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In this paper we investigate the electric interaction between a
charged particle and a surface in which the charged ions are capa-
ble of moving in response to the electric potential disturbance caused
by the approach of the charged particle. Such surfaces include ionic
surfactants distributed in air-water interface and charged lipids
in bilayer membranes. On the basis of the mean field theory, the
free energy of the system, which includes the electrostatic internal
energy and the entropy of the mobile ions and surface ions, can
be written down. The surface charge-potential relation is then de-
rived by the calculus of variation. When the potential disturbance
is small enough, a linear charge regulation model is obtained. The
interaction energy associated with a long rod parallel to the inter-
face is studied and an analytical expression is obtained. When a
rod approaches an oppositely charged surface, the interaction can
change from attraction to repulsion, depending on the ratio of the
characteristic regulation length to the Debye length. At low surface
charge density, the surface behaves as under the condition of con-
stant charge density and acts as that of constant potential for high
enough charge density.  © 2001 Academic Press

Key Words: free energy; Poisson-Boltzman equation; surface ions
rearrangement; charge regulation.

1. INTRODUCTION

Nonspherical colloidal particles are also plentiful in nature
and industrial applications. A large class of macromolecule:
which are not flexible, is assumed to have a rod-like shape. F
instance, some polynucleotides or polypeptides form a heli
structure that can be considered as a rigid rod. Recently, apg
cations involving DNA strands and charged surfaces, such
prokaryotic DNA replication, to gene therapy, and even DNA
chip technology, have raised an interest in understanding tl
interactions between charged rods and charged surfaces. Inc
trastto spherical particles, little attention has been focused ont
electrostatic interactions of nonspherical particles with a charge
surface (5-7).

When a charged particle approaches a charged surface,
plane may maintain constant surface potential or constant st
face charge density during interactions (8). In between these tv
limits, the surface charge density can be regulated by the disso
ation of the counterions, i.e., the potential determining ions. Th
electric field distrubance due to the approach of the charged p:
ticle influences the local degree of dissociation on the interfac
and therefore alters the surface charge distribution. Althoug
the charges on a solid plane often originate from dissociation
counterions or adsorption of ions, some charged surfaces, st
as air-water interfaces and biomembranes, contain the surfe
ions that are mobile in the two-dimensional plane. For such su

The electrostatic interactions between a charged particle dades, consequently, the approach of a charged particle can a

a charged surface have been an important subject of both expiaduce the redistribution of charges at the interface. The tot
mental and theoretical investigations due to their practical appiiharges at the surface, however, are still maintained the sam
cations in a variety of fields, such as protein adsorption and theThe calculation of the double-layer interaction between |
adhesion of DNA to substrates. Kaplahal. have investigated charged particle and a charged surface is a problem of co
the interaction between a charged sphere and a charged plaitgrable intricacy. Though theoretical progress has been ma
wall under condition of constant surface potential (1, 2). Whewy the statistical mechanical theories, such as Brownian d
both surfaces are maintained at constant surface charge denséynics simulations (6, 7), the mean-field descriptions, such
Stahlberget al. calculated the electrostatic interaction energhe Poisson-Boltzmann equation (5), are also useful tools b
by solving the linearized Poisson-Boltzmann equation (3). Foause of their concise forms. For a surface capable of char
an ion-penetrable sphere interacting with an ion-impenetralggulation, the latter approach is particularly advantageous.
plate, an exact expression of the electrostatic interaction eneegyventional charge-regulation models, such as the two-site d
has been given by Ohshima and Kondo for both the constsociation model, the charge-potential relations can be obtain
surface potential and the constant surface charge density calieectly from the law of mass action (9-12). However, for a sur
(4). face in which the charges can rearrange themselves, the surf
charge-potential relation is not known and must be determine

by minimization of the free energy of the system.
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In this paper, we consider a surface in which the charged iogg. [3] the first term represents the entropies of the mobile ion
are capable of moving in response to the electric potential dishereas the second term is the entropy associated with the ic
turbance due to the approach of a charged particle. On the basithe surfaces.
of the mean-field description, we write down the free energy of The thermodynamic equilibrium state corresponds to the mil
the system, which contains the electrostatic internal energy, theum of the total free energy subject to the constraints of ele
bulk entropy of the mobile ions, and the two-dimensional etroneutrality in the system and the conservation of surface ion
tropy of the surface ions. The Poisson-Boltzmann equation afidat is,
the surface charge-potential relation are then derived through
minimization of_ the free energy by the calcul_us of variation. f(z+c+ tzc)edd+ / odr2 =0, [4]
The electrostatic interactions of a long rod with a surface are v s
then considered under the Debyedkél approximation. g

an

2. FREE ENERGY AND CHARGE REGULATION

/a(r)dr2 = ao/ dr2. [5]
A system consists of charged ion-impenetrable surfagps ( s s
and charged particles immersedzn: z_ electrolyte solutions
(V). The charges on the particles are regarded as fixed charges. i ;
When the charged particle approaches the surface, the sur total_ free energy W'th respect m_ci_’ ando yields a set
ions can move and rearrange themselves in response to the G%gguatlons \_Nh'Ch describe the equilibrium state of the syster
tric potential disturbance. 8F/3y =0gives

The free energy of the systef contains the electrostatic
internal energy contributioklg; and the entropic contribution /[5r80v2¢ +z,ec, +z_ec + pfdrd
-TS, \Y

Using the method of Lagrangian multiplier, the variation o

2_
F=Ua—-TSu. 1] + fs[0+8r80vw -n]dr2=0.

Within the mean-field approximation, the total free energy carhe Poisson equation and the boundary conditidB ate then
be expressed in terms of the local electric potentiél), the obtained,
concentrations of the mobile ions(r), the distribution of fixed

chargesos(r), and the surface charge densitfr). Assume that V2y = _Z+eq(r) +z ec(r)+ pf(f)’ rev, [6]
the electrolyte is a dilute, ideal solution with uniform dielectric eréo

properties. In addition, the surface ions also behave ideally. As geVYy -n=—ao(r), res. [7]
aresult,

3F /8c. = 0 produces the Boltzmann distribution,
Eréo

2

Ua = =52 [ 9par+ | [ziec.) + 2 ec ()

Ci=0Cp exp[—lfi_?w(r)} , rev. [8]
+o@O O+ [ o 2] °

S .. . .
The surface charge distribution due to surface ions rearranc

and ment follows the conditiodF /6o = 0. The Lagrangian multi-
plier can be evaluated by Eq. [5] and the resultis also Boltzman

—TSi=ksT / {ci[In(cyvo) — 1] + c_[In(c_vo) — 1]} dr3 like,
\%

o o ar:*ex[—zse r],reS, 9
et [ (o) -1 e S 7 e I A o
Wherevo andao are the volume per mobile ion and the area pévherer is the bulk concentration of the mobile ions ahﬁ
charged molecule composing the surfagendsq are, respec- denotes the area averagesat

tively, the relative permittivity of the electrolyte solutions and )

the permittivity of a vacuunks T denotes the thermal energy, (A) = JsAr)dr (10]

is the electron charge, angdis the valency of surface ions. The Jsdr?

first term in Eq. [2] is the self-energy of the electic field (13).

The next two terms are the electrostatic energy associated within the Debye-Hickel limit, Egs. [8] and [9] can be linearized.
the mobile ions and fixed charges\hand surface ions &. In  As a result, we are left with the linearized Poisson-Boltzman
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equation and the linearized surface charge-potential relationcomes from that associated with surface ions rearrangeme
under the condition ofy/ks T <« 1.

v2y =2y - PO Ly [11]
€réo 3. ACHARGED ROD PARALLEL TO THE INTERFACE

and Now we apply the above results to the interaction between
ze rod-like particle and the charged interface. The length of the ro
o(r)=oq [1 - kB—Tw(r)} , res 12] | js large and the diameteris small compared to the Debye
lengthxk 1, i.e.,d « k! « L. Consequently, the charged rod
Herex ! is the Debye length and can be treated as aline of point charges. Itis positioned along t

plane, i.e., perpendicular to thlzeaxis as shown in Fig. 1. The
. zee line charge density i& and the electric potential in the system

0y = 0o [1 + kB—TW)s] . [13] s low enough so that the DebyeutKel approximation is valid.

The surface potential-charge relation in Eq. [12] is the samr
After obtaining the electric fieldsg and(y)s can be determined as that associated with a linear charge-regulation surface d
in a self-consistent way. If the surface area is large comparedéounterion dissociation (10, 11). Thus the distribution of thy
the charged particldy)s is weakly dependent on the distancelectric potential can be solved by the same method (14). B
between the charged particle and the charged plane. Note thafdse the superposition principle can be used in the Deby
order to fulfill the conditiono (r) /oo > 0 everywhere, as illus- Hiickel limit, this problem can be reduced to that associate
trated in Eq. [9],zse(y)s/ke T > —1. Equation [12] indicates with a fixed point ion carrying chargg at positionQ, i.e.,
that the behavior of the surface is similar to that of a surface ca(r) = qs(Q). The electric potential & can be written as the
pable of linear charge regulation due to counterion dissociatigdym of three contributions
Now we return to the free energy calculation. Using the di-

vergence theorem and Eq. [8)¢ in Eq. [2] can be simplified Y(P) = ¥p + Vg + Yo, [16]
furthermore.

where, and vy, are, respectively, the unperturbed potential:

caused by the surface and the fixed charge in the absence
interactions. The last termiy- can be considered as the poten-
tial produced by the image point with chargé&, which must

2
+0 [kBT / Cb<Zie¢> dr3}. [14a] satisfy the charge-potential relation on the surface Eq. [12]. Tk
\

1 1
Uel = —/ ;Of(R)!ﬁdfs-F—/Gllfdfz
2J)v 2Js

ke T solutions are given by
Similarly, substituting Egs. [8] and [9] into Eq. [3] gives kaT
vy = 2 exp(2), 7]
o %8 + KA
—T&:—/a dr? +k T/—[In( 0 )—1]dr2 q exp(«3)
! s v ® Jsze ze Yq = Ineeg & [18]
r
2
+ O[kBT/ cb(zie‘”> dr3] [14b] and
v ks T
. o , ) (o8 ®/(1l—«kk-n
For a given distribution of fixed charges, such as rod- and ring- Yoo = T dmee / e Jo
like particles, the variation of the free energy with the separation o1 1
from the center of fixed charges to charged surfaBess inde- x ( /2 —1. Kr) exp[-nk(R+ 2)]dn,  [19]

pendent of the self-energy. Note tlgtis separation-dependent.
Using Eqgs. [5] and [12] fos, the free energy can be expressed as

FR) =5 fvpf(R)w ar - 53 fsw dr? + fscfownsolr2 chargedrod f |

V4
R
ey 2 L
+0 T + constant [15] y r
g 0O 00O VOO O O—
where the constant denotes the separation-independent tel..... charged surface
This result differs from that of a charged surface, which can k“'G‘FIG. 1. Schematic representation of the system containing a long rod ¢

linearly regulated by counterion dissociation (9-12). EquatiQghgthL at a separatiof from the charged surfaceis the distance measured
[14b]indicates that the leading order contribution to the entrogm the center of the rod.
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wheres =
acteristic regulation length. The solution®f- is obtained by

the method of separation of variables (14). Equations [17]-[19]
are the results for a fixed point charge and can be generalized to

any string-like particle straightforward.

Now we use the results [17]-[19] to calculate the mean sur-

face potentialy)s and to determine andi as a charged rod
approaches the surface:

kBT/zse
1+«x

ﬁ rexp«R)

Vs = S greo(l+ k)

[20]

Obviously, the second term is small if the surface &8éslarge
enough or the rod is far away from the surface, k=, > 1.
The criterion will be given later. Since the regulation lengib
inversely proportional teg, which in turn depends ofi)s, it
can be decided from Eq. [20] so that

1

ag=oo<1+ 1+“), [21a]
and
JIFARZ 1
ok = % —1 [21b]

Here the dimensionless charge density is definedAas
00Zs€/Kkereokg T. AS A — o0, kA ~ 1/2A — 0. On the other
hand, asA — 0,«kA ~ 1/A — oo.

P — Qlandx = e0ks T /0 Zse represents the char-
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TABLE 1
The Coefficients by in Eq. [24] for the Interaction Energy
of a Long Rod Parallel to a Charged Surface

k b(a)

V2 1
2 1+a
f 1+5a
8 (1+a)?
/2 3+14a+43a2
64 (1ta)3
_ /2 5427a+71a24177a3
256 (+ay
35+2208+64202 41276134 2867a%
(1+a)®

a A W N P

N2
4096

wheres ands’ are, respectively, the distances measured frol
the center of the rod and its image.

The first term in Eq. [23] can be evaluated from Eq. [17] ant
the result cancels the contribution from the first term in Eq. [22
To carry out the second integration in Eq. [23] analytically, we
assumethatthe rodisinfinitely long, i.e., integrating with respe:
to s from —oo to co. The error due to the end effects would be
O(kL)~! small.

/L/Z U ¢q*ds]ads’—

exp ZKR)F <|
(2cR)'2

1 (aL)%

2 4w ergg

2

{KO(M) ZZb.( »)

) e

We can also calculate the interaction energy for arod paralighe integration is performed in the appendix and the coefficien
to a charged surface by substituting Egs. [17]-[19] into Eq. [13}; are given in Table 1. Equation [24] behaves likg(2« R)

The electrostatic interaction enerlly is defined as the differ-
ence between the free energy at separaRamd infinity, i.e.,
W(R) = F(R) —
energyw can be written agv = W, + W,. HereW, is the inter-
action energy associated with the surface, in which the surf

aski — oo and—Ko(2«¢R) askA — 0. The infinite series in
Eq. [24] converges very slowly and the convergence rate can

F(c0). According to Eq. [15], the interaction greatly improved by adopting the Shank transform.

With Egs. [22], [23], and [24], the interaction energy is ther

&ifen by

ions can rearrange themselves, and it comes from the potential

produced by the charged rod and its image,

L/2
_%%/ [/ (Vg + ¥g),_ 2nrdr}oeds

+ f oo()<dr?
S

1 o0 «kA24«A)
2kereg (L4 k1)?

oo KA _«R
L)e™ ™.
+K€r80 (1+/<)»)(a )

W, =

(eL)e ™R

[22]

W; is the interaction energy associated with the rod and is due

to the potential produced by the plane and the image,

|

L/2 L/2 L/2

1

2

W, wpads+}/ wq*dsi|otds’, [23]
2) 12

—L/2 —L/2

" W(xR) KA _ 1
W (KR,K)L,Q): [(C(L)ZK] = Tren KR E{KO(ZKR)
A ereg
exp2« R)

—ZZb.( A)——

-3

where Q = 4roo/k?(aL). The dimensionless interaction en-
ergy varies with the dimensionless grougxs:«2 (or A), and

k R. Note that Eq. [25] reduces to the result of constant surfac
charge densityyg if kA — oo and to that of constant surface
potentialyo = (oo/kereo)[k A /(L 4+ k)] if kA — O.

(2R)'"2

4. RESULTS AND DISCUSSION

The air-water interface and the biomembrane are often i
volved with the surface ions that are mobile in the two
dimensional plane. The effect of surface ions rearrangement d
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to the approach of charged particles on the electrostatic interacBNA or polyelectrolytes, such as poly(diallyldimethylammo-
tionis studied. Under circumstances like strong dissociation, thiim) chloride (PDDA), are often modeled as a rigid, charge
charges of the particle can be regarded as fixed during interead. Under the Debye-titkel approximation, the interaction en-
tions. By minimizing the free energy of the system, the surfaeggy for a long rod parallel to the charged interface is calculate
charge-potential relation is obtained in addition to the Poisscand given in Eq. [25] foxL > 1 andkd « 1. The interaction
Boltzmann equation. The free energy includes the electrostagitergy is found to consist of two terms. The first term is as
internal energy, the bulk entropy of the mobile ions, and themciated with the direct interaction between the charge surfa
two-dimensional entropy of the surface charges. and the rod. It is proportional to the product of the unperturbe
As a charged particle approaches, the local surface chasgeface charge densiy and the total charge carried by the
density may be adjusted by several ways. In the conventiomatl « L. However, a correction related to the characteristic rec
charge regulation models, such as single-site and two-site difation lengthe A must be made. Furthermore, it decays expo
sociation models (8), the surface charge density is regulatedrgntially with the distance R. The second term is associated
the chemical equilibrium taking place on the surface. In theséth the rod and its image. The dielectric behind the surface
models, the positions of reactive sites are usually fixed at spelarized by the charged rod. The electric field produced by tf
faces. For a single-site model, suchAbkl — A~ + H™, the induced dipoles in the dielectric is represented by the image
surface chargé~ is produced if a counterioH * is dissociated the rod. As a result, it is proportional to the square of the to
from the neutral specie&H. The equilibrium constant is given tal charge associated with the rod and decays approximately
by K = [A~][H*]/[ AH]. The surface charge-potential relatiorexp(—2« R) /+/2« R.
follows In a 1-1 electrolyte solution of 1-10 mM, the Debye length i
aboutk~! ~ 3-10 nm. A charged rod with diametérS 1 nm
— , [26] and lengthL £ 50 nm satisfies the conditiord < 1 and
1+[H*]p exp(ijiTw)/K L > 1 approximately. If the line charge density ranges fron
a=0.2 to 1 e/nm, theneL =10-50e for L =50 nm. A
whereoy is the total surface charge associated with compleRDDA polymer may be represented by these parameters (
dissociation andHl *], is the bulk proton concentration. As illustrated in Eqg. [25], the dimensionless interaction energ
In the present study, there is no chemical reaction occurritggdetermined by the dimensionless grougs:ki, and « R.
and the electrostatic interaction is regulated by the local redihe interaction energy is scaled bylL()%« /(4 e go), which is
rangement of the surface charges. Equation (9) shows that éieut 7ks T for «L = 10 e andk~! = 10 nm at 298 K. With
surface charge density follows a Boltzmann distribution withy = 0.005 C/nf andx ~* = 3 nm, the characteristic charge ra-
respect to the surface potential. The differences between ctio-Q = 4w ook ~2/(«L) ranges about frort:-0.3 to+2 and the
ventional charge regulation models and the present model cimensionless regulation lengthix ~* may be as large as 20 for
be seen by comparing Egs. [9] with [26]. For strong dissocial = 50eand2 = 40.2. The distanc® is also scaled by 2.
tion,i.e.,,[H*]/K « 1, Eq.[26]indicates that the surface charg&ince the rod is regarded as a line charge in the present an
density is essentially constant However, whenf*]/K > 1, ysis, the conditiorR > d must be satisfied to have consistent
Eq. [26] can reduce to a form similar to Eq. [9]. As a conseesults. The dimensionless separatidh= 0.5 forx ! = 3nm
quence, both models should have similar behavior in the weedrresponds t&R = 1.5 nm, which is in the margin of validity.
dissociation limit. Thereforex R begins from 0.5 instead of 0.0 in Figs. 2 and 3.
When the electric potential is low enough, all the charge- Figure 2 shows the variation of the dimensionless interactio
regulation models can be linearized to give the same foremergyW* with the dimensionless separatiefr for various
o(r) = o§ — Cy with C > 0. For the case of surface charge revalues ofc 1 at 2 = —0.2. ThoughQ < 0 denotes that the rod
arrangementC /o = zs¢/kg T. Moreover,o§ depends on the and the surface are oppositely charged, the interaction can vé
separation of the charged particle from the interfRdeecause from attraction to repulsion asR decreases. When the separa-
of the variation of(y); with R as shown in Eq. [13]. Under tion is large enough, the direct-interaction term dominates ar
certain circumstancesy ), can be regarded as a constant anthus the interaction is attractive. AR — 0, the image-related
the evaluation o& is thus simplified. If the charged particle iscontribution, i.e., the2R-term, becomes important and depend:
along rod, the criterion of taking; to be independent dRis on the ratio of the characteristic regulation length to the Deby

Ot

o(r)

obtained by comparing the two terms in Eq. [20] length,«A. Whenk > 1, the surface behaves like under the
condition of constant surface charge density. As a result, the r

S> zse(al) e pulsion eventually dominates with decreasing the separation. ¢

kereoks T ’ the contrary, the surface acts like under the condition of consta

surface potential for A — 0 and the image-related contribution
The result indicates that the assumption is valid if the interfaciahhances the attraction. The separation at which the interacti
areaSis large enough. When the particle is far awmay® « 1) force becomes zero is increased with increasingIn other
or the mean charge density is high enough & 1 or A > 1), words, the charge regulation results in an increase of attracti
this simplification is also reasonable. ask A decreases.
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FIG. 2. The variation of the dimensionless interaction enafgywith the
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high. Forki « 1, the Debye-ldckel approximation may be
invalid becauseA — oo askA — 0. The nonlinear form for
both the Poisson-Boltzmann equation [6] and the surface charg
potential relation [9] should be adopted. Nevertheless, we expe
that the linearized equations can still furnish us with detaile
insight and reveal important features of the problem.

Regardless of the sign &t, the image-related term always
gives the same contributions for a given valuecaf As a re-
sult, the interaction energy behaves asymmetrically4f@r.
Figure 3 depicts the comparison between the interaction ener
of @ = +£0.5 and=+2. Since the image-related term is positive
for kA = 4, the rearrangement of surface ions tends to redu
the attraction and to enhance the repulsion between the char
rod and the interface. However, the situation can be reversec
kA is small enough. Note that the image-related term becom
dominant at short separatiaR < 1. When the salt concentra-
tion is high enough, the size of the rod can play an equall
important role and the interaction may differ from our pre-
diction.

In this study, the surface ions are restricted to move in the twi
dimensional plane and the total charges are maintained const
during interactions. Nevertheless, the surface ions, such as io
surfactants, may be in thermodynamic equilibrium with those i
the bulk solution. Thus, an electric potential disturbance on tt
surface can also lead to a redistribution of these ions between

For a given electrolyte concentration, the regulation lengfurface and the bulk. In that case, the free energy should inclu
increases with decreasing the average surface charge densibtributions of ionic surfactants in the bulk. A similar approact
according to Eq. [21]. As a consequence, the surface behagga be employed to determine the surface charge-potential
like that of constant charge density for low charge density angtion. However, the Lagrangian multiplier must be determine
functions as that of constant potential if the charge densityli§ the conservation of total surfactants. If the charge species

(e —
1.0 —1Q=20
08F N1 | e 2Q=10.5
0_65 3Q=-05

A N 4Q=-20
04 F

02F
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00f
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FIG. 3. The variation of the dimensionless interaction enafgywith the

dimensionless separatiatR for @ = +0.5 and+2 atkA = 4.

essentially insoluble in water, such as charged lipid, then o
analysis is valid.

SYMBOLS

line charge density (C/m)

Dirac function

permittivity (C?/J- m)

Debye-Hickel parameter (rt)
characteristic regulation length (m)
fixed charge density (C/fh

surface charge density (C#n

electric potential (J/C)

Gamma function

dimensionless surface charge density
characteristic charge ratio of surface to rod
concentration of mobile ions (#n
diameter of rods (m)

fundamental charge, 1:6 101°C
valency of ions

modified Bessel function

length of rods (m)

rod-surface separation (m)

interaction energy (J)
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APPENDIX where we have used the relation
We perform the integration of Eq. [24], /""(n 1)t 2Ry = eXp(_ZM?)F(lJr E>,
L pLizr e 1 (2 R)M2 2
_f [/ wq*dr]adr/ v=—113 ... [A4]
2 ) 12l -
(@L)2e [ 2 exp(1n - 2R) Some of the coefficientb, are listed in Table 1. Note that
e [ (i) ST o - o e om0 on e ot
2 00 Eg. [A3]askA = 0.
- 470;8:_80[K0(2KR)_2/1 |:(l+l<)w:rl])\/mi| w
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