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Abstract

The capillary flow and transport phenomenon in wedges are applied in micro heat
pipes to achieve the removal of heat in many applications. Most of the theoretical
works in the past dealt with the steady-state phenomena or neglected the effects due
to the variation of the cross-sectional area of the wedge flow and the shear-stress
distribution on the free surface between the liquid and vapor phases. The present
research is therefore aimed at resolving these deficiencies to investigate theoretically
the transient capillary flow phenomena in a wedge. The effects due to the shear
stress imposed on the free surface, the contact angles, and the wedge angle (the later
two factors determine the cross-sectional area of the wedge flow) are systematically

analyzed and discussed.

The transient capillary wedge flow with a constant shear stress distribution
imposed on the free surface is investigated. Effects on the velocity distribution and
tip location of the wedge flow due to the variation of the half-wedge angle, contact
angle, and the shear stress distribution on the free surface are systematically studied
and discussed. With the assumptions of micro-gravity, small inertia, a slender liquid
column with negligible surface curvature along the flow direction, and a constant
shear stress distribution on the free surface, the similarity solutions as suggested by
Weislogel and Lichter (19] are still valid. The results indicate that when the shear
stress distribution acts in the flow direction, the wedge flow is strengthened with a
larger propagation speed of the tip while when the shear stresses are opposing the
flow direction, a reverse flow may start to occur in the corner region near the free
surface. The reverse flow region extends toward the central portion of the cross
section of the wedge flow when the countercurrent shear stresses become stronger.
As time proceeds, the wedge flow slows down and moves from the
constant-flow-rate regime toward the constant-height regime. If the shear stress
distribution varies along the flow direction, similarity solutions may not exist and

numerical computations have to be employed.
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I. Introduction

The capillary pumping flows arise in various industrial applications and are of
technical interests. On earth, these flows are usually negligible or limited in extent

due to the presence of gravity, as can be seen from the Bond number,

Bo=Ap-g-I'/c, with Ap denoting the density difference across the fluid

interface; g, the gravity; L, the characteristic length scale, and o, the surface
tension. However, the capillary pumping flows still have various terrestrial
applications, such as flows in porous media and flows spreading along interior corners
or grooves as faced in the oil industry, environmental technology, etc. In the
micro-gravity environment of space, such flows and the capillary effect may become
prevalent in fluid systems of large extent and possess particular importance in space
technology. In-space applications include all kinds of fluid management and control
such as the handling and storage of fuels propellants and biological wastes, design of
heat exchangers and heat pipes, etc.

Investigations on the capillary pumping flows in interior corners, which also
called grooves or wedges, in the past four decades have covered problems of static
interfacial shape, dynamic flow behavior, and instability phenomenon. The effects of
contact angle (&) and wedge angle (2 ) on the capillary statics were well addressed
in the literature. The spreading of the capillary pumping flow along the wedge

T
depends also on the contact angle and wedge angle. The criterion, @ < 5 -, fora

spontaneous wicking into the wedges were derived by Concus and Finn, which has
been referred to as the Concus-Finn condition. Since then, a great number of
investigation have been devoted to the flow behavior and heat transfer in grooves,
both theoretically and experimentally. Instability and breakup of annular flows also
attracted a significant amount of attention with technical importance in applications.
Most of the studies on the dynamics centered on the steady-state flow behavior
and heat transfer. Weislogel and Lichter presented an asymptotic formulation on the
limit of a slender fluid column with small inertia and solved analytically the tip
location of a transient capillary flow in an interior corner. In their analysis, the zero
shear stress conditions on the free surface were assumed and similarity solutions for
the flow resistance, F,, were then obtained. However, in many applications,
especially in heat pipe, the interaction between the wedge flow and the gaseous (or
vapor) flow on the free surface are important. In order to investigate the interaction
effects on the velocity distribution of the wedge flow and the motion of the tip



location, the analysis by Weislogel and Lichter is extended in the present study to

incorporate a constant-shear-stress boundary condition on the free surface.



I1. Assumptions and Formulation

The system to be analyzed is a capillary pumping flow along an interior corner of a
container, a wedge, or a groove with a constant shear stress distribution imposed on
the free surface. The schematic diagram of the physical model and the coordinate
system employed are shown in Fig.l. In order to simplify the mathematical
manipulation, the following assumptions are made:

(1) The lubrication approximation is applied to the wedge flow.

(2) A slender fluid column with negligible surface curvature along the flow direction
is assumed.

(3) A circular arc of the interface is assumed for each cross section of the wedge flow.

(4) A static contact angle is employed. This approximation is acceptable when the
fluid velocity perpendicular to the contact line is small.

(5) The gravity is negligibly small.

With the above assumptions, the leading-order momentum equations reduced to the
cross-flow problem with the Z -component velocity as the main variable driven by
the pressure gradient along the flow direction. The pressure distribution, to the leading
order, is a function of Z and ¢ only, i.e.,, P=P(Z,t), which indicates a circular
arc interface at each cross section, as stated in assumption (3).

In order to solve the variation of the interface as the liquid flows downstream the
wedge and to find the tip location of the wedge flow and its propagation with time,
the continuity equation in the following dimensionless form has to be solved with the

momentum equation

4, = _Qz =_(AW)Z > 1)

t

where 4, Q,and W are, respectively, the dimensionless cross-sectional area of the
wedge flow, the volume flow rate, and the averaged Z-component velocity, i.€.,

w=0/A ateach cross section.
By introducing the flow coefficient, F;, as defined by Weislogel and Lichter

(Weislogel and Lichter named F, the flow resistance. However, since F; c w, it is
proper to call F, the flow coefficient and its inverse the flow resistance.) the
dimensionless averaged Z -component velocity, w, at each cross section can be

expresses as follows
w=-Fh'P,=-Fh, , (2)

where P =-1/h, as can be derived from the geometric configuration of the cross

section, has been used. Equation (2) indicates that the averaged velocity w



.2
( nondimensionalized by (J'H" s %_ Lj as suggested by Weislogel and

Lichter ) is determined solely by the slope of the interface, %, . As a result, there may
exist a finite propagation speed even at the tip of the liquid column where 4 =0 but

h, possesses a finite value.

Substituting the above expression for W into Eq. (1) and noting that A oc 4>
yields

2h, =F,(2h: +h-hy,) . 3)

Since F; is a function of &, @, and the shear stress distribution along the free

surface, it will be a constant for fixed values of &, , and the shear stress
distribution. As suggested by Weislogel and Lichter, defining

h=2"F(n) , n=P" 22", I, =n,pb """,

with 7=F¢t/2 and b=-(1+a)/2, leads Eq. (3) to a similarity equation. In

order to adding one more degree of freedom to the similarity variable, they further

introduce the following transformation

F=XFF | n=17 . (4,5)

The tip location can then be assigned as 77:1',; =1 for the convenience of computation.

With the above transformations, Eq. (3) is finally reduced to the following similarity

equation

FF 4 2f2 i B - 22 Foo

F'F%ﬁ-'*' F;7+7]F;7—m = 5 (6)
subject to h(l,,,t)=F(n,)=F#,)=F1)=0 : and

Before solving Eq. (6), F; must be evaluated first to render the validity of the

similarity equation and solutions. However, since

w-(Te/ )2 — -2
F_W(/H) W (cosé’_l) , -

sin’ a sin’ & \ sina

W must be computed before F, can be evaluated. In Eq. (7), the following relation

1

4



has been used

-1
i=[°.089—1) , ®)
H \sma

which can be derived from Fig. (1c), the geometric configuration of any cross section
of the wedge flow. Therefore, the numerical computations of the w-distribution and
the corresponding averaged velocity, W, at any cross section will be presented in

next section.



III. Numerical Computations

For the convenience of numerical computations, the cylindrical coordinates system
located at the center of the circular arc of the interface and the following
nondimensionalization scheme will be temporarily used. Relevant variables have to
be converted to those defined by Weislogel and Lichter (19] for the convenience of
comparison and justification of the validity of the present results. With the
assumptions stated in last section and the following nondimensionalization scheme

w r

S
“\Taz)/"

the Z -component momentum equation at any cross section of the wedge flow can be

(9,10)

written as

v, 10v, 1 8%,
2 T2 oo T
o0& £ 0& &7 96

The associated boundary conditions are as follows

1=0 . | (11)

Ve _§ one=leo1 (12)
o0& r,
r cosd
=0, L CO%Y 13
& on ¢ r, sin(a +9) (13)
92 _0 ,on 5=0. (14)
05

Equation (12) indicates a dimensionless shear stress distribution in the Z -direction
along the free surface while Eq. (13) and Eq. (14) represent, respectively, boundary
conditions at the solid walls and the symmetrical condition at the mid-plane of the

wedge.
In order to attain better accuracy of the numerical results with a more uniform

distribution of the computational grids, the following nonequally spaced grid points in

o -direction is employed

exp(——j—llj—l

m-

60, =6, ———— , j=1,2,
e e—1 /

...... ,m (15)
with 6, =0, = % —a -0, the upper bound of the computational domain of 6.

With the definition of Eq. (15), the mid-plane of the wedge is represented by &, =0.

Once J; is selected, the grid points in & -direction is then determined by the



intersection points between the & ,ray and the solid wall of the wedge, i.e.,

£, () =cosf/sin(@+6,_,,,) , i=1,2,- ,m . (16)
Equation (16) indicates that £, (1)=1 is the grid point located at the contact line
between the liquid and the wedge wall and &, (m) is the grid point at apex of the
wedge. By defining A¢, =& (k+1)-&,(k), &, =& + A&, with & =& (1), the

whole computational grid system is then represented by (&;,6;) , with
Lj=1,2,- ,m . Specifically, the grid points on the free surface are denoted by

(§,6;) with j=12,-- ,m . The grid systems generated by this scheme for

different combinations of the half-wedge angle « and contact angle 6 are shown
in Fig. 2. It can be seen that the distributions of grids for most of the
(a,8) -combinations are pretty uniform except the one with a zero contact angle
wherein the distribution of the grids near the free surface is much closer than
elsewhere. Furthermore, because of the nonequally spaced grid distribution, the finite
difference scheme has to be modified accordingly to assure a second-order accuracy.
Equation (11) is then computed to obtain v,(&,6) followed by the calculations of
the averaged velocity v, and the flow coefficient F,. Equation (6) is then used to

numerically compute F by a backwards Runge-Kutta method. The variation of the

free surface A(Z,%) and the tip location L (f) can then be obtained accordingly.

Before the results are presented and discussed, two important aspects regarding the
reliability of the numerical scheme employed need to be clarified. (1). The grid
independence has been tested using different grid systems and is shown in Fig. 3. A
(40x 40) grid system is finally chosen for the reason of accuracy and computational
time saving. (2). The flow situation with a zero shear stress on the free surface as
considered by Weislogel and Lichter (19 ] is recomputed for the purpose of
comparison. The results give almost no difference between the computations by
Weislogel and Lichter (19] and the present study.



IV. Results and Discussion

IV-1 Numerical Results

In this subsection, the numerical results of v,, v,, F,., WZ,t), and lu.p () will

be systematically presented and discussed. The main concern will be the effects due to
the shear stress distribution along the free surface.

When a constant shear stress distribution is imposed on the free surface, Eq. (6) is
still valid and similarity solutions exist. However, depending on the magnitudes and
directions of the shear stress, the flow structure and, consequently, F, are different.

(A) S effectson v,, v,,and F;:

The v,-distribution at each cross section for § =-0.075, 0, and 0.075 with
a =45° and @ =30° are shown in Fig. 4. When § is a negative value, the shear
stress is acting in the flow direction and, therefore, the flow is strengthened. When the
shear stress is opposing the flow direction, i.e., when § is positive, a reverse flow
may exist in the comer region near the free surface. The flow structure becomes
completely different. Shown in Fig. 5 are the flow distributions for § =0.05, 0.075,
and 0.1 with a=45° and 8 =30°. It can be seen that when S =0.05, the reverse
flow starts to occur from the upper corner near the free surface where the inertia of the
fluid 1s smallest due to the no-slip boundary condition at the solid wall. As §
increases, the reverse flow region extends toward the central portion of the cross

section of the wedge flow and becomes larger and larger. Consequently, the averaged
velocity v, and the flow coefficient F, at each cross section will change as S

varies. Listed in Table 1 are the variations of v, and F; with § for a =45° and
6 =30°, and the corresponding diagrams are shown in Fig. 6. It can be seen that both
v, and F, decrease linearly as S increases. It is also indicated in this Table that
when § ~ 0.1, the region of the reverse flow becomes so large that both v, and F;
turn to be negative values. Figure 7 gives the variations of F, with « for different
values of & . Figure 7(a), (b), and (c) are, respectively, the F,-variation for
S =-0.005, 0, and 0.0005. Figure 7(b) is the flow situation with a zero-shear

boundary condition at the free surface and is the same as that calculated by Weislogel
and Lichter [ 19] . Although the range of F; is different for different values of §,

they all vary similarly. For each half-wedge angle, «, F, increases as the contact

angle 6 increases. However, for each contact angle 8, F,, in general, possesses a



minimum value at a certain half-wedge angle « . The shear stresses applied on the
free surface possess a much stronger effect on F, for flow situation with a large

half-wedge angle and a small contact angle.
Since F, is the same constant for all the cross sections with fixed values of «
and 6, Eq. (6) and the corresponding similarity solutions are therefore valid for a

capillary wedge flow with a constant-shear boundary condition at the free surface.

(B) S effectson 4 and / :

tip *
Once F, is computed, the variations of 4 and /,, can then be derived from the

similarity solutions 7 of Eq. (6). Two flow regimes are to be studied. When
a=0.2, the solutions correspond to the constant-flow-rate regime while a =0
corresponds to the constant-height regime.

For the convenience of presentation of the numerical results, the extra degree of
freedom for the similarity variable, A, is set equal to unity. Then, the variations of
h(z,t,S) with a =45° and 6 =30° are plotted in Figs. 8 and 9. Figure 8 is for
the constant-flow-rate regime with S =-0.01, 0, and 0.001 while Fig. 9 is for the
constant-height regime. A lot of information can be learned from those two figures. (1)
When the shear stresses act in the flow direction, i.e., when § is a negative value,
the wedge flow possesses a larger flow rate and flow speed. (2) As time proceed it
seems that the flow possesses a tendency of moving from the constant-flow-rate
regime toward the constant-height regime. (3) In both the flow regimes, the flow
speed and, consequently, the tip motion slow down as time proceeds.

The tip location of a wedge flow, /. , in the constant-flow-rate regime and the

tip *
constant-height regime are shown, respectively, in Figs. 10 and 11. Although /,, isa

function of S, the moving speed of the tip location, i.e., dl,i.p / dt , is independent of

S and can be calculated easily and directly from the log-log diagrams in Figs. 10 and

3 y
11. The results yield [, o t/5 in the constant-flow-rate regime and [, o tA in

the constant-height regime, same as derived by Weislogel and Lichter [19] .



IV-2. Scaling Analysis

According to the study by Weislogel and Lichter (19] , there may be exist three
flow regimes during the motion of a corner flow. These three flow regimes are (1) the
start-up transient regime for small ¢, followed by (2) the constant-flow-rate regime,
and then (3) the constant —height regime. A schematic diagram of these three flow
regimes is shown in Fig. 12. In the absence of gravity, the corner flow is mainly
driven by the capillary pumping force which basically is the pressure difference
generated by the free surface curvature at two different locations. This pumping force
will be balanced by either the acceleration of the flow during the first transient period
or by the viscous shear stresses in the constant-flow-rate and constant-height regimes.
In this sub-section, the relation between the tip location of the corner flow and time

will be predicted by the scaling analysis of the Z -momentum equation.
(A) Start-up transient regime:

The balance between the acceleration of the flow and the pumping force of the

Z -momentum equation can be express as

AP W
AP L% 16
L (16)

where AP represents the characteristic pumping force for the comer flow; L, , a

characteristic length scale in the flow direction whose variation with time gives the
motion of tip of the comer flow; W, =L, /7 , the characteristic velocity of the corner

flow; p and 7, respectively, the density and time. In the start-up transient period,
the pumping force mainly comes from the ambient pressure, P,, acting on the base
liquid in the container. As a result, AP~ P, is an appropriate choice for the

estimation of the pumping force. Equation (16) then reduces to
P pL,

a

L, 1t

o

Since P, and p are constants, Eq. (17) then gives the following relation between

(17)

the tip location and time
L oct. (18)

(B) Constant-flow-rate regime:

In this flow regime, the assumptions given in Section II are applicable. The
capillary pumping force is therefore balanced by the viscous shear stresses, which

gives

10



AP W,
L 'qu

[

, (19)

oy L
with AP ~ }IO; estimated by the curvature effect of capillarity;, W, ~ tT"; and the

57"
characteristic height H, ~| =— evaluated from the constant flow rate Q

(/]

Equation (19) then reduces to

b
o fa KL &La ] ’ (20)
L, 0-7 t 01

which can be re-written as

sy .
L% ~(Q "J-?/Z . 1)
Y7,

Since é, o, and u are constants, Eq. (21) then gives the following relation

between the tip location and time

~

L o<?h . 22)

(C) Constant-height regime:

Since all the assumptions described in Section II are still valid, Eq. (19) is also

applicable in this flow regime. However, the capillary pumping force is estimated by
the curvature effect of capillarity with the characteristic height H_, chosen directly

equal to the specific constant height H_ of the present situation. Consequently, Eq.

(19) reduces to

o ML
~ ° 23
LH, H!7t ®)
which can be re-written as
L§~("H°J-? . 24)
7

Since o, u, and H_ are constant, Eq. (24) then gives the following relation

between the tip location and time
L «7” . (25)

Equations (18), (22), and (25) are exactly the same as those obtained by Weislogel

11



and Lichter (19] .

12



V. Conclusions

The system analyzed is the transient capillary wedge flow with a constant shear
stress distribution imposed on the free surface. With the assumptions of small inertia,
micro-gravity, a slender liquid column with negligible surface curvature along the
flow direction, and a constant shear stress distribution on the free surface, the
similarity solutions as suggested by Weislogel and Lichter (19 are still valid. The
following conclusions are drawn from the present study. (1) When the shear stresses
act in the flow direction, the flow is strengthened and, as a result, the propagation of
the tip location becomes faster while as the shear stresses are opposing the flow
direction, a reverse flow may exist in the comer region near the free surface. The
reverse flow region extends toward the central portion of the cross section of the
wedge flow when the countercurrent shear stresses become stronger. (2) As time
proceeds, the wedge flow possesses a tendency to move from the constant-flow-rate
regime toward the constant-height regime. (3) In both the flow regimes, the flow
speed and, consequently, the motion of the tip location slow down as time proceeds.

When the half-wedge angle, the contact angle, and the shear stress distribution on
the free surface vary along the flow direction, the similarity solutions as suggested by
Weislogel and Lichter (19] imay not exist. Numerical computations then become
necessary. When the velocity component normal to the contact line is significant, the
static (constant) contact angle assumption becomes invalid. As a result, the dynamic

contact angle effects need to be considered.

13
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Nomenclature

. - . . 2
A nondimensionalized cross-sectional area by H;

Bond number

similarity solution

shape factor; F, = A/h*
flow coefficient

modified similarity solution; F = A*F

: .2
defined as (GHO s #LJ /Wo

gravitational acceleration

S ma m Y

dimensional height of the free surface at x =0
the specific constant height in constant-height flow regime

reference length scale in Y - direction

OSSR

nondimensionalized H by H,
reference length scale in Z - direction

o

t~ NS

tip location of the corner flow

S~

tip nondimensionalized L,, by L,

dimensional pressure

U U

ambient pressure

volume flow rate; dimensionless

Q-

volume flow rate; dimensional

Q-

radial coordinate; dimensional
radius of the circular arc of the free surface

Y

shear stress distribution along the free surface; dimensionless

nondimensionalized time by L, /W,

Tt g

time; dimensional

nondimensionalized Z -velocity by lrf (~dP/dZ)/u J

<
N

averaged v, -velocity

velocity in Z -direction; dimensional
areference Z - velocity definedas L, /t

AN
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g

>

=

NN R

T IMQ TV RAUI SO R

)
nondimensionalized Z -velocity by (G'H" s %. L j

averaged w - velocity
coordinate in X - direction; dimensional

. , i nate: x = X
dimensionless X - coordinate; x %_10 tan

coordinate in Y - direction; dimensional
dimensionless Y - coordinate; y =Y/H,
coordinate in Z - direction; dimensional
dimensionless Z - coordinate; z=Z/L,

half-wedge angle

azimuthal angle

upper bound of ¢ - angle

similarity variable

modified similarity variable; 7 = A7
dynamic viscosity

density

surface tension

location of the free surface

defined as F,-z/2

contact angle

17



Table 1. Variations of v, and F, with § for a=45° and 6 =30°.

i

s 7, F,
-0.2 1.07E-02 04219
-0.15 8.85E-03 0.3505
-0.1 7.05E-03 0.2791
-0.05 5.25E-03 0.2077
-0.01 3.80E-03 0.1506
-0.005 3.62E-03 0.1435
-0.001 3.48E-03 0.1378

-0.0005 3.46E-03 0.137

0 3.44E-03 0.1363
0.0005 3.43E-03 0.1356
0.001 3.41E-03 0.1349
0.005 3.26E-03 0.1292
0.01 3.08E-03 0.1221
0.05 1.64E-03 0.0649

0.1 -1.63E-04 | -0.00644
0.15 -1.97E-03 -0.0778
0.2 -3.77E-03 -0.1492
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Figure 1. The schematic diagram of the physical model and

the coordinate system.
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Figure 8.

Variations of A(z,t;S) for the constant-flow-rate regime with
a=45° and 8=30°;(a) S=-0.01,(b) S=0,and
(c) §=0.001.
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Figure 9.

Variations of A(z,t;S) for the constant-height regime with
a=45° and €=30°;(a) §=-0.01,(b) S=0,and
(c) §=0.001.
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Figure 10. Tip location of a wedge flow in the constant-flow-rate regime.
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