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The Electrostatic Interaction of a Charged Particle with a Surface:
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In this paper we investigate the electric interaction between a
charged particle and a surface in which the charged ions are capa-
ble of moving in response to the electric potential disturbance caused
by the approach of the charged particle. Such surfaces include ionic
surfactants distributed in air-water interface and charged lipids
in bilayer membranes. On the basis of the mean field theory, the
free energy of the system, which includes the electrostatic internal
energy and the entropy of the mobile ions and surface ions, can
be written down. The surface charge-potential relation is then de-
rived by the calculus of variation. When the potential disturbance
is small enough, a linear charge regulation model is obtained. The
interaction energy associated with a long rod parallel to the inter-
face is studied and an analytical expression is obtained. When a
rod approaches an oppositely charged surface, the interaction can
change from attraction to repulsion, depending on the ratio of the
characteristic regulation length to the Debye length. At low surface
charge density, the surface behaves as under the condition of con-
stant charge density and acts as that of constant potential for high
enough charge density. C© 2001 Academic Press

Key Words: free energy; Poisson-Boltzman equation; surface ions
rearrangement; charge regulation.
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1. INTRODUCTION

The electrostatic interactions between a charged particle
a charged surface have been an important subject of both ex
mental and theoretical investigations due to their practical ap
cations in a variety of fields, such as protein adsorption and
adhesion of DNA to substrates. Kaplanet al.have investigated
the interaction between a charged sphere and a charged p
wall under condition of constant surface potential (1, 2). Wh
both surfaces are maintained at constant surface charge de
Stahlberget al. calculated the electrostatic interaction ene
by solving the linearized Poisson-Boltzmann equation (3).
an ion-penetrable sphere interacting with an ion-impenetr
plate, an exact expression of the electrostatic interaction en
has been given by Ohshima and Kondo for both the cons
surface potential and the constant surface charge density
(4).
1 To whom correspondence should be addressed.
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Nonspherical colloidal particles are also plentiful in natu
and industrial applications. A large class of macromolecu
which are not flexible, is assumed to have a rod-like shape.
instance, some polynucleotides or polypeptides form a h
structure that can be considered as a rigid rod. Recently, a
cations involving DNA strands and charged surfaces, suc
prokaryotic DNA replication, to gene therapy, and even DN
chip technology, have raised an interest in understanding
interactions between charged rods and charged surfaces. In
trast to spherical particles, little attention has been focused o
electrostatic interactions of nonspherical particles with a char
surface (5–7).

When a charged particle approaches a charged surface
plane may maintain constant surface potential or constant
face charge density during interactions (8). In between these
limits, the surface charge density can be regulated by the dis
ation of the counterions, i.e., the potential determining ions.
electric field distrubance due to the approach of the charged
ticle influences the local degree of dissociation on the interf
and therefore alters the surface charge distribution. Altho
the charges on a solid plane often originate from dissociatio
counterions or adsorption of ions, some charged surfaces,
as air-water interfaces and biomembranes, contain the su
ions that are mobile in the two-dimensional plane. For such
faces, consequently, the approach of a charged particle can
induce the redistribution of charges at the interface. The t
charges at the surface, however, are still maintained the sa

The calculation of the double-layer interaction betwee
charged particle and a charged surface is a problem of
siderable intricacy. Though theoretical progress has been m
by the statistical mechanical theories, such as Brownian
namics simulations (6, 7), the mean-field descriptions, suc
the Poisson-Boltzmann equation (5), are also useful tools
cause of their concise forms. For a surface capable of ch
regulation, the latter approach is particularly advantageous
conventional charge-regulation models, such as the two-site
sociation model, the charge-potential relations can be obta
directly from the law of mass action (9–12). However, for a s
face in which the charges can rearrange themselves, the su
charge-potential relation is not known and must be determi
by minimization of the free energy of the system.
4
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INTERACTION OF CHARGE

In this paper, we consider a surface in which the charged
are capable of moving in response to the electric potential
turbance due to the approach of a charged particle. On the
of the mean-field description, we write down the free energ
the system, which contains the electrostatic internal energy
bulk entropy of the mobile ions, and the two-dimensional
tropy of the surface ions. The Poisson-Boltzmann equation
the surface charge-potential relation are then derived thro
minimization of the free energy by the calculus of variatio
The electrostatic interactions of a long rod with a surface
then considered under the Debye-H¨uckel approximation.

2. FREE ENERGY AND CHARGE REGULATION

A system consists of charged ion-impenetrable surfacesS)
and charged particles immersed inz+ : z− electrolyte solutions
(V). The charges on the particles are regarded as fixed cha
When the charged particle approaches the surface, the su
ions can move and rearrange themselves in response to the
tric potential disturbance.

The free energy of the systemF contains the electrostati
internal energy contributionUel and the entropic contributio
−T Sel,

F = Uel− T Sel. [1]

Within the mean-field approximation, the total free energy
be expressed in terms of the local electric potentialψ(r ), the
concentrations of the mobile ionsc±(r ), the distribution of fixed
chargesρf (r ), and the surface charge densityσ (r ). Assume that
the electrolyte is a dilute, ideal solution with uniform dielect
properties. In addition, the surface ions also behave ideally
a result,

Uel = −εrε0

2

∫
V
|∇ψ |2 dr3+

∫
V

[z+ec+(r )+ z−ec−(r )

+ ρf (r )]ψ(r ) dr3+
∫

S
σ (r )ψ(r ) dr2, [2]

and

−T Sel = kBT
∫

V
{c+[ln(c+v0)− 1]+ c−[ln(c−v0)− 1]} dr3

+ kBT
∫

S

σ

zse

[
ln

(
σ

zse
a0

)
− 1

]
dr2, [3]

wherev0 anda0 are the volume per mobile ion and the area
charged molecule composing the surface.εr andε0 are, respec-
tively, the relative permittivity of the electrolyte solutions a
the permittivity of a vacuum.kBT denotes the thermal energy,e
is the electron charge, andzs is the valency of surface ions. Th
first term in Eq. [2] is the self-energy of the electic field (1

The next two terms are the electrostatic energy associated
the mobile ions and fixed charges inV and surface ions atS. In
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Eq. [3] the first term represents the entropies of the mobile i
whereas the second term is the entropy associated with the
at the surfaces.

The thermodynamic equilibrium state corresponds to the m
imum of the total free energy subject to the constraints of e
troneutrality in the system and the conservation of surface i
That is, ∫

V
(z+c+ + z−c−)e dr3+

∫
S
σ dr2 = 0, [4]

and ∫
S
σ (r ) dr2 = σ0

∫
S

dr2. [5]

Using the method of Lagrangian multiplier, the variation
the total free energy with respect toψ, c±, andσ yields a set
of equations which describe the equilibrium state of the syst
δF/δψ = 0 gives∫

V
[εrε0∇2ψ + z+ec+ + z−ec− + ρf ] dr3

+
∫

S
[σ + εrε0∇ψ · n] dr2= 0.

The Poisson equation and the boundary condition atS are then
obtained,

∇2ψ = −z+ec+(r )+ z−ec−(r )+ ρf (r )

εrε0
, r ∈ V, [6]

εrε0∇ψ · n = −σ (r ), r ∈ S. [7]

δF/δc± = 0 produces the Boltzmann distribution,

c± = cb exp

[
− z±e

kBT
ψ(r )

]
, r ∈ V. [8]

The surface charge distribution due to surface ions rearra
ment follows the conditionδF/δσ = 0. The Lagrangian multi-
plier can be evaluated by Eq. [5] and the result is also Boltzma
like,

σ (r ) = σ0〈
exp

[− zse
kBTψ

]〉
s

exp

[
− zse

kBT
ψ(r )

]
, r ∈ S, [9]

wherecb is the bulk concentration of the mobile ions and〈·〉
denotes the area average atS,

〈A〉 =
∫

S A(r ) dr2∫
S dr2

. [10]
withIn the Debye-H¨uckel limit, Eqs. [8] and [9] can be linearized.
As a result, we are left with the linearized Poisson-Boltzmann
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equation and the linearized surface charge-potential relatio

∇2ψ = κ2ψ − ρf (r )

εrε0
, r ∈ V, [11]

and

σ (r ) = σ ∗0
[
1− zse

kBT
ψ(r )

]
, r ∈ S. [12]

Hereκ−1 is the Debye length and

σ ∗0 = σ0

[
1+ zse

kBT
〈ψ〉s

]
. [13]

After obtaining the electric field,σ ∗0 and〈ψ〉s can be determined
in a self-consistent way. If the surface area is large compare
the charged particle,〈ψ〉s is weakly dependent on the distan
between the charged particle and the charged plane. Note t
order to fulfill the conditionσ (r )/σ0 > 0 everywhere, as illus
trated in Eq. [9],zse〈ψ〉s/kBT > −1. Equation [12] indicates
that the behavior of the surface is similar to that of a surface
pable of linear charge regulation due to counterion dissocia

Now we return to the free energy calculation. Using the
vergence theorem and Eq. [8],Uel in Eq. [2] can be simplified
furthermore.

Uel = 1

2

∫
V
ρf (R)ψ dr3+ 1

2

∫
S
σψ dr2

+O

[
kBT

∫
V

cb

(
z±eψ

kBT

)2

dr3

]
. [14a]

Similarly, substituting Eqs. [8] and [9] into Eq. [3] gives

−T Sel = −
∫

S
σψ dr2+ kBT

∫
S

σ

zse

[
ln

(
σ ∗0 a0

zse

)
− 1

]
dr2

+O

[
kBT

∫
V

cb

(
z±eψ

kBT

)2

dr3

]
. [14b]

For a given distribution of fixed charges, such as rod- and r
like particles, the variation of the free energy with the separa
from the center of fixed charges to charged surfaces,R, is inde-
pendent of the self-energy. Note thatσ ∗0 is separation-dependen
Using Eqs. [5] and [12] forσ , the free energy can be expressed

F(R) = 1

2

∫
V
ρf (R)ψ dr3− 1

2
σ ∗0

∫
S
ψ dr2+

∫
S
σ0〈ψ〉s dr2

+O

[(
eψ

kBT

)2]
+ constant, [15]

where the constant denotes the separation-independent t
This result differs from that of a charged surface, which can

linearly regulated by counterion dissociation (9–12). Equati
[14b] indicates that the leading order contribution to the entro
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comes from that associated with surface ions rearrangem
under the condition ofeψ/kBT ¿ 1.

3. A CHARGED ROD PARALLEL TO THE INTERFACE

Now we apply the above results to the interaction betwee
rod-like particle and the charged interface. The length of the
L is large and the diameterd is small compared to the Deby
lengthκ−1, i.e.,d ¿ κ−1¿ L. Consequently, the charged ro
can be treated as a line of point charges. It is positioned along
plane, i.e., perpendicular to thez-axis as shown in Fig. 1. The
line charge density isα and the electric potential in the syste
is low enough so that the Debye-H¨uckel approximation is valid.

The surface potential-charge relation in Eq. [12] is the sa
as that associated with a linear charge-regulation surface
to counterion dissociation (10, 11). Thus the distribution of
electric potential can be solved by the same method (14).
cause the superposition principle can be used in the De
Hückel limit, this problem can be reduced to that associa
with a fixed point ion carrying chargeq at positionQ, i.e.,
ρf (r ) = qδ(Q). The electric potential atP can be written as the
sum of three contributions

ψ(P) = ψp+ ψq + ψq∗ , [16]

whereψp andψq are, respectively, the unperturbed potenti
caused by the surface and the fixed charge in the absenc
interactions. The last termψq∗ can be considered as the pote
tial produced by the image point with chargeq∗, which must
satisfy the charge-potential relation on the surface Eq. [12].
solutions are given by

ψp = kBT/zse

1+ κλ exp(−κz), [17]

ψq = q

4πεrε0

exp(−κ s̃)

s̃
, [18]

and

ψq∗ = − qκ

4πεrε0

∫ ∞
1

(
1− κλ · η
1+ κλ · η

)
J0

×
(√
η2− 1 · κr

)
exp[−ηκ(R+ z)] dη, [19]

FIG. 1. Schematic representation of the system containing a long ro

on
py
lengthL at a separationR from the charged surface.s is the distance measured
from the center of the rod.



-

1
e

f

d

om

nd
2].
we
ect

be

nts

n be

en

-

ace
e

in-
INTERACTION OF CHARGE

wheres̃= |P−Q| andλ = εrε0kBT/σ ∗0 zserepresents the char
acteristic regulation length. The solution ofψq∗ is obtained by
the method of separation of variables (14). Equations [17]–[
are the results for a fixed point charge and can be generaliz
any string-like particle straightforward.

Now we use the results [17]–[19] to calculate the mean s
face potential〈ψ〉s and to determineσ ∗0 andλ as a charged rod
approaches the surface:

〈ψ〉s =
kBT/zse

1+ κλ +
αL

S

λ exp(−κR)

εrε0(1+ κλ)
. [20]

Obviously, the second term is small if the surface areaS is large
enough or the rod is far away from the surface, i.e.,κRÀ 1.
The criterion will be given later. Since the regulation lengthλ is
inversely proportional toσ ∗0 , which in turn depends on〈ψ〉s, it
can be decided from Eq. [20] so that

σ ∗0 = σ0

(
1+ 1

1+ κλ
)
, [21a]

and

κλ =
√

1+ 432+ 1

23
− 1. [21b]

Here the dimensionless charge density is defined as3 =
σ0zse/κεrε0kBT . As 3→∞, κλ ≈ 1/23→ 0. On the other
hand, as3→ 0, κλ ≈ 1/3→∞.

We can also calculate the interaction energy for a rod para
to a charged surface by substituting Eqs. [17]–[19] into Eq. [1
The electrostatic interaction energyW is defined as the differ-
ence between the free energy at separationR and infinity, i.e.,
W(R) = F(R)− F(∞). According to Eq. [15], the interaction
energyW can be written asW = Wp+Wr. HereWp is the inter-
action energy associated with the surface, in which the sur
ions can rearrange themselves, and it comes from the pote
produced by the charged rod and its image,

Wp = −1

2
σ ∗0

∫ L/2

−L/2

[∫ ∞
0

(ψq + ψ∗q )
z=0

2πr dr

]
α ds

+
∫

S
σ0〈ψ〉s dr2

= −1

2

σ0

κεrε0

κλ(2+ κλ)

(1+ κλ)2
(αL)e−κR

+ σ0

κεrε0

κλ

(1+ κλ)
(αL)e−κR. [22]

Wr is the interaction energy associated with the rod and is
to the potential produced by the plane and the image,

1
∫ L/2 1

∫ L/2 [∫ L/2 ]

Wr =

2 −L/2
ψpα ds+

2 −L/2 −L/2
ψq∗ ds α ds′, [23]
D PARTICLE AND SURFACE 127
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TABLE 1
The Coefficients bk in Eq. [24] for the Interaction Energy

of a Long Rod Parallel to a Charged Surface

k bk(a)

1
√

2
2

1
1+a

2 −
√

2
8

1+5a
(1+a)2

3
√

2
64

3+14a+43a2

(1+a)3

4 −
√

2
256

5+27a+71a2+177a3

(1+a)4

5
√

2
4096

35+220a+642a2+1276a3+2867a4

(1+a)5

wheres ands′ are, respectively, the distances measured fr
the center of the rod and its image.

The first term in Eq. [23] can be evaluated from Eq. [17] a
the result cancels the contribution from the first term in Eq. [2
To carry out the second integration in Eq. [23] analytically,
assume that the rod is infinitely long, i.e., integrating with resp
to s from−∞ to∞. The error due to the end effects would
O(κL)−1 small.

1

2

∫ L/2

−L/2

[∫ ∞
−∞

ψq∗ ds

]
α ds′ = 1

2

(αL)2κ

4πεrε0

×
{

K0(2κR)− 2
∞∑

i=1

bi (κλ)
exp(−2κR)

(2κR)i− 1
2

0

(
i − 1

2

)}
. [24]

The integration is performed in the appendix and the coefficie
bi are given in Table 1. Equation [24] behaves likeK0(2κR)
asκλ→∞ and−K0(2κR) asκλ→ 0. The infinite series in
Eq. [24] converges very slowly and the convergence rate ca
greatly improved by adopting the Shank transform.

With Eqs. [22], [23], and [24], the interaction energy is th
given by

W∗(κR; κλ,Ä) = W(κR)[(αL)2κ

4πεrε0

] =Ä κλ

1+ κλe−κR+ 1

2

{
K0(2κR)

− 2
∞∑

i=1

bi (κλ)
exp(−2κR)

(2κR)i− 1
2

0

(
i − 1

2

)}
, [25]

whereÄ = 4πσ0/κ
2(αL). The dimensionless interaction en

ergy varies with the dimensionless groups:Ä, κλ (or 3), and
κR. Note that Eq. [25] reduces to the result of constant surf
charge densityσ0 if κλ→∞ and to that of constant surfac
potentialψ0 = (σ0/κεrε0)[κλ/(1+ κλ)] if κλ→ 0.

4. RESULTS AND DISCUSSION

The air-water interface and the biomembrane are often

volved with the surface ions that are mobile in the two-
dimensional plane. The effect of surface ions rearrangement due
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to the approach of charged particles on the electrostatic inte
tion is studied. Under circumstances like strong dissociation
charges of the particle can be regarded as fixed during inte
tions. By minimizing the free energy of the system, the surf
charge-potential relation is obtained in addition to the Poiss
Boltzmann equation. The free energy includes the electros
internal energy, the bulk entropy of the mobile ions, and
two-dimensional entropy of the surface charges.

As a charged particle approaches, the local surface ch
density may be adjusted by several ways. In the conventi
charge regulation models, such as single-site and two-site
sociation models (8), the surface charge density is regulate
the chemical equilibrium taking place on the surface. In th
models, the positions of reactive sites are usually fixed at
faces. For a single-site model, such asAH → A− + H+, the
surface chargeA− is produced if a counterionH+ is dissociated
from the neutral speciesAH. The equilibrium constant is give
by K = [ A−][ H+]/[ AH]. The surface charge-potential relatio
follows

σ (r ) = σt

1+ [H+]b exp
( zseψ

kBT

)/
K
, [26]

whereσt is the total surface charge associated with comp
dissociation and [H+]b is the bulk proton concentration.

In the present study, there is no chemical reaction occur
and the electrostatic interaction is regulated by the local r
rangement of the surface charges. Equation (9) shows tha
surface charge density follows a Boltzmann distribution w
respect to the surface potential. The differences between
ventional charge regulation models and the present mode
be seen by comparing Eqs. [9] with [26]. For strong disso
tion, i.e., [H+]/K ¿ 1, Eq. [26] indicates that the surface char
density is essentially constantσt. However, when [H+]/K À 1,
Eq. [26] can reduce to a form similar to Eq. [9]. As a con
quence, both models should have similar behavior in the w
dissociation limit.

When the electric potential is low enough, all the char
regulation models can be linearized to give the same fo
σ (r ) = σ ∗0 − Cψ with C ≥ 0. For the case of surface charge
arrangement,C/σ ∗0 = zse/kBT . Moreover,σ ∗0 depends on the
separation of the charged particle from the interfaceR because
of the variation of〈ψ〉s with R as shown in Eq. [13]. Unde
certain circumstances,〈ψ〉s can be regarded as a constant a
the evaluation ofσ ∗0 is thus simplified. If the charged particle
a long rod, the criterion of takingσ ∗0 to be independent ofR is
obtained by comparing the two terms in Eq. [20]

SÀ zse(αL)

κεrε0kBT
κλe−κR.

The result indicates that the assumption is valid if the interfa
areaSis large enough. When the particle is far away (e−κR¿ 1)

or the mean charge density is high enough (κλ¿ 1 or3À 1),
this simplification is also reasonable.
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DNA or polyelectrolytes, such as poly(diallyldimethylamm
nium) chloride (PDDA), are often modeled as a rigid, char
rod. Under the Debye-H¨uckel approximation, the interaction e
ergy for a long rod parallel to the charged interface is calcul
and given in Eq. [25] forκL À 1 andκd ¿ 1. The interaction
energy is found to consist of two terms. The first term is
sociated with the direct interaction between the charge su
and the rod. It is proportional to the product of the unpertur
surface charge densityσ0 and the total charge carried by t
rodαL. However, a correction related to the characteristic
ulation lengthκλ must be made. Furthermore, it decays ex
nentially with the distanceκR. The second term is associat
with the rod and its image. The dielectric behind the surfac
polarized by the charged rod. The electric field produced by
induced dipoles in the dielectric is represented by the imag
the rod. As a result, it is proportional to the square of the
tal charge associated with the rod and decays approximate
exp(−2κR)/

√
2κR.

In a 1–1 electrolyte solution of 1–10 mM, the Debye lengt
aboutκ−1 ≈ 3–10 nm. A charged rod with diameterd<∼ 1 nm
and length L >∼ 50 nm satisfies the conditionκd ¿ 1 and
κL À 1 approximately. If the line charge density ranges fr
α = 0.2 to 1 e/nm, thenαL = 10–50 e for L = 50 nm. A
PDDA polymer may be represented by these parameters
As illustrated in Eq. [25], the dimensionless interaction ene
is determined by the dimensionless groups:Ä, κλ, and κR.
The interaction energy is scaled by (αL)2κ/(4πεrε0), which is
about 7kBT for αL = 10 e andk−1 = 10 nm at 298 K. With
σ0 = 0.005 C/m2 andκ−1 = 3 nm, the characteristic charge r
tio Ä = 4πσ0κ

−2/(αL) ranges about from±0.3 to±2 and the
dimensionless regulation lengthλ/κ−1 may be as large as 20 fo
αL = 50eandÄ = ±0.2. The distanceR is also scaled byκ−1.
Since the rod is regarded as a line charge in the present
ysis, the conditionRÀ d must be satisfied to have consiste
results. The dimensionless separationκR= 0.5 forκ−1 = 3 nm
corresponds toR= 1.5 nm, which is in the margin of validity
Therefore,κR begins from 0.5 instead of 0.0 in Figs. 2 and 3

Figure 2 shows the variation of the dimensionless interac
energyW∗ with the dimensionless separationκR for various
values ofκλ atÄ = −0.2. ThoughÄ < 0 denotes that the ro
and the surface are oppositely charged, the interaction can
from attraction to repulsion asκR decreases. When the sepa
tion is large enough, the direct-interaction term dominates
thus the interaction is attractive. AsκR→ 0, the image-relate
contribution, i.e., the 2κR-term, becomes important and depen
on the ratio of the characteristic regulation length to the De
length,κλ. WhenκλÀ 1, the surface behaves like under
condition of constant surface charge density. As a result, th
pulsion eventually dominates with decreasing the separation
the contrary, the surface acts like under the condition of con
surface potential forκλ→ 0 and the image-related contributio
enhances the attraction. The separation at which the intera
force becomes zero is increased with increasingκλ. In other

words, the charge regulation results in an increase of attraction
asκλ decreases.



E

g
e

a
ty

e

rge-
pect
iled

s

ergy
ve
uce
rged

ed if
mes
-
ally
re-

wo-
stant
ionic
e in
the
n the
lude
ch
l re-
ed

es is
our
INTERACTION OF CHARG

FIG. 2. The variation of the dimensionless interaction energyW∗ with the
dimensionless separationκR for various values ofκλ atÄ = −0.2.

For a given electrolyte concentration, the regulation len
increases with decreasing the average surface charge d
according to Eq. [21]. As a consequence, the surface beh
like that of constant charge density for low charge density
functions as that of constant potential if the charge densi
FIG. 3. The variation of the dimensionless interaction energyW∗ with the
dimensionless separationκR for Ä = ±0.5 and±2 atκλ = 4.
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high. For κλ¿ 1, the Debye-H¨uckel approximation may b
invalid because3→∞ as κλ→ 0. The nonlinear form for
both the Poisson-Boltzmann equation [6] and the surface cha
potential relation [9] should be adopted. Nevertheless, we ex
that the linearized equations can still furnish us with deta
insight and reveal important features of the problem.

Regardless of the sign ofÄ, the image-related term alway
gives the same contributions for a given value ofκλ. As a re-
sult, the interaction energy behaves asymmetrically for±Ä.
Figure 3 depicts the comparison between the interaction en
of Ä = ±0.5 and±2. Since the image-related term is positi
for κλ = 4, the rearrangement of surface ions tends to red
the attraction and to enhance the repulsion between the cha
rod and the interface. However, the situation can be revers
κλ is small enough. Note that the image-related term beco
dominant at short separationκR< 1. When the salt concentra
tion is high enough, the size of the rod can play an equ
important role and the interaction may differ from our p
diction.

In this study, the surface ions are restricted to move in the t
dimensional plane and the total charges are maintained con
during interactions. Nevertheless, the surface ions, such as
surfactants, may be in thermodynamic equilibrium with thos
the bulk solution. Thus, an electric potential disturbance on
surface can also lead to a redistribution of these ions betwee
surface and the bulk. In that case, the free energy should inc
contributions of ionic surfactants in the bulk. A similar approa
can be employed to determine the surface charge-potentia
lation. However, the Lagrangian multiplier must be determin
by the conservation of total surfactants. If the charge speci
essentially insoluble in water, such as charged lipid, then
analysis is valid.

SYMBOLS

α line charge density (C/m)
δ Dirac function
ε permittivity (C2/J·m)
κ Debye-Hückel parameter (m−1)
λ characteristic regulation length (m)
ρ fixed charge density (C/m3)
σ surface charge density (C/m2)
ψ electric potential (J/C)
0 Gamma function
3 dimensionless surface charge density
Ä characteristic charge ratio of surface to rod
c concentration of mobile ions (#/m3)
d diameter of rods (m)
e fundamental charge, 1.6× 10−19 C
z valency of ions
K modified Bessel function
L length of rods (m)

R rod-surface separation (m)
W interaction energy (J)
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APPENDIX

We perform the integration of Eq. [24],

1

2

∫ L/2

−L/2

[∫ ∞
−∞

ψq∗ dr

]
α dr ′

= − (αL)2κ

4πεrε0

∫ ∞
1

(
−1+ 2

1+ κλ · η
)

exp(−η · 2κR)√
η2− 1

dη

= α2L

4πεrε0

[
K0(2κR)− 2

∫ ∞
1

[
1

(1+ κλ · η)
√
η2− 1

]

× e−η·2κRdη

]
[A1]

where we have used the relations
∫∞

0 J0(br ) dr = b−1 and K0

is the modified Bessel function.
By expanding the preexponential part of the integrand in

last integration in Eq. [A1] aboutη − 1, one has

1

1+ κλ · η
1√
η2− 1

=
∞∑

k=1

bk(κλ)(η − 1)k−
3
2 . [A2]

Then the integration can be carried out∫ ∞
1

exp(−η · 2κR)

(1+ κλ · η)
√
η2− 1

dη

=
∞∑

k=1

bk(κλ)
∫ ∞

1
(η − 1)k−

3
2 e−η·2κRdη

∞∑ ( )

=

k=1

bk(κλ)
exp(−2κR)

(2κR)k− 1
2

0 k− 1

2
, [A3]
SHENG

he

where we have used the relation∫ ∞
1

(η − 1)
ν
2 e−η·2κRdη = exp(−2κR)

(2κR)1+ ν
2
0

(
1+ ν

2

)
,

ν = −1, 1, 3, . . . . [A4]

Some of the coefficientsbk are listed in Table 1. Note tha
bk(α)→ 0 asa→∞ and Eq. [A3] becomes 0. On the oth
hand, one has the asymptotic expression ofK0(2κR) from
Eq. [A3] asκλ = 0.
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