstrains™® defined in
Q;, and Q,, respectively, and () is the disturbance
of the strain field in the kth domain due to the
existence of the /th phase with k (or /) =1 (fiber) and
2 (coating).

From previous work,® we know that:

€t =St - €l %

where S, is Eshelby’s tensor.®®

In the present model the disturbance of the strain
field in Q; due to the coating is averaged over the
fiber domain € . The average of disturbed strain field
is denoted as €. Thus we have €{3 = (€{3(x));. Then
according to Hatta and Taya,” under the assumption
of thin coating layer, one has:

o Voo .
€’ = —‘—/_m'<s(()i) . sz:)z )2 (®)
§O)

. o Ve .
in which — is assumed to be a constant for every i

and (), anc/;(l)( ), denote the averaged quantity over £,
and Q, — Q,, respectively, and further, the fourth-rank
tensor SY, is related to the Eshelby tensor Sj;) as well
as the surface directional cosine n; of a fiber surface
outward unit normal n(;, namely:

0’ — Q7 _ m’ ! ! m-1’
Sklmn(,) - Sklmn(i) Cpqmnnq(;)nl(,-)Kkp(,-) (9)

in which

C ,
Ki Cﬂjln/'c(,-,nl(,-) (10)

oy
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Under the assumption of thin coating and hence the
constant variation of stresses and strains through the
thickness of the coating, the volume average of a
stress or strain function, being a function of surface
direction, i.e. F(n'), over the domain of coating, Q.),
can be calculated in a simple way.’

Now since the total volumetric average of the stress
field of the whole composite must be equal to oy, it
follows that:

vt (St {(Ba)) oo

in which f; is the volume fraction of the matrix and

(Aux(0.¢)) =

© 271
f Ai)(6,8)pi(6,4)sin6dod
0 Y0

o 2n (11a)
J(;J;) p(,-)(9,¢)sin0d9d¢

and p;(0,4¢) and © are respectively the fiber
distribution density (i.e. number of the ith kind of
inclusions per unit solid angle) and the fiber
distribution limit angle (® = 90°). If p(6,¢) = constant
and ©=90°, then the composite is isotropic.
Substituting eqns (3), (5) and (6) into eqn (11) gives:

e+ <<E V (eth+ e — E;!;)l)>>
’ <<<2 Veol€lo + €6~ GE‘§>2)>2>> =0 (12)

In addition, the total volumetric average of the strain
field of the whole composite, €, can be expressed as

=foleo + €) + <<2 Vi (€oy + Eay + €¢y + E%iz))>>

- 21 22
<<<2 Veo(€o,, + €6y T €6y + f(i))>2>>

=€ te

+ <<2 v (e + 612)>> + <<<2 Ve )(e(,) + e%,-z))lF2>>>

co(Suah () o

in which the last equality is obtained through the use
of eqn (12).

Let us now focus on the interface between a short
fiber and a thin coating. By continuity of traction and

displacement vectors at the interface, it requires
that:>'°

ug, —w, =0 (14)

and

(06— ofy) . ny =0 (15)
where n’ is a unit vector outward normal to the fiber
surface. The displacement gradient tensor u;,, is

discontinuous across the interface and the jump of
U1, ACTOSS the interface can be expressed as:

o
Upiiy — ukl(t) )‘kmnlm

or
¢’ [ = 1 ot ' '

€~ € =5 (Yoo + oY) (16)

Substituting eqns (5), (6) and (16) into eqn (15) yields:

v ge—l m' _ e’ Y c—1" m' %1’
Apm KP!(.) (Cifkl Ciikl)eklu)nlm KP'(:) Cllklekl() iy (17)

in which
K5, = Ciuntic hi, (17a)
Substituting eqns (16) and (17) into eqn (6) gives:
oy =Dy . ey — D,y . €0 (18)
in which
D},-') =C°. Pf,-') (C™=CY)
D%i’) =C. ‘(:i) .C"
'lk’m (K'ka) nl(z)n’(:) + K"(x) nl(z)nkm + KJk(:) l(:)n’(:)
+ K, Jly n,-’(,,)n,'c(i)) (18a)
From eqns (6) and (18), we obtain:
E(,) = (CC v Cm v ) UCU)
=(CV -y, D(,) (eg+ &+ e%})’ + e%,z))
- (CC_] - Cm_l ) . D(i) . Ezki)l, (19)
substituting the above into eqn (8) leads to:
€ =Rly. (g +€ +ei)—RE,. €l (20)
in which

R}y =(1-Dg)™". DY
Ry =(@-Dg)) ™" Df

‘/C c— m—1' !
D% = ($2)s8 (€~ - C). Dy,
Vi

D{, = (V; )(S ACTV=CY) . D, (20a)
@)

and I is a fourth-rank identity tensor defined as:
pqrs - (sprsqs + saqr) (20b)

From eqns (5) and (7) one can find:
€l =L{. (e +€) (21)
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where
Liy=(0+A". T, .RY —A' . T}, . R, . S() ™!
(AT + ATy, . RGy) (22a)
A=I-C"". ¢ (22b)

Tiy=0+S; . C* V. C" =S;)7! (22¢)
Substituting eqns (7) and (21) into eqn (20) yields:
€ = [Riy . (A+85, . Liy) —RG . L] - (6 + €)
=L% . (e +€) (23)
From eqns (7), (21) and (23) one has:
ety + ey —€ly =[St —D. Liy + LGl . (€5 + €)
=L},. (ef+€) (24)

Transforming the above equation under a local
coordinate system into one under a global coordinate
system gives:

e +ed— el =Ul. (eg+ € (25)
where
U }clmn(,») = Lzlqrsm ka(,-)qu(i)QrM(,-) anm
Also, from eqn (6) one has:
e +eh —€li=Cl .ol —€)— € (26)

Substituting eqns (7), (21) and (23) into eqn (26)
yields:

e ten—e€l =LG . (e6+€)
where
Again, in a global system one has:

e+ eh—elf =Us) . (e +€) 27
where

U‘deﬂ(i) - qufs(nQPk(i)le(i)Q""(i)an(o

Substituting eqns (25) and (27) into eqn (11) yields:

e+ <<E Vf(,.)U},-)>> (€0 + &)

. <<2 V. (i)Uf’i)>>F. (e +8)=0 (28)
in which

U?clmn(,-) = <U%clmn(,«)>2 = (L:Iqrs(,-)>2 ka(,-) qu(,-) Qrm(,») an(,-)
Rearranging eqn (28) yields:

€+e=1I+ <<2 Vf(,_)U}i)>>
+ <<Z ‘/c(i)U?i)>>)'l €0 (29)

Substituting eqns (7), (21) and (23) into egqn (19)
gives:

=LY (e €) (30)
where
LY =(C:" = C.). Dgy. I+, . Ly, + LE)
—(C7'.~C."). D). Liy

Now rewriting eqns (21) and (30) in a global
coordinate system gives:

ef‘f)l = U‘(‘i) (ept+€) (31)
and

ey =Ujy . (601 €) (32)
where

4 —_Jl

Uklmn(,-) - qurs(,-) ka(,-) qu(,») Qrm(,-)an(,)
5 76

Uklmn(,) - qul'S(,-) ka(,-) qu(,») Qrm(,-) QS”(:‘)

Substituting eqns (29), (31) and (32) into eqn (12)
yields:

oS o) (2w
(v (sr)) o o

where

Uklmn(,-> = <Uklmn(,)>2 = <qurS(,-)>2ka(,-)qu(,-)Qrm(i)an(i)

Finally one can define the effective elastic modulus
tensor C* according to:

g,=C*. €’ (34)

Thus from eqns (1), (34) and (33), the effect elastic
moduli C* can be obtained as:

e (S ) - (S )
(s fro) T o

3 EFFECTIVE COEFFICIENTS OF THERMAL
EXPANSION

As a parallel to the derivation above, to evaluate the
effective coefficients of thermal expansion (CTE) of
the composites with thin coated fibers, let us first
subject the matrix alone to a uniform temperature
field AT. The uniform thermal strain, €, produced
due to such temperature field is:

€ =ATa,, (36)

in which e, is the second-order tensor of the
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coefficients of thermal expansion of the matrix. It is
noted that due to free expansion and free external
loading, there are no stresses in the matrix, i.e. g, = 0.
When there are ellipsoidal coated fibers present in the
matrix, a perturbed stress field &(x) is induced and
the volumetric average of the perturbed stress field of
the matrix, &, is again given by eqn (2). By Eshelby’s
principle of equivalent inclusion, one now has, in the
local domain of a typical fiber, Q' :

oly=C . (€ +e)y +eli —€™)
=C™ . (€ +ey +eif — el 37)

and in the local domain of coating of a typical fiber,
Q! -

26N
o =C" . (€ + €3 + e —€)
=C™ . (& + € + € — €F) (38)

in which
e = (af — a,)AT

€™ =(a, - a,)AT (39)

and of and a; are the tensors of the coefficients of
thermal expansion of the fiber and the coating,
respectively. It is noted that the relationships for €},
and €}, eqns (7)-(10), are again valid. Further, the
traction continuity and jump condition of displace-
ment gradient given by eqns (15) and (16), hold here.
Substituting eqns (37), (38) and (16) into eqn (15)
yields:

1 — -1 m' __ e’ = 11’ 12’ '
Apy = Kpiy [(Chira = Cin) (€ + €4, + €11 )N,

o m’ kKl c' T2' .+
Cix€ity, N, + Ciu€rd 1] (40)

in which Kf,;-(i) is defined as in eqn (16a). Substituting
eqns (15) and (40) into eqn (38) gives

o =Dl (& + ely + €l3) - D e + Dy ™
(41)
in which
D{,=C" . P,.C" —C” (41a)
and D, DY, and P{; are defined by eqn (18a).
The total average stress over the whole domain is

again given by egn (12); however the total average
strain becomes:

o = 87, + (3 vy )
S v fetrn) @

From eqns (38) and (41), we get:
e =(C""-C"") .o+
=(CTV=C") . Dy (€ + €y T €3)

(€ - ). D e
+[(CTV=C"Y) . DYy + 1] €™ (43)

Thus eqn (8) can be rewritten as:

€5 =Riy. (€ +€3)—REy. e5F + R}, . €77 (44)
in which R{,, and R, are given by eqn (20a) and:

Ry =(1-D{)~". DY,

DS, = (%@)(s?;) CTT =€) D 1), (44a)
o
Now from eqn (37) we can find:
e =L{,. € +L],. e +L% B (45)
where
Lip=0+A". T, . R — AT, . R, . 8!
(A" Ty - RY)
L, =(O+A" . T, . R~ AT, . RE;). Sip) ™
ATy S+ D). Cl L ¢ (45a)

Substituting eqn (45) into eqn (44) yields:

e =LY € +Ly,. e+ LY . €l (46)
where
9 _ 2! 7 7’ 7’
Li) = (R - Siy —RG) - Liy + Ry + Ry,
Thus:

o, 12 g3 = ©oT Cor
€ Ten €8T =L & + LG . e+ LG . €T (47)

where
n . ,
Liy =i —D. L+ LY,

L =Sy -1 . L + LY (47a)

Substituting eqns (7), (41), (45) and (46) into eqn (6)
yields:

v g . . P A
€y teq €l =L € + LY. B+ LI N (48)
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where
L3 =(C,." D(z) Si —C.'. (z)) L(,)
+C,V. Dy . LY, + G . DY,
Ly =(C." . Dgy - Sty — G D) . L,
+C,V . DY, LY (48a)

Rewriting eqns (47) and (48) from a local coordinate
system to a global coordinate system yields:

U%i) .€+ UZ,) . €Té + U?,) . ET{ (49)
U e+ U5, B4 UY. e (50)

€nted €l =
€ ten €l =
where the components of Ui () are given as follows:
U; kimng, = L};Zmn( )ka(x) qum
Uz klmng, = Lzlrgimnu)QPkw Qs (51)
Uzlmn(,) = L}ﬁ}mn( \Ori qu«)
U klmngy = = Lll;‘:lmn( )ka(i)qu(,)

Substituting eqns (49) and (50) into eqn (12) yields:

((Zvv). e (Zvn)

+<<Z Vﬂ»U?f>>> € 1>+<< V., Ub) . €

(S i (Svu).-eizo @
where
Uldmnyy = Usimny)2 = {Lipgmn )2 oy Qaty
Ul = Ulhns = L2 Qi @ty O
Solving € from eqn (52) yields:
e=X,.e2+X,.¢eh (53)

where

-~ (e {Evu) (S )
<<<E Vf(.)UZo>>+<< <z>>>>

(1 (i) + (S )
((Eww)+(zrus)  ow

Similarly, transformed to a global system, eqn (45)
becomes:

— . 4 T
6?;)*] = U?i) .e+ U%,?S €T2+U%i). €! (54)

where
Uklmn() = L;qmn()ka(,-) qu(,-)
Uklmn() = Lf)qmn(,) ka(,-) qu(,-) (548)
From eqn (43) one has:
e = L?,f). e+ L(1,7) e+ L},S) el (55)
where
L) =(C7" = C.Y). Dy (S - Ly + L)
—(C'-C.1). Dy . Ly,
+[(C;V = CY). DYy +]
Lif =(C.V = C.Y) . DYy (8¢ - L) + L)
- (Cc - Cm ) . D(,) . L(i) (553)
Again, in a global system, eqn (55) becomes:
=U,. €+ UR. e+ Ug. €l (56)
where

— J 17’
Uklmn( i) qum"(x) ka(l) qu(i)
_ 718
Uklmn( i) qumn(l) ka(i) qu(i) (56&)

Finally substituting eqns (54) and (56) into eqn (42)
yields:

= a,,AT + <<2 Vf(,_)U;‘i)>> L€+ <<2 vﬁ,_)U},.3)>> L€
(Zvvs). e (Zwen)-e
(S vaui). 5 (Srau).

where
Uk kimng = = (Ui klmn(,)>2
18’
Uklmn( i) = <Uklmn( )>2 (qumn(,)>2 ka(;) qu(i)

Thus the effective coefficient tensor, &, of thermal
expansion can be obtained as:

(qumn(1)>2 ka(,») qu(i) (57a)

-+ [(Zv08) + (S Voot

Xy (@ ) X (af, - a,)]

(i) (S vvs)]
Aol —a,) + [<<2 Vf(i)U%i“)>>
* <<E V%U%S»] (& — &) (58)
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4 FIBER LENGTH DISTRIBUTION (FLD)

When preparing a specimen by extrusion compound-
ing or injection molding, the shear forces exerted by
the screw or ram may further break the original
chopped strand fibers, which results in a length
distribution. In the literature'"'> the two-parameter
Weibull distribution has been used frequently. In the
numerical illustration that follows, such a distribution
is also adopted. Since dimensionless quantities are
used in this work, we use the parameter (aspect ratio)
t=1/d (where ! and d are the long and short axis of
the ellipsoidal fibers, respectively) .instead of the
dimensional parameter fiber length in the Weibull
distribution.

For the Weibull distribution function,’* the
probability density function and the accumulated
probability function are, respectively:

o5 ("l ()] o
F(t) = f t f(x)dx=1—¢ Wbk (60)

where b is the scale parameter and c is the shape
parameter. The expected fiber aspect ratio is:

?:L If (x)dx = br( 1) (61)

where I'(x) is the gamma function. Consider now an
aligned short-coated fiber composite with variable
aspect ratio (all of the fibers are along the x; axis).
Equation (35) reduces to:

cr= [I + (E VfHU(l) +2 V., e >U(i)>

-19~1
(I+Z Vi, U+ 2 V., (,)> ] (35"

and eqn (58) reduces to:

[E ‘/f()U(t) + 2 ci )U(z)] X1 (ac m)
X (af ~ )] + | 3V, U8 + 3 V., U]

Aol - ay,) + [z Vi, UGS + > Vc(‘_)U%,%] A — @)
(58")

where

-1
X, = (1+ 2V, U+ 2 Ve, (a))

(2 Vi Uly + 2 Ve, (n)

N —1

X (I + 2 1';‘(r)U(l) + E Cm (t))

(53a")

. (E Vf([)U?i) + E VC(r;U%'?‘))

When the length distribution follows the statistics of
eqn (59), the number of kinds of fibers, N, becomes
infinity. Thus eqn (35"} becomes:

C*=C,, . [+ (V;(U") + V.LU%))
AIFVLAUD V)T (35

and eqn (58") becomes:

= a, + [Vi{U) + V(U] [X; . (! — @)
+X;. (& = a,)] + [V,(UP) + VL(U7)]
(a — @) + [VAAU) + V(UPH . (ef — @)
(58")
where
f (DA()dt
(A =—
f f(Hydr
and
X, = —(I+V(U) + V(U hH)™
C(V(U) + V. {U))
X, = —(I+V(U") + V(U?))™'
(VE{U%) +V.(UY) (53a’)

5 FIBER ORIENTATION DISTRIBUTION
(FOD)

A description of the orientation distribution function p
of a specimen made by extrusion compounding and
injection molding is usually three dimensional.
However, two special cases'? can be considered. The
first assumes that the specimen possesses a transverse
isotropy, say in the 2-3 plane. Thus the distribution
function p must be axisymmetric with respect to the x,
axis, i.e. p is a function of 8 only. The second assumes
a planar fiber distribution. Then angle ¢ =0 and again
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one has p=p(6). For both cases, Kacir’s’*'* one
parameter fiber orientation distribution can be used:

Aero
p(O)=1- (62)

in which p(8) is the density function of the fibers
oriented at +6, A is the shape parameter and 6 is the
orientation angle ranging from 0 to #/2. A larger
value of A corresponds to a more aligned fiber
distribution.

Consider now an oriented short fiber composite
with the same fiber aspect ratio, i.e. the shape of fibers
is the same. Then the equivalent elastic moduli, eqn
(35), reduces to:

C*=C,.. [I+ (V;{U") + V.(U°))
ST+ VUY +VUHTT (357

and the equivalent coefficients of thermal expansion,
eqn (58), become:

ET

AT
= a, + [V (U*) + Vi(UM]. [X; . (! — @)
+X;. (@ — @,)] + [V;{U”) + V.(U"}]

(@l = ) + [V;(U) + V(U] (of — )
(58")

where the forms of X; and X, are the same as eqn
(53a") except now:

a=

f i f ) A(8,¢)p(0)sin8dod
0 0

2n rrl2
f j p(6)sin0do
o Jo

6 NUMERICAL EXAMPLES AND
DISCUSSION

In this section, numerical examples including some
parametric studies based on the formulation de-
veloped in this work are conducted and the results
presented. The materials of matrix, fiber and coating
used are all isotropic. The following notation is used:

(A(6,9)) = d¢ (63)

E,, E;, E. =Young’s moduli of matrix, fiber and
coating

Vins Vs, V. = Poisson’s ratio of matrix, fiber and
coating

@, ay, a. = coefficients of thermal expansion of
matrix, fiber and coating

Vs Vs, V. =volume fraction of matrix, fiber and
coating

l,d =long and short axis of the ellipsoidal
fiber.

The first three examples below are comparisons of
our theoretical work with the existing theoretical and

Table 1. Comparison of experimental and analytical data
for the longitudinal CTE at 75°F

a, (107%/°F)

Material system Exp. RH Present
T300/5208 —0-063 —0-051 —0-051
T300/934 -0-001 —0-089 0-089
P75/934 —0-584 —0-512 —0-512
P75/930 —0-598 -0-627 —0-627
P75/CE339 —-0-567 —0-477 ~0-477
C6000/Pi —-0-118 —0-104 -0-104
HMS/glass —0-230 —0-180 —0-180
P100/Al -0-800 —0-907 —0-908

experimental work. The last two examples illustrate
some parametric effects based on the present work.

6.1 Example 1

In this example, the present formulae were reduced to
the case of unidirectional non-coated long fibers. The
material systems were used from previous work."
Only CTE were computed and compared with
experimental data and other theoretical schemes®
(only the RH method was chosen since it was in better
agreement with experimental data). The results are
given in Tables 1 and 2. It follows that the present
EIAS method was as accurate as the RH method and
both were satisfactory when compared with the
experimental data.

6.2 Example 2

The second example is a comparison of our solution
with those of the bound solutions of Pagano and
Tandon>* on the thermoelastic moduli for a composite
with long-coated fibers, an extreme case of our work.
The material properties of matrices, fibers and
coatings are given elsewhere.* The coated fibers were
randomly distributed along each direction in the
matrix, which results in a three-dimensional isotropic
composite. The comparisons are given in Table 3. A
good consistency of our prediction with the two
bounds based on Pagano and Tandon’s displacement
formulation and traction formulation was reached.

Table 2. Comparison of experimental and analytical data
for the transverse CTE at 75°F

a, (1075/°F)

Material system Exp. RH Present
T300/5208 14-02 13-60 13-58
T300/934 16-13 16-50 16-48
P75/934 19-18 18-90 18-92
P75/930 17-62 13-90 13-90
P75/CE339 26-34 23-70 23-74
C6000/Pi 12-46 12-40 1254
HMS/glass 2-10 2-49 2-49
P100/Al 16-06 15-00 15-00
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Table 3. Comparisons of present model with that of Pagano and Tandon™ on the effective thermoelastic moduli of a
compeosite with uniformly distributed long-coated fibers

Composite Thickness Formulation E G v a
system parameter” (GPa) (GPa) (107/°C)

Nicalon/BMAS 0-00 Displacement” 128-16 51-25 0-250 2-8896
Traction® 127-35 50-87 0-252 2-8891

Present 128-00 5117 0-251 2-8910

Nicalon/nickel/BMAS 0-01 Displacement 129-11 51-60 0-251 3-0415
Traction 128-25 5120 0-253 3-0404

Present 129-00 51-51 0-252 3-0414

0-10 Displacement 138-72 55-10 0-259 4-4549

Traction 137-50 54-54 0-261 4-4496

Present 138-60 54-99 0-260 4-4341

Nicalon/carbon/BMAS 0-01 Displacement 118-06 47-50 0-243 2-8787
Traction 117-49 47-27 0-243 2-8767

Present 118-00 47-43 0-243 2-8817

0-10 Displacement 80-20 3294 0-217 2-8410

Traction 74-96 30-76 0-218 2-8243

Present 80-18 32-81 0-222 2-8590

“ Thickness parameter = coating thickness/fiber outer radius.
® Pagano and Tandon.?
¢ Pagano and Tandon.*

Table 4. Comparisons of present model with the experimental data of Choy ef al.'® on the effective
thermoelastic moduli of a composite with uniformly distributed short-coated fibers

PPS30cf (24-3%)" PPS40cf (33:5%)° PPS40gf (26:4%)*
Surface Middle Surface Middle Surface Middle
A 41 1-9 4.7 2:1 53 29
Cy 36-96° 31-04 44-11 36-7 23:02 2166
(35-0)° (31-9) (41-7) (36-0) (247) (21-2)
Cy 10-56 13-86 1076 14-43 12-11 12-91
(10-0) (12~5) (10-8) (15-1) (12-1) (13-0)
Cs; 9-44 9-44 9-83 9-83 11-88 11-88
(9-50) (10-5) (10:3) (10-9) (11-5) (12-0)
Cu 1-89 1-93 211 2-16 2:23 2-24
(1-84) (2-74) (1-99) (2-78) (2-40) (2-65)
Css 2:09 206 2-44 2-38 2:34 2-33
(2-28) (3-09) (2-55) (3:28) (2-52) (2-95)
Cee 4-20 5-56 462 642 3-02 3-54
(3-42) (5-30) (3-86) (5-80) (3-12) (3-45)
Cys 563 5-45 5-58 531 7-42 7-38
(5-20) (5-50) (6-10) (6-30) (7-10) (7-10)
Cis 5-38 522 532 5-00 7-07 7-10
(5-20) (5-60) (6-20) (6-40) (7-10) (6-90)
Cp 7:16 829 7-06 837 7-64 814
(6-20) (5-90) (7-20) (6-70) (7-50) (7-20)
E, 31-50 253 38-76 30-96 17-42 1574
(33-6) (28-1) (362) (31-5) (19-2) (16:1)
E,, 6-68 9-59 7-12 10-4 6-93 7-52
(6-80) (9-30) (6-90) (11-2) (7-20) (8-20)
E;, 6-33 7:05 6-82 7-61 7-02 7-30
(6-70) (7-80) (6-70) (7-90) (7-00) (7-60)

“ Fiber volume fraction.
* Qur theoretical prediction.
¢ Experimental data of Choy et al.
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Fig. 1. Equivalent dimensionless Young’s modulus E,/E,,
versus fiber orientation parameter A under various ratios of
E./E..

When the thickness of coating was relatively large, our
prediction was closer to the bound one by
displacement formulation.

6.3 Example 3

The third example compares our theoretical predic-
tion on the elastic properties with the experimental
work of Choy et al.'® In this example, the fibers were
uncoated and orientationally distributed in the 1-2
plane (axis 3 was the out-of-plane direction). Thus the
composite behaved orthotropically. To mimic this
situation, we set angle ¢ =0 in relevant formulae.
There were three sets of specimen in their
experiments. Due to the nature of injection molding,
the surface layer and the middle layer of each
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Fig. 2. Equivalent dimensionless Young’s modulus E,/E.,
versus fiber orientation parameter A under various ratios of
EJE..
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Fig. 3. Equivalent coefficient of thermal expansion oy/ap
versus fiber orientation parameter A under various ratios of
E.JE,.

specimen behaved differently. Thus there were six sets
of data. The elastic properties were measured by using
an ultrasonic technique. The comparisons are given in
Table 4. As claimed by Choy et al., the average of
error of their experimental data was about 6%, thus it
seemed that our prediction was satisfactory.

6.4 Example 4

In contrast to the above examples, this example is a
parametric study for an oriented short-coated fiber
composite with orientation distribution described by
eqn (62). The numerical results are presented in Figs 1
to 8, where the elastic moduli and the coefficients of
thermal expansion are plotted against the shape

d2/6m  0.70]

0553+
0 Z

@
—
N
-
[<)]

Fig. 4. Equivalent coefficient of thermal expansion /o,
versus fiber orientation parameter A under various ratios of
E/E,.



Thermoelastic properties of fiber composites 339

38 T

-
T -
CEi

38t
34t
32

E‘I/Em
+ Vo/V=0005
x 001

28}
o 008
26} X 01
24147 .
2
22¥
2 n i i e i
[} 2 4 6 8 10 12 14
A

Fig. 5. Equivalent dimensionless Young’s modulus E,/E,,
versus fiber orientation parameter A under various ratios of
Vel Ve

parameter A. The unchanged material properties for
each figure are: E;/E,, =5, v. = v, =0-03, ¢, =0-25,
o/, =02, a;/a,, =3-3,1/d =10, V; = 0-4.

In addition, in Figs 1-4 the ratio V./V; =0-04 but
E./E, were allowed to vary from 05 to 50; in
contrast, in Figs 5-8, the ratio E./F,, =05 but the
ratio V,/V; varied from 0-005 to 0-1. Saturation of the
moduli and coefficients of thermal expansion as A
increases (i.e. fibers were more aligned) was expected.

6.5 Example 5

This example is also a parametric study for an aligned
short coated fiber composite with length distribution
described by eqn (59). The numerical results are
presented in Figs 9-12, where the dimensionless

23 r . r . ——
2.2F + Ve/V=0008 ]
K * 001
N
- 005
21+\S °©
EZ/Em \\ X 0.1
2+
1.5}
18}
17

Fig. 6. Equivalent dimensionless Young’s modulus E,/E,,
versus fiber orientation parameter A under various ratios of
v/ Ve
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Fig. 7. Equivalent coefficient of thermal expansion a,/a,,
versus fiber orientation parameter A under various ratios of
Vel Vs

equivalent elastic modulus E,/E,, and the dimension-
less coefficient of thermal expansion a;/a,, are plotted
against the fiber volume fraction V;. The unchanged
material properties for each figure were: E./E,, =0-5,
Ve =v =025, v,=03, o/, =02, a./ax,, =2, c=
1-25, b = 21-4755.

In addition, in Figs 9 and 10 the ratio E;/E, =20
but V./V; were assigned to be 0-01 and 0-05; in
contrast, in Figs 11 and 12, the ratio V_/V; = 0-05 but
the ratios E;/E,, were given as 5 and 20 respectively.
In each of these figures, two sets of data were
obtained: one based on the length distribution, eqn
(59), the other based on the mean of this distribution.
As expected, the differences of the values of the
equivalent Young’s modulus F,/E,, and the coefficient
of thermal expansion «;/a,, calculated based on the
distribution and those calculated based on the mean

0.8 v M T T T T

0.75} Prad J
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% ek /
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e s e

+ V¢/V¢=0.005(distribution)

086 x 001 {mean)
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Fig. 8. Equivalent coefficient of thermal expansion a,/a,

versus fiber orientation parameter A under various ratios of
Vel Ve.
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Fig. 9. Equivalent dimensionless Young’s modulus E,/E,

versus fiber volume fraction V; calculated based on

distributional fiber lengths and mean fiber length under
various ratios of V./V,.

were prominent; but for other moduli, the differences
were less significant and hence not shown here.

7 CONCLUDING REMARKS

In this work, the closed form formulae for effective
thermoelastic properties of a composite reinforced by
the orientation distributed and/or length distributed
coated fibers were derived under the assumption of
thin coating and constant variation of stresses and
strains through the thickness of the coating.
Comparisons with existing theoretical and experimen-
tal data were made and the results were satisfactory.
Additional numerical examples for some parametric
studies were also presented for illustration.

t T T T T

+ V./V¢=005 (distribution)

0.8 * 0.05 (mean) h
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Fig. 10. Equivalent coefficient of thermal expansion a;/a,

versus fiber volume fraction V; calculated based on

distributional fiber lengths and mean fiber length under
various ratios of V_/V..
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Fig. 11. Equivalent dimensionless Young’s modulus E,/E,,

versus fiber volume fraction V; calculated based on

distributional fiber lengths and mean fiber length under
various ratios of E.[E.,.
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Fig. 12. Equivalent coefficient of thermal expansion a,/w,,

versus fiber volume fraction V; calculated based on

distributional fiber lengths and mean fiber length under
various ratios of E./E.,.
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