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Stability of a shallow arch with one end moving at constant speed
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Abstract

In this paper we consider a shallow arch with rise parameter h, free of lateral loading, but subject to prescribed end motion e with constant
speed c. Attention is focused on finding out whether dynamic snap-through will occur. Quasi-static analysis is first performed to identify all
equilibrium configurations and their stability properties when e and h are specified. If the arch is stretched quasi-statically, it will be straightened
up and no snap-through will occur. However, when the speed c is not negligible it is possible for the arch to snap to the other side dynamically.

Careful analysis shows that the only possible situation when dynamic snap-through may occur is h > 3
√

6 and
√

8
3h− 4 < e < 2

9h2 − 4. In this
case, to prevent dynamic snap-through to occur the end speed c must not exceed a critical speed, which is a function of e and h. The minimum
critical stretching speed is found to be 25.9 for all possible combinations of e and h.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

One important response of a shallow arch under transverse
loading is snap-through buckling. The buckling phenomenon
is characterized by a sudden jump from one equilibrium con-
figuration to another for which the displacements are distinctly
larger than the first one. The researches in the stability of shal-
low arches may be divided into two categories, i.e., static sta-
bility and dynamic stability. In the aspect of static stability, the
lateral loading is assumed to be applied in a quasi-static manner.
Due to the non-linearity inherent in arch deformation, multiple
stable equilibrium positions may exist and arch configuration
may jump from one stable equilibrium position to another sta-
ble position. Early classical investigation can be found in [1–9].
Experimental results have been reported by Roorda [10].

In the case when the lateral loads are applied suddenly in-
stead of in quasi-static manner, the phenomenon is dynamic and
much more complicated. More importantly, the critical loads
predicted will be different from the one predicted statically.
For instance, if a lateral load is applied suddenly, the critical
load will be about 80% of the one applied quasi-statically. In
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other words, it is easier to snap the arch to the other side if
the lateral load is applied suddenly instead of quasi-statically.
A necessary and sufficient condition for dynamic stability is in
general difficult to obtain because it requires a complete inte-
gration of the non-linear partial differential equation of motion.
However, if we ignore the history of motion then we may find
a sufficient stability condition against snap-through. This ap-
proach has been adopted in many dynamic stability researches
of shallow arches, for instance, [11–28]. In all these analyses,
both ends of the shallow arches are fixed in space.

In this paper, we investigate a new elastic stability problem
which involves a shallow arch under prescribed end motion.
The arch is assumed to be free of lateral loading. At time t = 0
we assume that one end of the arch starts to move to a new
position with constant speed, while the other end remains fixed
in space. When the end speed is very small, the inertial effect
and the kinetic energy of the arch can be neglected. In this
case it is easy to visualize that the arch will be “straightened
up”, and it is unlikely that the arch will be snapped to the
other side. However, when the end speed is not negligible and
inertial effect has to be taken into account, we wish to find
out whether it is possible for the arch to be snapped to the
other side dynamically. This problem not only is new from the
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academic point of view, it may have practical application as
well. Consider an arch structure designed and constructed to
be in a stable equilibrium position. In the case when certain
unexpected disturbance occurs such that the distance between
the two ends of the arch increases, it is important to predict
whether the structure still holds or not.

2. Equations of motion

Fig. 1 shows an elastic shallow arch with the two pinned
ends separated originally by a distance L. The initial shape of
the arch is y0(x). At time t = 0, one of the ends starts to move
a distance � with constant speed c∗. The shape of the stretched
arch is y(x, t). It is noted that we prescribe only the end motion,
and assume that the external force needed for this motion is
always available. The equation of motion of the arch can be
written as

�Ay,tt = −EI(y − y0),xxxx + p∗y,xx . (1)

The parameters E, �, A, and I are Young’s modulus, mass den-
sity, area, and area moment of inertia of the cross section of
the arch. p∗ is the axial force,

p∗(t) = AE

L

[
�(t) + 1

2

∫ L

0
(y2

,x − y2
0,x) dx

]
. (2)

In writing Eqs. (1) and (2) we neglect the inertial effect in the
axial direction. The boundary conditions for y at x=0 and L are

y(0) − y0(0) = y,xx(0) − y0,xx(0) = y(L) − y0(L)

= y,xx(L) − y0,xx(L) = 0. (3)

Eqs. (1) and (2) can be non-dimensionalized to the forms

u,�� = −(u − u0),���� + pu,��, (4)

p = e + 1

2�

∫ �

0

(
u2

,� − u2
0,�

)
d�, (5)

where

u = y

r
, u0 = y0

r
, � = �x

L
, � = �2t

L2

√
EI

A�
,

p = p∗L2

�2EI
, e = L�

�2r2 .

L 

y0 y 

δ

x

Fig. 1. Schematic diagram of a shallow arch under prescribed end motion.

Here r is the radius of gyration of the cross section. p = 1
coresponds to the Euler buckling load for a perfectly straight
simply supported beam. The initial shape of the arch is assumed
to be in the form

u0 = h sin �, (6)

where h is the rise parameter of the arch. With this initial shape,
we can calculate the maximum stretching distance emax if the
beam is assumed to be inextensible,

emax = h2

4
. (7)

Eq. (7) corresponds to the case when the curved beam is
stretched to a straight line. All the stretching distance e dis-
cussed in this paper is limited to be smaller than emax.

It is assumed that the shape of the arch after stretching can
be expanded

u(�) = u0 +
∞∑

n=1

�n(�) sin n�. (8)

After substituting Eqs. (6) and (8) into (4) and (5) we obtain
the equations governing �n,

�̈1 = −�1 − (G + e)(h + �1), (9)

�̈n = −n4�n − n2(G + e)�n, n = 2, 3, . . . , (10)

where

G = 1

4

∞∑
k=1

k2�2
k + h

2
�1, (11)

e(�) = c�. (12)

The dimensionless speed c is related to c∗ by

c = L3

�4r3

c∗

cl

, (13)

where cl is the longitudinal wave speed of the arch. The over-
head dots in Eqs. (9) and (10) represent differentiation with
respect to �. The axial force p in Eq. (5) can be calculated as

p = G + e. (14)
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3. Equilibrium configurations

We first assume that the speed c is small and the acceleration
terms in Eqs. (9) and (10) can be neglected. From this condi-
tion we can examine the equilibrium configurations for various
values of e. There are two different types of solutions, i.e., one-
and two-mode solutions. The one-mode solution involves only
the first mode �1 sin �, while the two-mode solution involves
the first mode �1 sin � and one of the higher modes �j sin j�.
The properties of these two types of solutions are discussed in
detail in the following:

One-mode solution u = u0 + �1 sin �:
In this case �1 satisfies the following cubic equation:

f (�1) = g(�1), (15)

where

f (�1) = �1

4

(
�2

1 + 3h�1 + 2h2 + 4
)

, (16)

g(�1) = −e(�1 + h). (17)

It is noted that f (�1) is independent of e, while g(�1) is linear
in e. Fig. 2 shows several possible situations of the cubic curve
f (�1) and the straight line g(�1). First of all, we note that f (�1)

always passes points (0, 0) and (−h, −h). Furthermore, f (�1)

crosses the �1-axis at three distinct points only when h > 4.
Since e is always positive in our discussion, the straight line
g(�1) always passes point (−h, 0) with negative slope. From
Eqs. (16) and (17) we observe that g(�1) touches f (�1) when
e = e1, where

e1 = h2

4
− 3

4
(2h)2/3 − 1. (18)

It is noted that e1 = 0 when h = 4. Since the intersections of
f (�1) and g(�1) represent the equilibrium configurations, we
can make the following observations:

(1) If h < 4, or h�4 but e > e1, then there is only one inter-
section in Fig. 2. This equilibrium configuration is denoted by
P0 . Apparently,

−h < �1(P0) < 0. (19)

(2) If h > 4 and e < e1, then there are three intersections
in Fig. 2. The corresponding equilibrium configurations are
denoted by P0, P +

1 and P −
1 , respectively. The corresponding

�1 for P +
1 and P −

1 are in the ranges

−h − (2h)1/3 < �1(P
+
1 ) < − 3

2h + 1
2

√
h2 − 16, (20)

− 3
2h − 1

2

√
h2 − 16 < �1(P

−
1 ) < − h − (2h)1/3. (21)

The locations of these three equilibrium configurations are
shown in Fig. 2.

e>e1

e=e1

e<e1

f,g

α1P1
+P1

- (-h,0)

f

g

P0

Fig. 2. f (�1) and g(�1) of the one-mode solution.

(3) If e = e1, then the configurations P +
1 and P −

1 coincide.
We denote this special one-mode configuration as P1 . Also,

�1(P1) = −h − (2h)1/3. (22)

Two-mode solution u = u0 + �1 sin � + �j sin j�:
For this case Eq. (9) becomes

G + e = −�1

�1 + h
. (23)

In addition, the equation for n = j in Eq. (10) becomes

G + e = −j2. (24)

By combining Eqs. (23) and (24) the solution �1 can be written
explicitly as

�1 = −j2h

j2 − 1
. (25)

After substituting Eq. (25) back into Eq. (24), the solution �j

can be solved as

�j = ±2

j

√
ej − e, (26)

where

ej = (j2 − 2)j2h2

4(j2 − 1)2 − j2. (27)

These configurations are denoted by P +
1j and P −

1j , which exist
only when

e < ej . (28)

Since the �1 for P +
1j and P −

1j are the same, sometimes we write

it as �1(P
±
1j ). It is noted that both the e1 in Eq. (18) and ej in

Eq. (27) are functions of h only. By comparing Eqs. (18) and
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(27) we observe that

e1 �ej . (29)

The special h which renders e1 = ej is denoted by h̄j , where

h̄2
j = 2

(
j2 − 1

)3
, j = 2, 3, 4, . . . . (30)

The values of some of h̄j are h̄2 = 3
√

6, h̄3 = 32, etc.
It is impossible for a solution to involve more than two higher

modes. This can be proved by assuming that the solution in-
volves �j sin j� and �k sin k�, where both j and k are greater
than 1 and j �= k. After substituting the assumed solution into
Eq. (9) for n = j and k, one can prove that both equations
can be satisfied simultaneously only when j = k. This clearly
contradicts our original assumption. Therefore, it is impossible
to have an equilibrium configuration involving more than two
higher modes.

4. Stability properties

First of all, the dimensionless total energy H of any config-
uration can be calculated as

H = 2

�

∫ �

0

[
(u,�)

2 + (u,�� − u0,��)
2
]

d� + 2p2. (31)

The two terms in the integral represent the kinetic energy and
the bending strain energy. The last term on the right-hand side
is the strain energy due to the axial force. For an equilibrium
configuration, the kinetic energy is zero and the total energy
consists of only the strain energy U. The physical total energy
H ∗ and strain energy U∗ are related to H and U by

H ∗ = �4EI 2H

4AL3 , U∗ = �4EI 2U

4AL3 . (32)

After substituting Eqs. (6), (8), and (14) into (31), H and U can
be calculated as

H = 2(G + e)2 +
∞∑

n=1

[
�̇2
n + n4�2

n

]
, (33)

U = 2(G + e)2 +
∞∑

n=1

n4�2
n. (34)

For the two-mode configurations P +
1j and P −

1j the strain energy
are equal, and can be written in terms of e and h as

U
(
P +

1j

)
= U

(
P −

1j

)
= j4h2

j2 − 1
− 2j4 − 4j2e. (35)

In order to study the stability of the equilibrium configuration
with shape ū, we perturb the equilibrium shape by a small
amount �û to examine how the strain energy changes. � is a
small positive number. The strain energy U of the perturbed

configuration can be expanded in terms of � as

U(ū + �û) − U(ū)

= �

{
4

�

∫ �

0
[(ū,�� − u0,��)û,�� + p̄ū,�û,�] d�

}

+ �2

{
2

�

∫ �

0
[(û,��)

2 + p̄(û,�)
2] d�

+ 2

�2

[∫ �

0
ū,�û,� d�

]2
}

+ �3
{

2

�2

[∫ �

0
ū,�û,� d�

] [∫ �

0
(û,�)

2 d�

]}

+ �4

{
1

2�2

[∫ �

0
(û,�)

2 d�

]2
}

. (36)

p̄ is the axial force of the equilibrium configuration, and can
be calculated from Eqs. (9) and (14) as

p̄ = −�1

�1 + h
. (37)

To prove that an equilibrium shape ū is stable we have to show
that the energy difference U(ū + �û) − U(ū) is positive for
any û �= 0. On the other hand, to prove that ū is an unstable
equilibrium shape, we only need to find one û �= 0 which
renders U(ū + �û) − U(ū) negative. After integrating by parts
and using the fact that ū satisfies the static equilibrium equation
it can be shown that the coefficient of � in Eq. (36) is zero. To
determine the stability we next examine the second variation
of the strain energy

�2U = 2

�

∫ �

0

[
(û,��)

2 + p̄(û,�)
2
]

d� + 2

�2

[∫ �

0
ū,�û,� d�

]2

.

(38)

In some cases �2U is zero identically, and higher order variation
is needed.

Theorem 4.1. Equilibrium configuration P0 is stable.

Proof. Since −h < �1(P0) < 0 from Eq. (19), the axial force
p̄ in Eq. (37) is always positive. As a consequence �2U of P0
is positive definite in û, and P0 is stable. �

Theorem 4.2. Equilibrium configuration P +
1 is unstable.

Proof. For this case we consider û of the form

û = a1 sin �. (39)

The second variation �2U can then be rewritten as

�2U = (�1 + h)3 + 2h

2(�1 + h)
a2

1 . (40)

From Eq. (20) we can show that

(�1 + h)3 + 2h

2(�1 + h)
< 0
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in the case when e < e1. Therefore, P +
1 is unstable when e < e1.

In the case when e = e1 �2U is identically zero with respect to
a1. We proceed to calculate �3U as

�3U = 1
2 (�1 + h)a3

1 . (41)

�3U is not zero except for a1=0. Therefore, P +
1 is also unstable

when e = e1. �

Theorem 4.3. Equilibrium configuration P −
1 is stable if and

only if e < e1 and p̄ + 4 > 0.

Proof. This statement of necessary and sufficient condition is
equivalent to the following four statements: (i) If e = e1 then
P −

1 is unstable. (ii) If e < e1 and p̄ + 4 > 0 then P −
1 is stable.

(iii) If e < e1 and p̄ + 4 < 0 then P −
1 is unstable. (iv) If e < e1

and p̄ + 4 = 0 then P −
1 is unstable.

For the case e= e1, configurations P −
1 and P +

1 are identical,
and we have proven in Theorem 4.2 that P +

1 is always unstable.
Therefore, statement (i) is proved. We next expand û in the form

û =
∞∑

n=1

an sin n�. (42)

The second variation �2U can then be written as

�2U = (�1 + h)3 + 2h

2(�1 + h)
a2

1 +
∞∑

n=2

(
n2 + p̄

)
n2a2

n. (43)

For the case e < e1 the terms involving a2
1 is always positive

due to Eq. (21). If p̄+4 > 0, then every term in the summation
involving a2

n is always positive. Therefore, �2U is positive def-
inite and statement (ii) is proved. For the case p̄ + 4 < 0, the
coefficient of a2

2 in Eq. (43) is negative. Therefore, �2U is not
positive definite and statement (iii) is proved. For the last case
p̄ + 4 = 0 we consider û in the form

û = a1 sin � + a2 sin 2�. (44)

By specifying a2 =�
√

a1, one can rewrite the energy difference
as

U(ū + û) − U(ū) =
(

h2 − 54

18
− 2h

3
�2 + 2�4

)
a2

1

+ high order terms. (45)

Since it is always possible to find some � to make the coefficient
of a2

1 negative, statement (iv) is proved. �

Theorem 4.4. If h�3
√

6, then P −
1 is stable if and only if

e < e1. On the other hand, if h > 3
√

6, then P −
1 is stable if and

only if e < e2.

Proof. We first rewrite Eq. (37) into the following form:

p̄ + 4 = −3

�1 + h

[
−�1 − 4

3
h

]
. (46)

It is noted that the factor −3/(�1 + h) is always positive for

P −
1 . The term − 4

3h in the bracket is equal to �1(P
±
12) from

Eq. (25). In the case when h�3
√

6, we can prove from
Eqs. (22) and (25) that

−h − (2h)1/3 � − 4h

3
. (47)

From Eqs. (21) and (47) we have −�1(P
−
1 )− 4

3h > 0. Therefore,
p̄ + 4 > 0 and P −

1 is stable. In the other case when h > 3
√

6,
following similar argument we have

�1(P
−
1 )��1(P

±
12) = −4h

3
if and only if e�e2. (48)

From Eqs. (46) and (48), and referring back to Theorem 4.3,
the proof of Theorem 4.4 is obvious. �

Theorem 4.5. Equilibrium configurations P +
1j and P −

1j are un-
stable.

Proof. For this case we consider the û in the form

û = a1 sin � + aj sin j�. (49)

The second variation �2U can then be rewritten as

�2U =
(

1 − j2
)

a2
1 + 1

2

[
(�1 + h)a1 + j2�j aj

]2
. (50)

Eq. (50) can also be expressed in the form

�2U = aMaT, (51)

where the vector a and matrix M are defined as

a = (a1, aj ), (52)

M =

⎛
⎜⎜⎝

h2 − h̄2
j

2(j2 − 1)2

−hj2�j

2(j2 − 1)

−hj2�j

2(j2 − 1)

j4�2
j

2

⎞
⎟⎟⎠ . (53)

Since

det M = − j4�2
j h̄

2
j

4(j2 − 1)2 < 0, (54)

�2U can be negative for certain non-trivial a. Therefore, P +
1j

and P −
1j are unstable. �

The above five theorems completely establish the stability
properties of all possible equilibrium configurations of a shal-
low arch under specified end movement e. Fig. 3 shows the
bifurcation set in the h–e plane. These ej -curves divide the h–e
plane into several regions. For a given set of h and e, we can
determine how many equilibrium configurations exist in each
region by the rules described in Section 3. For instance, if the
given h and e fall in region 1 of Fig. 3, i.e., h�4 and e > e1,
then there is only one equilibrium configuration P0, as stated in
the rule associated with Eq. (19). For the parameter ranges in
Fig. 3 there are six regions. The equilibrium configurations in
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5 6

Fig. 3. ej -curves on the h–e plane.

Table 1
Equilibrium configurations and stability of various regions in Fig. 3

Region Equilibrium configuration Stability of P−
1

1 P0
2 P0, P±

1 Unstable
3 P0, P±

1 Stable
4 P0, P±

1 , P±
12 Stable

5 P0, P±
1 , P±

12, P±
13 Stable

6 P0, P±
1 , P±

12, P±
13, P±

14 Stable

0.0 0.5 1.0 1.5 2.0
-10

-8

-6

-4

-2

0

2

� j

e=e1

e=e12

e

�2(P12 )
+

�1(P0)

�2(P12 )
-

�1(P1 )
+ 

�1(P12 )
±

�1(P1 )
-

Fig. 4. Equilibrium configurations for h = 5.

each region are listed in Table 1. In the table we also note that
the position in region 2 is unstable, while P −

1 in other regions
are stable.

Fig. 4 shows the �j .e curves for an arch with h=5, which is
smaller than 3

√
6. For this arch e1 = 1.77, and e2 = 1.56. The

thick and the thin lines represent the one-mode and two-mode
solutions, respectively. The solid and dashed lines signify that
the solutions are stable and unstable, respectively. We notice

0 5 10 15 20
-20

-15

-10

-5

0

5

α j

e=e2

e=e1

e=e2

e=e3

e=e3

e

�1(P1 ) 
+ 

�1(P0)

�2(P12)+

�3(P13)+

�3(P13)-

�2(P12 )
-

�1(P13 )
±

�1(P12)±

�1(P1 )
- 

Fig. 5. Equilibrium configurations for h = 10.

that at e = 0, �1(P
±
12) lies between �1(P

+
1 ) and �1(P

−
1 ). As e

increases, �1(P
+
1 ) decreases and �1(P

−
1 ) increases, and finally

they merge at e = e1. �1(P
±
12)-curve remains horizontal be-

cause it is independent of e. We also observe that �1(P
+
1 )

meets �1(P
±
12) at e = e2. The coordinates �2 of the two-mode

solutions P +
12 and P −

12 also merge at e = e2. For e > e2 the

two-mode solutions P +
12 and P −

12 cease to exist. Furthermore,
configuration P −

1 remains stable as e changes from 0 to e1.
We now proceed to another case in Fig. 5 when h=10, which

is greater than 3
√

6. For this arch e1=18.47, e2=18.22, and e3=
15.61. We notice that for this case �1(P

−
1 ), instead of �1(P

+
1 )

as in Fig. 4, meets �1(P
±
12) at e = e2. The coordinates �2 of the

two-mode solutions P +
12 and P −

12 also merge at e = e2. In addi-
tion, �1(P

+
1 ) meets �1(P

±
13) at e=e3. The coordinates �3 of the

two-mode solutions P +
13 and P −

13 also merge at e = e3. For

e > e3 the two-mode solutions P +
13 and P −

13 cease to exist. Fur-
thermore, configuration P −

1 remains stable as e changes from
0 to e2, instead of e1 as in Fig. 4. It is noted from Figs. 4 and 5
that �1(P0) decreases monotonically as e increases. Therefore,
if the arch is stretched quasi-statically, the only possible de-
formation configuration of the arch is P0. However, if the arch
is stretched dynamically, it is possible for the arch to jump to
the configuration P −

1 and stay there, as will be demonstrated
numerically later.

5. Energy barrier

In the case when the end speed is not negligible dynamic
snap-through may occur. If there exists only one stable equilib-
rium configuration when the motion of the arch end stops, this
configuration must be P0. In such a case the arch will return to
this stable position after the damping effects kick in because it
has nowhere else to settle. Therefore, for dynamic snap-through
to occur there must exist at least two stable equilibrium con-
figurations when the motion of the arch end stops. While it is
in general difficult to determine the necessary and sufficient
condition for dynamic snap-through to occur, we can establish
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the sufficient conditions against dynamic snap-through in terms
of strain energy U of the equilibrium configurations and the
total energy H gained by the arch at the instant when the arch
end stop.

The basic idea is that if the total energy gained by the arch
during the prescribed end motion is smaller than the minimum
energy barrier lying between the nearest stable equilibrium po-
sition and another stable position farther away, then the arch
has no chance to snap dynamically. The energy barrier can be
proved to be the strain energy of either the unstable configura-
tion P +

1 or P ±
12, depending on the parameters h and e. In sum-

mary, we have two cases. (1) First of all for a lower arch with
4 < h�3

√
6, the energy barrier is the strain energy U(P ±

12)

when e < e2. On the other hand when e2 �e < e1, the energy
barrier is U(P +

1 ). For e > e1, there exists only one stable equi-
librium position. (2) Secondly for a higher arch with h > 3

√
6,

the energy barrier is U(P ±
12) when e < e2. For e > e2, there ex-

ists only one stable equilibrium position.
After establishing the energy barrier, the remaining task is to

determine the total energy H gained by the arch at the instant �s

when the arch end stops. However, to determine H(�s) we need
to integrate the equations of motion directly, which requires
tedious numerical work each time a new speed c or distance e is
specified. Instead of calculating H(�s), we propose to estimate
the upper bound of total energy gained by the arch during the
end motion, as demonstrated in the next section.

6. Upper bound of total energy

We first assume that the initial conditions are

�n(0) = �̇n(0) = 0, n = 1, 2, 3, . . . . (55)

Because the equations of motion (10) for n �= 1 have no explicit
forcing term we have �n(�) ≡ 0 for n �= 1. As a consequence,
G in Eq. (11) can be simplified to

G = �2
1

4
+ h�1

2
. (56)

By using Eq. (12) one can transform �(�) to �(e) and rewrite
Eq. (9) as

c2�′′
1(e) = −�1(e) − (G + e)(h + �1(e)). (57)

The superposed primes represent differentiation with respect to
e. The initial conditions for �1(e) are

�1(0) = �′
1(0) = 0. (58)

The total energy H in Eq. (33) can be rewritten as

H(e) = c2�′2
1 (e) + �2

1(e) + 2(G + e)2. (59)

In the case when c → ∞, we have from Eq. (57) that
�′′

1(e) → 0. From initial conditions (58), we also obtain
�1(e) → 0 and �′

1(e) → 0. As a consequence, G → 0 from
Eq. (56). The corresponding total energy is denoted by H∞,
where

H∞ → 2e2. (60)

The physical meaning of Eq. (60) is that when the arch is
stretched with infinite speed, the arch has no time to move
laterally, and the work done by the external force is stored in
the form of strain energy due to axial elongation. We have no
intention to argue whether infinite speed is physically feasible
or not. Instead, we assert in the following theorem that H∞=2e2

is an upper bound of total energy gained by the arch during any
prescribed end motion with finite speed.

Theorem 6.1. The total energy gained by the arch during pre-
scribed end motion with finite speed is less than 2e2.

Proof. From Eqs. (57) and (58) one can derive

�′′′
1 (0) = − h

c2 . (61)

In other words, �1(e) may be expanded as

�1(e) = − h

6c2 e3 + high order terms. (62)

Therefore, �1 < 0 for small enough e. From Eqs. (59) and (60)
one can derive at e = 0:

H∞ − H = d(H∞ − H)

de
= d2(H∞ − H)

de2 = d3(H∞ − H)

de3

= 0 (63)

and

d4(H∞ − H)

de4 = 2h2

c2 . (64)

Therefore, H∞ − H may be expanded as

H∞ − H = h2

12c2 e4 + high order terms. (65)

Consequently, H∞ − H > 0 for small enough e. If there exists
an ẽ such that H∞ − H(ẽ) = 0 and H∞ − H(e) > 0 for any
e < ẽ, then from the mean value theorem and together with
Eq. (63) there must exist an ê with 0 < ê < ẽ such that

d(H∞ − H(ê))

de
= 0. (66)

From Eqs. (59) and (60), one can derive

d(H∞ − H)

de
= −�2

1 − 2h�1. (67)

Therefore, for Eq. (66) to hold, either �1(ê)=0 or �1(ê)=−2h.
For the case of �1(ê) = 0, one has

H(ê) = c2�′2
1 (ê) + 2ê2 �H∞, (68)

which contradicts the original assumption. On the other hand,
for the case of �1(ê) = −2h, one has

H(ê) = c2�′2
1 (ê) + �2

1(ê) + 2ê2 �H∞, (69)

which contradicts the original assumption again. Therefore, ê

does not exist, and neither does ẽ. Consequently, H∞ − H > 0
for all e �= 0. �
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7. Snap-through criterion

After establishing the upper bound of the total energy, we can
state the sufficient conditions against dynamic snap-through in
a more conservative way as follows:

Case (1): For a lower arch with 4 < h�3
√

6: if e2 �e < e1,

then the sufficient condition against snap-through is 2e2 <

U(P +
1 ). If e < e2, then the sufficient condition against snap-

through is 2e2 < U(P ±
12).

Case (2): For a higher arch with h > 3
√

6: if e < e2 then the
sufficient condition against snap-through is 2e2 < U(P ±

12).
It can be further shown that the sufficient condition in case

(1) is always satisfied, as stated in the next theorem.

Theorem 7.1. No snap-through will occur if 4 < h�3
√

6.

Proof. First of all it can be shown that

�
[
U(P +

1 ) − H∞
]

�e
= − 4�1

(
P +

1

)
�1

(
P +

1

) + h
− 4e < 0. (70)

In the case when e = e1, it can be shown that

U
(
P +

1

) − H∞ = − h4

8
+ 3 × 2−4/3h8/3

+ 2h2 − 6 × 4−4/3h4/3 �0. (71)

From Eqs. (70) and (71) we know that U(P +
1 )−H∞ > 0 when

e2 < e < e1. We next show that �1 can never surpass �1(P
+
1 ).

We first assume that there exists an ê such that �1(ê)=�1(P
+
1 ).

If this does occur, then

H(ê) = c2�′2
1 (ê) + U(P +

1 ) > U(P +
1 ), (72)

which contradicts the previous conclusion that H(ê) can
never surpass U(P +

1 ). Therefore, �1 > �1(P
+
1 ) always. This

completes the proof that no snap-through will occur when
e2 �e < e1. The proof for the case e < e2 is similar. �

For case (2) when h > 3
√

6 and e < e2, the critical energy
barrier is U(P ±

12). It can be found that there exist an ecr, such
that

H∞(ecr) = U(P ±
12), (73)

where ecr can be calculated as

ecr =
√

8

3
h − 4. (74)

Similar to the proof in Theorem 7.1, one can prove the following
theorem.

Theorem 7.2. No snap-through will occur if h > 3
√

6 and
e < ecr.

From Theorems 7.1 and 7.2 we conclude that dynamic snap-
through might occur only when h > 3

√
6 and ecr < e < e2, or

more explicitly,
√

8
3h − 4 < e < 2

9h2 − 4. Region I in Fig. 6

0 5 10 15 20
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80

e e2
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h

(3   6,8)

I

II

Fig. 6. Boundary for sufficient conditions against dynamic snap-through under
prescribed end motion. For those parameters in region I no snap-through is
possible. For those parameters in region II dynamic snap-through may or
may not occur, depending on the stretching speed.

represents the region within which no snap-through is possible,
no matter how fast the speed c is. On the other hand, region II
represents the region within which snap-through might occur.
The boundary curves e = e2 and e = ecr intersect at the point
(h, e) = (3

√
6, 8).

Fig. 7 shows the total energy as a function of e for various
speeds. The H∞ curve calculated from Eq. (60) represents the
upper bound of total energy for any finite speed. In Fig. 7(a)
for h = 5 < 3

√
6, the energy barriers are U(P ±

12) and U(P +
1 )

when e is in the ranges 0 < e < e2=1.56 and e2 < e < e1=1.77,
respectively. The readers are reminded that configurations P +

12
and P −

12 do not exist for e in the range e2 < e < e1. The total
energy upper bound H∞ can never surpass the energy barrier
in time when e changes from 0 to 2. The energy history curve
for c=5 is also shown. The energy history curves for c > 5 are
squeezed between H∞ and the curve for c = 5.

In Fig. 7(b) for h = 10 > 3
√

6, H∞ curve meets U(P ±
12)

curve at ecr = 12.33, which is smaller than e2 = 18.22. U(P ±
12)

is the energy barrier in this case. The energy history curves for
four speeds c = 15, 31.9, 50, and 100 are shown to approach
H∞ as c increases. Among them c=31.9 is defined as a critical
speed because it is the lowest stretching speed for the arch
to gain enough total energy to surpass the energy barrier. The
concept of critical speed will be explained in more detail in the
next section. Fig. 7(c) shows the special case when h = 3

√
6,

at which H∞ curve meets U(P +
1 ) and U(P +

12) curves at e =
ecr = e1 = e2 = 8.

Fig. 8 shows the deformation history for the arch with h=10,
as in Fig. 7(b). In calculating the response we modify Eq. (9)
by adding a damping parameter 	,

�̈1 = −	�̇1 − �1 − (G + e)(h + �1). (75)

The speed and damping are set to be c = 1000, and 	 = 0.001.
Fig. 8(a) shows the case when e = 10 < ecr. For this case the
time when the moving end stops is �s=0.01. Fig. 8(b) shows the
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Fig. 7. Total energy history for various stretching speeds: (a) h=5; (b) h=10;
(c) h = 3

√
6.
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Fig. 8. Response history for h = 10, c = 1000, and 	 = 0.001: (a) e = 10,
(b) e = 20. The (h, e) parameters in both cases fall in range I of Fig. 6.

case when e=20 > e2. For this case �s =0.02. The equilibrium
solutions �1 are also plotted as dashed lines for reference. In
both cases the arch settles to configuration P0 as expected.

Figs. 9(a)–(c) show the deformation history for an arch with
h = 10, and e = 15, which falls in region II of Fig. 6. The
speed c is set to be 50. For these cases �s = 0.3, as signified by
the black dots on the response curves. The damping 	 used in
Figs. 9(a)–(c) are 0.005, 0.01, and 0.05, respectively. For the
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Fig. 9. Response history of an arch with c = 50, h = 10, e = 15, which falls
in range II of Fig. 6: (a) 	 = 0.005; (b) 	 = 0.01; (c) 	 = 0.05.

small damping case in Fig. 9(a) the energy gained by the arch
is large enough to surpass U(P ±

12) and �1 can reach �1(P
−
1 ).

However, due to small damping, the arch is snapped back and
finally settles to the configuration P0. For the medium damping
case in Fig. 9(b), the arch not only gains enough energy to
surpass U(P ±

12) and �1 can reach �1(P
−
1 ), the damping also

prevents it from snapping back to P0. The arch settles to P −
1

eventually. This phenomenon is called dynamic snap-through
under prescribed end motion. In Fig. 9(c) the damping is so
large that it prevents the arch from surpassing the energy barrier
U(P ±

12), and the arch has no choice but to settle to P0.

8. Critical stretching speed

In Fig. 9 we have shown that even if the parameters e and
h fall in region II of Fig. 6, snap-through may or may not
occur depending on the damping parameter. Another important
factor in determining whether snap-through will occur is the
stretching speed. Apparently, for very small stretching speed
no snap-through is possible because the arch will remain in P0.
As c increases, for instance up to 50 as shown in Fig. 9, snap-
through might occur. It is therefore possible to define a critical
stretching speed ccr below which no snap-through is possible
even if e and h fall in region II of Fig. 6.

Fig. 10 shows the critical stretching speed as a function of h.
For each h, we integrate Eq. (57) for various stretching speeds c,
and calculate the total energy from Eq. (59) for all e in the range
ecr < e < e2. The minimum c which renders H(e) = U(P ±

12) is
defined as the critical stretching speed. Numerical calculation
shows that the minimum critical speed is 25.9 which occurs at
h = 8.4. As h approaches 3

√
6, the critical speed approaches

infinity. Therefore, as long as the stretching speed is below
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Fig. 10. Critical stretching speed ccr as a function of h. No snap-through is
possible when the stretching speed c is smaller than ccr .

25.9, no snap-through is possible for all possible combinations
of e and h.

9. Conclusions

In this paper we consider a shallow arch with rise parameter
h, free of lateral loading, but subject to prescribed end motion
e with constant speed c. Some conclusions can be summarized
in the following:

(1) For h < 4, or h�4 but e > e1, there is only a one-mode
equilibrium configuration P0. For h > 4 and e < e1, there
are three one-mode equilibrium configurations P0, P +

1 ,
and P −

1 . Two-mode solutions P +
1j and P −

1j exist only when
e < ej .

(2) There are at most two stable equilibrium configurations
for any given e and h. One of them is P0, which is always
stable. The other is P −

1 , which is stable only in certain
range of e and h.

(3) The total energy gained by the arch has an upper bound 2e2,
which corresponds to the case when c approaches infinity.

(4) The only possible situation when dynamic snap-through

may occur is h > 3
√

6 and ecr < e < e2, where ecr =
√

8
3h−

4 and e2 = 2
9h2 − 4. In this case, to prevent dynamic snap-

through to occur the end speed c must not exceed a critical
speed ccr. The minimum critical stretching speed is found
to be 25.9 for all possible combinations of e and h.
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