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1. Introduction

Since the invention of Prolog, a programming
language based on classical first-order logic, many
people have tried to extend it using similiar ideas
and redefine the semantics of the extended Pro-
log in terms of nonclassical logics [3,5,8]. The
success of a programming language based on
nonclassical logics usually lies in the new defini-
ton of Horn formulas and SLD-resolution-like
inference rule. For modal logic and temporal
logic, the corresponding definitions of Horn for-
mulas have been available [1,4,5]. It is thus theo-
retically interesting to know the inherent com-
plexity of the satisfiability problem for proposi-
tional temporal Horn formulas. In this paper we
shall investigate the complexity of the satisfiabil-
ity problem for two Horn fragments in proposi-
tional linear-time temporal logic. The first one
contains two temporal connectives O (eventual-
ity) and 3 (always) only and the second one
contains an additional next-time connective o.

It has been shown that the satisfiability prob-
lem for linear-time temporal logic whose tempo-
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ral connectives include © and O only is NP-com-
plete and is PSPACE-complete if additional
next-time connective o is permitted [9]. In this
paper we shall show that the complexity of the
satisfiability problem remains unchanged even if
the input is restricted to temporal Homn formulas.
In other words, if the next-time connective is not
allowed to occur in temporal Horn formulas, the
problem is NP-complete; otherwise, it is
PSPACE-compete.

Linear-time temporal logic without the next-
time connective and the modal logic S35 are two of
a few nonclassical logics whose satisfiability prob-
lems are known to be NP-complete. The NP
algorithms to decide satisfiability of formulas for
both logics are usually derived by the same
small-model property (cf. [7,9]. It is thus natural
to expect that both logics have also the same
complexity when considering their Horn frag-
ments. However, it has been proved by Farinas
del Cerro and Penttonen {4] that the satisfiability
of modal Horn formulas for 85 is solvable in
polynomial time. Compared with the result for
S5, our first complexity result for linear-time tem-
poral logic seems surprising.

The rest of this paper is structured as follows.
In Section 2 we review linear-time temporal logic
and introduce temporal Horn formula. In the
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next two sections we show complexity results of
the satisfiability problem for the two proposed
temporal Horn fragments.

2. Linear-time temporal logic
Syntax

The language L of a propositional linear-time
temporal logic is defined on the following alpha-
bet:

PV a finite set of propositional variables,

classical connectives: -, V, A, D,

temporal connectives: O, &, o,

parentheses: ( , ).

The set of well-formed formulas of L is de-
fined to be the least set of strings including PV
such that if A4,B are well-formed formulas, then

(AAB),(AVB),(A>B), and

-A,0A4, 04, 0A4
are all well-formed formulas of L.

To avoid unnecessary parentheses, we assume
the following order of precedence for the connec-
tives:

o>O>0O0>=>A>V>D.

Since A and V are associative and commutative,
it is safe to write A A B A C without causing any
confusion. We shall use L~ to denote L without
the temporal connective o.

Temporal Horn formula

Before we define temporal Horn formula, it
should be noticed that in the literature there is
no unified definition of temporal Horn formula
(see, for example, Temporal Prolog proposed by
Gabbay [3] and Templog proposed by Abadi and
Manna [1]). We think that the basic requirement
for a fragment to be called Horn is that each
temporal Horn formula can be translated into a
set of Horn clauses of classical first-order logic by
some satisfiability-preserving translation in poly-
nomial time (see, for example, [5] for such trans-
lation). Besides the basic requirement, in order to
be a programming language, the fragment should
also possesses an SLD-resolution-like proof

132

INFORMATION PROCESSING LETTERS

8 March 1993

method. Our goal here, however, is not to define
a new programming language but to define a
larger class of formulas satisfying the basic re-
quirement so we can combine Templog and the
future fragment of Temporal Prolog into a unify-
ing one. Accordingly, whether there is a SLD-res-
olution-like inference rule for the definition pro-
posed is not our major concern.

The set of temporal Horn formulas HL is a
subset of well-formed formulas of L whose syntax
in BNF form is given as follows (“:="" and “|”
are symbols of the metalanguage). Let p denote
any propositional variable and op (n > 0 stand
for n successive o’s followed by p.

e Temporal atom: As=onp (n>0)| 0 B|OB

e Body: B:==A|BAA

e Goal: G== - B

e Clause: C:=A|BDH|OCI|OC

& Temporal Horn formula:
H:=C|GI|HAC|HAG

For any clause of the form B D H or of the
form A where A is a temporal atom, we say B is
the body and H (or A) is the head of the clause.

Example 2.1. In the following formulas
A=0(pAog)ArdO(pAg) A -,
B=0O(O(pAog) AroO(=pAg)yAn—r),
C=0(~pArog)dO(pAg) Ar,

A and B are temporal Horn formulas but C is
not. The body and the head of A4 are O(p A oq)
Ar and OX{p A q) A - r, respectively; the former
is a conjunction of two atoms <(p A og) and r,
while the latter is a conjunction of one temporal
atom {pAq) and one goal —r. C is not a
temporal Horn formula because O{—p A ogq) is
not a body.

The set of temporal Horn formulas defined
above is essentially the future fragment of Tem-
poral Prolog augmented with the next-time con-
nective o. The major differences are (1) we do
not have the past-time connective P and have an
additional next-time connective o and (2) Tempo-
ral Prolog does not allow the “always” connective
O to appear in bodies of clauses. Although the



Volume 45, Number 3

definitions are distinct, our first complexity result
for the Horn fragment not allowing occurrences
of o also holds for his definition. As for the
definition of Templog proposed by Abadi and
Manna, which permits the use of the next-time
connective but does not allow the & connective
to appear in heads, our second theorem is still
valid.

In the following, we shall use HL ™~ to denote
HL without the o connective.

Semantics

A linear-time structure § for a propositional
temporal language L is a pair (s, £), where
s={(sy, 5y, -..) is an w-sequence of states and &
is a mapping from {s, ...} to the power set of
PV. An interpretation is a pair (S, t) where S is a
structure and ¢ is a state in s. The truth of a
formula in an interpretation is defined induc-
tively as follows. Let p be any propositional vari-
able, A and B be any formulas.

e S,5,E=p iff pe£&(s).

e Ss;EAABIf S,;5,F4 and S,s, = B.
o S5, = AIff S5, A.

S,5;= <A iff 3j > i such that S,5,=A.
e Ss;=0Aiff S,5,,,EA.

The other connectives VvV, D and O are re-
garded as defined operators and are defined as
usual. In particular, O A4 is defined as - A,
so we have

® S5, =E0AMfSs;=Aforall j>i.

We say a formula A is satisfiable if there
exists a structure S such that §,s, = A4.

The following propositions about linear-time
temporal logic are fundamental to our results.

Proposition 2.2. The problem that, given a for-
mula in L~, whether there is a linear-time structure
satisfying it, is NP-complete {9].

Proposition 2.3. The problem that, given a for-
mula in L, whether there is a linear-time structure
satisfying it, is PSPACE-complete [9).
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3. NP-completeness result for HL~

We first consider the Horn fragment in which
o does not occur.

Theorem 3.1. The satisfiability problem for linear-
time temporal logic with the input restricted to
HL ™ is NP-complete.

Proof. Since HL~ is a subset of L™, with Propo-
sition 2.2, it suffices to prove that the satisfiability
problem for HL = is NP-hard. We will reduce the
satisfiability problem for classical propositional
clauses to the satisfiability of temporal Horn for-
mulas in HL~ in polynomial time.

Assume the input is a set of propositional
clauses & ={%,, %,,...,%,,) where m>1 and
each &, (1<i<m) ={L;,...,L;,} is a set of
literals that does not contain complementary lit-
erals.

Let Vo={X,,..., X,} be the set of proposi-
tional variables appearing in €. The set of propo-
sitional variables PV used in MT(%) includes V,
and the set V. ={X|XeV,}, each element X
of which is a new variable not used before and is
intended to stand for the complement of X.

Let MT(Z)= A, ;csT; where each T, is
given as follows.

o T\ =A 1<i<n(<>XiA<>’?i)' —

e For1<ign,let gi=NHX;,A0X) and g, =
HX,AOX). Let Ty= A icn (8 AED

e Foreach 1<igm, 1<j<p, let

0o gk if LU= ﬂX’k-
Then let Ts= Ay o maUg A o0 AL

Example 3.2. Let ¥ ={%,, &,, &,}, where &, =
{Xl, =X, X}, & =1(~ X, X;, X5}, &=

=X, 2 X5}

Then m (the number of clauses in #) =3, n
(the number of propositional variables in &) =4,
and

T, =0X; AOX, A OX, A OX,
AOX;AOX, AOX, A CX,,
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T,= (8 A8 A (821 E3)
A =(835A83) A (841 84)s

T3= (2, N8:A8) A (8118, A 85)

A (g Ngs).

The formula MT(%) defined above is clearly a
temporal Horn formula; it is also easy to see that
MT(#%) can be constructed from # in time poly-
nomial in the size of %.

The formula MT(#%) defined above is clearly a
temporal Horn formula; it is also easy to see that
MT(#) can be constructed from # in time poly-
nomial in the size of #.

To understand MT(#Z), let S be any linear-
time structure satisfying 7| and T, and suppose
that we use each X, (and X;) to denote an event
which may and may not occur at any state of the
time sequence. We say event X occurs before
event Y if there are two states #;,¢; in § such that
X occurs at ¢;, Y occurs at ¢; and i <j. Then, T,
means every event must occur at least once at the
time sequence; g; says X; occurs before X; and
g; says )?,. occurs before X;, so 7, means that it
is not the case that X, occurs before X, and X,
occurs before X; for all ign. T,, T, and the
linear-order property of the time sequence imply
that for each i <n, exactly one of g; and g, is
true at the initial state of any linear-time struc-
ture satisfying MT(%).

Lemma 3.3. Let S=(s, £) be any linear-time
structure with s =s,, 5y, such that S,s5,E
MT(%). Then, forany 1 <i<n, S,soFEg; iff S,5,
e

Proof. By T}, S,s, = OX; A OX,. Therefore, there
must exist s,,5, €s such that X; € ¢(s,) and X;
€ £(s,). _

If u<v, S,5,EX;AOX;, s0 S,50F8; like-
wise, if v<u, 8,5, EX; AOX,, 50 5,5, &;. Con-
sequently, either g; or g, must be true at s,.

However, T, says at least one of g; and g;
must be false at s,. Therefore, S,s,F g; iff §,s5
¥g. O
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Proof of Theorem 3.1 (continued). Lemma 3.3
provides us a natural way to establish connections
between truth assignments on V5, and linear-time
structures satisfying 7, and T,. For each linear-
time structure S satisfying 7|, and T,, we associ-
ate with it a truth assignment /(S) on V, in
which X; is assigned true (false) if g; (g,) holds
at the initial state of S. It is clear from Lemma
3.3 that I(S) assigns a unique truth-value to each
X in V. It is also easy to see that for each truth
assignment [ on V,,, there is a structure § satisfy-
ing T, and T, such that if / assigns true (false) to
X;, then g; (g,) holds at the initial state of S.

Now we might use g; and g; to encode X; and
- X, respectively; we would then obtain a tem-
poral formula which is satisfiable if and only if &
is satisfiable. But indeed we cannot use the for-
mula since it is not a temporal Horn formula.
Fortunately, by Lemma 3.3, g, and - g; have the
same truth value at the initial state of any struc-
ture satisfying 7, and T,, so instead of using g;
and g, we use — g; and - g; to encode X; and
- X, respectively, and T is the resulting tempo-
ral Horn formula with the negation — factored
out.

The following lemma, which formalizes the
above discussion and states that the transforma-
tion from € to MT(%) is satisfiability-preserving,
together with the fact that MT(#%) can be ob-
tained from % in polynomial time, implies that
the satisfiability problem of temporal Horn for-
mulas in HL~ is NP-hard. We thus obtain Theo-
rem3.1. O

Lemma 3.4. & is satisfiable iff MT(%) is satisfi-
able in linear-time temporal logic.

Proof. (=) Since & is satisfiable, there exists a
literal set E={L,,...,L,} where L, is either X;
or - X, such that, for each €, €%, ENE, # §.

Now let the structure § = (s, £) with 5 =35, s,,
... and £ defined as follows: _

(D £GP ={X; | X,€ E}U{X,| -~ X, € E},

() &) ={X;| X;€E}U{X,| -~ X,€E},

(3) &(sp) = &(s)) if j> 1.

It can be easily verified that S,s, = MT(%).

(=) Let S =(s, £) be any structure such that
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S.50 = MT(%). From §, we construct a literal set

E={L,,...,L,}, where
L% iSses,
Tl aX, i S.sy=E,

By Lemma 3.3, for 1 <
and - X; belongs to E
Now we show that ENC # @ for each C €@,
so & is satisfiable. Let
C={(x X, X,

wprco Uy

< m, exactly one of X

X,

be any clause in & where >0, 8>0
By T,, we have

S,50 -1( A g A A gv/)‘

lgiga 1</<B

So either §,soF =g, for some 1<i<a, or
S,50 = -8, for some 1<} < fB. By Lemma 3.3,
either S,s, k=gu or S, =&, Accordingly, either
X, €Eor "1X €E,and ENC#¢. O

4. PSPACE-completeness result for HL

Theorem 4.1. The satisfiability problem for linear-
time temporal logic with the input restricted to HL
is PSPACE-complete.

Proof. Since PSPACE is closed under comple-
mentation [6], with Proposition 2.3 available, it
suffices to show that the unsatisfiability problem
of temporal Horn formulas is PSPACE-hard. We
will reduce the recognition of a language L(M)
accepted by a deterministic single-tape one-way
Turing machine M which operates in polynomial
space s(n) >n to the unsatisfiability problem of
temporal Horn formulas. Without loss of general-
ity, assume s(n) is computable in time polynomial
of n, M halts of all inputs (see Lemma 12.1 of [6]
for details) and never run outside the first s(n)
tape cells where n is the size of the input.

Let M={Q, 2, T, 3, q,, #, q;), where Q is
the finite set of states, I" is the set of allowed
tape symbols, # € I' is the blank symbol, 3 c I is
the set of input symbols, 8§ is the next move
function, a partial mapping from Q XI' to Q X I’
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X {L. R}, q, € Q is the initial state, and g; € Q is
the unique final state.

Now, for each string x=a, --- a, of length
n >0, a temporal Horn formula MT,,(x) is gen-
erated as follows.

(1) The set of propositional variables PV ap-
pearing in MT,,(x) includes

e P=(P,, P,..., P}, which is used to indicate
the position of the tape cell pointed to by the
tape head.

e (), which is used to indicate the current state
of the control store.

o C={C,l0<i<s(n), aeTl} whose intended
usage is that C;, is true iff the ith tape cell
contains symbol a.

() ID, = (g, Py, C0#7 Ciap Caapr -1 Crapy
Cinstysr -1 Comup)- 1Dy is the set of temporal
atoms used to describe the initial configuration of
the Turing machine with the input x given.

(3) ID;={-Cgqy). ID; states the impossibility
of reaching the final state.

(4) The transitions between successive config-
urations are encoded by the set of clauses Tr =
Try U Tr, U Try, where

(a) Tr,={0O(P A C,20C,)I
0<i<s(n), j#i,ael},
(b) Tr,={a((P,ACyAgy)
Do(P ACiy A Gy))l
8(qy, @) = (4, b, R), 0<i <s(n)},
(¢) Trs={a((PACqunay)

Do(P_ ACyAGy))l
8(ay, a) =(az, b, L), 0<i<s(n)}.

Tr, says that the contents of the tape cells
remain unchanged in the next configuration if
they are not currently pointed to by the tape
head; Tr, and 7r; describe to what symbol the
current scanned tape cell should be changed, to
what position the tape head should point and to
what state the control store should move in the
next configuration. Note, more formally, in order
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to be temporal Horn clauses, the clauses in Tr,
and Try should have their o operators appearing
in the heads moving inside the conjunctions.
However, we deliberately write them in “non-
standard” form so we can capture their intuitive
meaning.

(5) Finally, let MT,,(x) be the conjunction of
all formulas in IDy U ID;U Tr.

With the given Turing machine M and the
polynomial s(n) fixed, it is obvious that ID, and
ID; require s(n) + 3 clauses and 1 clause, respec-
tively, and Tr, and Tr, U Tr; require (s(n + 1) X
s(m)X | ) clauses and s(n) clauses, respec-
tively. Since the size of each clauses in MT,,(x) is
less than a constant c, the total size of MT,,(x)
= O(s?(n)). Hence it is easy to see that MT,,(x)
can be generated in polynomial time.

We claim that x is accepted by M iff MT,,(x)
is unsatisfiable.

For the proof of the only-if part, we note that
x € L(M) implies that the computation of M on
x terminates at the final state g; using no more
space than s(| x[). Hence Og; is a consequence
of IDyU Tr. However, ID; contains —gg, so
MT,,(x) is unsatisfiable.

On the other hand, if x & L(M), since Turing
machine M halts on every input, M must termi-
nate at a state g, # g; at some step m and for any
j <m, the state of M at step j is not the final
state g;. Let B,, By,.-.,B,, be the computation
of M on x. We construct a linear-time structure
T=(t, &) with t=1¢, t|, ... and ¢ defined as
follows.

e For 0 <i<m, P, € &(¢)) iff the tape head points
to tape cell j at configuration B;, q € £(¢,) iff
the control store is at state g at B;, C;, € é(t))
iff the jth tape cell contains symbol a at ;.

e For i >m, £(i) = £(m).

It can be easily verified that for any i € w and
for any always-clause O(! D or) € Tr, either T,¢,
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#1 or T.t,.,=r. Thus Tr is valid in 7. More-
over, ~<{gq, Is satisfied by any t; because the
control store is not at g; for any 83,. Finally, it is
also easy to see that &(ty) =ID,, we thus have
Tto=MT,(x). O

It should be noticed that each formula in 77,
or in Tr; indeed is not a temporal clause of
Templog. However, we can split every clause of
the form (/D o(p, Ap, Ap3) in Tr, U Try into
three templog clauses (! D op,) (i = 1,2,3). The
resulting set of formulas then is a set of templog
clauses, so Theorem 4.1 is valid for the temporal
Horn formula used in Templog as well.
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