VARIETIES WITH P;(X)=4 AND ¢(X) = dim(X)

ALFRED JUNGKAI CHEN AND CHRISTOPHER D. HACON

ABSTRACT. We classify varieties with P3(X) =4 and ¢(X) = dim(X).

1. INTRODUCTION

Let X be a smooth complex projective variety. When dim(X) > 3 it is very hard
to classify such varieties in terms of their birational invariants. Surprisingly, when
X has many holomorphic 1-forms, it is sometimes possible to achieve classification
results in any dimension. In [Ka], Kawamata showed that: If X is a smooth complex
projective variety with k(X) = 0 then the Albanese morphism a : X — A(X) is
surjective. If moreover, ¢(X) = dim(X), then X is birational to an abelian variety.
Subsequently, Kolldr proved an effective version of this result (cf. [Ko2]): If X is
a smooth complex projective variety with Pp,(X) = 1 for some m > 4, then the
Albanese morphism a : X — A(X) is surjective. If moreover, ¢(X) = dim(X),
then X is birational to an abelian variety. These results where further refined and
expanded as follows:

Theorem 1.1 (T1). (cf. [CH1], [CH3], [HP], [Hac2]) If P (X) = 1 for some
m > 2 or if P3(X) < 3, then the Albanese morphism a: X — A(X) is surjective.
If moreover q(X) = dim(X), then:
(1) If Pn(X) =1 for some m > 2, then X is birational to an abelian variety.
(2) If P3(X) = 2, then k(X) = 1 and X is a double cover of its Albanese
variety.
(3) If Ps(X) = 3, then k(X) =1 and X is a bi-double cover of its Albanese
variety.

In this paper we will prove a similar result for varieties with P3(X) = 4 and

¢(X) = dim(X). We start by considering the following examples:

Example 1. Let G be a group acting faithfully on a curve C' and acting faithfully

by translations on an abelian variety K, so that C /G = E is an elliptic curve and

dim H°(C,w&?)% = 4. Let G act diagonally on K x C, then X := K x C/G is

a smooth projective variety with x(X) = 1, P3(X) = 4 and ¢(X) = dim(X). We
illustrate some examples below:

(1) G = Z,, with m > 3. Consider an elliptic curve E with a line bundle

L of degree 1. Taking the normalization of the m-th root of a divisor

B =(m—a)By +aBy € /mL| with 1 <a <m — 1 and m > 3, one obtains

a smooth curve C' and a morphism g : C — F of degree m. One has that

m—1
guoc = 3 LV
i=0

where L) = L®(— |2 ]) for i = 0,...,m — 1.
(2) G = Zs. Let L be a line bundle of degree 2 over an elliptic curve E. Let
C — E be the degree 2 cover defined by a reduced divisor B € |2L]|.
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(3) G = (Z2)%. Let L; for i = 1,2 be line bundles of degree 1 on an elliptic
curve E and C; — FE be degree 2 covers defined by disjoint reduced divisors
B; € |2L;|]. Then C :=Cy xg Cy — E is a G cover.

(4) G = (Z3)3. For i =1,2,3,4, let P; be distinct points on an elliptic curve
E. For j = 1,2,3 let L; be line bundles of degree 1 on E such that
Bi=P+P¢€ |2L1|, By =P+ P; € |2L2| and B3 =P+ P, € ‘2L3| Let
C; — FE be degree 2 covers defined by reduced divisors B; € |2L;|. Let C
be the normalization of Cy xg Cy xg C3 — FE, then C is a GG cover.

Note that (1) is ramified at 2 points. Following [Be] §VI.12, one has that P»(X) =
dim H°(C,w$?)¢ = 2 and P3(X) = dim H°(C,w&?)¢ = 4. Similarly (2), (3), (4)
are ramified along 4 points and hence Py(X) = P3(X) =4.

Example 2. Let ¢ : A — S be a surjective morphism with connected fibers
from an abelian variety of dimension n > 3 to an abelian surface. Let L be an
ample line bundle on S with h°(S,L) = 1, P € Pic’(A) with P ¢ Pic’(S) and
P®? ¢ Pic’(S). For D an appropriate reduced divisor in |L®2@P®?|, there is a
degree 2 cover a : X — A such that a,(Ox) = O & (LR®P)Y. One sees that
Pi(X)=1,4,4fori=1,2,3.

Example 3. Let ¢ : A — FE; X Es be a surjective morphism from an abelian
variety to the product of two elliptic curves, p; : A — E; the corresponding
morphisms, L; be line bundles of degree 1 on E; and P,Q € Pic(A) such that P,Q
generate a subgroup of Pic’(A)/Pic’(E; x E,) which is isomorphic to (Z2)?. Then
one has double covers X; — A corresponding to divisors Dy € |2(¢; L1 ®P)|, D3 €
12(¢5 L2®Q)|. The corresponding bi-double cover satisfies

as(wx) = Oa ® p1L1®P & p; Ly®Q & pi Li®PRp; Lr®Q
One sees that P;(X) =1,4,4 fori =1,2,3.
We will prove the following:

Theorem 1.2 (T2). Let X be a smooth complex projective variety with P3(X) =
4, then the Albanese morphism a : X — A is surjective (in particular q(X) <
dim(X)). If moreover, ¢(X) = dim(X), then k(X) < 2 and we have the following
cases:

(1) If k(X) = 2, then X is birational either to a double cover or to a bi-double
cover of A as in Examples 2 and 3 and so Po(X) = 4.

(2) If K(X) = 1, then X is birational to the quotient K x C/G where C' is a
curve, K is an abelian variety, G acts faithfully on C' and K. One has that
either Py(X) = 2 and C — C/G is branched along 2 points with inertia
group H = Z,, withm > 3 or Po(X) =4 and C — C/G is branched along
4 points with inertia group H = (Za)® with s € {1,2,3}. See Example 1.
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Notation and conventions. We work over the field of complex numbers. We
identify Cartier divisors and line bundles on a smooth variety, and we use the
additive and multiplicative notation interchangeably. If X is a smooth projective
variety, we let Kx be a canonical divisor, so that wx = Ox(Kx ), and we denote by
k(X) the Kodaira dimension, by q(X) := h!(Ox) the irreqularity and by P,,(X) :=
RO(w$™) the m—th plurigenus. We denote by a: X — A(X) the Albanese map and
by Pic’(X) the dual abelian variety to A(X) which parameterizes all topologically
trivial line bundles on X. For a Q—divisor D we let |D] be the integral part
and {D} the fractional part. Numerical equivalence is denoted by = and we write



VARIETIES WITH Ps(X) =4 AND ¢(X) = dim(X) 3

D < FE if E— D is an effective divisor. If f: X — Y is a morphism, we write
Kx/y = Kx — f*Ky and we often denote by Fx,y the general fiber of f. A
Q-Cartier divisor L on a projective variety X is nef if for all curves C' C X, one
has L.C' > 0. For a surjective morphism of projective varieties f : X — Y, we
will say that a Cartier divisor L on X is Y-big if for an ample line bundle H on Y,
there exists a positive integer m > 0 such that h°(L®™@f*H") > 0. The rest of
the notation is standard in algebraic geometry.

2. PRELIMINARIES

2.1. The Albanese map and the Iitaka fibration. Let X be a smooth projec-
tive variety. If k(X) > 0, then the Titaka fibration of X is a morphism of projective
varieties f: X’ — Y, with X’ birational to X and Y of dimension x(X), such that
the general fiber of f is smooth, irreducible, of Kodaira dimension zero. The litaka
fibration is determined only up to birational equivalence. Since we are interested
in questions of a birational nature, we usually assume that X = X’ and that Y is
smooth.

X has mazimal Albanese dimension if dim(ax (X)) = dim(X). We will need the
following facts (cf. [HP] Propositions 2.1, 2.3, 2.12 and Lemma 2.14 respectively).

Proposition 2.1 (albanese). Let X be a smooth projective variety of mazimal
Albanese dimension, and let f: X — Y be the Titaka fibration (assumeY smooth,).
Denote by fi«: A(X) — A(Y) the homomorphism induced by f and consider the
commutative diagram:

X 2 AX)

/| #|
Yy —2 5 A(®Y).
Then:

a) Y has mazimal Albanese dimension;

b) f« is surjective and ker f, is connected of dimension dim(X) — k(X);

¢) There exists an abelian variety P isogenous to ker f. such that the general
fiber of f is birational to P.

Let K := ker f,x and F' = Fx/y. Define
G := ker (Pic’(X) — Pic"(F)) .
Then
Lemma 2.2 (LG). G is the union of finitely many translates of Pic’(Y) corre-
sponding to the finite group
G = G/Pic’(Y) = ker (Pic”(K) — Pic"(F)).

2.2. Sheaves on abelian varieties. Recall the following easy corollary of the
theory of Fourier-Mukai transforms cf. [M]:

Proposition 2.3 (inclusion). Let ¢: F — G be an inclusion of coherent sheaves
on an abelian variety A inducing isomorphisms H'(A, F&P) — H'(A,GRP) for
all i > 0 and all P € Pic®(A). Then 1) is an isomorphism of sheaves.

Following [M], we will say that a coherent sheaf F on an abelian variety A is I.T.
0 if h'(A, F@P) =0 for all i > 0. We will say that an inclusion of coherent sheaves
on A, 1: F — G is an L.T. 0 isomorphism if F,G are LT. 0 and h%(G) = h°(F).
From the above proposition, it follows that every I.T. 0 isomorphism F — G is an
isomorphism. We will need the following result:
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Lemma 2.4 (L1). Let f : X — E be a morphism from a smooth projective
variety to an elliptic curve, such that Kx is E-big. Then, for all P € PiCO(X)tOTS,
n € Pic’(E) and all m > 2, f. (w$"@P®f*n) is LT. 0. In particular

deg(fu (Wi @P®f ) = b (WS OPRf 7).
The proof of the above lemma is analogous to the proof of Lemma 2.6 of [Hac2].

We just remark that it suffices to show that f.(w$™®P) is I.T. 0. By [Kol], one
sees that f, (w?ém@P) is torsion free and hence locally free on E. By Riemann-Roch

R WEmOP) = (£, (WEmP)) = X(f. (WG P)) = deg(f. (WG P)).

2.3. Cohomological support loci. Let 7 : X — A be a morphism from a
smooth projective variety to an abelian variety, T C Pic’(A) the translate of a
subtorus and F a coherent sheaf on X. One can define the cohomological support
loci of F as follows:

VYX,T,F):={P e T|h'(X,Far*P) > 0}.

If T = Pic’(X) we write V*(F) or V(X, F) instead of V*(X,Pic’(X),F). When
F = wy, the geometry of the loci Vi(wy) is governed by the following result of
Green and Lazarsfeld (cf. [GL], [EL)):
Theorem 2.5 (genvanish). (Generic Vanishing Theorem) Let X be a smooth
projective variety. Then:
a) Vi(wx) has codimension > i — (dim(X) — dim(ax (X)));
b) Ewvery irreducible component of V{(X,wx) is a translate of a sub-torus of
Pic’(X) by a torsion point (the same also holds for the irreducible compo-
nents of Vi (wx) := {P € Pic®(X)|h*(X,wx®@P) > m});
c) Let T be an irreducible component of Vi(wx), let P € T be a point such
that Vi(wx) is smooth at P, and let v € H'(X,Ox) = TpPic®(X). If v is
not tangent to T, then the sequence

HY(X,wx ® P) =% H(X,wx ® P) =% H*(X,wx ® P)

1s exact. Moreover, if P is a general point of T and v is tangent to T then
both maps vanish;
d) If X has maximal Albanese dimension, then there are inclusions:

Vo(wx) 2 Viwx) 2 -+ 2 V™wx) = {Ox}.

e) Let f: Y — X be a surjective map of projective varieties, Y smooth, then
statements analogous to a), b), ¢) for P € Pic), (Y) and d) above also
hold for the sheaves R!f.wx. More precisely we refer to [CH3], [CIH] and
[Hach].

When X is of maximal Albanese dimension, its geometry is very closely con-
nected to the properties of the loci Vi(wx). We recall the following two results
from [CH2]:

Theorem 2.6 (TCH2). Let X be a variety of mazimal Albanese dimension. The
translates through the origin of the irreducible components of V°(wx) generate a
subvariety of Pic®(X) of dimension k(X) — dim(X) + ¢(X). In particular, if X is
of general type then VO (X, wyx) generates Pic’(X).

Proposition 2.7 (PCH2). Let X be a variety of mazimal Albanese dimension and
G,Y defined as in Proposition 2.1. Then

a) VO(X,Pic®(X),wx) C G;

b) For every P € G, the loci VO(X,Pic’(X),wx) N (P +Pic’(Y)) are non-
empty;

¢) If P is an isolated point of VO(X,Pic’(X),wx), then P = Ox.
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The following result governs the geometry of VO(w$™) for all m > 2:
Proposition 2.8 (Pm). Let X be a smooth projective variety of mazimal Albanese
dimension, f: X — Y the litaka fibration (assume Y smooth) and G defined as
in Proposition 2.1. If m > 2, then VO(w§™) = G. Moreover, for any fized Q €
VO(w$™), and all P € Pic’(Y) one has h°(w$"@Q®P) = h®(w§{™®Q).

We will also need the following lemma proved in [CH2] §3.

Lemma 2.9 (L7). Let X be a smooth projective variety and E an effective ax-
exceptional divisor on X. If Ox(E)®P is effective for some P € Pic’(X), then
P =0x.

The following result is due to Ein and Lazarsfeld (see [HP] Lemma 2.13):
Lemma 2.10 (Lel). Let X be a variety such that x(wx) = 0 and such that ax :
X — A(X) is surjective and generically finite. Let T be an irreducible component
of VO(wx), and let 7 : X — E := Pic’(T)) be the morphism induced by the map
A(X) — Pic’(Pic® (X)) — E corresponding to the inclusion T — Pic®(X).

Then there exists a divisor Dy < R := Ram(ax) = Kx, vertical with respect
to g (i.e. mp(Dr) # E), such that for general P € T, Gy := R — D is a fized
divisor of each of the linear series |Kx + P|.

We have the following useful Corollary

Corollary 2.11 (C9). In the notation of Lemma 2.10, if diim(T) = 1, then for any
P €T, there exists a line bundle of degree 1 on E such that 7, Lp < Kx + P.

Proof. By [HP] Step 8 of the proof of Theorem 6.1, for general Q € T, there exists
a line bundle of degree 1 on E such that 75Lg < Kx + Q. Write P = Q + 7*n
where 1 € Pic’(E). Then, since

W (wx@Per* (Lewn)") = h(m.(wx®Q)®LY) # 0,
one sees that there is an inclusion 7*(Lgo®n) — wx®@P. O

Recall the following result (cf. [Hac2] Lemma 2.17):

Lemma 2.12 (claimA). Let X be a smooth projective variety, let L and M be line
bundles on X, and let T C Pic®(X) be an irreducible subvariety of dimension t. If
forall PeT,dim|L+ P| > a and dim |M — P| > b, then dim|L+ M| > a+b+t.

Lemma 2.13 (fiber). Let T be a 1-dimensional component of VO(wx), E := TV
and m: X — E the induced morphism. Then P|F = Op for all P € T.

Proof. Let G, Dy be as in Lemma 2.10, then for P € T we have |Kx + P| =
Gt +|Dr + P| and hence the divisor Dy + P is effective. It follows that (D + P)|F
is also effective. However D is vertical with respect to = and hence Dy |F = Op.
By Lemma 2.9, one sees that P|F = Op. O

3. KODAIRA DIMENSION OF VARIETIES WITH P3(X) =4, ¢(X) = dim(X)

The purpose of this section is to study the Albanese map and litaka fibration of
varieties with P; = 4 and ¢ = dim(X). We will show that: 1) the Albanese map is
surjective, 2) the image of the litaka fibration is an abelian variety (and hence the
Titaka fibration factors through the Albanese map), 3) we have that x(X) < 2.

We begin by fixing some notation. We write

Vo(X,wx) = UierSi

where S; are irreducible components. Let T; denote the translate of S; passing
through the origin and §; := dim(S;). In particular, Sy denotes the component
contains the origin. For any ¢,j € I, let §; ; := dim(7; N T}).
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Recall that Vp(X,wx) C G — G := G/Pic’(Y). For any 5 € G, let S, denote
a maximal dimensional component which maps to n. If X is of maximal Albanese
dimension with ¢(X) = dim(X), then its litaka fibration image Y is of maixmal
Albanese dimension with ¢(Y) = dim(Y’) = x(X). Moreover, by Proposition 2.7,
one has §; > 1,Vi # 0.

Now let Q; (@, resp.) be a general torsion element in S; (.S, resp.), we denote
by Pn.i = h°(X, w?}m@Qi) (Pp,y resp.). Proposition 2.8 can be rephrased as

(1) [pm) Py = Pmnrc  ¥n € Pic’(X), ¢ € Pic®(Y), m > 2.
By Lemma 2.12 one has, for any 1,( € G,

P2,77+< > le + PLC + 57774 -1,
(2) [pluri] ¢ Pooy > 2P, + 6, — 1,

Pypyc 2 P+ Poc+0op— 1

The following lemma is very useful when k > 2.

Lemma 3.1 (elliptic). Let X be a variety of maximal Albanese dimension with
K(X) > 2. Suppose that there is a surjective morphism w : X — E to an elliptic
curve E, and suppose that there is an inclusion ¢ : 7L — w}%m@P for somem > 2,
Pr = OF where F is a general fiber of m and L is an ample line bundle on E. Then

the induced map L — m,(w¢"®@P) is not an isomorphism, rank(m.(w$™@P)) > 2
and h°(X,w§"@P) > hO(E, L).

Proof. By the easy addition theorem, x(F) > 1. Hence by Theorem 1.1, P,,(F) >
2 for m > 2. The sheaf m (w§™®P) has rank equal to h®(F,wY"®P|p) =
RO(F,w$™) > 2. Therefore, L — m,(w{™®P) is not an isomorphism. Since they
are non-isomorphic L.T.0 sheaves, it follows that h°(m.(w$™®@P)) > hO(L). O

Corollary 3.2 (ell). Keep the notation as in Lemma 3.1. If there is a morphism
7 X — FE' and an inclusion 7L — wx®PV for some ample L' on E' and
P € Pic’(X) with Ppr = Op, then for all m > 2

Prni1(X) > 24+ h2(X,w¥"@P) > 2+ KO (E', L).
Proof. The inclusion 7"*L' — wx®P" induces an inclusion

L Rwm@P — wgm .
By Riemann-Roch, one has
Ppi1(X) > hO(E, L'er (w§m®P)) > h°(E', 7 (w§™m®P)) + rank(r, (W@ P)).
Proposition 2.7, there exists n € Pic’(Y) such that h°(w$™ '®@P%2@n) # 0 and
hence there is an inclusion
L — w{"RPo.

By Proposition 2.8 and Lemma 3.1,

(X, w{m®P) = h°(X,w{"®Pxn) > h°(E',L').

O

Remark 3.3 (1dim). Let X be a variety with x(X) > 2. Suppose that there is
a 1-dimensional component S; C VO(wx). We often consider the induced map
m: X — E:=TY. It is easy to see that 7 factors through the Iitaka fibration. By
Corollary 2.11 and Lemma 2.13, there is an inclusion ¢ : 7L — wx®P for some
Pe PicO(X) with P = Op and some ample line bundle L on E. In what follows,
we will often apply Lemma 3.1 and Corollary 3.2 to this situation.
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Lemma 3.4 (P2). Let X be a variety of maximal Albanese dimension with k(X) >
2 and P3(X) = 4. Then for any ¢ € G — Pic’(Y), one has P <2

Proof. If P, > 3, then by (2) and Proposition 2.7, one sees that V%(wx) N
(Pic’(Y) — ¢) consists of 1-dimensional components. Let S be one such compo-
nent and 7 : X — E := SV be the induced morphism. Then there is an ample
line bundle L on the elliptic curve E and an inclusion L — 7, (wx®Q) for some
Q € Pic’(Y) — ¢. By Corollary 3.2, P3(X) > 2+ Pa ¢ > 5 which is impossible. [

Theorem 3.5 (surj). Let X be a smooth projective variety with P3(X) = 4, then
the Albanese morphism a: X — A is surjective.

Proof. We follow the proof of Theorem 5.1 of [HP]. Assume that a : X — A is
not surjective, then we may assume that there is a morphism f : X — Z where Z
is a smooth variety of general type, of dimension at least 1, such that its Albanese
map ay : Z — S is birational onto its image. By the proof of Theorem 5.1 of
[HP], it suffices to consider the cases in which P;(Z) < 3 and hence dim(Z) < 2.
If dim(Z) = 2, then ¢(Z) = dim(S) > 3 and since x(wz) > 0, one sees that
VO(wz) = Pic’(S). By the proof of Theorem 5.1 of [HP], one has that for generic
P € Pic’(9),

Py(X) > h%(wz®P) + i (0P ffwy®P) + dim(S) —1>1+2+3—1>5.
This is a contradiction, so we may assume that dim(Z) = 1. It follows that g(Z) =
q(Z) = P1(Z) > 2 and one may write wz = L®? for some ample line bundle L on Z.
Therefore, for general P € Pic(Z), one has that h°(wz&L®P) > 2 and proceeding

as in the proof of Theorem 5.1 of [HP], that h®(w{P®f*(wz@L)V®P) > 2. Tt
follows as above that

P3(X) > hY(wz@L@P)+h°(wPR f* (wz@L)®@P) +dim(S) —1 > 24+2+2—1 > 5.
This is a contradiction and so a : X — A is surjective. O

Proposition 3.6 (gt). Let X be a smooth projective variety with P3(X) = 4,q¢(X) =
dim(X), then

(1) X is not of general type and

(2) if K(X) > 2, then

Vo (wx) N fFPic’(Y) = {Ox}.

Proof. If k(X) =1, then clearly X is not of general type as otherwise X is a curve
with P3(X) =59 — 5 > 4. We thus assume that «(X) > 2. It suffices to prove (2)
as then (1) will follow from Theorem 2.6.

If all points of VO(wx )N f*Pic’(Y) are isolated, then the above statement follows
from Proposition 2.7. Therefore, it suffices to prove that do = 0. (Recall that J is
the maximal dimension of a component in Pic®(Y").)

Suppose that dp > 2. Then by (2) and Proposition 2.8, one has

P,>141+486—1>3, Py>3+41+06—-1>5

which is impossible.

Suppose now that dp = 1, i.e. there is a 1-dimensional component T' C V°(wx )N
f*Pic’(Y). Let 7 : X — E := TV be the induced morphism. By Corollary 2.11,
for some general P € T, there exists a line bundle of degree 1 on E and an inclusion
L — wx®P. By Lemma 2.13, P|Fx/g = OFy -

We consider the inclusion ¢ : L®? — 7, (w$?®@P®?). By Lemma 3.1, one sees
that h0(w$?®@P®?) > 3, and rank(m. (w$®@P%?)) > 2. So

P3(X) = h°(wPeP®?) > h(w{PeP®?er L) =
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RO(m. (wP@PP?)@L) > deg(m (w2 @P®?)) + rank(m. (WFZ@P®?)) > 3 +2
and this is the required contradiction. U

Proposition 3.7 (litaka). Let X be a smooth projective variety with P3(X) = 4,
q¢(X) =dim(X), and f : X — Y be a birational model of its litaka fibration. Then
Y is birational to an abelian variety.

Proof. Since X,Y are of maximal Albanese dimension, K x /v is effective. If h®(wy ®P) >
0, it follows that h®(wx®f*P) > 0 and so by Proposition 3.6, f*P = Ox. By
Proposition 2.1, the map f* : Pic’(Y) — Pic(X) is injective and hence P = Oy-.
Therefore VO (wy ) = {Oy} and by Theorem 2.6, one has x(Y) = 0 and hence Y is
birational to an abelian variety. O

We are now ready to describe the cohomological support loci of varieties with
k(X) > 2 explicitly. Recall that by Proposition 2.7, for all n # 0 € G, §, > 1.
Theorem 3.8. Let X be a smooth projective variety with P3(X) = 4,q(X) =
dim(X) and k(X) > 2. Then k(X) =2 and G = (Z3)*® for some s > 1.

Proof. The proof consists of following claims.

Claim 3.9 (cll). If k(X) > 2 and T C V°(wx) is a positive dimensional compo-
nent, then T + T C Pic’(Y), i.e. G = (Zy)®.

Proof of Claim 3.9. Tt suffices to prove that 2n = 0 for 0 # n € G. Suppose that
2n # 0, we will find a contradiction.

We first consider the case that ¢, > 2 and 6_g, > 2. Then by (2), P22, >
1+1+6,—1>3,and P3>3+ 14 6_9, —1 > 5 which is impossible.

We then consider the case that 6, > 2 and d_o, = 1. Again we have P59, > 3.
We consider the induced map 7 : X — E = Tl/zn and the inclusion ¢ : 7L —
wx®CQ _2, where E is an elliptic curve and L is an ample line bundle on E. It
follows that there is an inclusion

7T*L®(wX®Qn)®2 — W§3®Q§2®Q—2n~

By Lemma 3.1, one has that rank(m.(wx®@,)®?) > 2. By Proposition 2.8,
Riemann-Roch and Lemma 2.4

P3(X) = h (0§’ ®Q;*®Q-2y) 2 h(n" LO(wx®Qy)®?) =

RO (wx®Qy)®?) + rank(m. (wx®Qy)®?) = Paay +2 = 5,
which is impossible.

Lastly, we consider the case that §, = 1. There is an induced map 7= : X —
E:= Tg/ and an inclusion 7" L — wy®Q,. Hence there is an inclusion ¢ : 7% L%? —
(wX®Qn)®2. By Lemma 3.1, we have P; 2, > 3. We now proceed as in the previous
cases.

Therefore, any element 77 € G is of order 2 and hence G = (Z)*. O

Claim 3.10 (cldim). If there is a surjective map with connected fibers to an elliptic
curve m : X — E and an inclusion 7L — wx®P for an ample line bundle L
on E and P € PicO(X) (in particular if 6; = 1 for some i # 0 cf. Corollary 2.11).
Then k(X) =2

Proof of Claim 3.10. Since K x is effective, there is also an inclusion L — 7, (w?f@P).
By Lemma 3.1 , one has rank(m.(w$*®@P)) > 2, h(m.(w$*®@P)) > 2. Consider
the inclusion
T (WEPRP)RL — 7. (WP P%?).
Since
Py(X) = BO(m, (w0 P9%) 2 KO, (w20 P)OL) >
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deg(m.(WF2RP)) + rank(m. (W@ P)),
it follows that
deg(m (W@ P)) = rank(m, (W@ P)) = 2
and the above homomorphism of sheaves induces an isomorphism on global sections
and hence is an isomorphism of sheaves (cf. Proposition 2.3). Therefore,

Py(F) = i®(wP3eP%?) = 2.
By Theorem 1.1, it follows that x(F) = 1 and by easy addition, one has that
K(X) < k(F) + dim(F) = 2.

Claim 3.11 (ccl). Foralli #0, P, ; = 1.
Proof of the Claim 3.11 . If Py ; > 2, then by (2),

4> Py >2P ;+6; — 1.

It follows that §; = 1. Let E = TV and 7 : X — E be the induced morphism.
One has an inclusion 7L — wx®Q;. By Lemma 2.10, one has h°(E,L) =
hO(wx®Q;) > 2. Consider the inclusion 7*L®? — w$2@Q%?. By Lemma 3.1, one
sees that

Py > Py = Y (WP@QY?) > hO(E,L¥?) > 4,

which is impossible. U

Claim 3.12 (cc2). If k(X) = dim(S) for some component S of V°(wx), then
K(X)=2.

Proof of Claim 3.12. Let @ be a general point in S, and T be the translate of S
through the origin. By Proposition 3.7, one sees that the induced map X — TV is
isomorphic to the litaka fibration. We therefore identify ¥ with TV. We assume
that dim(S) > 3 and derive a contradiction. First of all, by (2)

Py(X) = P(WPeQ) > '(WPeQ) + dim(S)

and so h0(wP®Q) = 1 and dim(S) = 3.

Let H be an ample line bundle on Y and for m a sufficiently big and divisible
integer, fix a divisor B € |mKx — f*H|. After replacing X by an appropriate
birational model, we may assume that B has simple normal crossings support.
Let L = wx®Ox(—|B/m]), then L = f*(H/m) + {B/m} i.e. L is numerically
equivalent to the sum of the pull back of an ample divisor and a k.l.t. divisor and
so one has

Y, fo(wx®LRQ)2n) =0  for all i >0 and n € Pic®(Y).
Comparing the base loci, one can see that h®(wx®L®Q) = hO(WHPRQ) = 1 (cf.
[CH1] Lemma 2.1 and Proposition 2.8) and so

WO(Y, fu(wx®LeQ)®n) = h(fu(wx®LeQ)) =1 Vi € Pic’(Y).

Since fi(wx®L®Q) is a torsion free sheaf of generic rank one, by [Hacl] it is a
principal polarization M.

Since one may arrange that 2] < Kx. There is an inclusion wx®Q —
wx®L®EQ. Pushing forward to Y, it induces an inclusion

0 filwx®Q) — M.

Since f.(wx®Q) is torsion free, it is generically of rank one. Hence it is of the form
M®&Zy for some ideal sheaf 7. However, h9(Y, f.(wx®Q)®P) = h®(M@P®Iyz) >
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0 for all P € Pic’(Y) and M is a principal polarization. It follows that Z, = Oy
and thus f.(wx®Q) = M. Therefore, one has an inclusion

f*M®? — (wxRQ)D(WxRLRQ) — w2
It follows that
4=Py(X) = h(X, w?f’@@m) > KO(Y, M®2) > odim(S)
This is the required contradiction. O

Claim 3.13 (cc4). Any two components of VO(wx) of dimension at least 2 must
be parallel.

Proof of Claim 3.13. For i = 1,2, let S; := T, and p; : X — S; be the induced
morphism. Assume that §1,02 > 2 and 71,75 are not parallel. By Lemma 2.10,
one may write Kx = G; + D; where D, is vertical with respect to p; : X — S;
and for general P € T;, one has |Kx + P| = G; + |D; + P| is a 0-dimensional linear
system (see Claim 3.11).

Recall that we may assume that the image of the Iitaka fibration f: X — Y
is an abelian variety. Pick H an ample divisor on Y and for m sufficiently big and
divisible integer, let

Be|mKx — f*H|.
After replacing X by an appropriate birational model, we may assume that B has
normal crossings support. Let
B B .
L=wx(=—D={_}+fH
It follows that
R (fu(wx@L@P)2n) =0 for all i >0, n € Pic’(Y), P € Pic’(X).

The quantity h°(wx®@LRP®f*n) is independent of n € Pic®(Y). For some fixed
P € Ty as above, and 1 € Pic’(S;), one has a morphism

|D1+P+77|X|D1+Pf77‘—>|2D1+2P|

and hence h°(Ox(2D;)®P®?) > 3. Similarly for some fixed Q € Ty, and 7’ €
Pic’(S,), one has a morphism

|IDy + Q47| x |[Kx + L —Q+2P —1/| — |Kx + L+ Dy + 2P|

and hence h°(wx (D2)®L®P®?) > 3. Tt follows that since h° (W@ P®2?) = 4, there
is a 1 dimensional intersection between the images of the 2 morphisms above which
are contained in the loci

B
2Dy + 2P| +2G1 + Kx,  |[Kx + L+ Dy+ 2P|+ —~] +Go.

It is easy to see that for all but finitely many P € Pic’(X), one has h°(wx®P) < 1.
So there is a 1 parameter family 7o C PiCO(SQ) such that for 1’ € 73, one has that
the divisor Dg,y = |D2+Q +1'| is contained in Dpy, + Dp_,+2G1 + K x where
n € 7 a 1 parameter family in Pic®(S;). Let D¢, 1, be the components of Dg.y
which are not fixed for general 1’ € 75, then Dy, 4y 1S 1Ot contained in the fixed
divisor 2G1 + K x and hence is contained in some divisor of the form D7} T D};_n
and hence is S vertical.

If Pic’(S1) N Pic’(Sy) = {Ox}, then Dy, ., is a-exceptional, and this is impos-
sible by Lemma 2.9.

If there is a 1-dimensional component T' C Pic(S;) N Pic’(Sy). Let E =TV and
7 : X — E be the induced morphism. The divisors D¢, ,, are E-vertical. We
may assume that 7 has connected fibers. Since the D), , vary with n € 7o, for
general ) € 79, they contain a smooth fiber of . So for general 1’ € 75 there is an
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inclusion 7™M — wx®Q®7*n’ where M is a line bundle of degree at least 1. By
Claim 3.10, one has x(X) = 2 and hence T}, T are parallel.

If there is a 2-dimensional component T' C Pic®(S;) NPic’(S,), then 6; = 65 > 3.
By (2 ), one sees that P5 g, +¢, > 3. By Lemma 3.4, this is impossible. O

By Claim 3.10, if there is a one dimensional component, then k(X) = 2. There-
fore, we may assume that d; > 2 for all ¢ # 0. By Claim 3.13, since §; > 2 for all
i # 0, then S;, S; are parallel for all 4,5 # 0. By Theorem 2.6, for an appropriate
i # 0, k(X) = dim(S;) and so by Claim 3.12, one has x(X) = 2. O

4. VARIETIES OF P3(X) =4,¢(X) = dim(X) AND k(X) =2

In this section, we classify varieties with P3(X) =4, ¢(X) = dim(X) and x(X) =
2. The first first step is to describe the cohomological support loci of these varieties.
We must show that the only possible cases are the following (which corresponds to
Examples 2 and 3 respectively):

(1) G =Zs, Vo(X,wx) ={Ox} U Sy, & =2.

(2) G= Z%v%(XvwX) ={0x}U Sy USc USyie, 57] = 6C = 17677+C =2.
Using this information, we will determine the sheaves a,(wx) and this will enable
us to prove the following:

Theorem 4.1 (Tk2). Let X be a smooth projective variety with P3(X) =4, ¢(X) =
dim(X) and x(X) = 2, then X is one of the varieties described in Examples 2 and
3.

Proof. Recall that f: X — Y is a morphism birational to the litaka fibration, Y
is an abelian surface and f = goa where g: A — Y.

Claim 4.2 (cl5). One has that fiwx = Oy.

Proof of Claim 4.2. By Proposition 3.6, one has that VO(wx )N f*Pic’(Y) = {Ox}.
By the proof of [CH3] Theorem 4, one sees that f.wx = Oy®@H%(wx). Since
ho(wx |Fx/y) = 1, it follows that rank(f.wx) =1 and hence f,wx = Oy. O
Claim 4.3 (cl6). Let Ty, T be distinct components of VO (wx) such that TyNTy # 0,
then Ty NTy = P and
f*(WX@P) = L1 X LQ@IP

where Y = E1 X Ey and L; are line bundles of degree 1 on the elliptic curves E;
and p is a point of Y.
Proof of Claim 4.3. Assume that P € Ty NT5. Since x(X) = 2, by Proposition 2.7,
the T; are 1-dimensional. Let m; : X — FE; := T,” be the induced morphisms.
There are line bundles of degree 1, L; on E; and inclusions 7fL; — wx®P (cf.
Corollary 2.11).

We claim that rank(m «(wx®P)) = 1. If this were not the case, then by Lemma
2.13

Pl(FX/El) = rank(wl,*(wX@)P)) Z 2, PQ(FX/El) = TCLTL]C(WL*(W?}Q(X)P)) Z 3
and so

P3(X) = °(wPeP®?) > i(w{PePori L) =
RO(71 .« (WERP)®L1) > rank(m (w2 @P)) + deg(m + (w2 @P))
and therefore
rank(m . (WGRP)) =3, deg(m (W@ P)) = 1.

Since rank(m «(wx)) = rank(m (wx®P)), one has

deg(m,*(w}%z@P)) > deg(m1 +(wx)®L1) > rank(m «(wx)) > 2,
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which is impossible. Therefore, we may assume that
rank(m «(wx®P)) =1 fori=1,2.
For any P; € T;, one has that P,@PY = 7}y, with n; € PicO(Ei). One sees that
ho(wx®Pi) = ho(ﬂ'i’*(wX®P)®m) = ho(my*(wx®P)) = ho(wx®P).
If h%(wx®P) > 2, then we may assume that Ly := 71 .(wx®P) is an ample line
bundle of degree at least 2. From the inclusion ¢ : LY? — 7, (w$*®@P®?), one
sees that h'(w{?®P%®?) = 4 and ¢ is an LT. 0 isomorphism (cf. Lemma 2.4) and
o
Py(Fxp,) = P (wP@P¥?|F) = 1.

By Theorem 1.1, x(Fx/g,) = 0 and hence by easy addition, x(X) < 1 which is
impossible. Therefore we may assume that h°(wx®P) = 1.

The coherent sheaf f,(wx®P) is torsion free of generic rank 1 on Y and hence

is isomorphic to LRZ where L is a line bundle and Z is an ideal sheaf cosupported
at finitely many points. Let ¢; : Y — E;, so that m; = ¢; o f. Since

1 = rank(m; .(wx®P)) = rank(g; (LRT)) = rank(g; L),

one sees that L.Fy,p, = 1 and it easily follows that L = L1 X Ly where L; = g; (L)
is a line bundle of degree 1 on E;. Clearly, Z is the ideal sheaf of a point. (]

We will now consider the case in which G = Z,. Let B be the branch locus of
a: X — A. The divisor B is vertical with respect to ¢ : A — Y and hence we
may write B = ¢*B. Let goh : X — Z — A be the Stein factorization of a.
Then Z is a normal variety and ¢ is finite of degree 2 and so g.O0z = O4 ® MV
where M is a line bundle and the branch locus B is a divisor in |2M|. The map
Fz/y — Fajy is étale of degree 2 and so M = ¢*L&®P where P is a 2-torsion
element of Pic’(X). Let v : A’ — A be a birational morphism so that v*B
is a divisor with simple normal crossings support. Let B’ = v*B — 2|v*B/2] and
M' = v*(M)(—|v*B/2]). Let Z' be the normalization of Zx s A’ and ¢’ : Z/ — A’
be the induced morphism. Then ¢’ is finite of degree 2, Z’ is normal with rational
singularities and ¢/,(Oz/) = Oar@(M’)V. Let X be an appropriate birational model
of X such that there are morphisms « : X—A,v:X—X,a:X — Aand
B:X — Z'. For all n > 0, one has that 3, (w?;”) =~ WP, Tt follows that

a*(w?;m) _ wglm(g)(M/@m*l ® M/®m).
Therefore
as(wx) = s (wy) = vi(war Dwar@M') =

B B
Or @ v.(worar (' D)~V 5 ]) = On &4 LOPSI(5).
Claim 4.4 (c19). If G = Za, then for any P € V%(wx), one has
felwx®@P) # L1 W Ly®T,

where Y = Fy X Ey and L; are ample line bundles of degree 1 on E; and p is a
point of Y.

Proof of Claim 4.4. If f.(wx®P) = L1 X Ly®Z,, then B/2 is not log terminal.
By [Hac3] Theorem 1, one sees that since B/2 is not log terminal, one has that
| B/2]| # 0 and this is impossible as then Z is not normal. O

Combining Claim 4.3 and Claim 4.4, one sees that if G = Z, then V(X,wx) =
{Ox} U S, with 6, = 2. We then have the following:

Claim 4.5 (cl10). If G = Zs, then h°(X,wx®P) =1 for all P € S,,.
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Proof of Claim 4.5. Tt is clear that h%(X,wz®P) = h(A',wa@M'®P) for all
PeS,, and hO(X,w)g@P) =1 for general P € S,,.
If ho(f(,wX,@QO) > 2 for some Qg € S, then hO(X,w)g@Qo) = 2 as otherwise
R0 (w?f@@%ﬂ) > 3+ 3 — 1 which is impossible.
Consider the linear series |K 4 + M’ + Qo|. Let p: A — A’ be a log resolution
of this linear series. We have
p | Ka + M 4+ Qo| = |D| + F,

where |D| is base point free and F' has simple normal crossings support. There is
an induced map ¢|p| : A — P* such that |D| = ¢[p)|Op1(1)]. We have an inclusion

@11 | |0p1 (2)| + G — p*[2K ar +2M" +2Qq|.
For all 5 € Pic’(Y), there is a morphism
o | Kar+ M+ Qo + 1| + p*|[Kar + M+ Qo — n| — 2K ar + 2M' +2Qq|.
Notice that hO(A’,w§?®M’®2®Q6®2) < WX, wPeQ%?) < 4. Since h°(P!, Op1 (2))
3, ¢1 has a 2-dimensional image. Since n varies in a 2-dimensional family, s

also has 2-dimensional image. In particular, there is a positive dimensional family
N C Pic’(Y) such that for general € N, one has

Diﬁ +Fin S ,u*|KA/ +M’+Q0:|:77|

where G = Fyy + F_y and Dy + D_y € ¢[p, [Op1(2)]. Since G is a fixed divisor, it
decomposes in at most finitely many ways as the sum of two effective divisors and
so we may assume that F, F_, do not depend on n € N.

Take any n # ' € N with F,, = F,,. One has that D, = qbi"DlH is numerically
equivalent to D,y = ¢|*D\H ’. It follows that H and H' are numerically equivalent

on P! hence linearly equivalent. Thus D, and D, are linearly equivalent which is
a contradiction.

O

Claim 4.6 (cll1). If G = Zy, then a : X — A has generic degree 2 and is
branched over a divisor B € |2f*©| where Oy (©) is an ample line bundle of degree
1. Furthermore, a.(Ox) = Oa @ ¢* Oy (0)®P where P ¢ Pic’(Y) and P®? = O,.
See Example 2.

Proof of Claim 4.6. For all n € Pic’(Y)) and P € Sy, one has that
R (wx®@P@n) = h(wa @M'@P®n) = 1.
The sheaf g.v.(war@M'®P) is torsion free of generic rank 1 and
RO (quvs(war@M'@P)®n) =1 for all n € Pic’(Y).

Following the proof of Proposition 4.2 of [HP], one sees that higher cohomologies
vanish. By [Hacl], g.v.(war®@M'®P) is a principal polarization Oy (©). From
the isomorphism v, (wa@M'®P) = L®ZI(B/2), one sees that L = Oy (©) and
I(B/2) = Oy. Therefore, v, (wp @M'®@P) = ¢*Oy(0). It follows that

ax(wx) = O ® ¢ Oy (O)RP.

From now on we therefore assume that G # Zs.

Claim 4.7 (cI7). V(Kx) has at most one 2-dimensional component.
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Proof of Claim 4.7. Let S, S¢ be 2-dimensional components of V°(wx ) with n # ¢.
Since k(X) = 2, one has §, ¢ = 2. Thus by (2), P2,+¢ > 3. By Lemma 3.4, this is
impossible. O

Claim 4.8 (cI8). Let Ty, Ty be two parallel 1-dimensional components of VO(wx),
then Ty + Pic’(Y) = Ty + Pic’ (V).

Proof of Claim 4.8. Let P; € Ty, m: X — E :=T) =Ty the induced morphism
and L; ample line bundles on F; with inclusions ¢; : 7*L; — wx®P;. By Lemma
2.12, one sees that hO(W§2®P1®P2) > 2. If it were equal, then the inclusion

Li®Ly — m (WP RP,@P,)

would be an I.T. 0 isomorphisms and this would imply that P,(Fx,g) = 1 and hence
that #(X) < 1. So h®(w{*@P1®@P,) > 3. By Lemma 3.4, this is impossible. O

Claim 4.9 (cl12). If G # Zs, let S, be a 2-dimensional component of V°(wx), then
hO(wx®@P) =1 for all P € S,. In particular f.(wx®P) is a principal polarization.

Proof of Claim 4.9. Let f : X — (S,)¥ : be the induced morphism. Then f is
birational to the litaka fibration of X. By Claim 4.7, V%(wx) has at most one
2-dimensional component, and so there must exist a 1-dimensional component S¢
of VO (wx). Let 7: X — E = TCV be the induced morphism. There is an ample
line bundle L on E and an inclusion 7*L — wx®Q for some general Q) € S¢.

Assume that P € S, and h%(wx®P) > 2. If rank(m.(wx®P)) = 1, then
7. (wx ®P) is an ample line bundle of degree at least 2 and hence h® (7, (wx @ P)®n) >
2 for all n € Pic’(E). Tt follows that

R (wPePaQ:) > K (wx®@Per*L) = h° (1. (wx@P)®L) >
rank(m, (wx@P)) + deg(m,(wx®@P)) > 142 =3.

By Lemma 3.4, this is impossible. Therefore, we may assume that rank(m.(wx®P)) >
2. Proceeding as above . (wx ®P) is a sheaf of degree at least 0. Since h°(m, (wx®@P)®n) >
0 for all n € Pic’(E), By Riemann-Roch one sees that also h' (7, (wx®@P)®n) > 0
for all € Pic’(E). By Theroem 2.5, this is impossible.

Finally, the sheaf f.(wx®P) is torsion free of generic rank 1 on Y and hence, by
[Hacl], it is a principal polarization. O

Claim 4.10 (cl13). Assume that G # Zo. Then, for any P € V°(wx) — Pic’(Y)
one has that f.(wx®P) is either:

i) a principal polarization on'Y,

i) the pull-back of a line bundle of degree 1 on an elliptic curve or

iii) of the form L X L'®Z, where L,L' are ample line bundles of degree 1 on
E.E',Y =EXxE' and p is a point of Y.

In particular, there are no 2 distinct parallel components of VO(wx).

Proof of Claim 4.10. By Claim 4.9, we only need to consider the case in which all
the components of (P + Pic®(Y)) N VO(wx) are 1-dimensional. By Claim 4.3, we
may also assume that these components are parallel.

For any 1 dimensional component T; of (P + Pic’(Y)) N V%(wx), P; € T; and
corresponding projection m; : X — E; := T, one has rank(m; .(wx®F;)) = 1
and hence m; .(wx®P;) = L; is an ample line bundle of degree at least 1 on E;. If
this were not the case, then By Lemma 2.13,

rank(ri . (wx®P;)) = h%(wrp) > 2

and so
rank(m; (WERP)) = hO(wE?) > 3.
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From the inclusion (cf. Corollary 2.11)
W;Li — wx®P;, — w?f@PZ‘,

one sees that h0(w$2@P;) > 2 (cf. Lemma 3.1). By Lemma 2.4, deg(m; . (w$2®P;)) >
2. By Riemann-Roch, one has

RO(Lem; (WP P;)) > deg(m; «(WPRP;)) + rank(m; . (W@ P;)) > 5.

This is a contradiction and so rank(m; «(wx®F;)) = 1.

Since we assumed that all components of VO(wx) N (P + Pic’(Y)) are parallel,
then one has m; = m, E = F; are independent of . Let ¢ : Y — E. Since there
are injections

Pic’(E) + P, =T — P, + Pic’(Y) — Pic’(X),

we may assume that ¢ has connected fibers. The sheaf f.(wx®2P;) is torsion free of
rank 1, and hence we may write f,(wx®P;) = M®Z where M is a line bundle and 7
is supported in codimension at least 2 (i.e. on points). Since rank(m.(wx®P)) = 1,
one has that h°(M|Fy,g) = 1.

For general 1 € Pic’(Y), one has that VO(wx) N Py 4+ 1 + Pic’(F) = § and so
the semipositive torsion free sheaf 7, (wx ®P;®n) must be the 0-sheaf. In particular
hO(M&@n|Fy,g) = 0. It follows that deg(M|Fy,g) = 0 and hence M|Fy,g = Or, .
One easily sees that h(M®@n) = 0 for all € Pic’(Y) — Pic’(E) and hence

Vo wx) = P, + Pic’(E) = T1.

By Proposition 2.3, one has that ¢*L; and f.(wx®P;) are isomorphic if and only
if the inclusion ¢*L; — fi(wx®P;) induces isomorphisms

H'(Y,q"Li®n) — H'(Y, f.(wx®P1)®n)

for i = 0,1,2 and all 5 € Pic’(Y). If n € Pic’(Y) — Pic’(E) or if i = 2 and 7 €
Pic’(E), then both groups vanish and so the isomorphism follows. If 5 € Pic’(E)
and i = 0, then the isomorphism follows as

H(Y,q*Li®n) = H(E, Li®n) = H*(E, 7. (wx®Py)®n) = H(Y, fu(wx®P1)@n).

If i = 1 and n € Pic’(E), we remark that by Theorem 2.5 ¢) and e), for any
v € H'(Y,Oy) which is not tangent to Pic’(E), one has an isomorphism

HOY, fu(wx®P)@n) =% HY(Y, f.(wx®P)@n).

Since
HO(Y,q"Li®n) =% H'(Y,q"L1®n)
is also an isomorphism, the statement follows. O

Claim 4.11 (cl14). If G # Zs, then G = (Z3)? and Vo(X,wx) contains a 2-
dimensional component.

Proof of Claim 4.11. We have seen that V%(wyx) has at most one 2-dimensional
component and there are no parallel 1-dimensional components. Since G # Zs,
then there are at least two 1-dimensional components of V°(wx ). We will show that
given two one dimensional components contained in Q1 + Pic’(Y) # Q2 + Pic’(Y),
then
(@1 + Q2 +Pic"(Y)) N V(wx)

does not contain a 1-dimensional component. By Proposition 2.7, it follows that
Q1 + Q2 + Pic’(Y) is a 2-dimensional component of VO(wx). If |G| > 4, this
implies that there are at least two 2-dimensional components, which is impossible,
so G = (Z3)? and the claim follows. O
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Claim 4.12 (cl16). If G # Za, then Vo(X,wx) = {Ox}US, USc USe with 6, = 2,
0 =0 =1.

Proof of Claim 4.12. Suppose that there are three 1-dimensional components of
VO(wx), say Si,Sa,S3, contained in Q1 + Pic’(Y), Q2 + Pic’(Y), Q3 + Pic(Y)
respectively with Q1 + Q2 + Q3 € Pic® (Y). By Claim 4.10, these components are
not parallel to each other. We may assume that m; : X — E; := S} factors through
f: X — Y and that Y is an abelian surface. Let ¢; : Y — F; be the induced
morphisms.

Let Q1,Q2, Qs be general elements in S, S, S3 and

G = [ (wPRQ20Q3), F:i= fi(wF 0Q10Q22Qs).
From the inclusions 7} L; — wx®Q);, one sees that we have inclusions

prqlo®q3ls — G, Yiqili®gLlo®qils — F
where L; are ample line bundles on F; respectively. Since F is torsion free of generic
rank one, we may write

F=qL1®¢Ly ® ¢ LzoNQT
where N is a semi-positive line bundle on Y and Z is an ideal sheaf cosupported at
points. If N is not numerically trivial, then N is not vertical with respect to one
of the projections ¢;, say gi;. Then
rank(q1+(F)) = Fy/p, - (@1 L1 + ¢3 L2+ q3 L3 + N) > 3.

On the other hand, from the inclusion ¢, one sees that rank(q; .(G)) > 2. Consider
the inclusion of I.T. 0 sheaves L1 — ¢ .(G®n) with n = Q12QY®QY € Pic’(Y).
Since it is not an isomorphism, one sees that

h(G) = h°(Gen) > h®(L1) > 1.

From the inclusion
p: L1301 +(G) — q1.+(F) = m . (wFPR0Q10Q20Q3)
one sees that by Riemann-Roch
hO(G) + rank(q1,+(G)) < I (WP ©Q10Q20Q3) = P3(X)

and therefore

h(G) =2, rank(q «(G)) = 2.
In particular, p is an I.T. 0 isomorphism. So, rank(qi«(F)) = rankq «(G) = 2
which is a contradiction. Therefore, we have that N € Pic’(Y) and @G LeFy g, =
q3L3.Fy/p, = 1. Recall that deg(L;) = 1 and so ¢;L; = Fy,pg,. Since (¢fL1 ®
g5 Loy ® q5L3)? > 8, we have that ¢5 Ly - ¢5L3 > 2. Since

h0(g5 Lo ® g3 Ls) < hO(G) = 2,
one sees that ¢5Ls.q5Ls = 2 and hence 7 = Oy-.

Now let G’ := f, (w;@}2®Q1®Q3). Proceeding as above, one sees that
rank(q2,xG") > Fy/p, - (aiL1 + g3 Ls) =3, h°(q2.G') > h°(La) = 1.
By Riemann Roch, one has that
P3(X) = i (wP0Q1®Q20Qs) > h’(L1®¢2.G") > 5
and hence 6_,_¢ = 1. In particular, there is a 1-dimensional component of V°(wx )N
Pic’(Y) —n — ¢.
Let 7 : X — E =: R be the induced morphism, then there is an ample line

bundle L on E and an inclusion I — 7, (wx ®Q_,®Q —¢).
By Corollary 3.2, one has Py > 2+4PF5 ¢ > 5 which is the required contradiction.
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which is the required contradiction. O

Claim 4.13 (cl15). IfG = (Zy)?, then Y = Ey x Eo and there are line bundles L; of
degree 1 on E;, projections p; : A — E; and 2—torsion elements Q1,Q2 € Pic’(X)
that generate G, such that
a,(0x) = Oy & MY & My & My @My
with
My =piLi®Qy, Ma=p;Ly®@Qs5 and Mz = Mi@Ms,.
In particular X is birational to the fiber product of two degree 2 coverings X; — A

Proof of Claim 4.13. By Claim 4.11 and Claim 4.12, the degree of a : X — A'is
|G| = 4 and there are two non parallel 1-dimensional components of V°(wx) say
S1, S5 such that S; —I—PiCO(Y) # S5 +Pic’(Y). Let E; := SYand q; : Y — E;, m;
X — E; be the induced morphisms. Then there are inclusions 7} L; — wx®Q);
where Q; € S;. Moreover, by Claim 4.12, Q1 + Qs + Pic’(Y) € V%(wx). By Claim
4.9, one has that
L= f(wx®Q12Q2)
is an ample line bundle of degree 1. Moreover,
VO(wX) ={0x}US;US U Q1 +Q2+ PiCO(Y)).
From the inclusion
61 L18g3 La®L — [ (w007 0Q5?)

and the equality 4 = P3(X) = h®(w$2Q?20Q%5?), one sees that L.L; = Ly.Ly =
1. Therefore,
L = qi(Li@P)®g3(La@P,), P; € Pic’(Ey),
(Y,q1L1®q;3 L2) = (Ev, L) x (E2, Ls).

We have inclusions

L — [(wx®Q18Q2) — [.(wF®Q1®Q2),

GL1®GLy — fi(wFRQ10Q:).
Let G := w$?®Q1®Qs. If h°(G) = 1, then L = ¢{ L1®q3 Ly as required. If h°(G) >
2, then one sees that

ho(m’*(g)@)Ll@Pl) > rank(G) + deg(G) > 1+ 2.
Since
rank(ms (GO (Li®P1))) > rank(gz.(¢1 (LF*©P1) g5 (Ls))) = 2,
one sees that
P3(X) > K (w$P0Q19Q2®L) = h (1, (G} (L1®P1))®Ly®Py) > 2+ 3

and this is impossible. Let M; := pfL;®Q;. By Claim 4.10, one has

as(wx) = Ox @ My & My ® MMy
and hence by Groethendieck duality,

a.(0x) = 0p & MY & My & MY®M, .

Let X — Z — A be the Stein factorization. Following [HM] §7, one sees that
the only possible nonzero structure constants defining the 4 — 1 cover Z — A are
C1,4 € HO(M1®M2®M§/), Ci16 € HO(M1®M2V®M3) and C46 € HO(MI\/®M2®M3).
So, Z — A is a bi-double cover. It is determined by two degree 2 covers a; : X; —
A defined by a; .(Ox,) = Oa @ pfL;®Q) and sections —cy 4¢1,6 € HO(M1®2) and
€1,4Ca6 € HO(M§®2). It is easy to see that X7, X5, Z are smooth. O
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This completes the proof. O

5. VARIETIES WITH P3(X) =4, ¢(X) = dim(X) AND k(X) =1

Theorem 5.1 (main). Let X be a smooth projective variety with P3(X) = 4,
¢(X) = dim(X) and k(X) = 1 then X is birational to (C x K)/G where G is an
abelian group acting faithfully by translations on an abelian variety K and faithfully
on a curve C. The Iitaka fibration of X is birational to f : (CxK)/G — C/G = E
where E is an elliptic curve and dim H°(C,w&™)¥ = 4.

Proof. Let f: X — Y be the Iitaka fibration. Since x(X)=1,and a: X — A
is generically finite, one has that Y is a curve of genus ¢ > 1. If ¢ = 1, then Y
is an elliptic curve and Y — A(Y') is an étale map. By the universal properties
of the Albanese morphism of X, one sees that ¥ — A(Y) is of degree 1 (i.e. an
isomorphism). By Proposition 2.1 one sees that if g > 2, then ¢(X) > dim(X) + 1
which is impossible.

From now on we will denote the elliptic curve A(Y') simply by Fand f : X — F
will be the corresponding algebraic fiber space. Let X — X — A be the Stein
factorization of the Albanese map. Since X — A is isotrivial, there is a generically
finite cover C' — E such that X x g C is birational to C' x K. We may assume
that C — E is a Galois cover with group G. G acts by translations on K and we
may assume that the action of G is faithful on C' and K. Since G acts freely on
C x K, one has that

HY(X, ) = H(C x K,w&® )9 = [H*(K,wZ’) ® H(C,wi*)|°.

Since G acts on K by translations, G acts on HO(K ,w?f’) trivially. It follows that
4=P3(X) =dim H°(C,w§?)°.
Similarly, one sees that ¢(X) = ¢(C/G) + ¢(K/G) and so ¢(C/G) = 1. O

We now consider the induced morphism 7 : C' — C/G =: E. By the argument
of [Be], Example VI.12, one has

1= dim HO(C,w@)S = 1O(E,0( 3" [3(1 — —)))).

PeE ep
Where P is a branch points of 7, and ep is the ramification index of a ramification
point lying over P. Note that |G| = epsp, where sp is the number of ramification
points lying over P.
It is easy to see that since
1
[3(1 — —)] =1 (resp. =2) if ep =2 (resp. ep > 3),

ep

we have the following cases:

Case 1. 4 branch points P, .., Py with ep, = 2.
Case 2. 3 branch points P, P», P3s with ep, > 3,ep, = ep, = 2.
Case 3. 2 branch points P, P> with ep, > 3.

We will follow the notation of [Pa]. Let m : C — E be an abelian cover with
abelian Galois group G. There is a splitting
W*OC = ®X€G*L;(/'

In particular, if d, := deg(L,), then
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For every branch point P; with ¢ = 1, ..., s, the inertia group H;, which is defined
as the stabilizer subgroup at any point lying over P;, is a cyclic subgroup of order
e; := ep,. We also associate a generator ¢; of each H} which corresponds to the
character of P;. For every x € G*, x|z = w?(X) with 0 < n(x) < |H| —1. And
define
Hitpi . _ LM ]

T

Following [Pal, one sees that there is an abelian cover C — E with group G with
building data L, if and only if the line bundles L, satisfy the following set of linear
equivalences:

(3) bundle]Ly + Ly = Ly + > 0P,

i=1,..,s

€

If X\, = w;”(X), then
ni(x) +ni(x’
(1) (degreeldy +dy = dy + 37 |20 |
i=1,..5 €i
Let H be the subgroup of G generated by the inertia subgroups H; and let Q =
G/H. One sees that there is an exact sequence of groups

1—Q"— G — H" — 1.

The generators v; of H; define isomorphisms H; = Z,., where e; := |H;|. Therefore,
we have an induced injective homomorphism

p: H — H Ze,
1=1,..,s
such that the induced maps ¢; : H* — Z,, are surjective. By abuse of notation,
we will also denote by ¢ the induced homomorphism ¢ : G* — [[,_; _Z.,. We
will write

e(x) = (n1(x), -, s (X)) Vx € G™.
Let p(x) be the order of x. By [Pa] Proposition 2.1,

n;
dy= > ¥
i=1,..,s v
We will now analyze all possible inertia groups H.
Case 1: s =4, and e :=¢; = 2. Then H* C Z3.
Note that H* # Z3 since (1,0,0,0) ¢ H*. Thus H* = (Z)* with 1 < s < 3.
By Example 1, all of these possibilities occour.
Case 2: s=3and ey > 3, e3 = e3 = 2.
There must be a character x with ¢(x) = (1,n2,n3), and so

1 ng n3
A
which is not an integer. Therefore this case is impossible.
Case 3: s=2 and eq,ey > 3.
Assume that e; > ey. Since G* — Z,, is surjective, there is x € H* with p(x) =
(1,m2). Then
1 n

dy=—+—<1
ot
which is impossible. So we may assume that e = e¢; = ey > 3 and H* C Z2. Let
©(x) = (n1,n2). One has d,, = ™+"2. Thus ny = e —ny for any x # 1. Therefore,

H* ={(i,e—i)|0 <i<e—1} 2 Z,. By Example 1, all of these possibilities occour.
From the above discussion, it follows that:
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Proposition 5.2 (cover). Let ¢ : C — E be a G-cover with E an elliptic curve
and dim Ho(wg?’)G = 4. Then either ¢ is ramified over 4-points and the inertia
group H is isomorphic to (Z2)® with s € {1,2,3} or ¢ is ramified over 2-points and
the inertia group H is isomorphic to Z.,, with m > 3.

REFERENCES

[Be] BEAUVILLE, A.: Complex Algebraic Surfaces London Math. Soc. Student Texts 34, Cam-
bridge University Press (1992)

[CH1] CHEN, J.A. and HAcoON, C.D.: Characterization of Abelian Varieties, Inv. Math. 143
(2001) 2, 435-447.

[CH2] CHEN, J.A. and HAcoON, C.D.: Pluricanonical maps of varieties of maximal Albanese
dimension, Math. Annalen 320 (2001) 2, 367-380.

[CH3] CHEN, J.A. and Hacon, C.D.: On Algebraic fiber spaces over varieties of maximal Al-
banese dimension, Duke Math. Jour. 111 issue 1, 159-175.

[CIH] CLEMENS, H. and HacoN, C.D.: Deformations of the trivial line bundle and vanishing
theorems, American Jour. of Math. 124 (2002), 769-815.

[EL] EIN, L. and LAZARSFELD, R.: Singularities of theta divisors and birational geom-
etry of irregular varieties, Jour. AMS 10, 1 (1997), 243-258.

[GL] GREEN, M. and LAZARSFELD, R.: Deformation theory, generic vanishing theorems,
and some conjectures of Enriques, Catanese and Beauville, Invent. Math. 90
(1987 ), 389—-407.

[Hacl] HacoN, C. D.: Fourier transforms, generic vanishing theorems and polariza-
tions of abelian varieties, Math. Zeitschrift 235 (2000) 717-726.

[Hac2] HacoNn, C. D.: Varieties with P; = 3 and ¢ = dim(X), to appear in Math. Nach.

[Hac3] Hacon, C. D.: Divisors on principally polarized varieties, Comp. Math. 119,
321-329, 1999.

[Hac4] Hacon, C. D.: Effective criteria for birational morphisms, Jour. London Math.
Soc. Vol. 67 part 2 April 2003, 337-348

[Hac5] Hacon, C. D.: A derived category approach to generic vanishing theorems.
Preprint.

[HP] HaAcoN, C. D., PARDINI, R.: On the birational geometry of varieties of maximal
albanese dimension, Jour. Reine Angew. Math. 546 (2002).

[Ka] KawaMATA, Y.: Characterization of abelian varieties, Comp. Math. 43 (1981),
253-276.

[Kol] KoLLAR, J.: Higher direct images of dualizing sheaves I, Annals of Math 123
(1986) 11-42

[Ko2] KOLLAR, J.: Shafarevich maps and plurigenera of algebraic varieties, Invent.
Math. 113 (1993), 177—215.

[HM] HanN, D. W., MIRANDA, D.: Quadruple covers of algebraic varieties, J. Algebraic
Geom. 8 (1999) 1-30

[M]  Mukal, S.: Duality between D(X) and D(X) with its application to Picard
sheaves, Nagoya math. J. 81 (1981), 153-175.

[Pa] ParDINI, R.: Abelian covers of algebraic varieties, J. reine angew. Math. 417
(1991), 191-213

Jungkai Alfred Chen Christopher D. Hacon

Department of Mathematics Department of Mathematics
National Taiwan University University of Utah

No.1, Sec. 4, Roosevelt Road 155 South 1400 East, JWB 233
Taipei, 106, Taiwan Salt Lake City, Utah 84112-0090,
jkchen@math.ntu.edu.tw USA

hacon@math.ucr.edu



