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Locating the crack tip of a surface-breaking crack 
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Abstract 

Four distinct algorithms to locate the crack tip of a surface-breaking crack using only the arrival time information of the first 
diffracted waves are described and compared. To illustrate these algorithms, a line crack in a half-plane is considered. The first 

two algorithms are based mainly on elementary geometric arguments, where the crack tip is formulated as the intersecting point 
of two ellipses (algorithm 1) and/or three circles (algorithm 2). The other two algorithms are formulated as optimization problems, 

where cost functions based upon the arrival time data of diffracted waves are constructed. The unknown crack tip coordinates 
are then determined by minimizing the cost functions through the Lagrange multiplier method (algorithm 3) or the simplex 
method (algorithm 4). In the numerical experiments, the exact arrival times are superimposed by Gaussian error with different 
levels to simulate the real extracted arrival times from experimental signals. The numerical optimization method (algorithm 4) is 
found to have the best performance with respect to noise, as well as for accuracy. Moreover, the recovery of the crack length is 
much more robust than the orientation and depth. 0 1998 Elsevier Science B.V. All rights reserved. 
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1. Introduction 

The detection of cracks and the determination of their 
location, size, shape and orientation are of great interest 
in the field of quantitative non-destructive evaluation of 
materials, since they serve as important fracture mechan- 
ics parameters in the failure prediction of structural 

components. Possible roles that ultrasonic non-destruc- 
tive evaluation could play in the prevention of failure 
have been described by Achenbach [ 11. Ultrasonic bulk 

and surface waves have been routinely used in the 
detection of cracks as well as in the depth measurement 
of surface-breaking cracks in metallic materials. For the 

measurement of the depth and/or length of cracks, most 
methods have been based on the frequency content of 
the reflected and/or scattered waves [2,3], or time-of- 
flight of bulk and/or surface waves developed mainly by 
Silk [4-l 01. A review on ultrasonic crack depth measure- 
ment has been reported by Doyle and Scala [ 1 I]. 
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However, in some materials such as concrete, the use 

of impact sources is preferred over single-frequency 

ultrasonic wavestrains in order to have enough depth 

penetration into the specimen. Sansalone and 

co-workers [ 12,131 developed the impact-echo method 

to detect the depth of surface-breaking cracks in beams 

and columns of concrete. This method was based on 

the frequencies of the recorded surface displacement 

waveforms. Lin and Su [ 141 used the same method to 

detect the depth of a vertical crack in concrete structures. 

This problem was also addressed by Wu et al. [ 151 using 

phase information. Recently, Liu et al. [ 161 adopted the 

idea used in geophysical migration to image a surface- 

breaking crack in two-dimensional concrete, again by 

using impact force. The basic principle was to align the 
source and the receivers geometrically on either side of 

the surface-breaking cracks, which is similar to the time- 
of-flight diffraction (TOFD) [&lo] but in contrast to 

the impact-echo method [12-141. The tip of the crack 
was successfully resolved, and the actual depth of the 

crack could then be calculated accordingly. 

In this paper, methods based on the arrival times of 
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diffracted impact-induced transient elastic waves to 
detect the tip of an inclined surface-breaking crack are 

proposed. Knowing the location of the source and 
receiver, as well as the wave speed of the specimen, four 

different algorithms recovering the crack tip and hence 
the depth, length and orientation of surface-breaking 

cracks are presented and compared. To illustrate the 
algorithms, only the cases of line cracks in a half plane 
are presented here. The primary interest here are cracks 
with lengths of the order of 10 cm in plane concrete. 
Hence the use of impact force is preferred, which will 
then limit the possibility of scan processes used in 

TOFD. The main difference between these methods and 
TOFD are the source-receiver configuration and the 
processing of the arrival time data. In TOFD, a single- 
source and single-receiver configuration is used together 

with a linear scan on the surface of the specimen. Hence 

a plot of B-scan result is needed with a curve fitting or 

synthesis aperture focusing technique to locate the crack 
tip. However, two sets of single source, each with 
multiple receivers but no scan, are used in this paper. 
The arrival time data are then directly extracted from 
the receiving signals to process further. The results show 
that the proposed methods can successfully recover the 
crack tip, and hence the length, depth, and orientation 
of a surface-breaking crack. Since the methods rely only 
on the arrival times of first diffracted waves, they can 

be applied directly to any real structural components 
with a flat surface. Moreover, the methods are reliable, 

quick and accurate. These are the main elements to 
apply the artificial intelligence in crack-depth measure- 
ments [ 171. The extension of these methods to planar 

cracks in half space will be reported elsewhere. 

2. Statement of problem 

Consider a homogeneous, isotropic, linearly elastic 
half-plane containing a surface-breaking line crack of 
arbitrary orientation. The crack tip coordinates are 

denoted by (xc, y,). Cartesian coordinates is defined in 
such a way that the half-plane is in the region of y > 0, 

and the surface of the half-pane coincides with the axis 
of x. The coordinate system, the crack geometry and 
the half-plane are shown in Fig. 1. 

The elastic half-plane is initially at rest, for t < 0. For 
time t20, an impact normal force F(t), e.g. dropping a 
small steel ball onto a specimen, acts on the free surface 
of the half-plane at the point (x, y) = (xs, 0) on one side 
of the crack mouth. In the mean time, there are II 
receivers, which are located at (xi, 0), i= 1, . . ., II, on the 
other side of the crack mouth. The arrival time, li, of 
the first diffracted wave from the loading point to the 
crack tip and then to the ith receiver is 

ti =Sp {[(X, -Xc)’ +yz]“’ + [(xc -Xi)’ +y,2]1’2} 

Fig. 1. Geometry of the cracked half-plane 

where sP= l/c, is the slowness of longitudinal wave of 

the half-plane. 

In TOFD, a single source and single receiver configu- 
ration is used together with a linear scan over the surface 

of the body. In this paper, a crack length of the order 
of 10 cm in plain concrete is of primary interest. The 
configuration of multiple receivers with each single 
impact force is considered, but no scan. In fact, it is 
more reasonable to use two single-source/multiple- 
receiver configuration separately for each complete 

experiment, one for the source to the right of the crack 
mouth and another for the source to the left of the 

crack mouth. This will address the problem of whether 
the source and the crack tip are on the same side or 
different sides of the crack mouth. This source-receiver 

configuration is also different from the impact-echo 
method [ 12-141, where the source and receiver are on 
the same side of the crack mouth. 

Suppose we have extracted the arrival times, ti, from 
experimental responses, and that we have knowledge of 
the wave speed of the specimen by other means, e.g. 
[ 181. We then try to identify the crack tip coordinates 

from ti. 

3. Methods of solution 

The extracted arrival-time data from experimental 
responses will probably not be exact. We propose two 
catalogues of methods to locate the crack tip under this 
situation. Sections 3.1 and 3.2 in the first catalogue are 
in two steps, based on elementary geometric arguments. 
In the first step, possible candidates (X,, Y,) of the crack 
tip are constructed by geometric arguments from all 
possible pairs of two receivers with respect to the same 
source. A conclusive crack tip (x0 y,) is then reached in 
the second step by a simple algebraic average of all 
(X,, Y,). The second catalogue of methods, Sections 3.3 
and 3.4, formulate the problem into optimization prob- 
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lems where (x,, JJ,) is adjusted to best fit the arrival data 

ti. 

3.1. Intersection of half-ellipses 

From an elementary geometric viewpoint, i.e. where 
the locus of all possible points of (X,, Y,) with Y,>O, 
where the sum of distances from (ss, 0) to (X,, Y,) and 
from (X,, Y,) to (xi, 0) equals c,ti, will define a half- 

ellipse with focal points at (.vi, 0) and (xs, 0) as 

(2X, -X, -Xi)2 + (2 YJ2 

(Cpfi)2 (Cp ti)2 -(X, -Xi)2 
=I, i=l,2 ,...) II, 

(2) 

where (X,, Y,) are the coordinates of possible crack tips. 
Hence, giving the arrival time data of a receiver, namely 

a pair of (Xi, ti), defines a half-ellipse as in Eq. (2). 
Consequently, when any two pairs of (xi, ti) with the 
same source location are given, the intersecting points 
of the two corresponding half-ellipses would suggest the 
position of the actual crack tip, assuming there were no 

errors in the ti. The intersection of two half-ellipses are 
illustrated in Fig. 2. 

Eliminating Y, from two equations of Eq. (2), say i= 

1 and i = 2 without loss of generality, leads to a quadratic 
equation of X,. From elementary algebra, the roots of 
a quadratic equation could be one of the following three 

cases: two real roots, one repeated real root, or 
complex roots, e.g. 

XC* = 
-B, f(B,2 -A,D,)1’2 

2A, 

where 

A e =a2 b2 -a= h2 
e2 el et e23 

B, = -d,,az2b,2, +d,,afbX, 

D, = aZ2 b$ (d$ - ai1 ) - Q,‘~ bZ2 (dZ2 - aZ2 ) , 

and U,i=c,ti, 6,2i=(Cpti)‘-(~,--Xi)~, dei=x,+xi. At 
glance, we might think that this merely suggests 

two 

(3) 

(4) 

(5) 

(6) 

first 
that 

Fig. 2. Illustrating of intersection of two half-ellipses 

the numbers of intersecting points of two half-ellipses 

could be two, one or even none, respectively. On the 
other hand, the X,, in Eq. (3) has to satisfy a constraint 
condition 

max (& -a,, 3 4, -a,,) 

<2X, <min (dCl +a,,, de2 +a,,). 

(7) 

Geometrically, this constraint states that the .u-coordi- 
nate of the intersection point should be bounded by 

(d,, - a,i)/2 and (d~i + o,i)/2, i= 1,2, which are the smallest 
and largest x-coordinates, respectively, of two original 

half ellipses. In fact, in almost all of our numerical 
simulation, the quadratic equations of X, always have 
two (if any) real roots, but only one of them satisfies 

the constraint condition, Eq. (7). Once X, is known, the 
vertical coordinate of the crack tip is easily found from 

Eq. (2): 

Y, = & [a,2, -(2X, -del)2]“2. (8) 
el 

The constraint condition on X,, Eq. (7), guarantees the 
positivity of the term inside the bracket on the RHS of 
Eq. (8). Notice that the candidates of the crack tip 

determined from each pair of receivers are not likely to 
be identical, unless all the arrival time data are exact. A 

further algebraic average over all candidates is employed 
to yield a conclusive result of (x,, y,). 

If the crack is known to be vertical beforehand, i.e. 
X,=x, =O, one arrival time data alone or equivalently 
one equation of Eq. (2) is enough to find the vertical 
coordinate of the crack tip. The resulting Y, is exactly 
the same as by allowing X, = 0 in Eq. (8). Again, the 
conclusive result of y, is achieved by a simple algebraic 
average over all possible Y,s. 

3.2. Intersection of half-circles 

If the travel time t, is given, which corresponds to 

the time needed for a signal to travel from the loading 
point to the crack tip, the locus of all possible crack 

tips (X,, Y,), with Y,>O, will form a half-circle centered 
at the loading point with radius c,t, as 

(X, -.&)2+ Y,” =c;t;. 

Similarly, the locus of all possible crack tips will 
form a half-circle but centered at each receiver 

radius c,(ti - to) as 

(X, -.xi)’ + Y,’ = ci(ti -to)*, i= 1, 2, . ., n. 

(9) 

also 
with 

(IO) 

Any two half-circles defined by Eq. (10) and one half- 
circle defined by Eq. (9) will intersect at the same point, 
namely the crack tip point, if t, is correct. Hence Eq. (9) 
and any two Eq. (10) will serve a system of equations 
for X,, Y, and t,. The intersection of two half-ellipses 
are shown in Fig. 3. It is worthwhile to note that a 
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Fig. 3. Illustrating of intersection of three half-circles. 

similar idea was reported by [ 191 using pulse-echo 
configuration where the travel time from the crack tip 
to the receiver was known. Hence any two Eq. (lo), 

with fi - to given from the pulse-echo result, can be used 

to locate the crack tip. 
In our current configuration, ti- t, is not known a 

priori. Eliminating Y, from Eq. (9) and from any one 

of Eq. (lo), leads to a linear equation of X, and t, as 

2(X,-Xi)X,+2titoC~=C~t?-,x?+x~. (11) 

Hence from any two receivers, e.g. i= 1 and i= 2 without 
loss of generality, two of Eq. (11) will give rise to a 
system of two linear equations for two unknowns X, 

and t,. The result is straightforward: 

X, =(&,d,, -&,&)I&, (12) 

to = -(u,zdcl -~dcJl&> (13) 

where A, = qIhcZ - ucZbcl, uCi=2(x,-xi), bCi =2t,ci and 

& = Ci tf -xf + x,‘. The expression of X, in Eq. ( 12) is 

definitely much more compact than the one in Eq. (3). 
Notice that the roots X, and to are feasible only if 

lEiX(Xi-cc,ti+C,to,X-cc,tO)<X, 

<min(xi+C,ti-cc,t,,x,+C,toj. 

(14) 

Geometrically, this constraint states that the x-coordi- 
nate of the intersection point, X,, should be bounded 
by smallest and largest x-coordinates of the original 
three circles. Once X, and to are known, the correspond- 

ing possible vertical coordinate of the crack tip is 

Y c =[c2tG -(x -x )y. 
P s c (15) 

The constraint condition Eq. (14) guarantees the positi- 
vity of the term inside the bracket in the RHS of 
Eq. (15). Again, a simple algebraic average is used to 
yield conclusive coordinates over all candidates deter- 
mined from all pairs of receivers. 

If the crack is known to be vertical, i.e. X,=x, =O, 
Eq. ( 11) alone is used to find to =d,JbCi. The correspond- 
ing possible vertical coordinate of the crack tip is again 
followed from Eq. (15) with X,=0. 

3.3. Analyticd optirnirution 

From the optimization viewpoint, the methods in 
Sections 3.1 and 3.2 are in two steps. In the first step, 
possible candidates (X,, Y,) of the crack tip are deter- 
mined from all pairs of two receivers. A conclusive 

crack tip (,xcr y,) is then reached in the second step by 

finding the least-squared error point in the coordinates, 
i.e. having the least values in the error functions (or 

cost functions) of F,, and F1,, 

F,, =c (X, -Q2, (16) 
X, 

F,, =c (Y, -),,)‘. (17) 
Y, 

It is possible to formulate the problem as a more 

direct optimization problem by adjusting the coordinates 
of the crack tip (xc, y,) to minimize the error between 
estimated and extracted arrival times. One possibility is 

to construct the error function as 

F2(x,, J,)= i {[(x, -x,)~ +y:ll!* 
i=l 

+[(x, -xiy +yy -cptiJ2. (18) 

If all ti were exact, the true (xc, y,) will certainly minimize 
the value of function F,, which will be zero. The 
minimization of Eq. ( 18) certainly deserves a numerical 

approach. 
With the aid of the geometric analysis in Section 3.2, 

it is possible to construct an error function, which is a 
function of _Y,, y, and to, as 

F3(Xc,yc,to)= i [(Xi -,Y,)~ +_v: -c& -to)2]2 (19) 
i=l 

subjected to a constraint condition 

~(Xc,:c,tO)-(xs-X,)2+ycZ-C~t~=0. (20) 

Again, if all ti were exact, the true x,, y’c and to will 
certainly minimize the value of function F3, which will 
be zero, and satisfy the constraint condition Eq. (20). 
Since both F3 and @ have continuous first partial 

derivatives, the constrained optimization problem 
defined by Eqs. (19) and (20) can be solved by the 

Lagrange multiplier method. We can construct a new 
functional as 

Fd(X,,Ycrto; &@)=F,(x,,)?&) + J@(x.);,,y,,&) (21) 

where /! is a constant. We can find n,, yc, to and i from 
the conditions when the partial derivatives of F4 with 
respect to xc, y, and to, respectively, equal zero, i.e. 

2 ~ [(Xi -X,)2 +vc’ -C~(ti - t*)2](Xi -X,) 
i=l 

+ i(X, -xc) = 0, (22) 



M.K. Kuortal. / Utltrusonics36 11998)803-S/1 807 

2 i [(x, -x,)2 +yc’-c& -t(#]y, +;.y, =o, (23) 
i=l 

2 i; [(Xi -x,)2 +yc’ -cgti -to)2](ti -t,)-II, =o, 
i=l 

(24) 

as well as the original constraint condition Eq. (20). 
Notice that Eqs. (22))( 24) amount to minimizing F4 

subject to no constraints. 
The Lagrange multiplier i can now be easily expressed 

in terms of xc, yC and t, by using Eq. (23) provided 
_JJ~ # 0. Substituting /1 into Eqs. (22) and (24) and making 
use of the constraint condition Eq. (20), yields two 
simultaneous linear equations for X, and t,. We then 

have 

.G =(Dar& -&&)/A,, (25) 

to=(Aa,Da2-Aa~Dal)lA,, (26) 

where d,=A,1B,2-A,2B,,. The coefficients Aa1, 

Aaz, . . are defined as 

(27) 

where aci, hCi and & are the same as defined in 
Section 3.2. Again, the feasible roots of X, and to are 
guaranteed only if Eq. (14) is satisfied. Once X, and to 
are known, Eq. (15) will again give the vertical coordi- 
nate of the crack tip. 

Notice that the results of Eqs. (25) and (26) are valid 

for cases of any single-source/multiple-receiver configu- 
ration. In the current numerical experiments, there are 
always two source points, one per each set of arrival 
time data. Of course, the error function Eq. (19) can be 
extended into such configurations subjected to two cor- 

responding constraint conditions. However, the com- 
plexity of the equations may elude the possibility of 
simple analytic results for _Y=, _rC and to as in Eqs. (25) 

and (26). We again employ a two-step process, i.e., 
finding (,xck, yck, to,), k = 1, 2, according to Eqs. (25) and 
(26) for each set of arrival times. Then a simple algebraic 
average is employed to yield a conclusive crack tip 

(& v,) 
If the crack is known to be vertical, i.e. xC=O, the 

Lagrange multiplier 1. is again expressed in terms of yC 
and to using Eq. (23). Substituting /I into Eq. (24) alone 
and making use of the constraint condition Eq. (20), 
yields a single linear equation for f,,. Hence we have 
to = Da2/Ba2. The vertical coordinate of the crack tip is 
again followed from Eq. (15) with x,=0. 

3.4. Numerical optimizution 

If the error function takes a form other than Eq. (19), 
simple analytic expressions of X, and yC may not be 
available. The recovery of crack tip coordinates can still 
be achieved by employing a stable numerical optimiza- 

tion algorithm such that the difference between the 
estimated and the extracted arrival times reaches a 
best fit. 

The error function F, described in Eq. (18) of 
Section 3.3 is normalized further and modified to take 
into account the fact that there are two sources per each 
complete experiment 

i 

[(ssl -x,)2 +y:p2 + [(x, -,+)2 $J$“2 _ 1 2 

cp li I 
i [(xsz -x,)2 +1?,2]1’2 + [(-K, -Xj2)2 +~~2]“~ _ 1 ’ 

cpti I 
(28) 

where (_~~i, 0) and (_ys2, 0) are the coordinates of the 
sources, and (sil, 0) and (xi,, 0) are the coordinates of 
their corresponding receivers, respectively. We will use 
the simplex method [20] to find the optimum point. The 
method requires only function evaluations rather than 
derivatives as in the conjugate gradient method or 

steepest decent method. It is not very efficient in terms 
of the number of function evaluations that it requires. 

However, it is rather robust compared with the conjugate 
gradient and/or the steepest decent in that it has some 
ability to escape from the valley of local minima. 
Basically, an initial guess of each coordinate of the crack 

tip is made, then the minimal deviation function for 
those coordinates is determined and finally the ‘true’ 
crack tip coordinates are determined through the optimi- 
zation process. 

At first glance, the maximum and minimum coordi- 
nates of all possible crack tips in the first step of the 

intersecting methods could be used as boundaries using 

the numerical optimization method, and the resulting 
estimated crack tips from the second step averaging as 
initial guesses. Unfortunately, in our numerical experi- 
ments, we found that this is true only for the cases 
where the arrival time errors are rather small, say less 
than 2%. In the cases where the arrival time errors are 
higher, the maximum and minimum of all possible crack 
tips from the first step of the intersecting method are 
not good enough to even serve as reasonable bounds of 
the optimum point. 

The contour plot of the cost function F, for the cases 
of the crack tip at (2, 12) and (8, 12), respectively, with 
1% error in arrival times are shown in Fig. 4. The 
horizontal axis in the plot corresponds to the surface of 
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horizontal coordinate (cm) 

(a) 

(b) 

Fig. 4. Contour plots of error function Fj. for crack tip at (a) (2, 12); 

(b) (8. 12). 

the cracked body, while the vertical axis points in 

towards the body. The contour plots demonstrate that 

the values of the cost function vary more rapidly in the 
radial direction than in the angular direction. This 
suggests that the recovery of the crack length would be 
more reliable than the crack orientation and/or depth 

when the error in the arrival time is presented. 

4. Numerical results 

All the cases presented in this section are set up as 

follows. There are two sets of data per numerical experi- 
ment. In each set of data, a single impact force and four 

receivers are arranged in such a way that they are on 
different sides of the crack mouth. In all the numerical 
examples, the impact forces are locating at (+ 5,0) cm, 
respectively, while the receivers are at (+ 6,0), (-& 10, 0), 
(k 14,0) and (& 18,O) cm. The wave speed of the speci- 
men is taken as 4000 m s-l. The eight arrival time data 
(one arrival time per each receiver per one source) are 
computed according to Eq. ( 1) and then superimposed 
by Gaussian errors in order to simulate extracted arrival 
times from the experimental responses. The relative 
errors to the exact arrival times are taken as l%, 2% 
and 5%, respectively. The crack tip coordinates are then 
recovered accordingly. Notice that in the current con- 
figurations, the exact arrival times are in the order of 
70-120 ps, hence the errors in the arrival times are taken 
to be in the order of l-6 ps. 

For all numerical examples performed in this analysis, 
the results obtained using the intersection of ellipses and 

intersection of circles, i.e. the methods described in 

Sections 3.1 and 3.2 are exactly the same. Hence all the 
numerical results are presented using the intersecting 
method (either by ellipse or by circle), analytical optimi- 

zation (of Section 3.3), and numerical optimization (of 
Section 3.4). The horizontal axis in the plot corresponds 
to the surface of the cracked body, while the vertical 
axis is pointed in towards the body. (The actual crack 

is plotted by the bold line in the figure for reference.) 
Figs. 5-7 show the recovered crack tips by three 

different methods for a slightly inclined crack with a 

crack tip at (2, 12) cm for various error levels in arrival 
time data, namely 1% for Fig. 5, 2% for Fig. 6, and 5% 
for Fig. 7. Since the errors of arrival times were simu- 

lated by a random number generator, it is worthwhile 
to examine the sensitivity of various methods with 

respect to these random errors on arrival times. We 
performed the crack tip recovery 100 times for each set 

up, i.e., 100 random numbers per each level of error. 
This corresponds to performing 100 experimental tests 

horizontal coordinate (cm) horizontal coordinate (cm) 
-20 -10 0 10 20 -20 -10 0 10 20 

(a) (b) 

-20 -10 0 10 20 -20 -10 0 10 20 

$IJ--+q ,1---q 

(c) (4 

Fig. 5. Recovered crack tips for crack tip at (2, 12) with 1% error in 

arrival times by (a) intersection; (b) analytic optimization: (c) numeri- 

cal optimization; (d) averages of 10 results. 

horizontal coordinate (cm) horizontal coordinate (cm) 
-20 -10 0 10 20 

(4 

-20 -10 0 10 20 

go 
a, 
:10 

0 
t 

20 III 

W 

201 
(b) 

-20 -10 0 10 20 
0 

10 

20 1 

(d) 

Fig. 6. Recovered crack tips for crack tip at (2, 12) with 2% error in 
arrival times by (a) intersection: (b) analytic optimization; (c) numeri- 

cal optimization; (d) averages of 10 results. 
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horizontal coordinate (cm) horizontal coordinate (cm) 
-20 -10 0 10 20 -20 -10 0 10 20 

“20M 2oA 

(4 @I 

-20 -10 0 10 20 -20 -10 0 10 20 

(4 (4 (4 (d) 

Fig. 7. Recovered crack tips for crack tip at (2, 12) with 5% error in Fig. 8. Recovered crack tips for crack tip at (8, 12) with 1% error in 
arrival times by (a) intersection; (b) analytic optimization; (c) numeri- arrival times by (a) intersection: (b) analytic optimization: (c) numeri- 
cal optimization; (d) averages of 10 results. cal optimization; (d) averages of IO results. 

of same level of error per same geometrical and same 
experimental configuration. The 100 recovered cracks 
are marked in a light black colour directly at their 

corresponding position in the subfigures (a)-(c). 
Subfigure (a) is the result of the intersection method, 

and (b) and (c) are of the two-step analytic optimization 
and the numerical optimization methods, respectively. 

The average of 100 recovered crack tips for each different 
methods are also marked in dark black colour at their 
corresponding position in the subfigure for reference. 
Note that the resulting estimated crack tips from the 

intersecting method are used as the initial guess in the 
simplex method, but not as boundaries. 

When the error in the arrival time is less than l%, 

the performance of the two-step analytic optimization 
method is about the same as of the intersecting method, 
if not slightly better. On the other hand, the performance 
of analytic optimization method deteriorates rather 
quickly as the error of arrival time becomes larger. 

Noticeably, the performance of the numerical optimiza- 

tion method is superior to the other two methods, 
regardless the level of errors superimposed on the arrival 
data. Moreover, the recovered crack length and/or depth 
for this slightly inclined crack is more robust than the 
recovered crack orientation for all three methods. 

The results of subfigures (a)-(c) also suggest that the 
average always performs the crack tip recovery very 
well. Unfortunately, in practice, it is not practical to 
perform 100 experiments per each specimen. We there- 
fore take 10 experiments per each specimen instead. The 

averages are marked at their corresponding positions in 
subfigure (d), where x , Ir and 0 correspond to the 
intersecting method, the two-step analytical optimiza- 
tion method and the numerical optimization method, 
respectively. 

Figs. 8-13 are for the cases where the crack tip is 
located at (8, 12) and (14, 12), respectively. Again, the 
numerical optimization seems more robust than all other 
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Fig. 9. Recovered crack tips for crack tip at (8, 12) with 2% error in 

arrival times by (a) intersection: (b) analytic optimization; (c) numeri- 

cal optimization; (d) averages of 10 results. 
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Fig. 10. Recovered crack tips for crack tip at (8, 12) with 5% error in 

arrival times by (a) intersection; (b) analytic optimization; (c) numeri- 

cal optimization; (d) averages of 10 results. 
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Fig. 11. Recovered crack tips for crack tip at (14, 12) with 1% error 

in arrival times by (a) intersection; (b) analytic optimization: (c) 

numerical optimization; (d) averages of 10 results. 
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Fig. 12. Recovered crack tips for crack tip at ( 14, 12) with 2% error 

in arrival times by (a) intersection; (b) analytic optimization; (c) 

numerical optimization: (d) averages of IO results. 
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Fig. 13. Recovered crack tips for crack tip at ( 14, 12) with 5% error 

in arrival times by (a) intersection; (b) analytic optimization; (c) 

numerical optimization: (d) averages of 10 results. 

methods in all cases. Moreover, the averages of 10 
results from the numerical optimization recover the 
crack tip very successfully. It is of interest to note that 
the recovered crack length is more robust than the 
recovered crack depth (and/or orientation), except for 
the cases of slightly inclined cracks where the crack 
length and crack depth are not very different from each 

other. This conclusion is slightly different from the 
original TOFD method, in which the crack depth rather 

than length is believed to have been recovered. 

5. Conclusion 

In this paper we have examined four algorithms to 
recover the crack tips of a surface-breaking line crack 

from the arrival time information of diffracted waves 
which are produced by a broad-band transient source 

such as a dropping steel ball. The exact arrival time 
from source point through the crack tip then to the 
receiver is superimposed by Gaussian error in order to 

simulate the arrival time extracted from the real experi- 
mental responses. Three different magnitudes of relative 
Gaussian error were considered. The performance of 
different methods were examined by three different 
geometries of surface-breaking line crack. 

The results show that the two intersecting methods 
yielded the same results, at least in all our numerical 
studies. The two-step analytical optimization method 
was the most sensitive to the magnitude of relative error 

in arrival times, compared to other methods. Numerical 
optimization always gave the best performance, in 

robustness as well as accuracy, for all the three methods. 
In general, the recovered length is more reliable than 
depth and orientation. This is slightly different from the 
conclusion of the original TOFD. Finally, an average 
of several results from numerical optimization method 
recovered the crack tip very successfully even when the 
errors on arrival times are up to 5%. This suggests that 
the proposed algorithms could play an important role, 
at least as an alternative to TOFD, in crack tip recovery 
using arrival time data, especially for the cases where 

impact force is selected as a source and linear scan is 
not practical. 
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