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Abstract

When developing a large system, we
typicaly start with the abstract specifications of
its constituent modules and gradually refine the
abstract modules into concrete,
straightforwardly  implementable  modules.
Correctness of this modular refinement process
entails proof obligations of the form that the
composition of more concrete modules
implements the composition of more abstract
modules. The verification task can be made
easer if there exist proof rules that offer the
poss bility of breaking those proof obligations
down to the module level. In this research, we
investigate the use of linear-time temporal logic,
specifically LTL of Manna and Pnudi, in
facilitating the aforementioned modular
refinement process.

Abadi and Lamport pioneered the work on
modular refinement with temporal logic. They
showed that assumption-guarantee
specifications play a fundamental, thought
implicit, role in modular refinement. We have
subsequently demonstrated the advantage of
LTL over TLA, the temporal logic used by
Abadi and Lamport, in formulating
assumption-guarantee specifications. We set to
again take advantage of the expressive power
of LTL so a to obtan more easly
understandable and usable modular refinement
rules. The main results of this work include a
modular refinement rule for closed systems and
a generalized one for open systems or modules,
both are purely syntactical within LTL.
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Abstract

When developing a large system, we typically start with the abstract specifications of
its constituent modules and gradually refine these abstract modules into concrete, straight-
forwardly implementable modules. Correctness of this modular refinement process entails
proof obligations of the form that the composition of more concrete modules implements the
composition of more abstract modules. The verification task can be made easier if there exist
proof rules that offer the possibility of breaking those proof obligations down to the module
level. In this research, we investigate the use of linear-time temporal logic, specifically LTL
of Manna and Pnueli, in facilitating the aforementioned modular refinement process.

Abadi and Lamport pioneered the work on modular refinement with temporal logic. They
showed that assumption-guarantee specifications play a fundamental, thought implicit, role
in modular refinement. We have subsequently demonstrated the advantage of LTL over
TLA, the temporal logic used by Abadi and Lamport, in formulating assumption-guarantee
specifications. We set to again take advantage of the expressive power of LTL so as to obtain
more easily understandable and usable modular refinement rules. The main results of this
work include a modular refinement rule for closed systems and a generalized one for open
systems or modules; both are purely syntactical within LTL.

Keywords: Assumption-Guarantee, Compositional Verification, Concurrent Systems, Decom-
position, Modular Refinement, Modular Verification, PVS, Refinement, Specification, Temporal

Logic, Verification.

1 Introduction

Large, complex systems are built from smaller, simpler modules. When developing a large sys-
tem, we typically start with the abstract specifications of its constituent modules and gradually
refine these abstract modules into concrete, straightforwardly implementable modules. Cor-
rectness of this modular refinement process entails proof obligations of the following form: the
composition of several more concrete modules implements the composition of their correspond-

ing more abstract modules. The verification task can be made easier if there exist proof rules



that offer the possibility of breaking those proof obligations down to the module level. As a
more concrete module has steps with finer granularity of atomicity and hence is more easily
interfered by its environment (i.e., other modules), the implementation relationship between the
module and its corresponding abstract module in general does not hold. What one probably can
hope for is that the implementation relationship will hold with certain assumption about the
environment of the more concrete module and the assumption can later be discharged with only

the abstract modules taken into consideration (otherwise, there would be no simplification).

In this research, we investigate the use of linear-time temporal logic in facilitating the aforemen-
tioned modular refinement process. Temporal logic is one convenient formalism for specifying
and reasoning about the behaviors of a system. The idea of representing concurrent systems
and their specifications as temporal-logic formulas was first proposed by Pnueli [Pnu82]. Funda-
mental concepts in formal verification such as refinement (implementation), hiding, and parallel
composition can all be conveniently treated with the logic [Lam94, MP92, AL95]. There are
variations of temporal logic. We shall adopt the linear-time temporal logic of Manna and Pnueli
[MP92], which we refer to as LTL.

Abadi and Lamport pioneered the work on modular refinement (which they referred to as decom-
position of specifications) with temporal logic [AL95]. They showed that assumption-guarantee
specifications play a fundamental, though implicit, role in modular refinement. We have sub-
sequently demonstrated the advantage of LTL over TLA [Lam94], the temporal logic used by
Abadi and Lamport, in formulating assumption-guarantee specifications [JT96]. We set to again
take advantage of the expressive power of LTL so as to obtain more easily understandable and
usable modular refinement rules. Below is a brief account of recent works that are most related

to this work.

e In [AL95], Abadi and Lamport proposed a way of writing assumption-guarantee specifi-
cations in TLA [Lam94] and presented a general rule for composing such specifications.
However, they used the notion of safety closure (which is a semantic concept) in the rule.
Two decomposition (modular refinement) rules were derived from the general composition

rule.

e Jointly with Jonsson, we showed in [JT96] how to write and reason about assumption-
guarantee specifications in LTL. Unlike those in Abadi and Lamport [AL95], the compo-

sition rules in this work are purely syntactical within LTL.

e Kurshan and Lamport [K1.93] demonstrated the use of a decomposition rule in breaking
the verification of a multiplier down to the verification of its individual components, which
can be carried out by model checking. Theorem proving is used to verify that the complete

system satisfies its specification if each of its components does.

e In a more recent work of ours [Tsa00], we consider two forms of temporal formulas that



correspond to the strong and the weak interpretations of an assumption-guarantee speci-
fication and investigate how they can be applied in compositional (modular) verification.
We argue by examples that the two forms complement each other and both are needed to

facilitate the compositional approach.

The main results of this work include a modular refinement rule for closed systems and a
generalized one for open systems or modules; both are purely syntactical within LTL. In the
next section, we give the necessary preliminaries of temporal logic. Section 3 explains the
intricacy of simplifying correctness proofs of modular refinement. The main results can be

found in Section 4.

2 Temporal Logic and Specification

2.1 LTL

LTL, the linear-time temporal logic of Manna and Pnueli [MP92], is a logic for expressing and
reasoning about properties of infinite sequences of states, where each state is an assignment
to a predefined set of variables. The language of LTL assumes a set of constant, function,
and predicate symbols with fixed interpretations. It classifies each variable as being rigid—
having the same interpretation in all states of a sequence or flexible—with no restrictions on
interpretation in different states; flexible variables are typically used for representing program
or control variables, whose value may change over time. Primitive temporal formulas in LTL,
called state formulas, are built from variables, constants, functions, and predicates using the
usual first-order logical connectives. A state formula is interpreted over a state where each

variable in the formula is assigned a value; this is analogous to first-order logic.

The expressive power of LTL mainly comes from temporal operators. In this paper, we will
explicitly use only three temporal operators: O, @, and B. A general temporal formula is
constructed by applying temporal operators and first-order logical connectives to state formulas.
An LTL temporal formula is interpreted over an infinite sequence of states, relative to a position
in that sequence. We give below the semantics for temporal formulas involving a quantifier or

one of the three temporal operators:

o (0,i) EOpiff Vk > i: (0,k) = ¢. In other words, O¢p (read as “henceforth ¢” or “always
¢”) holds at a position if ¢ holds at that current and all following positions.

o (0,i) F @piff (i >0) = ((0,i— 1) = ¢). In other words, ®¢p (read as “before ¢”) holds
at position 1 if either position 7 is the first position (i.e., i = 0) of the sequence or ¢ holds

at position ¢ — 1.



o (0,i)FE Bpiff VE:0<k <i:(0,k)FE ¢. In other words, B¢ (read as “so-far ¢”) holds

at a position if ¢ holds at that position and all preceding positions;

A sequence o’ is called a w-variant of o if ¢’ differs from o in at most the interpretation given

to u in each state; note that the restrictions of rigid variables must be observed.

o (0,i) E Ju: ¢ iff (¢/,7) | ¢ for some u-variant o’ of o. Intuitively, this means that the
truth of Ju: ¢ for a flexible variable « depends on the existence of an infinite sequence of

u-values (one for each state), rather than just a single value, such that ¢ can be satisfied.

e (0,1) EVu: ¢ iff (0/,1) | ¢ for every u-variant o' of o.

We say that a sequence o satisfies a formula ¢ if (6,0) = ¢, often abbreviated as 0 = ¢. A
formula ¢ is valid, denoted |= ¢, if ¢ is satisfied by every sequence.

When using LTL to specify a system, one very often would want to express constraints on the
state transitions that the system can make. This requires a means for specifying the values of
an expression in any two consecutive states (a position and its preceding position) of a sequence.
As one possible solution, Manna and Pnueli introduced the notation «~ for denoting the value
of w in the preceding state. Formally, the interpretation of 4~ in position ¢ is the same as the
interpretation of variable w in position ¢ — 1; by convention, the interpretation of «~ in position 0
is the same as the interpretation of « in position 0. Note that the new notation does not increase
the expressive power of LTL, as any formula with “~”-superscribed variables can be translated
into an equivalent formula without such variables. A formula without temporal operators but
possibly with “~”-superscribed variables is called a transition formula (this definition is slightly
different from that in [MP92]).

2.2 Specifying a System

A system consists of a set of variables, an initial condition on the variables, and a set of transi-
tions that specify how the system may change the values of its variables in an execution step.
Semantically, a system is associated with a set of computations (behaviors) or sequences of
states, each of which represents a possible execution of the system. Such a system is amenable

to specification with temporal formulas.

We find it convenient to distinguish two kinds of specification: system specification and require-
ment specification. The system specification of a system is a temporal formula that characterizes
exactly the set of all possible behaviors of the system, while a requirement specification gives

some superset of this set. We will talk mostly of system specifications.

System specifications are essentially programs in the form of a temporal formula. Consider

Program GCD shown in Figure 1. The system specification of GCD can be given as follows.



GCD =
out a,b: integer where a > 0,6 >0
loop forever do

ifa>bthena:=a—-05
or
ifb>athenb:=b—-a

Figure 1: Program GCD.

Maep 2 (@>0A(b>0A0| v
V (a=a")A(b=b7)

The formula M1y states that initially the values of @ and b are greater than 0. Tt also states
via the disjunction of three transition formulas that, in each step of an execution, either (1) the
value of a is decremented by that of b (while the value of b remains unchanged) when the value
of a is greater than that of b, (2) the value of b is decremented by that of @ (while the value of
a remains unchanged) when the value of b is greater than that of @, or (3) nothing is changed.
The transition formula (¢ = ™) A (b = b7) is called a stuttering transition and is included to
make the specification invariant under stuttering. This stuttering transition also helps make the
specification simpler. It holds at position 0 of every execution sequence of GCD. Without it,

the other two transition formulas would have to be modified so that they also hold at position 0.

We will regard system specifications as formal definitions of systems so that we can do without
a formal syntax and semantics of the programming language. Programs are informal notations

for readability.

2.3 Common Forms of Formulas

A formula without any future operator (O is the only future operator we explicitly use in this
paper) is called a past formula; in particular, a transition formula is a past formula. A safety
formula is one that specifies a safety property and a liveness formula is one that specifies a
liveness property!. Of particular importance, formulas of the form OH are safety formulas if the
truth value of H depends only on the present and the past states, e.g., if H is a past formula.

The form of a liveness formula is not important for our purposes.

' A property is said to be a safety property if the following condition holds: for any sequence o, if each prefix
of o is a prefix of some sequence that satisfies the property, then o also satisfies the property; and, a property
is said to be a liveness property if every finite sequence is a prefix of some sequence that satisfies the property

[AS85].



The safety formula in a system specification can be put in the canonical form of OH, specifically
in the form of a((first A Init) vV (=first A N)), where first abbreviates ©false which holds only
at position 0 of a sequence, Init is a state formula, and NV the disjunction of several transition
formulas, including a stuttering transition. As N will always contain a stuttering transition,
a((first A Init) vV (—first A N)) simplifies to T((first A Init) v N). For example, the system

specification of GCD can be equivalently written as follows.

V (@ >b7)Ala=aT —bT)A(b=0b7)
MGeD = Bl v - >a)A(b=b—a)A(a=a")
V (a=a" )N (b=1b7)

More generally, the system specification of a system can be put in the following form:

de:oH AL

where 2 is a tuple of flexible variables, H is a past formula (so that OH is a safety formula),

and L is a liveness formula. Formulas of this form are referred to as canonical formulas.

It is desirable that the pair of OH and L be “machine-closed” [AL91], i.e., the safety closure?
C(OoH A L) of oH A L is equivalent to OH. One way of understanding machine-closedness is
that L does not rule out safety properties that are allowed by OH.

If, in addition, OH is stuttering-extensible, then C(3z: OH A L) can be shown to equal O(3z:
BH) [JT96]. A safety formula is said to be stuttering-extensible if a system that has satisfied
the formula so far, then it will continue to satisfy the formula simply by doing nothing. When
0OH is of the form O((first A Init) v N) where N includes a stuttering transition, it is guaranteed

to be stuttering-extensible.

3 Modular Specification and Refinement
3.1 Composition as Conjunction

Program GCD can be decomposed as the parallel composition of two modules, shown in Figure 2.

A module may read but not change the value of an in (input) variable. A compatible environment
of a module may read but not change the value of an own out (owned output) variable of the
module. In the system Il || Iy, II; is the environment of I1, and II, is the environment of

ITy; both are clearly compatible with each other. Computations of a module are the sequences

2The safety closure of a given property is the strongest safety property implied by the given property, i.e., a
safety property satisfied by exactly those sequences o such that each prefix of & is a prefix of some sequence that
satisfies the given property. The safety closure of a property specified by an arbitrary temporal formula can also
be expressed as a temporal formula, making it meaningful to talk about the safety closure of a formula in LTL

[IT96].



module II, module I
in b  :integer in a :integer
own out « :integer where a > 0 | own out b :integer where b > 0
loop forever do loop forever do
ifa>bthena::a—b} {ifb>athenb::b—a

Figure 2: Program GCD as the parallel composition of two modules.

of states produced when the module is executed in parallel with an arbitrary but compatible
environment, i.e., the computations of an imaginary system obtained from composing the module
with an arbitrary environment. A module satisfies a certain property if the corresponding

assertion holds for each of its computations.

The system specifications M, and M} of modules II, and II, respectively are as follows:

first A (a = 0)
M, 2ol Vv (@>b)Ala=a —b)A(b=b")
V o (a=a")
first A (b=0)
My 2 ol v (bm>a)A(b=b"—b")A(a=a")
V(b= 0b")

It is perhaps more accurate to say that M, is the system specification of an imaginary system

composed of I, and an arbitrary but compatible environment; same for Mj.

3.2 Modular Refinement

We decompose a system into smaller modules so as to develop or, to be formally correct, refine
each module separately. Suppose M; is the specification of the i-th of n modules of a system and

M} that of the corresponding refined module. We are faced with the following proof obligation:

ﬂ M!— /n\ M;
=1 =1

Ideally, we would like to establish the validity of the above implementation relation by proving

that MZ»I — M, for each 7. But, this is usually not possible.

Consider the GCD program decomposed as the parallel composition of II, and II,. We may
want to remove the simultaneous atomic accesses to @ and b by refining the modules as shown

in Figure 3, where atomicity is made explicit with angle brackets.



module
in

local
own out

1:
2

Hl

module I}
b  :integer in a
ai :integer local bi
a :integer where ¢ > 0 own out b

loop forever do

(ai :=b);

if (a > a?) then 3 :

loop forever do

] l1:<bi::a>;
(a :=a— ai) 2:

if (b > b7) then 3:

: integer
: integer
: integer where b > 0

(b:=b— bi)

Figure 3: Program GCD as the parallel composition of two refined modules.

The system specifications M! and Mg of modules IT}, and Hé respectively are as follows:

where
V
g A&V
V
V
V
V
N
V
V
V

M! 2 3ai, pea: oH!

M} 2 3bi,pcb: oH]
first A (a > 0) A (pca = 1)
(pca==1)A(ai=b")A(pca=2)AN(a=a")A(b=1>b7)
(pca =2)A (¢ >ai")A(pca=3)AN(ai=ai")A(a=a")A(b=10b")
(pca™ =2)A=(a” >at")A(pca=1)A(ai=ai")AN(a=a")A(b=107)
(pca™ =3)A(a=a" —ai")A(pca=1)A(at=ai" )N (b=15")
(pca=pea=)A(at =ai" )N (a=a"
first A (b>0) A (peb=1)
(peb==1)A(bi=a " )A(pcb=2)A(b=b")A(a=a")
(peb= =2)A (b= > bi")A(pcb=3)AN(bi=bi")A(b=b")A(a=a")
(pcb= =2)A=(b~ > bi")A(pcb=1)A(bi=bi")AN(b=b")A(a=1a")
(peb==3)A(b=b"—bi")A(pcb=1)A(bi=bi")A(a=a")
(pcb =peb™) A (bi=bi")A(b=10b7)

Although the composition of 1! and Hé correctly implements the composition of 11, and Il,
i.e., Mi A Mbl — M, N My, neither Mé — M, nor Mg — M, holds in isolation. Hfl does not
implement IT, because I1! can behave in ways that IT, cannot. When I is run with an arbitrary
but compatible environment, the value of b may be changed before the assignment “a := a — az”

is executed, resulting in a being decremented by a previous value of b. Analogously, Hé does not

implement II;.

However, TI! is not intended to be run with just any environment. If I} is run with an envi-

ronment where the value of b may be changed only when a < b, then in this context IT} indeed

10



correctly implements IlI,. Let FE, represent the needed constraint on the environment. The
contextual implementation relation is expressed as E, A M} — M,. In summary, we wish to

conclude M! A Mbl — My A My from roughly the following premises.

E,ANM!. = M,
Ey A M} — M,
M, A My — E,
M, N M, — E}

Each of the premises is simpler than the original proof obligation. The assumptions F, and Fj
on the environments of 1} and Hlb respectively needed in the first two premises are discharged
by the last two premises, which in turns need M, and Mj. Discharging F, and Fj in this way
is a circular reasoning and, in general, unsound. The first modular refinement rule in the next

section tells what the actual premises should be.

4 Rules for Modular Refinement

We present two proof rules that facilitate modular refinement. The first is for closed systems

and the second is a generalized rule for open systems (or modules).

In light of the results in [JT96], we consider specifications expressed in the canonical form with
the additional conditions of machine-closedness and stuttering-extensibility. Specifically, the
specification M of a module is expressed as Jy: OHa A Las where C(OHwm A La) < OHu
and OH s is stuttering-extensible so that the safety closure of M is equivalent to O(Jy: BHar).
The assumption E about an environment is expressed as O(3z: BHg). Assuming that OHg
is stuttering-extensible, O(3z : 8 HEg) expresses the safety closure of 3z : OHpg, which is a
specification of the safety properties of a system with the tuple z of internal variables hidden
(Jz : OHg is not necessarily a safety formula.) If no internal variables are used, £ becomes
OEHg, or simply OHEg.

Theorem 4.1 Assuming that Ty, ..., Tp, Y1, « -+ Yn, Yb, - Y. are pairwise disjoint tuples of

variables and no free variables become bound,

1. I:D{Elyl Yp: B /\ Hy,) — (Jz;: EHEi)},forlgign
7=1
2. (¢) EFO {@(Elacz BHEg,) A (Eny»:EHM;)—>(EIyi:EHMi)},forlgign
(b) oz @Hg)AM! — M;, for1<i<mn

Premise 2 requires reasoning about only one module at a time. Assumption O(3z;: BHEg,)

about the environment of M! needs to be discharged in Premise 1, which requires reasoning

11



about A, M;, but this conjunction is more abstract and usually simpler than A, M}. To
apply the rule to the refinement of GCD, we formulate the assumptions F, (= OHg,) and Fj
(= OHg,) as follows.

oHp, 2 o(((a= <b7)A(a=a") V(b= b))

O(((e=>b")A(b=b7))V(a=a"))

e 1

DHEb

The next rule is a generalized rule for dealing with open systems (or modules); closed systems
are a special case of open systems that do not interact with the environment. It is needed if
one wishes to establish a refinement relationship inductively (as opposed to doing it in one shot
using the first rule).

Theorem 4.2 Assuming that x, T1, ..., Zp, Y1, +« o Yns Yoy - .. Y\ are pairwise disjoint tuples

of variables and no free variables become bound,

1. FoO|{(Fz: 8Heg) A Jyr--.yn: 8 A\ Ha,y) = (J2;: EIHEL.)}, for1<i<n
7=1

{@(Elmi: 8Hg) A 3y BH;) — (Jui: EHMI.)}7 for1<i<n
(b) EoQ@z:gHg)AM!— M, for1<i<n
(

©Fz: gHr)A ...y B -AIHMz‘l) = (Fy1...yn: B _é\lﬂMi)}

k3

4) Eo@e: gHp)A A M!
=1

1=

n
M;
Y

k3

5 Concluding Remarks

This work was inspired by Abadi and Lamport [AL95] and closely followed the development
of their work. We have used the same example, namely the GCD program, to illustrate the
intricacy of simplifying correctness proofs of modular refinement. Modular refinement rules were
called decomposition theorems in [AL95]. Unlike those in [AL95], the decomposition rules in
this work are purely syntactical within LTL, which we consider the main contribution of this

work.

We are currently working out a mechanization of these modular refinement rules in PVS [COR™95].
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