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The Analysis of Decomposition Methods for Support Vector Machines
Chih-Chung Chang, Chih-Wei Hsu, and Chih-Jen Lin

Abstract—The support vector machine (SVM) is a new and implementations to conquer this difficulty. Unlike the Newton
promising technique for pattern recognition. It requires the method which usually involves the whole Hessian matix
solution of a large dense quadratic programming problem. these methods only calculate component§aithen they are

Traditional optimization methods cannot be directly applied due ired in th t iterati A th . tant
to memory restrictions. Up to now, very few methods can handle f€4qUIr€d In the current iteration. Among them, an importan

the memory problem and an important one is the “decomposition One is the “decomposition method” proposed by Osenal.
method.” However, there is no convergence proof so far. In this [8]. As a variation of the active set methods, they separated

paper, we connect this method to projected gradient methods the index{1, -- -, n} of the training set to two set8 and NV,

and provide theoretical proofs for a version of decomposition o g i i ifr i
methods. An extension to bound-constrained formulation of SVM wherex; = 0, fori € IV andBis the working set - is the

is also provided. We then show that this convergence proof is valid current iterate of the algorithm. If we denatg;, zx, ¢, and

for general decomposition methods if their working set selection en as Vectors containing corresponding elements, the objective
meets a simple requirement. value is equal td1/2)zLQpprp — (ep + Qpnan)Tzp +

T T Harati o fi
Index Terms—Decomposition methods, projected gradients, (1/2)351\’62_1\"1\"351\" — cyan. At each iterationz v is fixed and
support vector machines. the following subproblem with the variablgs is solved:

min %.III;QBB.IB — (6}; — Q};N.IN)T.IB
I. INTRODUCTION

0<zg <C, agaﬁB = —a%aﬁN (2)
The support vector machine (SVM) is a new and very
promising classification technique for pattern recognition.here Qs BN is a permutation of the matri@ and
Surveys of SVM are, for example, Burges [1], Cortes anvél_ Onp Qnn P ©
Vapnik [2], Scholkopfket al.[3], and Vapnik [4]. Giving training ¢ IS the size ofB. Elements ofcy are kept as zero from the
vectorsy;, i = 1, ---, m of lengthk, and a vector defined beginning. The Karush—-Kuhn-Tucker (KKT) condition of (2)
as follows: includesd < zp < C, akaxp = —akzy of (2) and
CL‘_{ 1, if v; inclass 1, QBB.’L'B—‘,-QBN.TN—GB IO’CLB—F)\—LL, )\i(.’L'B)Z‘IO,
! -1, if v inclass 2 1:(C = (z):) =0, N >0, 0 > 0. ©)
the support vector technique in general requires the solution|pfhere is one(x3); satisfyingo < (z5); < C, from (3), o
the following quadratic programming problem: could be easily obtained. Since all components gfare zero,
o - if # is an optimal solutiong 5 satisfies the KKT condition of
min 5 ° Qv — ¢ x (2): (Qz); — 1 —oa; > 0, fori € N. Therefore, the algorithm
afz =0, moves elements oV which violate the KKT condition of (2)
0< 2 <C, i=1,-,n (1) toB,andmove outzero elements frasito V. If the size of B

is bigger than the number of support vectors, because no cycle

wheree is the vector of all ones; is the upper bound of all vari- happens, the algorithm stops in finite steps.
ables,q is a positive semidefinite matrix. Possible choices of The main shortcoming of the above algorithm is that we do
Qi; are, for exampleg;a;((v¥v;)/k)* anda;a, eI —v;lI*/k - not know the number of support vectapriori. To handle this
Note thaty; is considered assupport vectoif « is the solution 1SSU€, the same authors [11] proposed to use a small nupaiser
of (1) andz; > 0. the size ofB. Furthermore, there is no restriction tha&_ m_ust

The difficulty of solving (1) is the density af because);, o_nIy contain zeros. To_b_e more precise, any glemeM_mhlch
is in general not zero ang becomes a fully dense matrix_Vviolates the KKT condlt_lon can entét. Sinceqg is small in gen-
Hence a prohibitive amount of memory is required to stodal (less than 100), this method never faces memory problem.
the matrix. Thus, traditional optimization algorithms such gg00d numerical results were reported so several implementa-
Newton, quasi-Newton, etc., cannot be directly applied. SeveFQns and further improvements are given in [5], [9], [10]. How-

authors (e.g., [5]-[10]) have proposed methods with successRYE": even though the strict decrease of the objective function
still holds, there is no theoretical proof to show that the sequence

. . . , s wogonverges to an optimal solution. This issue has been circulated
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Osuneet al., where a more “random” selection is used, Joachims AssumeB;, contains indexes for whicti; # 0.
solves the following problem in order to select the working set: Step 3) Ifd = 0, stop and output; as an optimal solution.

min Vf(z)Td Otherwise, let

afd =0, ~1<d<1 (4a) Vi(en)i = {W(”C"‘)’ i€ Dy @®)
d; >0, if (x1); = (4b) . 0, otherwise.
d; <0, if (22); = (4¢) Define
Hd; | d; #£0} =g¢q (4d) U ={v|v€Q, ;= (v1)i, ¢ € Br},
where v ={z |z € R", z; = (w1);, i € Bi}
?(ka) ]i[h(it/ezr;t%chk e The mappingP : B} — Qy is defined by
Vf(zy) gradient off atz;. Py(z)=argmin{|z — z| : z € Q }.

Note that/{d; | d; # 0}| means the number of components of
d which are not zero. The constraint (4d) implies that a descent
direction involving onlyq variables is obtained. Then compo-
nents ofz with nonzerod; are included in the working se F(&) < flan) + V()T (@ — ) 9
which is used to construct the subproblem (2). Note thi

Fora > 0, definexy(a) = Piu(zr — oV f(zx)), and
selectay, > 0 so thatr{ = Pu(zs, — axVf(zk))

only used for identifyingB but not as a search direction. Using and

the decomposition method with the new technique for selecting ar > Of ap > Yo, > 0

the working setB, Joachims reported promising numerical re- o

sults. In this paper, we will demonstrate that a variation of his whereg,, satisfies

algorithm theoretically converges. Flae@) > flaw) + oV ) (@) — o). (10)

In Section Il, we present a more general algorithm with
an analysis on the selection of the working set. Then in Step4) Find a new; such that
Section lll, we prove the convergence of this algorithm using L
the techniques of projected gradients. Section IV extends(@r+1)i = ()i i 0 ¢ B and fwpgn) < Far).
the convergence proofs to bound-constrained formulations of Go to Step 2).
SVM. In Section V, we explain that our convergence proof joachims requires thafd; | d; # 0}| = ¢. This may not
is valid for general decomposition methods if their workinge always possible, so we modify the equality|{d; | d; #
set selection meets a simple requirement. Finally we provigde| < 4. Another difference is that we usg + d € Q instead

concluding remarks in Section VI. of (4a)—(4c). Note that (4a)—(4c) do not ensure the feasibility
A preliminary version of this paper was presented in an earligf, + 4 € Q2 so the solution of (4) may not be a feasible direction.
workshop [14]. However, we use this property for the convergence proof as will
be explained in Section Il
Il. GENERAL ALGORITHM The Step 3) of the algorithm searches for a paifit by
To describe the new algorithm, we replace the problem (1) Egllowing a “partial” projected gradient direction. We called
the following form: f(zx) a “partial” gradient direction since it contains only
components oV f(xx) which are in the working set afy.. For
min f(z), z € 2 (5) a standard projected gradient method (e.g., Calamai and Moré

[15], and Bertsekas [16]){ = P(zi — oV f(z1)), where
P is the projection intd2, andz{ is referred as th€auchy
point The sufficient decrease of function values at Cauchy
Q={z|a'r=0,0<2,<C,i=1,---,n}. (6) pointsis guaranteed by conditions (9) and (10) and is used for
the convergence proof. Then by requirifigrs+1) < f(z$),
we will prove that any limit point of the sequenge,} is an
optimal solution. Note that whefi(x) = (1/2)27 Qz — 'z,
. . ! x5 in our algorithm is a feasible solution to the subproblem
In_ the following we describe a more general algorithm f0(2). Since most existing decomposition methods obtain the
solving (). optimal solution of (2) forry1, in Step 4) the requirement that
Stepl) Leybeapositiveintegerwith < g <n.Setk =1, ¢z, 1) < f(z€) is satisfied.
choos€s, iz € (0, 1), v1, 72 > 0, andfind anr, @ Because the use 8t/ () instead ofV f () makes a differ-

where f(z) is a continuously differentiable function frolR™
to R and the sefl is the feasible set of (1)

Therefore, (1) is a special case of (5) wheiiz) =
(1/2)z7Qx — eTz. In addition, we assumé& is a finite
positive number sé is a bounded set.

the initial solution. ence in Step 3), there is a new obstacle proving the convergence.
Step2) Solve In the rest of this section, we will construct the relation between
min V f () d (7) and the following problem:
T+ de min Vf(a:k)Td
d; | d; £ 0}] < q. @) s +deq. (11)
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Definition 11.1: A point =* is a stationary point of (5) if If |d,| < |d;|, defined; = (|d..|/|d;|)d;. Thena;d;+a,.d, = 0,
V(@) (z — %) > 0, for all » € Q. Immediately, we have and from (13), (14), and (16)
the following result. _

Lemma I1.2: If OP(x;) is the optimal objective value of &V [(@n)r + d;V f(ar);

(11), OP(zy) = 0if and only if x, is a stationary point. = &V f(en)r + M d;V (x1);
Proof: If z;, is not a stationary point, there is ane € ' "dy !
such thatV f(z) ¥ (z — z1) < 0. Thusd = x — z,, is a feasible B |d-|
solution of (11). The objective valu€ f(zx)Td < 0 causes a = de(Vf(r)r — oar) + 1d;] dj(V f(zx); = oaj)

contradiction. The proof of the other direction is similar. ® 1
We will investigate (11) in detail. Except!’d = 0, con- <3 OP(xy).

straints of (11) onf can be written as _ .
(1) A similar setting can be made for the case wiér > |d;|.

I <d; <u, i=1,--.n Therefore, by assigning other elementsdofo be zero, we
find a feasible solution of (17) with objective value less than
whereu; = C'— (xx); 2 0, l; = —(z); <0, andu; # I;, for - (1/n?)OP(x;). As this solution is also a feasible point of (7),

all 2. The KKT condition of (11) is if OP(x};) is the optimal objective value of (7), we have the
following lemma.
Viak)—oa=A—p Lemma I1.3: n20P(z) < OP(ay,).
Ai(di =1;) =0, X,>0,i=1,---,n From Lemma 1.3, the fact thaDP(z;) < OP(x}), and
pilug —d) =0, p1; >0,i=1,---,n (12) Lemmall.2, we have the following lemma.

Lemma Il.4: OP(z;,) = 0 if and only if z;, is a stationary
wheres is a real number, and; andy; are multipliers asso- point.
ciated with inequalities. It/ is an optimal solution of (11), the
propertyl; # u;, Vi and (12) imply that [ll. CONVERGENCEPROOF

di=1; = Vi(z)i —oai =N >0, p; =0, _ Baged on '_[he anglysi; on special strgcture pf SVM formula-
tions in Section Il, in this section we will provide the conver-
gence proof.

di =w; = Vf(ar)i —oa;i = —p; <0, X =0. As the only difference betweef, andP is the restriction on
the domain variable such that:; = (x4 );, ¢ ¢ B;, following
from Calamai and Moré [15], we have the following lemma.

l; < d; <y :>Vf(l’k)z —oa; =0=X\; = uy,

As OP(xz},) is the optimal objective value of (11)

n Lemma lll.1: Let P be the projection int®2;.
OP(ax) = YV f(ar)id; 1) If 2 € 4, then
=1
= Z lZ(Vf(a:k)Z—aaZ) (Pk(a:)—a:)T(z—Pk(a:)) ZO’ vV GRZ (18)
izdi:lzi: 2) P, is a monotone operator, that is
2:d; =u; (Pk(y) - Pk(x))T(y - .’L’) 2 07 v x, Yy S RZ (19)
Since each term of (13) is nonpositivejiis the index such that If P.(y) # Pi(x) then strict inequality holds.
d;(V f(z1); — oa;) has the smallest value 3) Givenz € R} andd € R™, d; =0, i ¢ By, the function
1 defined by
4V f(an), - oay) < 2L 14)
; k) —oa;) < . . —
J k)j J n Pa) = || Pe(z + od) ac||7 a0 (20)

HenceifOP(x;) < 0,d; # 0. Asa;d; # 0, with the constraint “

a¥d = 0, there are some elemeritsatisfying IS nonincreasing.

We definex;(a) = Py(zr — oV f(z1)), a function ofa,

(a:d;)(a;d;) < 0. (15) which yields the following inequalities: From (18)
Furthermore, since all;, i = 1, ---, nare one or-1, there is G £(; )7 () — z1(ar)) > [l (e) — xk”Q’ a>0. (21)
at least one index satisfying (15) such that o
1| Therefore
|d.| > L. (16) ~
n [(zr — @V f(xr)) — zill[ler(c) — zi]
Now we are ready to switch back to (7) by considering the fol- > (2 — aV f(zr) — zp) T (zr(e) — zp)
lowing problem: > ||ar () — z||?
min V f(xx)7d and consequently
T +def (17) -
d; =0, Vi+#jandi #r. laVf(zll 2 llzx(a) — x| (22)
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From (19), ifae > 3, then Cauchy step, to demonstrate its validity, here we present the
~ T ~ T whole proof.
V(@) (zn = 2(@)) 2 V()" (e —2r(F)). - (23)  Theorem 111.3: Let f : R* — R be continuously differen-
The following lemma ensures that there iszgn satisfying the tiable on§2
requirements in Step 3 of the algorithm. |2 — ]
Lemma lll.2: If zx is not a stationary point of (5), then kh_{go T oan =
1) Foralla > 0, Vf ()T (wx(a) — zx) < 0.
2) There is g in (0, 1), and an& > 0 such that for all

0.

Proof: Assume there is an infinite subs&t, such that

O<a<a C_ .

R Mze, k € Ky and lim oz =2
Jan(@) < flan) +uV ) (@) — o) (24) i Fm e @7)
and We will prove that this assumption leads to a contradiction.

3) There are positive constanis and~,, and constantg;  From (27), for allk € Ko
andpus in (0, 1), anday, > 0 such that (9) and (10) are C_ 2
satisfied. i = el > e max {eo, ||z —zl|}.  (28)

Proof: If 1) is false, we can find ar such that ) ) “ )
~ Since (2 is bounded and:;, € €, V k, {x;} is bounded,
Vf(zi) T (zp(@) — x1) > 0. {f(z1)}rerx, converges, and condition (9) implies
- v T — 2 .
Then from (23), forald < « < @, Vf(z1)T (zr()—z1) > 0. (V@) (2 = 2i)bker, — 0. Hence (21) and (28)
show that
However, from (21)
B 2 lim =0 and lim |z — x| = 0.
V() (@r(a) — o) < ——ka(a) i <0. kE€Kq, k—oo keKo, k—oo

o In particular, we have shown that eventually < v; and hence

Thereforezy(a) = a, forall0 < o < @. Becausery isnot ;> ~,@, wherew;, satisfies (10). Now assigr’ = x,(aw)
a stationary point, from Lemma I1.4, (7) has a solutin#  and g, = min(cy,, @). With this, (20) implies

0 and there exists aft < @ such thaf||aV f(z)|| < ||d*]].

BecauseV f(z1,)Td* < 0, we can find an # 0 such that lzx(Br) — =l > B <||97f —mll) <||Tf - $k||>
(=&V f(zy) — (d*/r))Td* = 0. Then Br - g ay '

Since||z{ — xx|| > eax andoy, > yomy, for k € Ko, we obtain

lz(Br) — =l

d* . -
<xk 1 7) — (zx — de(a:k))H <&V f(zx)]|.
> e min{1, ’yg}”ff —zill. (29)

This contradicts the property thatrgmin{||z — (= — B
avlzﬁﬁxgj?)tﬂeéguie(zkii r:otaj ;'stationary point anflis continu- Together with (21) and (23), (29) implies that fore Ko
ously differentiable, from 1) of this Lemma and (21), we have min {V f(z)T (zr — ), VI(x)T (zn — T}
— (o) + flana) ok () — ) > e min{1, y }|E — . (30)
ﬁf(xk)T(ﬂfk(Oé) ) B —ﬁf(xk)T(xk(Oé) — x) We now use (30) to obtain the desired contradiction. Since
ao(||ze(a) — zx)) {Vf(zr)T(z — z$)} converges to zero, (30) implies that

(25)  {||z{ — xx||} converges to zero. Thus the continuity off,
the factV f(zx) ¥ (21 — %) = Vf(a) T (zr — 7), and the

From (20) /|1 (c) — ||/ is nonincreasing. On the other handpoundedness oz} show that

from (22), ||z () — xil] < [V f(21)]l, SO

[Jx () = i]|?

a _on), 26) /@) = flar) = V)T (@ = an)l = o7 — all)-
llzx(a) — x| Therefore, if
Thus, (25) implies o) = flar) — flan(a))
S+ flae) Vi (@r) " (@r — zx(e))
a=0" V f(aw)T (zr(e) — x) then
Hence the result (24) immediately follows. _ o(|[F5 — xx))
We prove 3) by giving an example from Bertsekas [17]. De- lor(@) =1 < Vo) T (o — 7))

fine oy, = 3 *~1, wheremy, is the smallest integer such that

(24) is satisfied. From 2), we know this, exists. Then by using Hence (30) establishes thai(@) > u» for all £ € Ky suf-

this z;(u.) asz{, both (9) and (10) are satisfied. m ficiently large. This is the desired contradiction because (10)
The following theorem from Calamai and Moré [15] isguarantees that(c) < ps. [ |

very important to our convergence proof. Because we are nowWe are now in a position to prove the main theorem of this

using@f(xk) instead ofV f(x;,) as the search direction of thepaper.
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Theorem lll.4: Let f : R™ — R be continuously differen- ments tals, -- -, I1,,,) such that each subset has no more than
tiable on§2. Any limit point of {x;} is a stationary point of (5). ¢ elements. If we define vector&, i = 1, ---, [(n/q)] as
Proof: For anyz € Qy, from (18) ds, jel
. dl — YR (3
apVf(z)T (@l —2) < = (@ — 22)T (25 — 2) / { ,0  otherwise
< = (2f — an) (2 — 2) then alld’, i = 1, ---, [(n/q)], are feasible solutions of (7).
< Ja§ — wallllax — ]I Thus
Hence Vf(x)Td > OP(xy,), Vi=1,---, Ew .
V(@) (wn — 2) < V@) (@ — 2F) Therefore
o | e — 2]]. OP(x1) =V f(x1)Td*
ok n/a]
If dis a direction at:, with z;,+d € 4, then setting = =, +d = Z Vf(zp) d > Pw OP(zy,).
yields ; q
= T = T c ||3’7kC — x| .
=V f(z) d < Vf(r)" (zr — o5 ) + B I|d]|. It can be clearly seen that Lemmas Ill.1 and I11.2 and The-

_ o o _ orem lI1.3 are still true without any modifications. Then in the
Since this inequality is true for all suefy with Lemma I1.3, for - proof of Theorem I11.4, we use Lemma IV.1 to obtain the con-
anyz € vergence result.

N2y, — ) < —OP(x1) < —n?0P(xy,

V(@) (wr — @) = (21) < —n"OP(x1) V. GENERAL WORKING SET SELECTIONS
=n? max —Vf(zp)ld

i =ro N From the proofs in Section Il and the discussion in Sec-
tion IV, we realize that if the optimal objective vala&’(z;,) of
< 02V f () (a2 — 2) + llzk = zxll max_||d]}).  theworking set selection subproblem s relatively small enough,
Ok T FdCs2 the algorithm presented in Section Il always converges.

Theorem I11.3 implies thafz§ — || /ay, converges to zero. Corollary V.1: Suppose Step 2) of the algorit_hm in Section Il
Since{f(zx)} converges, (9) implies that f () )7 (zx — =) 1S replaced by another strategy aBg contains indexes of the
converges to zero. Singz) is continuously differentiable on Selected working set. If the optimal objective valt#*(z;,) of
Q and||d|| is bounded, ifz* is a limit point of a subsequencethe following problem:

{@ntrero min V f(z;)Td
. Ilill}} Vi) (xp —z) = V") (a* —x) <0. zr+deQ (31)
cC Ko, k—o0
d; =0, if { ¢ By (32)

Since this inequality is true for all € €2, from Definition 11.1,
«* is a stationary point of (5).

Since the quadratic program of SVM is convex, Theorem 1.4 M -OP(x) < OP(x;) <0, YV k
assures that any limit point gfc } is a global minimum.

satisfies

whereM is a positive constant, Theorem Il1.4 still holds.

IV. BOUND-CONSTRAINED FORMULATIONS OF SVM This corollary gives us the flexibility of choosing different
es of working sets. For example, a strategy can be as follows:
Recently several authors [7], [18] have proposed dlﬁereIYF)Solve g P 9y

methods for formulating support vector machines. The resulting

quadratic program is a bound-constrained problem min V f(z3) " d
min %xTQa: — Ty rp+deQ
0<a;<C, di=1,---,n [{d; | di # 0} < q/2 (33)

Note that the matrixQ here is not the same as the matgx 2and define
in (1). In this section we would like to demonstrate that if the B, ={; | d; # 0} U {¢/2 indexes withd; = 0 selected
proposed algorithm in Section Il is applied to this bound-con- ' S
strained problem, the convergence proof can still follow. .
If OP(z;,) andOP(zy,) are defined by the same way, now iif OP(x;) is the optimal objective value of (33), from Lemma
is much easier to establish a relation between them. Insteadld, we have
Lemma 1.3, we have the following lemma. 9 = 9 ¢
Lemma IV.L: [(n/q)|OP(z1) < OP(x2). nOP(ay) < n"OP(ar) < OP ().
Proof: First we assumed* is an optimal solution Hence the algorithm converges. Such a strategy might be useful
of (11). We then divide{1, ---, n} to [(n/q)] subsets: in practice as (7) is a steepest-descent type selection which may
Ii, -, Itnyq- Let Iy = B, and we distribute the rest ele-not be the best choice for quick convergence.

from another strategy
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(71

In this paper we discuss the convergence of decomposition
methods for support vector machines. The proof is based ori8]
the connection between a more general algorithm and th 9]
techniques of projected gradients. We also demonstrate that the
proof can be easily applied to general bound-constrained for-

mulations of SVM. Examples of flexible working set selections™°

are also given.
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