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Abstract 

This paper deals with the effective thermal conductivity of composites containing misoriented fibers. Statistical 
distribution functions such as Weilbull can be used to represent this kind of distribution. The orientation distribution of fibers 
in FRTP (fiber-reinforced thermoplastics) can be characterized by a single parameter exponential function F(0) = 1 - e-x0. 
A large h indicates a highly oriented material whereas a small h represents a quasi-isotropic material. A method based on 
the idea of Mori-Tanaka's mean field theory in conjunction with the Eshelby's equivalent inclusion method for steady-state 
heat conduction in composite including the effects of fiber length and orientation to predict thermal conductivity of FRTP is 
presented. The effective thermal conductivity of planar orientation distribution and transversely isotropic distribution of 
fibers are studied. For planar orientation case, we have examined the thermal conductivity constants of injection-molded 
tensile bars of poly (pheylene sulfide) reinforced with 30 and 40% by weight of carbon or glass fibers which have been 
measured by Choy et al. (1992). For transversely isotropic orientation case, the thermal conductivity constants of a 
transversely isotropic composite are explicitly derived. These thermal conductivity constants are given in terms of the 
length-diameter aspect ratio, the volume fraction, and the orientation-distribution parameter of the short fibers. Numerical 
results are presented to demonstrate the effects of the fiber thermal property, aspect ratio, volume fraction and orientation 
distribution function ola composite thermal conductivity. The fiber orientation distribution and aspect ratio have a more 
significant effect on composite longitudinal thermal conductivity than does the fiber volume fraction within the range 
examined. 

1. Introduct ion 

Recently, thermoplastics reinforced by short glass 
or carbon fibers have received considerable attention, 
because they can be easily produced by the low-cost  
injection-molding process. Short fibers in these com- 
posites are misoriented due to the processing. De- 
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spite the importance of  this class of  materials, there 
have been few detailed experimental  and theoretical 
studies of  the thermal conductivity,  which are prop- 
erties of  great basic interest and technical signifi- 
cance. 

To predict  the thermal conductivi ty of  a 
inject ion-molded fiber-reinforced thermoplastics, the 
simulated laminated-plate model  is often used 1992. 
The degree of  fiber orientation is expected to be 
higher in the skin layer, so to study this effect, 
measurements were made by Choy et al. (1992) in 

0167-6636/96/$15.00 Copyright © 1996 Elsevier Science B.V. All rights reserved 
PH SO 167-663 6(96)(3,0010-5 



218 C.-H. Chen, Y.-C. Wang/Mechanics of  Materials 23 (1996) 217-228 

both the skin and core regions. They have measured 
thermal conductivities of injection-molded bars of 
PPS reinforced with 30 and 40 wt% of carbon or 
glass fibers. The distributions of the aspect ratio and 
orientation of the fibers were also determined. For 
short-fiber reinforced thermoplastics (FRTP), the two 
most important microstructural parameters are fiber 
length and fiber orientation. 

A number of analytical models have been pro- 
posed to predict the effective thermal conductivity of 
a short fiber composite. These models however, were 
focused on either aligned shonfiber composite or 
completely random short fiber composite (Chou and 
Nomura, 1980-81). Recently Hatta and Taya (1985) 
proposed a new 'equivalent inclusion method' in the 
steady-state heat conduction by which the interaction 
among fibers at different orientations can be taken 
into account. 

An orientation distribution generally requires a 
three dimensional description. However, if a speci- 
men has a geometry such that the fiber distribution 
function is axisymmetric with respect to the major 
axis of the specimen, say 1-axis, so that the material 
as a whole posses a transversely isotropic in the 2-3  
plane. Kacir et al. (1975a); Kacir et al. (1975b); 
Kacir et al. (1978) proposed a distribution function 
representing this planar orientation which has the 
property such that variation of its function's shape is 
able to describe a change from a unidirectional dis- 
tribution to a random planar distribution. 

In this paper we consider the effect of the distri- 
bution in fiber orientation on the effective thermal 
conductivity. Similar to the equivalent inclusion 
method of Hatta and Taya (1985), the interaction 
among fibers at different orientations is included in 
the analysis by adopting the mean stress concept of 
Mori and Tanaka (1973) and put it together with the 
eigen-strain idea of Eshelby (1957) to predict the 
effective thermal conductivity of FRTP. The orienta- 
tion distribution of fibers in composite is character- 
ized by Kacir's single parameter exponential func- 
tion. These thermal conductivities are given in terms 
of the length-diameter aspect ratio, the volume frac- 
tion, and the orientation-distribution parameter of the 
short fibers. These effective thermal conductivities 
are given in very simple, explicit forms. Numerical 
results are presented to demonstrate the effects of 
fiber elastic property, aspect ratio, volume fraction 

and orientation distribution function on composite 
thermal conductivity. 

In order to compare the theoretical model and the 
experiment, we introduce the experimental data mea- 
sured by Choy et al. (1992). The orthotropy of the 
injection-molded thermoplastics (FRTP) is due to the 
fact that the fiber length distribution in FRTP has an 
asymmetric character with a tail at the long fiber 
ends. 

2. Effective thermal conductivity 

Now consider a representative volume of a fiber- 
reinforced composite which is assumed to be statisti- 
cally homogeneous. If an infinite homogeneous body 
(without inclusions, i.e., the matrix only) is subjected 
to a uniform heat flux qo. The uniform temperature 
gradient VT o produced is 

Vro =Km ' • qo = Ho, (2.1) 

in which K m is the thermal conductivity tensor of 
the matrix (which is assumed to be isotropic) and H 0 
is the temperature gradient (i.e, H 0 = VT 0) of the 
matrix. When there are ellipsoidal inclusions (fibers) 
present in the matrix, a perturbed heat flux is in- 
duced and is denoted as ~(x). The total heat flux 
q(x) is now the sum of two heat flux q0 + ~(x). 
Define the volumetric average of the perturbed heat 
flux and temperature gradient of the matrix, ~ and 
VT according to 

= < ~ ( x ) > o _ ~  

1 
- Vo-,  fo_aq(x) dV= KmVT= Km~, (2.2) 

in which D, f l ,  D-I 'I  are the domain of the whole 
elastic body (composite), all the fibers and the matrix 
respectively, Vo_ n is the volume of the matrix, 
( ) o - a  is the volumetric average for the domain 
D - f  l, the superscript ' - '  means the volumetric aver- 
age perturbed term for the domain D - l ) .  Thus the 
average heat flux in the matrix is 

qm -- q0 + q = Km(H0 + H ) .  (2.3) 

If a composite containing a single phase of ellip- 
soidal inhomogeneities. When all inhomogeneities 
are aligned in one direction, the following two equa- 
tion (Taya and Mura, 1981) are obtained. 
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Kin[ ,q + f , ( u p  t - n "  )] = 0.  (2.4) 

Denote Kf as the thermal conductivity of the fiber. 

q f=  Kf" VTf = Kf" Hf = Kf" ( H O + f i  + H pt) 

= Km. ( H  o + H + H  p t -  H * ) ,  (2.5) 

where H * is the Eshelby's (1957) equivalent trans- 
formation temperature gradient (or Mura's eigen- 
strain, 1987). The perturbed temperature gradient 
H pt is taken to be related to H * as 

H pt = S "  H *  (2.6) 

in which S is the Eshelby tensor associated with 
spheroidal inclusions (Eshelby, 1957; Mura, 1982). 
The nonzero components of Eshelby's tensor S are 
included in the Appendix. 

Furthermore, the total volumetric average temper- 
ature gradient of the composite material H T can be 
represented as 

"T=:o("o + +:,("o + +"") ="o +:,"" 
(2.7) 

The result of Eq. (2.7) is derived by using (2.4). 
From Eqs. (2.5) and 1:,2.6) we have 

H * = A . T . ( H o + ' I : t ) = B . ( H o + H  ), (2.8) 

in which A, T and B can be represented as 

B - - A . T ,  

A = I - K m  I • K f ,  

T = ( I  "Jr- S- gml • g f -  S) -1 (2.9) 

and I is the fourth order tensor which can be defined 
a s  

1 for p =-- q 
Ipq= 0 for p4--q" (2.10) 

Now from (2.6) we have 

H ~ - H * = ( S - I ) . A . T . ( H o + H )  

= E "  (Ho + H ) ,  (2.11) 

where 

E =  ( S -  I ) . A . T .  (2.12) 

Substituting Eq. (2.11) into Eq. (2.4) leads to 

H + f l  E" ( H  o + H )  = 0. (2.13) 

Rearranging Eq. (2.13) we have 

H 0 + H = ( I + f i E )  -1 . H0" (2.14) 

Substituting (2.14) into (2.7) leads to 

HT= [I + fIB . (I + fIE) -I] . H o. (2.15) 

The effective thermal conductivity can be defined 
based on the following relation 

q 0 = K  * . H  T. (2.16) 

Therefore, the effective thermal conductivity then 
can be determined from Eqs. (2.1), (2.16) and (2.17) 
as follows: 

K * = K m [ l + f l B . ( l + f l E ) - l ]  -t (2.17) 

Consider the distribution of fiber orientation. The 
coordinate system is defined so that the fibers are in 
the 1-2 plane with the orientation angle 0 being 
measured relative to the 1-axis. Let ~. be the local 
coordinate system of the inclusion, and x i be the 
global coordinate system of whole elastic body 
(composite material). By using the spherical coordi- 
nate system, their relation then can be represented as 

(2.18) xt~Q.x 

where 

cos 0 

Q/J= [ - 0  nO 

sin 0 cos ~b sin 0 sin ~ ] 
t 

cos 0 cos qb cos 0 sin qb ]. 

- sin ~b cos qb J 

(2.19) 

Since B and E in Eq. (2.17) are both second order 
tensor, after being transformed into the global coor- 
dinate system then can be written as a representative 
form 

A'ij = QipQjq Apq (2.20) 

The general expression of the volumetric average 
after arbitrary material forming history becomes 

1 ' ' 0 , 
( A ) = , ~ j = - ~  f~_¢,ft_o,Aijf(O)dOd*, (2.21) 

where qb' and 0' are the ranges of integration in the 
and 0 direction, respectively, and V is the volume 

of relevant segment of a sphere with unit radius. 
Therefore, the general expression for the effective 
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thermal conductivities, K *, after any material form- 
ing process described above can be calculated by 
assuming statistically homogeneity and integrating 
the thermal conductivities determined by substituting 
the relation of Eq. (2.21) into Eq. (2.17) as follows: 

K* =Krn[ t+ f lB ' ( l+ f lE ) - l ]  -1 (2.22) 

where 

= (B) and E = (E).  

3. Fiber-orientation distribution 

Any material forming processes, such as injec- 
tion, extrusion and rolling of the initially isotropic 
material, causes a permanent fiber orientation which 
changes the material properties from isotropic to 
either transversely isotropic or orthotopic. The 
changes are related in a complex way to the geome- 
try of the fibers, melt behavior of the polymer ma- 
trix, mold cavity and the filling process. An orienta- 
tion generally requires a three dimensional descrip- 
tion. 

If a symmetrical angular fiber distribution func- 
tion around the major alignment direction is as- 
sumed. Thus the experimental fiber distribution data 
can be used to build a complex symmetrical laminate 
of weighted groups of angle plies oriented __+ 0 ° from 
the major alignment axis. With this assumption, 
Kacir et al. (1975a); Kacir et al. (1975b), proposed a 
single parameter exponential function to describe the 
fiber orientation distribution in a molded specimen. 
Definition of Kacir's orientation distribution function 
is as follows: 

p(0) = he -x° (3.1) 

F(0)  = f0°ke-XX dx = 1 - e -x°, (3.2) 

where F(0) is the accumulated percent of fiber 
oriented between 0 to _ 0, p(0) is the density func- 
tion of fibers oriented at _ 0; h; is the shape parame- 
ter; and 0 is the orientation angle ranging from 0 to 
-vr/2. Large h indicates that fibers have a major 
preferential alignment. As k decreases, the orienta- 
tion of fibers in the sample will become more ran- 
dom. 

3.1. Planar orientation of fibers 

However, if a thin sheet specimen has a geometry 
such that the thickness dimension is much less than 
the width and length dimensions, then a simplified 
planar orientation of fibers can be assumed. Thus Eq. 
(2.21) can be defined as follows: 

_X= (a(0, 

[c = A'(0, ~b0)p( - 0) d0 
w/2 

+ folr/2A'(O, ~b0)p(0)d0] 

X [2f0"/2p(0) d0] - |  (3.3) 

3.2. Transverse isotropic in the 2-3 plane 

In this section we consider the case where the 
distribution function p(0, d~) is axisymmetric with 
respect to the major axis of the specimen, say xl 
axis, so that the material as a whole possesses a 
transversely isotropic properties in the 2-3 plane. It 
means that p is function of 0 only. Thus, Eq. (2.21) 
can be defined as follows: 

<_A(0,,)> 

*, ,0,sin0 04 
1 

X 2~r ~r/2 
(3.4) 

4. Results and discussion 

4.1. Thermal conductivity of the matrix and fibers 

The thermal conductivity of a short fiber-rein- 
forced composite depend on the thermal conductivity 
of the fiber and matrix, the volume fraction fi  aspect 
ratio, l/d, and the degree of orientation (char- 
acterized by the parameter k) of the fibers. Their 
values are shown in Table 1 (from Choy et al., 
1992). 
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Table 1 
The thermal conductivity and density of carbon and 
and PPS matrix 

glass fibers 

Carbon fiber E glass PPS 
(Thronel 300) fiber matrix 

K H (mW/cm K) 94 10.4 2 
K22 (mW/cm K) 6.7 10.4 2 
vn2 0.2 0.25 0.4 
V23 0.~!5 0.25 0.4 
p (g/cm 3) 1.75 2.56 1.36 

Table 2 
The volume fraction, f~, averaged aspect ratio, l /d ,  and orienta- 
tion factor, h of the fibers in three composites (Choy et ai., 1992) 

fn Average aspect ratio k 

surface layer middle layer 

PPS30cf 0.24 21 4.1 1.9 
PPS40cf 0.34 16 4.7 2.1 
PPS40gf 0.26 17 5.3 2.9 

The fibers have a much higher thermal conductiv- 
ity than the matrix, and this would lead to thermal 
conductivity enhancement in composites. The effect 
is expected to be much stronger in carbon-fiber-rein- 
forced composites since K~l/Knm ] = 47 for carbon 
fibers compared with 5.2 for glass fibers. 

4.2. Thermal conductivity of injection-molded short- 
fiber reinforced thermoplastics 

4.2.1. Fiber orientation and aspect ratio 
In the foregoing Section 3.2, if a thin sheet speci- 

men has a geometry such that the thickness dimen- 
sion is much less than the width and length dimen- 
sions, then a simplified planar orientation of fiber 
can be assumed. 

We have employed the experimental results of 
Choy et al. (1992), figr the orientation of fibers in the 
surface layer (at a depth of 0.3 mm) and middle layer 
(at a depth of 1.6 m~a) of three composites, PPS30cf, 
PPS40cf, and PPS413gf, as follows: 

(1) The fibers in the surface layer are aligned 
close to the mold flow direction (l'-axis), making an 
average angle (0 )  of about 15 ° with this axis. More- 

over, the fiber orientation is roughly the same at all 
positions along the width. 

(2) The fiber orientation is also very high near the 
two edges (width positions 0.5 and 12 mm) of the 
middle layer, but becomes increasingly random as 
one moves toward the core (width position 4 -8  
mm). 

(3) The fiber orientation distribution for a PPS30cf 
sample trimmed to a width of 8 mm ( +  4 mm from 
central line) showed that more than 60% of the fibers 
in the surface layer lie at an angle of less than 15 ° 
relative to the l'-axis, and there are almost no fibers 
in the range of 60 ° to 90 ° . The middle layer exhibits 
a broader angular distribution, with a significant 
number of fibers lying at large angles. 

(4) The fibers in each composite have a wide 
range of aspect ratios. 

However, the average aspect ratio falls within the 
narrow range of 16-21 for all three composites. 
From these data the cumulative fiber distribution 
F(0), ie., the fraction of fibers oriented at an angles 
smaller than 0, was calculated and by fitting the 
F(0) data to the expression in Eq. (3.2), the orienta- 
tion factors h for the three composites were obtained 
as Table 2. It should be noted that h = 0 and h = :¢ 
correspond to random and perfect orientation, respec- 

Table 3 
The thermal conductivity (in unit of mW/cm K) of three composites 

PPS30ct(24.3%) PPS40ct(33.5%) PPS40gf(26.4%) 

surface middle surface middle surface middle 

k 4.1 1.9 4.7 2.1 5.3 2.9 
Knl 15.8 13.8 19.1 16.5 4.10 4.03 

( 15.2) (12.4) (17.2) (15.6) (4.08) (3.99) 
K22 3.33 5.15 3.52 5.67 2.70 2.80 

(4,31 ) (5.50) (4.69) (5.70) (3.24) (3.22) 

The values between parelatheses are the experimental results of Choy et al. (1992). 
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tively, and so the value of h provides a quantitative 
measure of the degree of fiber alignment. All three 
composites have similar h values, with h = 4.1-5.3 
in the surface layer and 1.9-2.9 in the middle layer. 

4.2.2. Thermal conductivity of the composites 
The thermal conductivity, K *, of the composites 

are given in Table 3. Compared with the thermal 
conductivity of K~ l =  2 m W / c m  K for the PPS 
matrix, the thermal conductivity of the composites 
are significantly higher, clearly revealing the en- 

hancement effect of the fibers. Since the surface 
layer has a higher degree of fiber orientation than the 
middle layer, it has a higher K I~ but lower K22 

(skin-core effect). The alignment of fibers also leads 
to a strong anisotropy in the elastic properties. K II 

for carbon fiber composites is substantially higher 
than K22. These anisotropies reflect the high 
anisotropy of the fiber. Since glass fiber is isotropic 
and has a lower thermal conductivity than carbon 
f iber,  K ll for the glass fiber composite at a similar 
./'i is lower than that of carbon fiber composite by a 
factor of about 4 (the KII  values of PPS30cf (f l  = 

25.00 

, ~ 2 0 . 0 0  

• ~ 15.00 

i0.00 

5.00 

0.00 
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.~ 20.00 
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A s p e c t  Ra t io  1 /d  
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Kn 

.~ " I ~  ~ I ~ ' ~  ~ s  ~ ~ ~ ~ - - - -  

f . 1  

y f f j f /  

K22 

0 5 10 15 20 25 30 35 4 0  
A s p e c t  Ra t io  I / d  

Fig. I. Thermal conductivity of 40 wt% caxbon-fibcr-rcinforced PPS as functions of fiber aspect ratio: (a) surface layer, (b) middle layer; 
symbols represent the experimental data. The theoretical curves are calculated by taking h = 4.7 and 2.1 in (a) and (b), respectively. (Solid 
line-present model; dashed line-laminated plale model.) 
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0.24) and PPS40gf ( f l - - 0 .26 )  in Table 3 may be 
compared). 

Besides fiber orientation, there are two other fac- 
tors that influence lhe thermal conductivity: fiber 
volume fraction f l ,  and aspect ratio l/d. Table 3 
shows that for glass fiber composite, K ll is roughly 
proportional to fj ,  but the dependence is weaker for 
others. However, /fH for PPS40cf is only 10% 
higher than that for PPS30cf although f l  is more 
than 30% higher. The small difference in Kit arises 
largely from the fact that PPS40cf has a much 
smaller aspect ratio (see Table 2). For the three 
composites samples, PPS30cf, PPS40cf and PPS40gf, 
all the relevant panuneters have been determined, 
and the thermal conductivity can be calculated ac- 
cording to the Mot i-Tanaka mean field theory in 
conjunction with Eshelby's equivalent-inclusion 
method discussed earlier (see Theory). As shown in 

Table 4 
Comparison of the experimental and theoretical values of the 
thermal conductivity (in unit m W / c m  K) of three composites 

Deviation (%) 

PPS30cf PPS40cf PPS40gf 

Surface layer K l ~ - 4 - 11 - 1 
K22 23 25 17 

Middle layer K 11 - -  11 - 6 - 1 
KII 6 1 13 

Table 4 the theoretical predictions and experimental 
results differ by less than 20% on the average. 

The good agreement implies that the structural 
model we have used to describe injection-molded 
composites is reasonable and that the theory provides 
a satisfactory theoretical framework. 

To gain a deeper understanding of the effects of 
various parameters, we have calculated and plotted 
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Fig. 2. Thermal conductJLvity of 40 wt% glass-fiber-reinforced PPS as functions of fiber aspect ratio: (a) surface layer, (b) middle layer; 
symbols represent the experimental data. The theoretical curves are calculated by taking k = 5.3 and 2.9 in (a) and (b), respectively. (Solid 
line-present model; dashed line-laminated plate model.) 
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the elastic moduli as functions of the aspect ratio, 
l/d. Fig. 1 shows that all the thermal conductivity 
for carbon fiber composites increase with increasing 
l/d, but the increase is much more significant for the 
longitudinal thermal conductivity KII. In the l /d  
range of 10-20, KII for both layers increase almost 
linearly with I/d. These results emphasize the im- 
portance of choosing suitable processing technique 
to increase the fiber aspect ratio. The situation is 
somewhat different for glass-fiber-reinforced com- 
posites (Fig. 2). Although Kli also increases sharply 
at low aspect ratio, the effect becomes saturated 
above I /d= 15. This arises from the fact that KII 
of glass fibers is much smaller than that of carbon 
fibers. 

Next we turn our attention to the dependence on 
fiber volume fraction f i  (Figs. 3 and 4). In the 
typical f~ range of 0.2-0.35 for short-carbon-fiber 
composites, K~ increases slightly faster than lin- 
early with f i  at all fiber orientations. However, the 
slope of the curve becomes smaller than as h de- 
creases. At f i  = 0.335 (the fiber volume fraction of 
PPS40cf), KII is higher than the matrix modulus 
KJm 1 by a factor of 4.5 for fibers randomly oriented 
in the 1'-2' plane (h = 0) and 1 for fibers aligned in 
the 1' direction. (h = oc). This is the range of en- 
hancement we can expect for the thermal conductiv- 
ity along the flow direction of injection-molded bars. 
The orientation factor (h = 4.7) of the surface layer 
of PPS40cf is sufficiently high that its v i1/To- 1| ~xf / ~ m  

value of 8.6. 
It is now of interest to see how the fiber distribu- 

tion - -  (i) when it changes from uniaxial directional 
(k = ~) to random distribution (h = 0), (ii) the vol- 
ume fraction, f i ,  (iii) the aspect ratio, l/d, of the 
reinforced fibers - -  would effect the thermal con- 
ductivity of a orthotopic composite. We have calcu- 
lated and plotted the fiberorientation dependence the 
thermal conductivity of f~ = 30% glass-fiber-rein- 
forced PPS as functions of the aspect ratio, I/d, in 
Fig. 3a and b. They show that the thermal conductiv- 
ity Kli,  K22 increase with increasing l/d. The 
effect becomes saturated above l /d = 50. 

Next we turn our attention to the fiber volume 
fraction, f l ,  dependence of thermal conductivity as 
function of k. The values of f~ = 0.1, 0.2, 0.3 and 
0.4 were chosen for demonstrations. The thermal 
conductivity of the composite as function of h are 
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Fig.  3. T h e  f iber  or ientat ion fac tor  h d e p e n d e n c e  o f  the the rmal  

conductivity as functions of aspect ratio, l/d, at fl = 30%; (a) 
K I I ,  (b)  K22. 

decipted in Fig. 4a and b. The thermal conductivity 
KII increase with increasing k but for K22 decrease 
with increasing k. The effect becomes saturated 
above h = 10. 

4.3. Thermal conductivity of transversely isotropic 
short-fiber reinforced thermoplastics 

4.3.1. Explicit expression of the thermal conductivity 
In this section, we will derive the explicit form of 

the thermal conductivity. Following the foregoing 
process the effective thermal conductivity K * in Eq. 
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Fig. 4. The volume fractions dependence of the thermal conductiv- 

ity as functions of fiber orientation factor, k, at l /d= 15; (a) 
K t l ,  (b)  Kz2.  

(2.22). Then the flaermal conductivi ty o f  a trans- 
versely isotropic composi te  can be explicitly ex- 
pressed as follows: 

K * - -  K2"2 , 

0 K22 J 

(4 .1 )  

1 +f lEl l  
1 + f t E ,  l + f , B , l  

1 + f~ ~:~: 
(4 .2 )  

1 + f i g : :  + S , ~ : :  

Since B and E has the similar form, we can use /~ 
to represent B and E. And its nonzero  components  
can be written as follows: 

'~1 = ¼( a'l l  + 3A'22)bl , , - -~(All  + 3A'22) b 2 

+ ¼ ( A'll - A'22) b3 + ¼ ( A't, -- A'22 ) b4 

- 2( A'12 + a'21) b 5 - ( A',2 + a '2,)  b 6 , 

.tirol2 ~ -  0 , /~13 = % 1 2 ,  m 2 ,  = A 1 2  , 

A-22=-~(3 A',, +A'22 + 4A'33) b , 

1 
- ~(3  All + A'22 + 4A'33 ) b 2 

+ ~ ( 3 A ,  ll _ 3A,22)b 3 _ , , , ~(  All  - A 2 2 ) b  4 

l , , l , __ A,21) b6, + ~ ( A l 2  - A 2 1 ) b s  + ~ ( A l 2  

. . . .  ~ m 
A 2 3  = A , 2 ,  A 3 I  = A I 2 ,  A33  = A 2 2 ,  (4.3) 
where 

exp(½~h) 
b, = e x p ( ½ ~ h ) -  h '  b : =  

exp(½7r h )  1 + h E 

b 3 =  e x P ( ½ ~ h ) -  h 9 + h  2 '  

h l + h  2 

b '  = exP(½rrk)  - h 9 + h  2 '  

exp(½~h) h 
bs = exP(½"rr k )  - k 9 + h 2' '  

1 3 + h  2 

b6 = exp(½~X) - x 9 + ×:' 

h 

exp(½~ h) - h '  

{4exP(½"rrk) - ( 4  + k2)} 1 + h 2 

b 7 =  ( e x P ( ½ ~ h )  - k ) k  4 + k  2 '  
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exp(½zrX) l + X  z 

bs = e x p ( l ~ r h ) -  h 4 +  h 2 '  

1 l + k  2 

b9 = exp(½=h)  - h 4 + h  2 '  

x l + X  2 

bl° = exP(½~k)  - h 4 + k 2" (4.4) 

After we take the nonzero terms into Eq. (2.22) the 
effective thermal conductivity can be explicitly ex- 
pressed as 

K,* I = Klml{1 + [ 0 . 2 5 f l [ ( b , - b  2 + 3b 3 + b 4 )  

× ( S I ,  - 1 ) X +  (3b,  - 3b 2 -  3b 3 -  b4) 

x(s=2- 1)r]][1 + 0.25f, 

x [ ( <  - + + b , ) x  

+(3b,-3b=-3b3-b4)Yl]-' } 
and 
K2* 2 -- K22{1 + [O .125 f l [ (3b  ' - 3b 2 - 3b3 - b4) 

X ( S l , - -  1 ) X + ( S b , - 5 b  2 + 3 b  3 + b  4) 

x ( s = - 1 ) r ] ] [ 1  + 0.125/,  

x [ ( 3 <  - - 3b, - b )x 

+ + 

where 

X =  

and 

y =  

- K 'm'  

II _ K l l  _ K~lSl l  Km Sll In 

K  -Km 
= _ 2 2 _ K ~ 2 5 2 2  Km S22 Km 

When h ~ 0 and h ~ % b l, b 2, b3,  b 4, b s ,  b 6, b 7, 

b s ,  b 9 and b m can be represented as 

lim b I = 1, l i m b  2 = 0 ,  lim b 3 = ± 9 '  
k--,0 h~O h ~ 0  

l i m b  a = 0, lim b 5 = 0, l i m b  6 = 3, 
k---, 0 k--*0 ~ ---, 0 

lim b 7 l = ± = 7w lim b s = l ,  lim b 9 9 4 '  
h--*0 k ~ 0  k'--' 0 

lim bl0 = 0, 
X---, 0 

l i m b  I = 1, l i m b  2 = 0, lim b 3 = 1, 

l i m b  a = O, l i m b  5 -- O, lim b 6 = O, 

l i m b  7 = O, lim b s = 1, l i m b  9 = O, 

l i m b  m = O, (4.5) 

when h ~ 0, substituting Eq. (4.5) into (4.3) leads to 

/ ~ l  1 , = 3(  All + 2A'22 - A'I2 - A'21) 

A22 = A'-33 = ~(2A'll  +A'22 + 3A'33 + a ' 2 1  + a ' 2 1  ) .  

(4.6) 

From Eq. (4.6) we know that as h ---> 0, it represents 
the short fibers are randomly distributed in the ma- 
trix. Therefore, A is an isotropic tensor. 

When X ~ ~, substituting (4.5) into (4.3) leads to 

/ 7 =  a '  (4.7) 

From Eq. (4.7) we know that as k ~ o% it represents 
the short fibers are perfectly aligned in the matrix. 

4.3.2. Numerical  results 
It is now of  interest to see how the fiber distribu- 

tion - -  (i) when it changes from uniaxial directional 
(h = oo) to random distribution (k = 0), (ii) the vol- 
ume fraction, f l ,  (iii) the aspect ratio, l / d ,  of  the 
reinforced fibers - -  would affect the thermal con- 
ductivity o f  a transversely isotropic composite. To 
this end we used the properties of  glass fibers and 
polyphenylene sulfide (PPS) matrix in our calcula- 
tions. The thermal conductivities are 

PPS: K u = 2 m W / c m .  K 

Glassfibers: K~ l = 10.4 m W / c m -  K 

In reading these results, we are reminded once 
again that direction 1 is the inf'mitely extended direc- 
tion, direction 2 is perpendicular to the surface of  the 
thickness, and direction 3 is along the width. Com- 
pared with the longitudinal thermal conductivities of  
K~ ~ = 2 m W / c m  • K for the PPS matrix, the thermal 
conductivity of  the composites are significantly 
higher, clearly revealing the reinforcing effect of  the 
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fibers. To gain deeper understanding of the effects of 
various parameters, w e  have calculated and plotted 
the thermal conductiLvities of f~ = 30% glass-fiber- 
reinforced PPS as functions of the aspect ratio, l/d, 
in Fig. 5a and b. "I~ey show that all the thermal 
conductivities for randomly distributed of glass-fiber 
reinforced composites (h is small) increase with 
increasing l/d. The thermal conductivities KI| in- 
crease with increasing l /d  for all h. The effect 
becomes saturated above I /d=  50. These results 
emphasize the importance of choosing suitable pro- 
cessing technique to increase the fiber aspect ratio, 
l/d. 
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Next we turn our attention to the fiber volume 
fraction, f~, dependence of thermal conductivities as 
function of h. The values of fl  = 0.1, 0.2, 0.3 and 
0.4 are chosen for demonstration. The thermal con- 
ductivities of a transversely isotropic composite as 
function of ~, are depicted in Fig. 6a and b. The 
thermal conductivities Kll increases with increasing 
h but for K22 decrease with increasing k. They 
show that the more oriented (k increase) the more 
reinforcing effect in 1-direction, but vice versus in 
the other direction. The effect becomes saturated 
above h = 10. 
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5. Conclusions 

The factors that influence the thermal conductiv- 
ity of FRTP include the thermal conductivity of the 
fibers and the matrix, the volume fraction f l ,  the 
aspect ratio l/d, and the orientation parameter k, of 
the fiber. The two very important variables, l/d and 
k, can be controlled from the processing technique. 
A very special case is that the surface layer has the 
higher k, and the middle layer has the lower one. As 
the experimental data observed, we can find that the 
parameter k can be obtained from the cumulative 
distribution F(0). The aspect ratio I/d can be de- 
cided before processing. 

As we have known before, the effective thermal 
conductivity can be influenced by the thermal con- 
ductivity of the fiber much strongly than by the 
matrix. For this reason, if we want to enhance the 
properties of the composites, the choice of the fiber 
is very important. In this paper, we find that the 
carbon fiber is much better choice than glass fiber 
for higher thermal conductivity of the composites. 

The basic idea in this paper comes from the 
Mori-Tanaka's mean field theory and the Eshelby's 
equivalent inclusion method. We also introduce 
Kacir's orientation distribution function p ( 0 ) =  
he -x° in this paper to describe the fiber orientation. 
The theoretical models developed in this paper pro- 
vide us a very simple, clear form to predict the 
thermal conductivity of the composites. 
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Appendix A. Components of Esheiby's Sij tensor 

Let t be the ratio of the inclusion ( =  l/d) and g 
be given by 

t [ t ( t 2 _ l ) l / 2  c o s h _  i t ]  
g = ( t 2  1) 3/2 

for prolate inclusions (A.1) 

t [cos 
g ~  (1 - - t 2 )  3/2 

for oblate inclusions (A.2) 

g = 2 / 3  for spheres. (A.3) 

For a spherical inclusion aligned along 1-axis, the 
components of Eshelby's tensor S;j are given by 

Sij=O if i~j .  (A.4) 

For spherical inclusion they simplified to 

a l l  -~- 522 = $33 = 2g = 1/3 .  (A.5) 

For prolate spheroid, one has 

Sll = 1 - -g  

and 

$22 = $33 = g/2. (A.6) 

For oblate spheroid, one has 

Sit = 1 - -g  

and 

522 = $33 = g / 2 .  (A.7) 
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