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Abstract

A simple interface-capturing approach to compressible homogeneous multi-
phase flow problems is developed for the Euler equations of gas dynamics
with a stiffened gas equation of state on body-fitted mapped grids in general
two- and three-dimensional geometries. The algorithm uses a generalized
coordinate formulation of the equations that is derived to ensure the correct
fluid mixing when approximating the equations numerically with material
interfaces. A ~-based and a a-based model have been described that is an
easy extension of the Cartesian coordinates counterpart devised previously
by the author (K.-M. Shyue, An efficient shock-capturing algorithm for com-
pressible multicomponent problems, J. Comput. Phys. 142 (1998) 208-242).
A standard high-resolution wave propagation method is employed to solve
the proposed multiphase models with the dimensional-splitting technique
incorporated for an efficient implementation of the method to multidimen-
sional problems. Several calculations are presented with an HLLC approxi-
mate Riemann solver that show accurate results obtained using the method
without introducing any spurious oscillations in the pressure near the inter-
faces. This includes some validation tests for problems in two dimensions
where our quadrilateral-grid results are in direct comparison with the ones
obtained using a Cartesian grid embedded boundary method. Sample results
for three-dimensional problems on hexahedral grids are shown also.
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1. Introduction

Our goal is to describe a simple mapped-grid approach for efficient numer-
ical resolution of compressible multiphase flows in two and three dimensions
with complex geometries. As a first endeavor towards the method devel-
opment, we are concerned with a simplified model problem, where the flow
regime of interest is assumed to be homogeneous with no jumps in the pres-
sure and velocity (the normal component of it) across the material interface
separating two regions of different fluid components within a spatial domain.
In this problem, the physical effects such as the viscosity, surface tension,
and heat conduction are assumed to be small, and hence can be ignored.
With that, we use an Eulerian viewpoint of the governing equations that the
principal motion of each fluid component in a Cartesian coordinates can be
written as

p Na pu;
% pu; | + Z % pusu; +pdi; | =0 (1)
E j=1 =7\ Euj + pu;
for i = 1,2,..., Ng. Here N; denotes the number of spatial dimensions.
The quantities p, u;, p, E, and J;; are the density, particle velocity in the
xj-direction, pressure, total energy, and the Kronecker delta, respectively.

To close the model, for simplicity, the constitutive law for each fluid phase
is assumed to satisfy a linearized Mie-Griineisen (i.e., the linearly density-
dependent stiffened gas) equation of state of the form

p(p,e)=(y—1)pe+(p—po) B (2)

for approximating materials including compressible liquids and solids (cf. f@,
]) Here e represents the specific internal energy. The quantities 7, pg, and
B are the ratio of specific heats (v > 1), the reference values of density, and
speed of sound squared, respectively. We have F = pe—l—Zj.V:dl pu? /2 as usual.

In this work, we want to generalize a state-of-the-art shock-capturing
method that was devised originally for single-phase flows on mapped grids to
the case of a multiphase flow. It is well known that the principal problem in
the usual extension is the occurrence of spurious pressure oscillations when
two or more fluid components are present in a grid cell (cf. ﬂg] and references
therein). Here the algorithm uses a generalized coordinate formulation of



a fluid-mixture model that is composed of the Euler equations of gas dy-
namics for the basic conserved variables and an additional set of effective
equations for the problem-dependent material quantities. In this approach,
as in its Cartesian coordinates counterpart (cf. E, ]), the latter equations
are derived to ensure the correct fluid mixing when approximating the equa-
tions numerically with material interfaces, see Section 2. With the proposed
model equations, accurate results can be obtained on a mapped grid using
a standard method, such as the dimensional-splitting version of the high-
resolution wave propagation method for a single-phase flow (cf. , @, ]),
see Section 4| for numerical examples.

There are quite a few other numerical approaches available in the lit-
erature for approximating compressible multiphase problems over a multi-
dimensional domain with complex geometries. Some representative ones are
the unstructured meshes methods |2, ], the overlapping grids method ],
and the Cartesian grid embedded boundary method [39].

An advantage of the mapped-grid approach described here is that exten-
sion of the method from two to three dimensions can be done in a straight-
forward manner for simple geometries such as cylinders, spheres, and their
variants m] This is in contrast with the extension of an unstructured or a
Cartesian grid method, where it requires a significant algorithmic and pro-
gramming effort to realize each of the methods that are designed of general
purpose. In addition to that, if we want to use a front tracking method to
improve numerical resolution of shock waves and interfaces, with complex
geometries involved, it would be relatively easier to apply the method on a
body-fitted mapped grid than on a fixed Cartesian grid, see @, @] for an
example.

It should be mentioned that the methodology we have given here is by
no means limited to the current case with the stiffened gas equation of state.
Extension of the method to problems involving more complicated equations
of state can be made by considering, for instance, either a y-based model of
the author @] or a a-based model of Allaire et al. E] (see Section[2.2), and
proceeding with the idea described in this paper. Without going into the
details for that, our goal is to establish the basic solution strategy and vali-
date its use via some sample numerical experimentations; this is a necessary
step for our further development of the method towards more complicated
problems of fundamental importance (cf. f\E, @, @] and references therein).

The format of this paper is as follows. In Section [2| we describe our
mathematical model for a simplified homogeneous multiphase flow in gener-



alized coordinates. In Section [3, we review briefly the dimensional-splitting
version of the wave propagation method, and give a discussion of the HLLC
approximate Riemann solver for the solution of the normal Riemann problem
at the cell edge. Numerical results of some sample test problems in two and
three dimensions are presented in Section

2. Mathematical models in generalized coordinate

The basic governing equations in our multiphase model consist of two
parts. We use the Euler equations in a generalized coordinates as a model
system for the motion of the fluid mixtures of the conserved variables in a
multiphase grid cell. With that, from the mass and energy conservations,
we derive a set of effective equations for the problem-dependent material
quantities in those cells, see below, that can be used easily to the determi-
nation of the pressure from the equation of state. Combining this two set
of the equations together with the equation of state constitutes a complete
mathematical model that is fundamental in our mapped grid algorithm for
numerical approximation of multiphase flow problems with complex geome-
tries.

To find out the aforementioned equations in a three-dimensional Ny = 3
generalized coordinates, for example, we introduce a coordinate mapping
from the physical domain (z1, x5, x3) to the computational domain (&3, &2, &3)
via the relations

dry = a1d&; + axds + azdEs,
dzy = byd&y + bed&y + bsdés, (3)
drg = c1d&y + cad&s + c3dés,

where a;, b;, ¢; for i = 1,2,3 are the metric terms of the mapping. Then

under the mapping (3), the Euler Egs. (1) can be transformed into the new
coordinate system as

op 14 9
o 7 25 W) =0

) 1 <X
j=1 ">
N,
OE 1<& 0
- EU: ) =
5 +JJ§_ 8€j( U; +pU,) =0,



where U; = Zf\fl u;Jj; is the contravariant velocity in the &;-direction for
Jj=1,2,..., Ng. Here the quantities J;; for i, j = 1,2, 3 are as a consequence
of the coordinates transformation that satisfies the following expressions:

Ju Jiz Jis bacs — bscy  asco — ages  asbs — asbs
Jo1 Jag Jaz| = |bser —bics aics —aser aszby —aibs| (5)
J31 J3a Js3 bico — bacy  ascy —ajca arby — ashy

and J = det |0(x1, X2, 23)/0(&1, &2, &) is the Jacobian of the mapping which
can be computed by

3 3 3
J = Zaﬂu = szJQZ = ZCiJBi- (6)
=1 =1 =1

Note that during the initialization step for computations, all the coordinate
transformation quantities such as a;, b;, ¢;, J1;, Joi, J3; for i = 1,2,3, and J
would be determined and remained fixed at all time when a body-fitted grid
is constructed by a chosen numerical grid generator (cf. m, 44]).

It is easy to see that (3) would be a two-dimensional coordinate mapping
from (xy1, z5) to (&1, &) for any spatial location x3 in the physical domain, if
we have a simplified data set where the quantities ag, b3, ¢1, and ¢, are all
zero, and c3 is equal to one. In this instance, if we set Ny = 2 in with
the coordinate transformation variables defined as in (5) and (6), we would
have the same Euler equations in a two-dimensional generalized coordinates
when a mapping of the form

dzry = a1d&; + axd§y,
dxg = byd&y + badéy,

is used in the derivation (cf. M, @, , ]) Thus, without causing any
confusion, we may simply use the symbol Ny as in the Cartesian case, see (1),
to represent the number of spatial dimension in the generalized-coordinate
formulation of equations.

2.1. y-based model equations

To derive the effective equations for the mixture of material quantities
in a stiffened gas equation of state (2), by following the same approach as
discussed in |34, %jﬁ, @], we start with an interface-only problem as usual
where both the pressure and each phase of the particle velocities are constant



in the domain, while the other variables such as the density and the material
quantities are having jumps across some interfaces. Then, from (4), it is easy
to obtain an equation for the time-dependent behavior of the total internal
energy as

0 134 9
En (pe) + j;Uja—&(Pe) = 0.

Now, by inserting (2) into the above equation, we find an alternative form:

O( p _p—mp +1§U,i P__P=/p) g ()
da\yv—-1 ~-1 Jj:1 Tog; \y -1 ’

v—1

that is in relation to not only the pressure, but also the density and the
material quantities v, pg, B.

In our algorithm, to maintain the pressure in equilibrium as it should be
for this interface-only problem and also to determine all the three material
quantities in (2), we split into the following three equations for the fluid
mixture of 1/(y — 1), pB/(y — 1), and poB/(y — 1) as

5 (75)+ 52 ve () o ®
§<—) JZ Ja@( ):0’ ®)
0
o

(pOB) JZ Ja@(pog) . (10)

respectively. As before (cf. M, %, @, @]), since in practice we are interested
in shock wave problems as well, we should take the equations, i.e., (8), (9),
and (10), in a form so that all the three material quantities remain unchanged
across both shocks and rarefaction waves. In this regard, it is easy to see
that with 1/(y — 1) and poBB/(y — 1) governed in turn by (8) and (10), there
is no problem to do so (cf. [1, @]) For pB/(~ — 1), however, due to the
dependence of the density term, it turns out that, in a time when such a
situation occurs, for consistent with the mass conservation law of the fluid



mixture in (4)), the primitive form of (9) should be modified by

gt( ) JZ&@( —1 J):O’ (11)

so that the mass-conserving property of the solution in the single phase region
can be acquired also.

In summary, combining the Euler equations (4) and the set of effective
equations: (8), (10), and (11)), yields a so-called y-based model system as

dp 1 0
a7 2 g, (V) =0,
Ng

0 1 0 .
5@@+;Z%E@mhw@%ﬂ,z:wwwm,

OF 134 9
TN L (BU, 4 pU) =0,
ot J;agj( ! i)
. (12)
(LY (1)
815 ’}/—1 Jj:l J@fj ")/—1 ’
9 ([ poB +1Nd 9 ([ poBB _0
ot \y—1 szl o \yv—1) 7

o ( pB 1 0 pB N
m( )+J}la@(v—1%>‘a

this gives us Ng+5 equations to be solved in total that is nicely independent of
the number of fluid phases involved in the problem. With a system expressed
in this way, there is no problem to compute all the state variables of interests,
including the pressure from the equation of state
/ <L> e
v—1

B () ()

For the ease of the latter discussion, it is useful to write into a more

p:




compact expression by

ity (ifm) + By(q) aq) ~0, (14)

o J st 3] 3]
with
> 1 poB  pB 4
= Uty .oy PU
q P, pu1, y PUNy, 77_177_177_1 ;
fi= [PUJ‘,PMUJ‘ +pJj1, - pun,Uj + pJjn,, EU; + pUj, (15)
T
anap—Uj:| )
v—1
Bj :diag[0,0,...,0,0,Uj,Uj,O],
for j = 1,2,..., N;. Note that in the Cartesian coordinates case where

the coordinate mapping quantities a;, by, c3 are all equal to one, while the
remaining ones are all zeros, (14) reduces to

9 L/ 9 dq
o+ 2 (gm0 + Blagl) <o (16

with f] and éj defined in turn by

v

fj = |:pUj,,OU1Uj +p(51j, <oy PUN, UG —|—p(53j, EU]' —l—puj,
B 1" 17
0,0, 2= uj} , (17)

v—1

Bj = diag [0,0, .. .,0,0,Uj,’u]',o],

Then it is easy to check that f; and B; are related to f] and Bj via

Ny Ng
fi=Y_fiJi and B; =) Bl
i=1 i=1

respectively.



With these notations, by assuming the proper smoothness of the solutions,
the quasi-linear form of our model (14) can be written as

dg 1 e dq

ot + 7 jzl (A;(q) + Bj(q)) d¢ =
where A; = 0f;/0q = ZZN:dl /UliJjZ- is the Jacobian matrix of f; with A; =
0 fl /0q for i = 1,2,... Ny If we assume further that the thermodynamic
description of the materials of interest is limited by the stability requirement,
it is a straightforward matter to show that any linear combination of the
matrices A;+B; fori = 1,2,..., Ngis diagonalizable with real eigenvalues and
a complete set of linearly independent right eigenvectors (cf. &g]) Hence, we
conclude that our multiphase model is hyperbolic. Regarding discontinuous
solutions of the system, such as shock waves or contact discontinuities, we find
the usual form of the Rankine-Hugoniot jump conditions across the waves

(cf. [14]).

0, (18)

2.2. a-based model equations

Before proceeding further, it should be mentioned that to define the initial
fluid mixtures 1/(y—1), pB/(v—1), and poBB/(7—1) in a grid cell that contains
my > 1 different fluid phases where each of them occupies a distinct region
with a volume-fraction function a; € [0, 1] in relation toit fori =1,2,...,my,
S a; = 1, we use the equation of state (2) of the form

my my
Di Pi — Po,i p P = Po
= iPiCi = i - =B | = - B.
r ;&pe ;Q (%-—1 vi—1 ) y—1 -1

7332
7

Here the subscript denotes the state variable of fluid phase 7. By taking a
similar approach as employed in Section 2.1 for the derivation of the y-based
effective equations it comes out readily a splitting of the above expression
into the relations:

my my

1 :if: Q; pB :Zoﬁpz’lg@' polB :Zoﬁpo,ilg@' (19)
-1 “Zy-1 y-1 “Zy-17 -1 & -1

where in the process of splitting the terms the pressure p is chosen to fulfill
the condition
my
b &iDi
— = —_— (20)
v—1 221 v —1

9



Clearly when each of the partial pressures is in an equilibrium state within
a grid cell, in conjunction with the first part of (19), the pressure p obtained
from (20) would remain in the same equilibrium as well, i.e., p = p; for
1=1,2,...,my.

Now if the above volume-fraction notion of the states 1/(y—1), pB/(v —
1), and poBB/(y — 1) are being employed in the 7-based effective equations
together with the usual definition of the mixture density p = >/ ayp;, we
are able to rewrite them straightforwardly into a componentwise form as

g (% — 1> Z Uige, IE; (% — 1> 0, (21)

t

0 (oipiB; 1 Nd 0 [ aipiB;
2 N9 ) = 22
ot (%—1)+sz13§‘ (%‘—1UJ> . (22)
0 (ipoi; + 1 % U-i ipoili\ 0 (23)
ot /}/Z—]. inl ]85]- ’}/Z—l -

i =1,2,...,my. Then based on the fact that all the material quantities ;,
B;, and po; will be kept as a constant in each phase of the domain at all time,
from or (23) , it is easy to find the transport equation for the volume

fraction «; as
804Z 804Z
= 24
J Z J aé-] 7 ( )

whereas, from , we find the conservation law for the phasic density «;p;
as

a L1 Y
zpz j ; a— sz - O (25)

It is apparent that, if the solutions of «; and «;p; are known from the equa-
tions for i = 1,2, ..., my, we may, therefore, compute 1/(y —1), pB/(y —1),
and poBB/(y—1) directly according to (19). Thus, instead of using the y-based
effective equations, it is a viable alternate to use the a-based equations:
and (25), for the motion of the mixture of the material quantities of the
problem.

To sum up, combining (24) and (25) with the momentum and energy
equations in (4) yields a a-based (or called volume-fraction) model system

10



that can be written as

8 :
zpz Zaé-j sz Oa 1= ]-72a"'amf

OF 14 9 20)
- — (E —
o Zjl g, FUi + i) =0,
N
Oa; 15, O
E = =12 —1
ot 7 1 U] agj Oa 1 ) &y , My )

this gives us totally 2m; + Ny equations to be solved. Here analogously
to the pressure can be determined from the equation of state

Z]'E(PW)Q ! a;piB; poz i
= |F - ==~ 27
g 2p +;%—1 — vi—1 Z% (27)

my—1
where we have assumed a,,, =1 — > a,.

It is clear that (26) can be written of the form (14) in which we have ¢,
fj, and B; defined by

q= [ozlpl, oy Qi Py s PUL, - o PUNG, By .,osz_l}T,
fi= [alplUj, ooy Qo P Uy pun Uy + s oo pun,Us + pdj g,
EU; + pUj;,0,...,0"
B; = diag|0,...,0,...,0,U;,...,Uj].

(28)

In a similar manner, in the Cartesian coordinates case where the system is

of the form (16), we have f; and B; defined by

v

fi= [041,01%', cy Qg P Uy PULUG + POG1, - -y PUN, UG + POj N,
Eu; + pu;,0,...,0]" (29)
éj:diag[O,...,O,...,O,uj,...,uj].

We note that since the derivation of the a-based model follows closely to
the 7-based model, it can be shown that this model is hyperbolic also (cf. ﬂg]

11



for the Cartesian coordinate case) and is as effective as the y-based model
for multiphase flow problems with the stiffened gas equation of state. But
for problems with m; > 3, the y-based model is a prefer one to use, because
the basic equations for the model stay as N;+ 5, see (12), irrespective of the
number of fluid phases involved in the problem.

2.3. Include source terms

To end this section, we comment that if z; is the axisymmetric direction,
an axisymmetric version of our multiphase models in two dimensions can be
written as

DY (0 B@) =) (30)

where 1) is the source term derived directly from the geometric simplification.

We find

j=1

1 B 1
w = —x—l [Pul, pu%, puULU2, (E + p)Uh Oa 07 %Ul] ’ (31)

when the vy-based model is considered, and have

1 T
) = - [alplul, cy Oy P U pul, puis, (E + p)uy,0, ... ,O} . (32)
1
when the a-based model is considered. In addition to that, if gravity is
the only body force in the problem formulation, in the ~-based model, for
example, we may add in the following source term:

¢ =—0, 0, pg, pgus, 0, 0, 0" (33)

as well. Here g denotes the gravitational constant, and is set to be 9.81m/s?
in the computations done in Section|4.1.7. As to the other source terms such
as the one arise from the surface tension force at the interface, we may use a
continuum surface force model of Brackbill et al. ﬂ?] for that, see the work
done by Perigaud and Saurel M] and the references therein for more details.
Since it is beyond the scope of this paper, we will not discuss this further.

12



computational grid

physical grid

j .ﬂ €Ty = 551(51,52) :
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L i—1 i VA

I 51

1—1 1

Figure 1: A sample grid system in our two-dimensional numerical method on a quadri-
lateral grid. The numerical solution on the rectangular grid cell C;; in the computational

domain gives distinctively the result on the mapped quadrilateral grid cell G j in the phys-
ical domain for all the grid cell (i, 7).

3. Numerical approximations

To find approximate solutions of our multiphase flow models on a mapped
grid, we use a standard high-resolution wave propagation method developed
by LeVeque @, @, @] for general hyperbolic systems of partial differential
equations. For simplicity, we consider the two-dimensional case N; = 2 as an
example, and will describe the method briefly on a uniform rectangular grid
with a fixed mesh spacing A¢; in the &;-direction and A&, in the &>-direction
that discretizes a computational domain as illustrated in Fig.[1] for instance.

The method we employ is based on a finite-volume formulation in which
the approximate value Q7 of the cell average of the solution over the (4, j)th
grid cell at a time ¢,, can be written as

n ~

1

9~ TAGAG /c 1188 St

where C;; denotes the rectangular region occupied by the grid cell (7, j). Note
that in the current setup the numerical solution on the rectangular grid cell
Ci; in the computational domain gives distinctively the result on the mapped
quadrilateral grid cell éij in the physical domain for all the grid cell (i, ), see
Fig.[1. The time step from the current time ¢, to the next t,,; is denoted
by At.

13



3.1. First-order wave propagation method
In a simple dimensional-splitting approach, the equations to be solved,
i.e., (14)), are split into a sequence of one-dimensional problems as

dq  10fi(q) 19q

Simsweeps: 5+ 7 0&, = 1(Q)J8£1 . (34
dq  10f2(q) 1 0q
sweeps: 2442 Ba(q) =L =
£r-sweeps o o6 2(61)(]852 0, (35)

and so in each time step a dimensional-splitting (or called Godunov-splitting)
version of the first-order wave propagation method in two dimensions can be
written as

% n 1 At n - n
Qi = Q- I‘jA& [(AIFAQ)Z‘A/ZJ' T (“41 AQ)Z'Jrl/QJ] ’ (36)
n % 1 At * — *
z'j+1 = Qi — J_ZJA—& [(A;AQ)Z‘,J‘AM - (A2 AQ)Z‘,J’H/?] ’ (37)

Here in the {;-sweeps we start with the cell average (), at a time ¢, and
solve (34) along each row of cells C;; with j fixed, updating Q7; to Q;; by the
use of (36) with the fluctuations

(ATAQ)?fl/Zj = Z (/\imwlam);ll/zj
m=1
and m
(ATAQ) )0, = Z (/\imWLm)j—i—l/Z,j’
m=1

where (Al,m)f_l/% and (Wl,m)7—1/2,j are in turn the wave speed and the jump
of the wave for the mth family of the solutions obtained from solving the one-
dimensional Riemann problems in the direction normal to the cell interface
between C,_;; and C,; with a properly chosen solver, see Section for
v =4,i+ 1. As usual, the notations for \* are set by A = max (\,0) and
A~ =min (A, 0).

Then in the {y-sweeps we can use the Qj; values as data for solving (35)
along each column of cells C;; with ¢ fixed, which gives us the solution of the
next time step Q?j“ from (37) with the fluctuations

My

(A;—AQ)Z]‘_l/Q = Z (Aimw2am):,jfl/2

m=1

14



and

(AEAQ)ZJH/? - Z (/\Q_,WW2=m)i,j+1/2'
m=1
Clearly this method belongs to a class of upwind schemes, and is stable when
the typical CFL (Courant-Friedrichs-Lewy) condition:

At max,, (A1m, Aa.m)

v min (Agl, Agg) S 17 (38)

is satisfied (cf. @]) Moreover, it is not difficult to show that the method is
quasi-conservative in the sense that when applying the method to not
only the conservation laws but also the transport equations are approximated
in a consistent manner by the method (cf. ﬂ_?%l, 35, 37]).

3.2. High-resolution wave propagation method

To extend this splitting method to a high-resolution version (i.e., second-
order accurate on smooth solutions, and sharp and monotone profiles on
discontinuous solutions), it is a common practice to use the Strang split-
ting E] and introduce slopes and limiter to the method as in many other
high-resolution schemes for hyperbolic conservation laws @, ] Without
going into the details for that, see @} for more expositions on the current
mapped grid case, in each time step, the first order method described in
Section [3.1]is modified by the following steps:

) 1A . o
Qij = Wij T J_Z] 2AE, { (AILAQ)i—l/zj + ("41 AQ) i+1/2,5 +
(f1>i+1/2,j B <f1>z‘—1/2,j:| '
*k * 1 At 4 * _ *
Qij = Qij - J_ZJA—fQ (“42 AQ)@]’q/z + (“42 AQ)MH/z +
(f2>i,j+1/2 B <f2>z‘,j—1/2:| '
n+1 ok 1 At +A *k ,A *%
iy o= Q- I‘jQAfl (A Q)i71/2,j + (A Q)i+1/2,j +

(ﬁ1>:1/2,j a <ﬁl>:*l/27j] .
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Here in the above formulas the terms such as (F;)? 1/2,; and (]—22);‘7]._1/2, for

71—

instance, are the high-resolution correction of the method which is defined
by

~ n 1 Mw At B n
(-7:1)2‘—1/2,j = 5 Z |)‘1,m| (1 - 2J0A§1 |)‘1,m|) Wl,m:|

m=1 i—1/2,j

and

-, Toa | At -1
iy =32 [Pal (1= 57g Dol ) W

m=1 i,j=1/2

respectively. Note that Jj is an averaged value of the grid Jacobian for grid
cells to the left and right of the cell edge. The quantity Whm is a limited
value of W, ,,, obtained by comparing W, ,,, with the corresponding W, ,,, from
the neighboring Riemann problem to the left (if A, ,, > 0) or to the right (if
A < 0) for v =1,2.

3.3. Riemann problem and HLLC approximate solver

To determine the waves, speeds, and fluctuations in the aforementioned
wave propagation methods, we need to solve the one-dimensional Riemann
problems normal to each cell interface. If we consider the case at an edge
between cells C;_; ; and C;; as illustrated in Fig. 1 for example, it amounts
to solve a Cauchy problem in the direction 7;_1/5; that consists of (34) as
for the equations and the piecewise constant data

_ — J if & < (51)@'71/2’
q(&1,tn) —{ %1 N S (39)

as for the initial condition at a time ¢,. To do so, here we take a popular
approach (cf. H %]) in that the normal and tangential components of ve-
locity are determined first from @Q}"; ; and Q7;, relabeling these as the “x,”
and “xs” components, and then the Riemann problem in the “x;” direc-
tion is solved with this modified data. We, therefore, recombine the velocity
components of the resulting Riemann problem solution to obtain the proper
updates in the physical space. This is conceptually easier to implement in
the current case because a Riemann solver has already been written for an
analogous model system in Cartesian coordinates (cf. {\@, , ]) Note
that in the applications concerned here we have chosen the data in (39) well
enough so that the solution of the Riemann problem would consist of gen-
uinely nonlinear waves such as shock and rarefaction, and linearly degenerate
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wave such as contact discontinuity; there is no vacuum region occurring in
the solution.

Without loss of generality, we consider the y-based model (12) as an
example that the case for the a-based model (26) can be constructed in an
analogously manner. In this case, with 7;_1/5; = (132, —a2)i—1/2,; given a
priori, our first step of the Riemann solver is to transform the data Q' ;
and @}, into the new data C?l and C?T via

Qr=TRi-1)2;Q7 1, @Qr=TRi-1/2;07;,
where R;_1/2; is a rotation matrix defined by

0 0 0

i) i— . —(a i— 0
Resag = |1 Bl

~

1
0
0 (G2)i-1/2; (b2)ic1j2; O
0 0 0 I

with I in it as being a 4 x 4 identity matrix. Clearly this rotation matrix
rotates the velocity components of () into components normal and tangential
to the cell edge, and leaves the remaining components unchanged.
Having obtained the Riemann data Ql and QT, our next step is to solve
b @)+ Bila) g = 0 (40
in the “x;” direction with fl and él defined by (17). For that, among various
methods proposed in the literature (cf. M]), here we are interested in a simple
and yet accurate variant of the approximate solver devised by Harten, Lax,
and van Leer m] for hyperbolic systems of conservation laws in that rather
than introducing two discontinuities propagating at constant speeds \; and
A to the left and right, \; # ., separating three constant states in the
space-time domain, an additional middle wave of speed \,, is included in the
solution structure for modeling the speed of contact discontinuity, yielding a
so-called 3-wave HLL (or called HLLC) solver (cf. E, 45, ] and references
therein). Note that if we assume further that \; and A, are known a priori
by some simple estimates based on the local information of the wave speeds,
say, by taking

A =min (v — ¢, v, — ¢,),

A = max (v, + ¢, v +¢p),
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for instance, with v, = UEQ)/QED and ¢, = (\/7(p+po)/p), for v =1 or r,
then it is easy to find the constant state in the middle region of the original
2-wave HLL solver as

8, = M@ =MQi = A(@) + £(Q)
m T )\r _ /\l ’

(41)

and set \,, = Cg,&?/@,&?, where Q%) is the ¢th component of the vector Qm,
see ] for the other possible choices on the wave speeds. }
With that, it is not difficult to find the constant states @), and @Q,,, in
the regions m; and m, to the left and right of the middle wave, respectively,
and the results are
G = [ M1, OB ON 1Y+ A (Sl — 1),
(42)
0P, Go. ]

where we have set

B _ 2O — 17(Q)
me )\L _ Am
for « = [ or r. It should be mentioned that the states Qf;)l and Q,(Qr satisfy
the basic consistency condition of the integral form of the conservation laws,

)\m - )\l X () )\r - )\m 210 () .
-~ Yo=Q) =1,2,....4,and 7.
(/\T_)‘Z)le ()\r_/\l>er va ? y &y , 4, all 7

The solution of this Riemann problem in the “x;” direction is then composed
of the three moving discontinuities:

A1 - )\17 )\2 = )\my A3 = )\7’
and the jumps across each of them by
Wl :le_c?la W2 :er_émla Wf%:QT_QmT'

To get the proper Riemann problem solution in the & direction that was
considered originally in the beginning of this subsection, we should set the
speeds by

()‘1Jn)?—1/2,j = (52)i-1/2Am, m=1,2,3,
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where (S2)i—1/2; = (\/a3 + b3)i_1/2,; is a scale factor, and the waves by

Wim)! =R W, m=12,3.

i—1/2,j i—1/2,j
Here R;}l /2,j is the inverse of the rotation matrix given above. Having ob-
tained the speeds and waves, we can then compute the fluctuations at the

cell edge as
3

(‘AliAQ)Zn—l/Zj - Z (Ali,mwlvm):fl/zj’
m=1
and this would be used in the wave propagation method for the solution
updates.

To end this section, we want to mention that the extension of this wave
propagation method from two to three space dimensions can be done in
a straightforward manner when the solutions of one-dimensional Riemann
problems in each dimensional-sweep can be computed readily (cf. ]) As
to the implementation issue of the method on mapped grids in three dimen-
sions, in particular, it is very useful to consult the public software package
CLAWPACK at the web-site:

http://www.amath.washington.edu/~rjl/pubs/circles/index.html,
for that.

4. Numerical Results

We now present numerical results to validate our mapped grid algorithm
described in Section |3 for compressible multiphase flow problems in two and
three dimensions. Without stated otherwise, we have carried out all the
tests using the Courant number v = 0.9 defined by (38), and the MINMOD
limiter in the high-resolution version of the finite-volume wave propagation
method. For comparison purposes, in some cases considered below, we have
also included results obtained using a Cartesian grid embedded boundary
method (cf. m, @]) to the problems.

We note that in this section we have only present solutions obtained using
the v-based model (12) to the method. This is because we have found a little
difference between the results as compared to the ones using the a-based
model to the method for simulations. The computer programs (written
in Fortran 77) used to obtain the results shown here are available from the
author upon request.
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4.1. Two-dimensional case

4.1.1. Smooth vortex flow

We begin our tests by performing a convergence study of the computed
solutions for a two-dimensional vortex evolution problem (cf. m, 33, @]) that
shows the order of accuracy that is attained for our high resolution method as
the mesh is refined. In this problem, we assume a single-phase ideal gas flow
with v = 1.4 and B = 0 in the stiffened gas equation of state (2). Initially,
over a square domain of size [0, 10] x [0, 10], the state variables for the vortex

are set by
1) 1/(v-1)
= 1—uexp(1—r2) :
8ym?

p=r,
€
U =1— %exp((l —7“2)/2) (x9 — Ta),

wy =1+ —exp (1= 17)/2) (a1 — 1),

where 7 = \/(z; — Z1)? + (22 — 72)? is the distance between points (21, z2)
and the vortex center (Z1,7Z2) = (5,5), and € = 5 is the vortex strength. Note
that the above states are as the results of an isentropic perturbation in p/p,
uy, and us to the mean flow with p =1, p =1, u; = 1, and uy, = 1, and it
is known that with the periodic conditions in both the x1- and xzs-direction
the exact solution for this problem is simply the passive motion of a smooth
vortex by the mean flow velocity.

To solve this problem numerically, we consider a smooth grid mapping of
the form

21 (§1,€2) = cos (d(r)f) & + sin (d(r)0) &,
2 (§1,€2) = —sin (d(r)f) & + cos (d(r)0) &,

as our model quadrilateral grids (cf. m]) Here d(r) is defined as

d(r):{ (I1+cos(nr/R))/2 ifr <R,

0 otherwise

(43)

with 7 = /(& — &)2 + (& — &)2, and 6 is a parameter that measures the
maximum skewness of the grid. Note that in case § = 0, we have a standard
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Figure 2: Density contours for the smooth vortex flow computed using a 40 x 40 mapped
grid (43) with the parameters §# = 0 on the left and 6 = 7/2 on the right. Solutions are
shown after one time period ¢ = 10.

Cartesian grid, and in case 6 # 0, the grid is rotated in a circular region of
radius R about the center (£1,&,), but is Cartesian elsewhere.

Here, as an example to see how numerical solutions are influenced by the
skewness of the grid, we take &, = 5, & = 5, R = 4, and consider two different
instances with § = 0 and 7/2 in the grid mapping (43), while carrying out
the computations. Figure 2 shows the grids and the contours in density after
one time period ¢ = 10 for runs using a 40 x 40 grid. Clearly as far as the
basic structure of the solution is concerned, our skewed grid result is not as
good as the purely Cartesian one, which is as expected however (cf. M])
Numerical results for a grid refinement study of errors with 6 = 0 and 7/2 at
time ¢ = 10 are presented in Tables(1 and [2| respectively. From the former
table (i.e., the Cartesian grid case), we observe essentially a second order
convergence rate of the solutions in both the 1- and maximum-norm, while
from the latter table (i.e., the skewed grid case), we see a slight degraded of
the convergence behavior to be on the average of order 1.42 in the 1-norm,
and of order 1.57 in the maximum-norm. The effect of grid mapping to our
method on smooth flows is clearly demonstrated by the results shown above.
It is certainly desirable to devise a truly second order method on mapped
grids, but the work towards this is beyond the scope of this paper.

Note in the above tables [|E.|l100 = [[2comput — Zexactll1,c means a
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numerical error for the state variable z in the discrete 1- and maximum-norm,
respectively (cf. ﬁ]) The number in the parenthesis represents the exponent
of the base 10, for example, 1.1439(—1) stands for 1.1439 x 10~!. The order
of accuracy of a method is computed in a standard way by performing a
linear least-squares fit to a sequence of mesh refinement data and take the
slope as the order of accuracy of the method. To ensure that our convergence
study is not adversely affected by a loss of accuracy near local extrema in
the solution, there is no limiter being used in the computations.

4.1.2. Passive interface evolution

We are next concerned with an interface only problem that the exact so-
lution consists of a circular water column evolving in the air with uniform
equilibrium pressure p = 10°Pa and constant particle velocity (i, us) =
(10%,10%)m/s throughout a quarter annulus domain. Here we take the ini-
tial condition that inside the column of radius ro = 0.2m about the center
(Z1,Z2) = (0.8,0.8)m the fluid is water with the data

(0,7, po, B),<,, = (10°kg/m’ 4.4,10°kg/m’, 2.64 x 10°(m/s)?)
while outside the column the fluid is air with the data

(0,7, p0. B),~,, = (1.2kg/m’ 1.4,1.2,0)..

Note that despite the simplicity of the solution structure, this problem is one
of the popular tests for the numerical validation of a compressible multicom-
ponent flow solver (cf. @, @])

To discretize this quarter-annulus region, we use polar coordinates:

1 (gla §2) = fl COs (52) )
T2 (€1,&2) = &isin (&2)

for 0.bm < & < 2.5m and 0 < & < 7/2, see Chapter 23 of ﬁ276] for an
illustration. Numerical results of the density and pressure obtained using
our algorithm with non-reflecting boundary conditions on all sides and a
100 x 100 grid is shown in Fig.[3, where the 3D surface plots and the cross-
section plots along & = m/4 are presented at time t = 520us. From the
displayed profiles, it is easy to observe the good agreement of the numerical
solutions as compared with the exact results. Notice that the computed
pressure remains in the correct equilibrium state p (to be more accurate, the
difference of these two is only on the order of machine epsilon), without any
spurious oscillations near the bubble interface. Moreover, the bubble retains
its circular shape and appears to be very well located also.
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Table 1: An accuracy study for a smooth vortex problem on mapped grids with 8 = 0.
Discrete 1- and maximum-norm errors in primitive variables are shown after 1 time period
t = 10.

Mesh size 40 x 40 80 x 80 160 x 160 320 x 320  Order

AR 7.0710(—1) 1.9186(—1) 4.7927(—2) 1.1941(=2) 1.97
1B, |1 8.5264(—1) 2.3594(—1) 5.9209(—2) 1.4721(-2) 1.96
1By, |1 2.3716(00) 6.1437(—1) 1.5298(—1) 3.8204(—2) 1.99
| B, Iy 1.9377(00) 4.7673(—1) 1.1773(—1) 2.9262(—2) 2.02
IE,le  1.4587(—1) 3.8860(—2) 9.5936(—3) 2.3179(—3) 2.00
| Eplloo 1.8528(—1) 5.0122(—2) 1.2401(—2) 3.0285(—3) 1.98
1By llso 3.9934(—1) 1.0488(—1) 2.4857(—2) 6.1654(—3) 2.01
|Eu e 2.0948(—1) 5.5860(—2) 1.3506(—2) 3.3386(—3) 2.00

Table 2: An accuracy study for a smooth vortex problem on mapped grids with
0 = /2. Discrete 1- and maximum-norm errors in primitive variables are shown after 1
time period t = 10.

Mesh size 40 x 40 80 x 80 160 x 160 320 x 320  Order

AR 1.1921(00) 4.1732(—1) 1.6058(—1) 7.0078(—2) 1.36
1B, |1 1.4984(00) 5.3128(—1) 2.1063(—1) 9.3740(—2) 1.33
1By, |l 2.7085(00) 8.5937(—1) 2.8118(—1) 1.0743(—1) 1.56
| B, Iy 2.3014(00) 7.4990(—1) 2.7248(—1) 1.1608(—1) 1.44
1B, 1.8793(—1) 6.2063(—2) 1.9104(—2) 7.0730(—-3) 1.59
1B, 2.2841(—1) 7.2502(—2) 2.1285(—2) 7.9266(—3) 1.63
1By llse 4.0762(—1) 1.3207(—1) 4.2383(—2) 1.5737(—2) 1.57
|Eullee  2.6456(—1) 9.0362(—2) 2.7416(—2) 1.2385(—2) 1.50
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Figure 3: Surface (top) and cross-sectional (bottom) plots of the density and pressure for
an interface only problem in a quarter annulus. Cross-sectional plots are displayed along
the line & = m/4, where the solid line is the exact solution, and the dashed line is the
initial condition at the time ¢t = 0.

4.1.3. Blast wave in radial geometry

To validate our numerical method further, we are interested in a radially
symmetric flow where the computed solutions in two space dimensions can be
in comparison to the one-dimensional results. In this test, we take a quarter
of a circular domain of radius rg = 1m, and use the following two-phase

(gas-liquid) flow data for experiments in which, in the gas phase, the state
variables are

(psp,7: po, B) = (1250kg/m”, 107Pa, 1.4, 1.2kg/m", 0)
and
(p, 0,7, po, B) = (1.2kg/m3, 10°Pa, 1.4, 1.2kg/m3, O)
if r <ry and ry < r <1y, respectively, while in the liquid phase they are

(s 2,7, po, B) = (10°kg/m’, 10°Pa, 4.4, 10°%kg/m’, 2.64 x 10°(m/s)?),
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if ry <7 <ry. Here we have r; = 0.2m, ro = 0.7m, and r = /2% + 3.

We note that initially all the fluid components are in a resting state with
zero total velocity, but due to the pressure difference between the fluids at
r = ry, breaking of the inner circular membrane occurs instantaneously,
yielding an outward-going shock wave in liquid, an inward-going rarefaction
wave in gas, and a material interface lying in between that separates the gas
and liquid. As times go along, the inward-going wave would be reflected from
the geometric center that generates a new outward-going wave and induces
the subsequent interaction of waves. In the meantime, the outward-going
shock wave would be collided with the outer gas-liquid interface at r = ry
that results in a wave pattern consisting of a transmitted shock wave, an
interface, and a reflected rarefaction wave. At a later time, the transmitted
shock wave would be reflected from the boundary of the domain.

To solve this problem numerically, we are interested in a mapped grid
approach proposed by Calhoun et al. E] in that a grid point (£1,&5) in
the computational domain [0, 1] x [0, 1] would be mapped to a grid point
(1, 22) in the current quarter-circular domain, see Fig. [4/ for an example
of such a quadrilateral grid. Figure |5/ shows the contours for the density,
radial velocity (defined as & = \/u? + u3), and pressure, at three stopping
times ¢ = 150, 360, and 520us, where the test has been carried out by using
solid wall boundary conditions on all sides with a 100 x 100 grid in the
computational domain, see M] for the detailed discussion on how to impose
this boundary condition in a numerical method. From the figure, we observe
good resolution of the solution structure (i.e., both the shock and interface
remain circular and appear to be very well located) after the breaking of
the membrane and also the interaction of the shock, the outer interface, and
the boundary. The scatter plots presented in Fig.[6 provide the quantitative
comparison of our two-dimensional results to the “true” solution obtained
from solving the one-dimensional model with appropriate source terms for
the radial symmetry using the high-resolution method with 1000 mesh points
in a unit length domain (cf. ]) It is clear that our results agree quite well
with the ”true” solutions at all the selected times, and are free of spurious
oscillations in the pressure near the inner and outer interfaces before and
after the various wave interactions.

4.1.4. Moving cylindrical vessel
Our next example on a circular geometry concerns a moving cylindrical
vessel problem studied by Banks et al. ﬂg] in that inside the circle of radius
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Figure 4: Rectangular computational grid (on the left) and the mapped quadrilateral grid
(on the right) in a quarter-circular domain.
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Figure 5: Contours of the density, radial velocity, and pressure for a two-phase (gas-liquid)
radially symmetric problem in a quarter of a circular domain. Solutions are plotted in
a clockwise manner at times ¢ = 0, 150, 360, and 520us, where the dashed line is the
approximate location of the interface.

ro = 0.8 about the origin, there is a planar material interface located initially
at z1 = 0 that separates air on the left with the state variables

(p7 Ui, U2, P, 7, Po, B) = (17 _17 07 17 147 17 0) )
and helium on the right with the state variables
(p, w1, u2,p,7, po, B) = (0.138,—1,0,1,1.67,0.138,0) .

Note that in this set up we have imposed a uniform flow velocity (uq,us) =
(—1,0) throughout the domain, and so we are in the frame of the vessel
moving with speed one in the x;-direction.

To find an approximate solution of this problem, we use a similar mapped
grid as illustrated in Fig. |4, but is now defined in the whole circular region.
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Figure 6: Scatter plots of the results for the run shown in Fig.[5] where the solid line is the
“true” solution obtained from solving the one-dimensional model with appropriate source
terms, and the dashed line is the approximate location of the interface.

Figure[7 gives results of a run with a 800 x 800 grid, where numerical Schlieren
images and pseudo-color plots of pressure are shown at four different times
t = 0.25, 0.5, 0.75, and 1.0. From the figure, it is easy to see that due
to the impulsive motion of the vessel a rightward-going shock wave and a
leftward-going rarefaction wave emerge from the left- and right-side bound-
ary, respectively. Subsequently, these two waves would be interacting with
the material interface that leads to collision of various transmitted and re-
flected waves. When we compare our results with those ones appeared in the
literature (cf. , @]), as far as the global wave structures are concerned, we
notice good qualitative agreement of the solutions. To check the quantitative
information of our computed solutions, Fig. 8 compares the cross section of
the results for the same run along the circular boundary with the results
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obtained using a Cartesian grid embedded boundary method @] The close
agreement between the mapped grid and Cartesian grid results in the shock
waves and material interfaces are clearly observed.

4.1.5. Shock-bubble interaction in a nozzle

As an example to show how our algorithm works on shock waves in a
more general two-dimensional geometry, we are interested in a shock-bubble
interaction problem in a nozzle. For this problem, the shape of the nozzle is
described by a flat curve

rh =1m

on the top, and by the witch of Agnesi

B 8a?
2%+ 4a?

903 (1)

on the bottom for ¢ = 0.2m and —2m < z; < 3m. We use the initial
condition that is composed of a planarly rightward-going Mach 1.422 shock
wave located at x; = —1.8m in liquid traveling from left to right, and a
stationary gas bubble of radius 7y = 0.2m and center (71, 73) = (—1,0.5)m
in the front of the shock wave. Inside the gas bubble, we have the data

(pa Uy, Ug,p) = (12kg/m3a 07 Oa 105Pa) )

while outside the gas bubble where the fluid is liquid, we have the preshock
state
(p, w1, us,p) = (10%kg/m?, 0,0, 10°Pa)

and the postshock state
(pyur, ug,p) = (1.23 x 10%kg/m’, 432.69m/s,0, 10°Pa) .

Here the numerical values for the material-dependent parameters of the gas-
and liquid-phase in the equation of state, i.e., v, pg, and B, are taken the
same as in Section for the radially symmetric problem.

In carrying out the computation, we consider a body-fitted quadrilateral
grid with the mapping function

(a1 (51752) = &1,
(e g) = b (@)

& — Ez) (44)
& =&
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Solutions from top to bottom are at times t = 0.25, 0.5, 0.75, and 1.0.
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Figure 7: Numerical Schlieren images (on the left) and pseudo colors of pressure (on
the right) for an impulsively driven cylinder containing an air-helium material interface.
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Figure 8: Cross-sectional plots of the results for the moving vessel run shown in Fig.
along the circular boundary, where the solid lines are results obtained using a Cartesian
grid embedded boundary method } with the same grid size.

for —2m < & < 3m, 0 < & < 1m, 53 = 0, and & = 1m, see Fig. (9 for
an illustration with a 100 x 20 mesh cells. The boundary conditions are the
supersonic inflow on the left-hand side, the non-reflecting on the right-hand
side, and the solid wall on the remaining sides. In Fig. [10, we show the
schlieren images and pseudo colors of pressure at six different times ¢t = 0.3,
0.5, 0.7, 1.2, 1.6, and 2.5ms obtained using a 1000 x 200 grid. From the figure,
it is easy to see that after the passage of the shock to the gas bubble, the
upstream wall begins to spall across the bubble, yielding a refracted air shock
traveling within it until its first reflection on the downstream bubble wall.
Noticing that this upstream bubble wall would be involute eventually to form
a jet which subsequently crosses the bubble and sends an intense blast wave
out into the surrounding liquid. In the meantime, the incident shock wave
along the bottom curved boundary would be diffracted into a simple Mach
reflection. To check the quantitative information of the solutions, Fig. [11]
compares the cross section of the results along the & = 0.5m line with
the same method but with a finer 2000 x 400 grid. Convergence of our
computed solutions to the correct weak ones is clearly observed. In addition,
Fig. 12| compares the cross section of the results for the same run along the
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Figure 9: On the left, a sample quadrilateral grid in a nozzle, and on the right, a quadri-

lateral grid in a rectangular region with circular obstacles.

bottom boundary with the results obtained using a Cartesian grid embedded
boundary method @] The close agreement between the mapped grid and
Cartesian grid results are seen also.

4.1.6. Underwater explosion with circular obstacles

Our next example for problems in more general geometries is an un-
derwater explosion flow with circular obstacles, see ﬁi%] for a similar com-
putation but with a square obstacle. In this test, the physical domain is
a rectangular region of size ([—2,2] X [—1.5,1])m? in which inside the do-
main there are two circular obstacles, denoted by b; and by, with the centers
(zb, z5) = (0.6, —0.8)m and (7%, z5) = (0.6, —0.4)m, respectively, and of
the same radius r,, = 75, = 0.2m. The initial condition we consider is com-
posed of a horizontal air-water interface at x5 = 0 and a circular gas bubble
in water that lies below the interface. Here all the fluid components are at
rest initially. When x5 > 0, the fluid is air with the state variables

(p,p) = (1.2kg/m’, 10°Pa) ,
and when o < 0 and r < rq, the fluid is gas with the state variables
(p.p) = (1250kg/m’, 10°Pa) .

Now, in the remaining region where the obstacles do not belong to, the fluid
is water with the states

(p,p) = (103kg/m3, 10°Pa) .

As before, the radial distance r is defined by /(z1 — Z1)% + (22 — Z2)?, and
we have 19 = 0.12m and (Z1,Z2) = (0,—0.9)m in the current case. The
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Figure 10: Numerical Schlieren images (on the left) and pseudo colors of pressure (on the
right) for a planar shock wave in liquid over a circular gas bubble in a nozzle. Solutions
from top to bottom are at times ¢t = 0.3, 0.5, 0.7, 1.2, 1.6, and 2.5ms, and are plotted in
a close neighborhood of the gas bubble.
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Figure 11: Cross-sectional plots of the results at the selected times ¢t = 0.5, 0.7, and 2.5ms
along the £, = 0.5m line, where the solid lines are results obtained using the same method
but with a finer 2000 x 400 grid.
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Figure 12: Cross-sectional plots of the results at the selected times ¢ = 0.5, 0.7, and
2.5ms along the bottom boundary, where the solid lines are results obtained using using
a Cartesian grid embedded boundary method @] with the same grid size.

33



material-dependent quantities for the gas- and liquid-phase are the same as
in the previous tests.

We solve this problem using a mapped quadrilateral grid that has the
circular obstacles included in the domain as illustrated in Fig.[9] see E] for
the detailed construction. Figure|13] gives the numerical results of the den-
sity and pressure at six different times t = 0.24, 0.4, 0.8, 1.2, 2.0, and 3.0ms,
obtained using a 800 x 500 grid with the non-reflecting boundary on the top,
and the solid wall boundary on the remaining sides. From the figure, it is easy
to observe that in the early stage of the computation the flow field is essen-
tially radial symmetry. Soon after the outward-going shock wave is reaching
at the left obstacle and then the right obstacle, a reflected shock wave results
from each of the shock-obstacle collisions. As time goes on, these reflected
shock waves would affect the structure of the gas bubble, and that induces
numerous other wave-wave and wave-obstacle interactions at the later time.
We note that when the outward-going shock is approaching at the air-water
interface, we have a typical heavy-to-light shock-contact interaction, and the
resulting wave pattern after the interaction would consist of a transmitted
shock wave, an accelerated air-water interface, and a reflected rarefaction
wave. In Fig. 13, the cross section of the results are drawn along the line
&1 =0 at the selected times.

For practical applications, it is important to know how the effect of the
impinging waves on the obstacles. As a measure of that, we compute the
surface pressure force exerted on the boundary of the obstacle by integrating
the following line integral numerically:

Fit) = - jéb_pu) dl

for the obstacle b;, + = 1, 2. Figure|14]gives the results for that until the time
t = 3ms, where a grid sequence, 2¢ x (200,125) for i = 0,1, 2, is used in the
test to show the convergence behavior of the solution. A comparison between
the mapped and Cartesian grid results on this pressure force history on the
obstacles is shown in Fig. 15 where the good agreement of the solutions is
observed again. From these graphs, the existence of positive pressure force
is clearly seen in some time intervals, which mean the negative value of the
pressure around the obstacles. This is, however, permitted in the current
model with the stiffened gas equation as long as the pressure stays within
the region of the thermodynamic stability of the flow.
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Figure 13: Numerical Schlieren images (on the left) and pseudo colors of pressure (on
the right) for an underwater explosion problem with two circular obstacles. Solutions are
shown at six different times ¢t = 0.24, 0.4, 0.8, 1.2, 2.0, and 3.0ms, where a 800 x 500 grid
was used in the computation.
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Figure 12: Continued.

4.1.7. Water wave breaking problem

To see how our algorithm works on a weakly compressible low speed flow,
we consider the simulation of a gravity-included water wave breaking problem
studied by Golay and Helluy [15]. In this test, initially, we have a rightward-
going stable solitary water wave in an air with a crest height 0.6m over the
still water level traveling on a flat bottom from the left toward a slope-like
reef on the right of the form

1
2y (zy) = -1+ G (z1 — 5.225)

for —bm < x; < 22m and —1m < x9 < 2m, see Fig.[16 for an illustration of
the basic structure of the physical states in filled contours. Note that in prac-
tice this solitary water wave can be constructed by the Tanaka method ],
and conveniently this can be done by making use of the computer program
posted at the web-site http://helluy.univ-tln.fr/soliton.htm (cf. M)

It should be mentioned, for this problem, the constitutive laws for the
water and air are assumed to satisfy the stiffened gas equation of state as
before, while the algorithm is based on the balance law (30) together with
as the model equations for the computations. Here a standard time-splitting
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Figure 13: Cross-sectional plots of the results for the underwater explosion run shown in
Fig. 13 along the & = 0 line.
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Figure 14: Convergence study of the time history of the pressure force on the circular
obstacles for the underwater explosion problem. The filled circles in the graph are the
results at the selected times shown in Fig. [13.
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Figure 15: Comparison of the mapped and Cartesian grid results for the the pressure force
on the circular obstacles in an underwater explosion problem. The graphs are displayed
in the same manner as in Fig. [14.

37



version of the method is considered to deal with the source terms (cf. m]),
and the domain is discretized similar to the nozzle flow case before by the
mapping function as

_¢ B { & &1 <5.225
TLTSL TTA () (E - &) ) (6 —€) & >5.225

for —bm < & < 22m, —1m < & < 2m, 53 = —1m, and & = 2m. Figure 17
shows the pseudo-color images of the computed density at four different times
t =2,4,4.5, and 5s with a 1800 x 200 mesh cells. The breaking of the solitary
wave is clearly seen after the passage of the slanted reef. As far as the global
wave pattern is concerned, our body-fitted mapped grid result is in qualitative
agreement with the unstructured grid result reported in @] It should be
noted however that because the the flow speed is typically much less than the
speed of sound of the water, to carry out the computation using the explicit
method as proposed here, we would have a severe time step restriction due to
the CFL condition for stability, yielding difficulties as the lack of robustness
of the method, see “é] and the references therein for more discussions.

4.2. Three-dimensional case

4.2.1. Spherical blast wave

To test our mapped grid algorithm for problems in three dimensions, we
begin by considering a blast wave problem inside a unit ball. We want to use
a hexahedral grid of the type shown in Fig. 18/for the computation (cf. M])
As for the initial condition, similar to the two-dimensional problem in a circle,
see [4.1.3, the velocity of the flow is zero everywhere, and inside a sphere of
radius 0.2m centered at z; = 7o = 0, Z3 = —0.4m, the fluid phase is gas with
data

(057, po, B) = (1250kg/m’, 10°Pa, 1.4, 1.2kg/m’, 0)

while outside of this sphere, the fluid phase is liquid with data
(p, D, 7 pos B) = (10°kg/m”, 10°Pa, 4.4, 10°%kg/m”, 2.64 x 10°(m/s)?),

Note that as in M] this sphere is offsetted from the center of the ball, leading
to a more interesting solution structure than the radially symmetric one
considered in Section [4.1.3.

Here we carry out the computation in a quarter ball with a 75 x 75 x 150
grid. At each boundary of the computational domain, we use solid wall
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boundary conditions. For comparison, we also compute the solution in a
two-dimensional disk with a finer 300 x 600 grid using the two-dimensional
model with the source term for the axisymmetric. Figure[19/shows a
single slice of the three-dimensional computed density and pressure together
with the two-dimensional solution at four different times ¢ = 0.2, 0.4, 0.6,
and 1.0ms. At the early stage of the calculations, the global structure of the
shock wave and the material interface agree quite well between the three-
dimensional solutions and the fine-grid axisymmetric results. But, it begins
to deviate at a later time when more complex wave interactions set on. This
is of no surprise, however, because when such a scenario occurs, it is required
to use a finer grid to better resolve the solutions (cf. M])

4.2.2. Shock wave over two spherical dispersed phases a nozzle

Finally, we are concerned with the simulation of a shock wave in liquid
over two disperse phases in a three-dimensional nozzle. For this problem,
we consider the initial condition that is composed of a planarly rightward-
going shock wave in water traveling at 1 = 0.1m from left to right, and
two stationary spherical disperse phases of radius 7o = 0.2m located at
(Z1,Z2,73) = (0.5,0,0)m and (1.5,0,0.3)m on the right of the shock wave.
For both the shock wave and the material quantities in the background fluid,
the water, we take the same data as employed in Section [4.1.5. For the
disperse phase at x; = 0.5m, the fluid is gas with the data

(0,7, po, B) = (50kg/m*, 1.4, 50kg/m’, 0) ,
and for the disperse phase at x1 = 1.5m, the fluid is aluminum with data
(p:7, po, B) = (2785kg/m’, 3, 2785kg/m’, 2.84 x 107(m/s)?) .

Note that this gives us an example that involves three phases (water, gas,
and solid) in the problem formulation. In carrying out the computations
below, the boundary conditions we used are supersonic inflow on the left,
non-reflecting on the right faces, and solid wall on the remaining top, bottom,
front, and back faces.

We solve this problem using a hexahedral grid of the type shown in Fig.[18.
Numerical results of a sample run using a 240 x 160 x 80 grid is shown in
Fig. Here pseudo-colors of the density and pressure are plotted at three
different slice planes at times t = 0.2, 0.6, 1.0, 1.2ms. We again do not observe
any spurious oscillations in the computed pressure near both the water-gas
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and water-solid interfaces. This gives further evidence of the viability of the
algorithm to practical problems.

5. Conclusion

We have presented a simple mapped-grid approach for the numerical res-
olution of compressible multiphase problems with a stiffened gas equation of
state in general two- and three-dimensional geometries. The algorithm uses
a generalized coordinate formulation of model equations that is devised to
ensure a consistent approximation of the energy equation near the numerical-
induced smeared material interfaces, and an easy computation of the pressure
from the equation of state. A standard finite-volume method based on wave
propagation viewpoint is employed to solve the proposed multiphase flow
model with the dimensional-splitting technique incorporated for an efficient
implementation of the method to multidimensional problems. Several cal-
culations are presented with an HLL-type approximate Riemann solver that
show accurate results obtained using the method without introducing any
spurious oscillations in the pressure near the interfaces. Numerical results
presented in this paper demonstrate clearly the feasibility of the approach
for a reasonable class of multiphase problems in both two and three dimen-
sions with complex geometries. One of the ongoing works is to extend this
approach further to moving mesh methods and to problems with complex
moving geometries.
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Figure 16: Filled contours of the initial states for a water wave breaking problem.
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Figure 17: Pseudo-color images of the computed density for a water wave breaking problem
with a 1800 x 200 grid. Results from top to bottom are at times ¢t = 2, 4, 4.5, and 5s.
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Figure 18: A cut-away views of a hexahedral grid in a three-dimensional domain. On the

left, the domain is a ball, and on the right, the domain is a drum.
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Density Pressure

Figure 19: Contours the density and pressure for a blast wave problem in a unit ball.
Solutions from the top to bottom are at times t = 0.2, 0.4, 0.6, and 1.0ms. At each plot,
the three-dimensional result is on the left half, and the two-dimensional axisymmetric
result is on the right half.
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Figure 20: Pseudo-colors of the density and pressure for a shock wave over two spherical
dispersed phases in a nozzle. Solutions from the top to bottom are at times ¢ = 0.2, 0.6,
1.0, and 1.2ms, where at each plot there are three slice planes. We use a 240 x 160 x 80
grid for the computation.
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