Transient Analysis of a
Semi-infinite Crack Subjected to
Dynamic Concentrated Forces

An exact transient closed-form solution for a semi-infinite crack subjected to a time-
dependent concentrated force is obtained in this study. The total wave field is due
to the effect of this point source and the scattering of the incident waves by the
crack tip. An alternative methodology for constructing the reflected and diffracted
field is proposed, which proves both powerful and efficient in solving complicated
dynamic crack problems. An exponentially distributed loading at the crack surfaces
in the Laplace transform domain is used as the fundamental problem. The waves
reflected by the traction-free crack surface and diffracted from the crack tip can be
constructed by superimposing this fundamental solution. The superposition is per-
Jformed in the Laplace transform domain. Numerical results for the time history of
stresses and stress intensity factors during the transient process are obtained and
compared with the corresponding static values. It is shown that the field solution
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will approach the static value after the last diffracted wave has passed.

1 Introduction

The interaction of a stress wave with a crack in an unbounded
medium is a complicated problem. The incident wave will be
reflected by the crack surface and diffracted from the crack
tip. The analytical study of this problem is restricted to rela-
tively simple cases. The investigation of transient elastody-
namic crack problem was studied by de Hoop (1958) who
analyzed the response of applying uniform normal pressure
on the surfaces of a semi-infinite crack. Handelman and
Rubenfeld (1969) investigated the reflection and diffraction of
a horizontally polarized plane shear wave by a semi-infinite
crack. Thau and Lu (1971) studied the diffraction of an incident
longitudinal plane wave disturbed by a crack of finite length.
They did not solve this problem completely. They used a so-
lution to a semi-infinite crack to track the waves from one
crack tip to the other, and stopped after one interaction. These
problems were solved using the method of integral transforms
together with the application of Wiener-Hopf technique
(Noble, 1958) and Cagniard-de Hoop method (de Hoop, 1958)
of Laplace inversion. Because there is no characteristic length
involved, the integral transform can be applied directly and
the standard Wiener-Hopf equation can be obtained. In a series
of papers, Freund (1972a, 1972b, 1973, 1974a) developed im-
portant analytical methods for evaluating the transient field
of a propagating crack. In Freund’s papers, a fundamental
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solution is obtained and is used to develop by superposition
the solution for the negation of the stress distribution on the
prospective fracture plane. A generalization of this idea also
led to solutions to problems in crack kinking under dynamic
loading analyzed by Ma and Burgers (1987, 1988) and Ma
(1988, 1990).

The problem of applied dynamic point loading on the crack
surfaces was solved by Freund (1974b). Since this problem
possesses a characteristic length, the distance from loading to
crack tip, the Wiener-Hopf technique cannot be applied di-
rectly. Freund proposed a fundamental solution arising from
a climbing edge dislocation with a constant speed. The transient
response can be constructed by taking an integration over a
climbing dislocation of different velocity. This methodology
was also used by Brock (1982, 1984, 1985b, 1986, 1989), Brock
et al. (1985a), Brock and Jolles (1987), and Ma and Hou (1991a,
1991b) to analyze other problems. Lee and Freund (1990) also
applied this method to analyze fracture initiation of an edge
crack due to impact loading.

In this paper, the two-dimensional problem of concentrated
in-plane body force imposed suddenly near a semi-infinite crack
is investigated. Brock (1985b) solved similar problems by su-
perimposing Freund’s solution (1974b) and obtained dynamic
stress intensity factors only. But Brock’s solution seems to be
difficult in further application, since the multiple integrations
are involved in his formulations. A similar but simpler problem
was studied by Harris (1980), who solved the problem of dif-
fraction by a stationary semi-infinite crack of a cylindrical
longitudinal wave. In this study, we obtained not only the
dynamic stress intensity factor but also the transient response
of stresses. This problem can be treated as the superposition
of two problems. The first problem is the disturbance by a
concentrated force in the crack-free, unbounded medium. The
second problemi considers the crack surfaces subjected to the
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Fig. 1 Configuration and coordinate systems of a semi-infinite crack
in an infinite medium

negatives of the tractioris induced by the first problem. To
solve this problem we propose an alternative fundamental so-
lution of an applied exponentially distributed traction on crack
surfaces in the Laplace transform domain. This methodology
was first addressed by Tsai and Ma (1991) in solving the prob-
lem of an applied buried point loading in a half space. From
the physical considerations, the reflected fields are generated
in order to eliminate the stress induced by incident waves on
the traction-free boundary. In a great number of dynamic
problems, the incident waves can be represented by multiple
Laplace transforms, so that the stress field in the Laplace
transform domain (with respect to time) can be represented in
aintegral form for Laplace inversion (with respect to geometric
coordinate) of which the kernel is usually an exponential func-
tion. Hence, if the responses to an applied exponentially dis-
tributed traction in Laplace transform domain can be obtained
preliminarily, then the reflected and diffracted field can be
constructed by the superposition method.

The analysis of the transient effect on the crack subjected
to dynamic point loading is also investigated by numerical
calculations using the available results. The characteristic time
after which the transient effect can be neglected is investigated
in detail. It is found in this study that the full-field solutions
will approach the static value after the last diffracted wave has
passed.

2 Required Fundamental Solutions

In this paper, an alternative fundamental solution is pro-
posed and the superposition is made in the Laplace transform
domain. The advantage is that the fundamental solution is
easy to obtain and the solution is easy to construct. The wave
motion generated by the diffraction of incident waves consists
of the superposition of incident waves and the solutions of
two fundamental problems, which are symmetric and antisym-
metric with respect to the plane x,=0.

Consider a stationary semi-infinite crack in an unbounded
medium initially at rest. At time ¢ = 0, an exponentially dis-
tributed traction is applied on the crack faces. The traction
force can be divided into normal force (mode I) and tangential
force (mode IT). The geometry and coordinate system is shown
in Fig. 1. Since it is a symmetrical problem with repect to the
x;-axis, it can be viewed as a half-plane problem with the
material occupying the region x,=0.

2.1 Fundamental Solution of Mode I. Consider the upper
and lower crack faces to which are applied opposite normal
traction with the following form:

1 o
Uzz(anJ):% S exp((1m1 — pam2)X1

+p1t) expli(pan + pim2)x1 + p2tYdp;
for —oo<x;<0. (1)
Letting p’ = p, + ip, and n =17, + in,, the special distribution of
stress on the crack faces represented in Eq. (1) becomes

p1+ie
022(X1,0,l)=5;ig ‘ I g for  — oo <x;<0, (2)
py—ico
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with the other two boundary conditions
012(x1,0,/)=0 for —oco<x <00, 3)
ux(x1,0,) for 0<x <o, )

Applying of the Laplace transform over time ¢ by parameter
p to the boundary conditions (2)-(4) yields

Op(x,0,p) =e™1 for —o0<x;<0, (5)
EIZ(XI:OuU):O for ‘—'°°<X1<°°, (6)
L Ux,0,p)=0 for O<x;<oo. 0]

Equation (5) indicates the exponentially distributed loading in
the Laplace transform domain. Applying the two-sided La-
place transform with respect to x; under the restriction of
Re(n)>Re()\) and using the Wiener-Hopf technique, the final
result of stress oy, in the Laplace transform domain is

022(X1,X2,P) = ‘2‘% S [B1(n,\)e P2t PMoI
+ By, Ne P2t Mg, (8)

where

(bz _ 2)\2)2(a + n)l/z
2*— @) a+ N — N —Nc+mMS-NS+ ()’
26)\2(a _ )\)1/2(‘1 + 77)1/2
(& — @) - N —Ne+n)S- NS . (n)’
= (az _ )\2)1/2, B= (b2 _ )\2)1/2’

b 2052 231/2,72 23172
S0 = exp <_71rg - [45 (2= B - £) } ds)\)_

B](‘l],)\)=

By(n,N) = ®

¢ (b* - 285 £+
(10)

a=~/p/(y+2u), b=~/p/p, a, b and c are the slownesses of the
longitudinal wave, shear wave and Rayleigh wave, u and p are
the shear modulus and mass density, respectively, and v is the
Lame elastic constant. To ensure Re(a) (or 8)=0 everywhere
in the A-plane, branch cuts are introduced from a (or b) to oo,
and from —a(or —b) to — oo, The stress intensity factor of
this problem in the Laplace transform domain can be expressed
as

K{p)y= lim ~27x, 525(x1,0,p)

x—~0+

(11)
2
=— £ Ki(),
where
(a+m)”
Kit)=————. (12)
T e+ S

2.2 Fundamental Solution of ModeIl. Consider the same

stationary semi-infinite crack as shown in Fig. 1. The tangential
traction is applied on the upper and lower crack surfaces. The
boundary conditions in the Laplace transform domain have
the following forms:

0(x,0,0)=0 for —oo<x;< oo, (13)
G12(x,0,p) =™ for —oo<x;<0, (14)
4(x,0,p)=0 for 0<x <oo. (15)

The stress field 7y, and stress intensity factor Ky expressed in
the Laplace transform domain are

— 1 B
Uzz(xx,xz,p)=57—r; S [B3(n,\)e ™ Pex2t M

+ By(n,Ne PPt Mg, (16)
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— 2
Kilp)= - \[E Ki(n),

an
where
“ANE=N"2B=2NH B +)'?

- : B,= — B,

BN = G A e e S-S, T
S 18)

b+

K = ———"—. 19
) = S ) (19

3 Green Functions of Semi-infinite Crack

In this paper, a semi-infinite crack subjected to a singular
source of concentrated dynamic force is considered. The ap-
plied concentrated loading can be divided into the components
which are perpendicular and parallel to the crack faces. The
solution for an arbitrary applied loading direction can be con-
structed from the combination of the solutions for these two
directions. Given that the problem considered in this study has
two characteristic lengths, a direct attempt to solve this prob-
lem by transform and Wiener-Hopf techniques is apparently
not applicable. The transient elastodynamic crack problem is
solved by the superposition method in the Laplace transform
domain. The exact expressions for the full-field solutions and
mixed-mode stress intensity factors are obtained in this study.
The solutions are composed of incident field, reflected field,
and diffracted field denoted by superscripts of 7, R, and D,
respectively. The incident fields are the responses to loading
applied to an unbounded medium. The reflected and diffracted
waves are generated by applying opposite traction at the crack
surface to eliminate the stress induced by incident wave.

3.1 Vertical Concentrated Force. We have a stationary
semi-infinite crack extending over — oo <x;=<0. Initially, the
body is stress-free and at rest. At time ¢=0, a vertical con-
centrated force is produced at position (/,/). The two-dimen-
sional geometry of the problem is shown in Fig. 1. The time
dependence of the loading is represented by the Heaviside step
function H(f). As shown in Achenbach (1973), the incident
fields at x, = 0 expressed in the Laplace transform domain
are

Ba=zr | 1AnOUe oD
27

+ AN PP D1aN, - (20)

ol2= 51— S [As(Ne Pt PAI=D
i
+A(Ne PPy (21)
where
b — 2\ N2
Au()\) =_2b‘2““, AIZ()\) = E)'i,
N NS
As=33, A== @2)

The applied tractions on the crack face, in order to eliminate
the incident wave as indicated in (20) and (21), have the func-
tional form e”!, The fundamental solutions for normal trac-
tion e”™ and tangential traction e”™ applied at crack faces
have been solved in Section 2. The reflected and diffracted
fields can be obtained by superimposing the incident wave
tractions that are equal and opposite to (20) and (21). The
result of the normal stress is
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1
Gaa(x ,xzyp)=a? Sr‘v er (A1 ()Bi(n,N)

+ Ays(n) By, N)e P e+l gmplesz =Ny
+ (A (M)Ban,N)
+A13(77)34(ﬂ,>\))€_p(a*h+’71)e_p(ﬁx2_'>‘xl))d>\
+ (A MBi(n,N)
+ A, 4(n)Bs(, N))e P B g mplexy =Ny
+ (A 12(mBs(n,N\)
+ Aya(n)Ba(y, N)e PE R+ =P BN\ gy - (23)

where o = (¢* —4%)"?, 8% = (b*— n)"2. Equation (23) consti-
tutes a double inversion integral where the paths I'* and I"
refer to Laplace inversion contours in the A-plane and the -
plane, respectively. Here we shall carry out the inverse trans-
formation using an extension of the Cagniard-de Hoop tech-
nique. In the usual case this technique enables two successive
inversions to be performed in one step. In this particular prob-
lem we use the technique proposed by Harris (1980) to perform
the three successive inversions. Let us start by inverting the
first term of (23). We introduce Cagniard contours in both the
n and A-plane by setting

r=ql+a*h,
= — N+ ax;.

(24)
(25)
Equations (24) and (25) can be solved for » and A to yield

2

1% (1) =— cosfp i }T——az sin 6o,
Ty 0
t £

NE(f)= —~cosb=i |——a sin b,
; \7

where (rg, o) and (r, §) are the polar coordinates of the source
point and field point, respectively, and

(26)

@7

! h
ro=~N #+ P2, cos 00=r—, sin 00:7’ (28)

0 0
r=A/x3+x3, cos 0=)—?, sin Gz%. 29

In the »-plane (or A-plane), (26) (or (27)) describes a hyperbola
which is denoted as the Cagniard contour. We shift the » and
A-integrations onto Cagniard contours along which 7 and ¢ are
both real and positive. In this technique, the two Cagniard
contours must be superimposed in order to determine how and
when they overlap for different locations of source and field
points. Depending on this, the reflected and diffracted waves
can be constructed automatically. Because B;(n,\) possesses a
pole at y = A, the contribution of the pole at 4 = X\ and A
= p has to be taken into account in the change of integral
paths from % to 7 and A to ¢. Consider the deformed integral
contour shown in Fig. 2(@). The requirement of Re(n) >Re()\)
dictates that the integral path I'" is always located at the right-
hand side of I'". Recall from (23) that a pole term arises,
representing the reflected waves. A source point denoted by
S»(0o=150 deg) and two field points denoted by F\(# = 45

.deg) and F,(¢ = 15 deg) are chosen to explain the generation

of a reflected wave. At the field point F;, where the integral
path changes from 5 to 7, the pole at = A will be embraced.
The contribution of this pole represents the reflected RPP wave
generated from the crack-free surface. But no pole should be
taken into account for the field point F,, meaning that the
reflected RPP wave will not pass through F,. It is concluded
that the reflected RPP waves will pass the region for 6> 6,,
where 8, = cos ~'((x;— /1), B = (ri— D* + (%, + h)?. The con-
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Fig. 2(a) Deformed integral contour for the first term of Eq. (23)
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Fig. 2(b) Deformed integral contour for the second term of Eq. (23)
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Fig. 2(c) Deformed integral contour for the third term of Eq. (23)
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Fig. 2(d) Deformed integrai contour for the fourth term of Eq. (23)

tribution of the pole in (23) can be obtained by the Cauchy
theorem as follows:

T5(x1,%2,P)
_ _1— S (bz _ 2)\2)3 _ 4aﬁ)\2(b2 _ 2)\2) e~pa(X2+h) +PN(x =D ‘
2xi 2b°R
40BN =2N) oy g prisy -1
bR

2,72 232
+2>\ (b _2)\) e—pax2~pﬂh+p)\(x1—l)
bR
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Fig.3 Wave fronts of the incident, reflected, and diffracted waves with
loading applied at 6, = 150 deg

VAN N NY agn -0 | gy
bR ’

(30)
where R(\) is the Rayleigh wave function defined by
RO\ = (0*— 2N} + 4N,

The superscript R indicates that the reflected field is being
considered. The first term of (30) represents the reflected RPP
wave—the reflected primary wave from the incident primary
wave. The other three terms in (30) are RPS, RSP, and RSS
reflected waves, respectively. The reflected head wave RHD
is contained in the last term of (30). A somewhat similar prob-
lem which has the same functional form as (30) arises from
the reflection of a buried concentrated force from a traction-
free half-space. For more details on the evaluation of (30), the
reader is referred to Tsai and Ma (1991), which deals with the
above problem. Some interesting phenomena of the reflected
waves can be explained by the deformed integral contours
shown in Figs. 2(b)-2(d). For the second term of (23), two
Cagniard contours overlap for 6, (=7—0g) <0< cos™! (~a
cos 0y/b); see Fig. 2(b). This overlap would cause the RPS
wave to distort in that region as shown in Fig. 3. Consider the
third term of (23) and the deformed contours shown in Fig.
2(c). The overlap of these two Cagniard contours occurs in
the region 0<6<#8,. The integration path represented by the
dash line will terminate at the intersection point of these two
contours. This illustr*ates that the RSP wave is not complete
in the region 0 < # < 0, and only exists before the extended RSP
wave from the crack tip arrives. Finally, consider the fourth
term of (23) and the corresponding deformed contours shown
in Fig. 2(d). The most important phenomenon is the distortion
of the straight r;flected head wave RHD at the right-hand side
in the region, 6, <6< cos ™ '(a/b). The threshold is determined
from the intersection of I'}. and I'}, indicating that the
straight wave front of the head wave will be deformed and
terminated at the wave front of the DSS wave. The arrival
time of these distorted wave fronts is presented in Eq. (A2) of
the Appendix. By using the Cagniard-de Hoop method of the
Laplace inversion, reflected fields in the time domain are rep-
resented in simple closed form and are shown in the Appendix.

Next we consider the diffracted waves generated from the
crack tip. Here we shall carry out the inverse transformation
for diffracted waves using an extension of the Cagniard-de
Hoop technique. The deduction is explained in detail from the
first term of (23). Recalling that p is real and positive, we shift
the # and A-integrations onto Cagniard contours. It can be
written as
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EZZPP (xl ,x2:p)
1
27°

| T chas aemnane 7 naiar, @1y

ar 0 ar

where

Cllutn ™ (1),M0) =Re [(A,ni(n+(7))Bj(n HORG)

617 (7') IND)

+ Am(n " (DB (), M) ——— ot

= (Amiln~ (T))Bj('fl (1), >\(t))

+ Aty DB M) T "’25’)]. G2
From the Cagniard-de Hoop method, the inverse transform
can be obtained by inspection and the DPP wave in the time
domain can be expressed as
I t—ar
oatm0=53 | Chst* @MV, 39
T ﬂro

where ¢’ = ¢t —7. The physical meaning of the DPP wave is the
diffracted longitudinal wave induced by the incident IP wave
and reflected RPP and RPS waves. The second term of (23)
represents the DPS wave, the diffracted shear wave induced
by the same waves that generate the DPP wave. There is a
head wave DPH generated in the left-hand side of the crack
tip by the additional branch cut at A = a. The integral path
I'" of the third and fourth terms in (23) can be divided into
two intervals I'};, and I}, as shown in Figs. 2(c) and 2(d).
T'%. represents the diffracted waves DHP, DHH, and DHS
generated by RSP and RHD waves from the crack tip, while
T, represents the diffracted waves DSP, DSH, and DSS in-
duced by IS and RSS waves. Omitting the detailed deductions
here, the stress caused by diffracted waves are found to be

I—ar
2B 0= | Clisy (), Wit e

al‘o

=ty .
+ S Clasa(ni (), Mt DH(br -t )dr

arg

t—br
+| 7 Cltat @ ar

arg

t—ar
v Gl @, NEDHEr - s
I‘HO

t—tyr
|7 Chatnt @0 WEOro - D EOr - )dr

tHO

{—br
] Chut @MV~
1H0

t—ar
+| 7 st ar
b

0

brg

l—fH
+ g Craaa (03 (1), \o(¢ N H(br—t'dr

{—br
+| 7 Chutr M, @Y

brg

e T N
7§ (r)—rocos Op =i p a* sin 6y,
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’

[N

(@ )——-—cosG-H %2— 2 sin 6,
j“(T)--l cos g+ il sin 0o,
2 ‘r 0 I'(2) O

t'?
(! )———cos 6~ (b?P——5sin 6,
P
2
73 ()= —cos Oo£i |5~ b’ sin b,
r
'
)\3(t')=-——cos 0+i [——bsin¥,

fH0=r0lCOS 00|+r0\/ —a sin 00,
ty=rlcos 01 +r\/ b*—a* sind. (35)

The superscript D is used to indicate diffracted waves. Equa-
tion (34) contains nine terms which represent diffracted waves
DPP, DPH, DPS, DHP, DHH, DHS, DSP, DSH, and DSS,
respectively. The arrival time for each diffracted wave front
is

TDpp=ar0+ar, TDpH=ar0+tH, TDP5=ar0+br,

Toup =ty +ar, Toun =ty + tn, Tous=tuy+ 0,

Tpsp = bro+ar, TDSH=br0+tH, TDSS=br0+br. (36)

The complete structures for the incident, reflected, and dif-
fracted waves are represented in Fig. 3. Mixed-mode stress
intensity factors in the Laplace transform domain can be rep-
resented as

\2

Rip) == | L4,mKipe 7o

2xiNp

+ Ap(mKi e " =rlad, (37)
7 V2 F —pa*h—pyl
= K pa Py
K@) 27ivp S [A13s(Ki(me
+ Av)Kim)e "= Pdd.  (38)

Appling the Cagniard-de Hoop method for Laplace inversion,
the stress intensity factors in the time domain can be obtained
as follows:

3/2 t .
T 1 on;
— Kt =S — Im | AyODKT () — | &
\/5 i) o PR m [ n(m K1) a7 7

1 i ont
+| Im | Aum)KEed) 22| Hbro—nar
1H0 [—7 aT

%

H
+ j - Im [Alz(ﬂs Kind) 2 ] dr,  (39)
bro
3/2 1 a +
’:/E Kn(t)— - m [ i K) -5"7‘—] dr
1 ;.
+ Im AHK ) == P H(bry—7)dr
1 +y o F + a"’3+
+ Im A(3)Kir (93°) e dr.  (40)
brO T
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Fig. 4 Normal stress oy, at field point F, subjected to concentrated
force applied at source point S,
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Fig. 5 Stress intensity factors K; and K subjected to concentrated
force applied at source point S,

3.2 Horizontal Concentrated Force. Consider the same
cracked body as shown in Fig. 1. Now the direction of the
concentrated force is applied along the positive x; direction at
the position (/, #). Following the similar procedure of case (1)
for the vertical direction, the diffracted waves and stress in-
tensity factors can be represented in the same form as (34),
(39), and (40) by replacing C}jk, by ijkl, and using the corre-
sponding unknown functions Ay;

b2_2 2 6*
Azx(’?)=n(sz;*L), Azaln)= _ﬂ_bz_’
i 0"~ 21"

A(n) =-;’;5, Ag(n) = 1)

2b*
The procedure of finding incident and reflected waves can be
obtained in the paper of Tsai and Ma (1991), and only the
brief results are shown in the Appendix.

4 Numerical Results

The explicit analytical results for the stress o, and the stress
intensity factors have been given in the previous sections. For
simplicity of the numerical calculation of the full-field solution,
the source and field points are situated in such a manner that
no reflected waves need be accounted for. A Poisson’s ratio
»=0.25 is used which gives ratios of wave speeds b = /3a
and ¢ = 1.88a. The transient response of stress a5, for applied
singular sources with Heaviside function dependence of con-
centrated force is shown in Fig. 4. The singular source is applied
suddenly at the position Si(r, 45 deg) and the transient stress
012 is evaluated at the field point F(ro/2, 45 deg). There will
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Fig. 6 Stress intensity factors K, and K, subjected to concentrated
force applied at source point S,

be no reflected waves, only the incident waves (IP and IS) and
diffracted waves (DPP, DPS, DSP, and DSS) will be generated.
The time has been normalized by dividing by ar, and the arrival
time for each wave front is indicated in the figures. The solid
lines are valid for applying the singular source in the vertical
xy-direction while the dash lines are valid in the horizontal x;-
direction. The incident waves for the applied concentrated
force have a singularity at their wave fronts while the diffracted
waves have finite jumps at their wave fronts. The correspond-
ing stress intensity factor is shown in Fig. 5. Next, a more
complicated situation is considered in which the singular sources
are applied at the position Sy(ry, 150 deg). For this case, we
evaluate only the time histories of dynamic stress intensity
factors whose results are shown in Fig. 6.

In some classes of dynamic problems, the ability to find a
static field may hinge on waiting for the wave fronts to pass
and the transient effect to die away. The static solution ob-
tained by Tada et al. (1973) for an applied static point force
on a semi-infinite crack is used to construct the static solution
and to compare with the transient result. It is found in this
study that the transient full-field solutions for stress oy, will
approach the corresponding static value after the last diffracted
DSS wave has passed. The dynamic stress intensity factors will
tend to the corresponding static values after the incident IS
wave has arrived at the crack tip. The time needed for the
transient field quantities to approach the static values depends
on the direction of applied loading. If the loading is applied
along the x,-direction, then the time needed for oy, and Kj to
approach the static values will be less than that for o,and Kj;.

In order to investigate the possibility of the crack surface
interpenetration based on the transient solution obtained in
this analysis, the vertical crack surface opening displacement
is calculated for a vertical point loading in front of the crack
tip (o = 45 deg) and behind the crack tip (8 = 150 deg),
respectively. In Fig. 7, the transient solution of opening dis-
placement at different positions at the crack surface is eval-
uated for the vertical point loading in front of the crack tip.
Where u, represents the difference of the displacement for the
upper and lower crack surface, the contact of the crack surface
will occur if u, is less than zero. It shows in this figure that
the transient solution obtained in this study does predict con-
‘tact of the crack surface, but the contact time is quite small.
The general feature is that after the RSS wave has passed, the
displacement at the upper and lower crack surface will move
outward and the crack surface will be opened again. The con-
tact time will be small if the material point is closed to the
applied load. If the point loading is applied behind the crack
tip, the transient displacement responses for five material points
are plotted in Fig. 8. If the material points at the crack surface
are directly below the applied loading (i.e., 7/ry= 1, 0.5), then
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concentrated load behind the crack tip (9, = 150 deg)

there will be no contact for the whole time history. For the
material points far from the applied load, the contact will occur
but the contact time will be smaller than that for the loading
applied in front of the crack tip. If the contact does occur at
some material points, then the crack surface will be opened
again after the RSS wave has passed.

5 Conclusions

The difficulty in determining the transient stress field in a
cracked body subjected to dynamic loading is well known. It
will become more complicated and difficult to solve if a char-
acteristic length is involved in the analysis. The transient stress
generated by the application of a concentrated force to a semi-
infinite crack is obtained in an exact, closed form. A new
fundamental solution is proposed for constructing the com-
plicated reflected and diffracted waves generated by the crack.
The fundamental problem is the application of exponentially
distributed traction on the crack faces in the Laplace transform
domain. Unlike the usual superposition method which is per-
formed in the time domain, the transient solutions are deter-
mined by superposition of the fundamental solution in the
Laplace transform domain. The extension of the Cagniard-de
Hoop inverse method is used to investigate in detail the struc-
ture of the wave pattern.

In this paper we have obtained the transient response, at an
arbitrary point in space and an arbitrary time, to waves re-
flected and diffracted in a semi-infinite crack which is struck
by cylindrical incident waves generated by a concentrated force.,
The purpose was to investigate the characteristic time during
which the transient effect is important. Numerical results for
the analysis of transient effects are presented and compared

810/ Vol. 59, DECEMBER 1992

to the corresponding static values. It is found that the dynamic
transient solution will approach the static value after the last
diffracted DSS wave has passed the field point.
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APPENDIX

The Laplace transform of incident and reflected waves can
be inverted immediately by the Cagniard-de Hoop scheme to
give

18 \
Uzz(xl,xz,l)Z; 2 Im l:D,ij(Ej) %:‘ H(-T)
i=
1 3]
- Im {Dn(&) E] (H(-Tp-H(1-Ty) (AD

where i = 1,2, representing the case of vertical and horizontal
concentrated force, respectively. In which j represents the 1P,
IS, RPP, RPS, RSP, RSS, and RHD waves, j equals to 1 to
7, respectively. The reflected waves only exist in the region
0> 6,, except the RSP wave. The distorted wave fronts of RPS,
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RSP, and RHD are shown in Fig. 3. The arrival times of the
distorted wave front for the given regions are

b?* sin®0 — a’sin®6,

Trps= cos80—cos’d (rocos 6 —r cos 8p)
* 1 a
for 6, <6< cos % cos by ),
b2 : 20 P 20
Trep = AL (ro cos 6—r cos 8p) for 0<9<6;,

cos?f — cos? 8

1

Trup=br—brg cos (#+6;) for 02*<0<cos" (A2)

SHEN

The RSP wave in the distorted region (O<6<0; ) is valid in
the time interval between arrival of the first RSP wave and
Trsp. The last term of (Al) represents the head wave which
only exists in the region blcos 6,1 >a. The unknown functions
¢, Dy, and T; shown in (Al) can be found in Tsai and Ma
(1991).
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