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計畫執行概要 

 

   本計畫目前進展順利，已完成主要的理論推導、主控方程式的求 

 

解、及相關之數值模擬與分析。後附資料為目前已獲得之部份結果。 



摘 要 

   本研究中，我們進一步探討周圍存在的邊界對一膠體粒子電泳的影響。典型

的例子包括有，粒子在一狹窄空間如孔洞中或是在高濃度懸浮系統中的電泳行

為。文中考慮一有限長度，帶電之非導電性圓柱形粒子在一未帶電的無窮圓柱管

中，沿管中心移動之電泳行為。文中我們限制該系統是低電位的情形，而主要探

討參數有：粒子幾何形狀比(粒子半徑/粒子長度)、粒子的表面帶電情況與電雙層

厚度。我們發現圓柱形粒子受電場驅動而移動的方向是決定於該圓柱形粒子側 面

表面帶電符號。圓柱形粒子電泳度隨  (圓柱形粒子半徑/無窮圓柱管管徑)的變化

則會隨粒子上下兩面與側面的帶電性符號相同或相異有明顯不同變化趨勢。帶均

勻表面電荷密度之圓柱形粒子，電泳度會隨著  的變化有一最大值存在。粒子上

下兩面與側面帶相反電性電荷時，電泳度會隨  增加而呈單調函數減少。我們也

發現圓柱形粒子在圓柱管中的電泳度會隨該粒子幾何形狀變的越瘦長(粒子幾何

形狀比越小)而增加。圓柱管管壁對粒子所造成的邊界效應則是隨著粒子所帶表

面電荷密度的增加而益加顯著。 



1. INTRODUCTION  

     Electrophoresis is one of the most widely adopted analytical tools in the study 

of the surface properties of colloidal particles.  It also plays an important role in both 

biochemistry and biophysics when purification and characterization of biochemical 

materials are involved.  Apparently, a detailed understanding of the electrophoretic 

behavior of a collo idal part icle is essent ial to both fundamental theory and 

applications.  The analysis of this problem, however, is not an easy task.  This is 

mainly due to the complicated interaction between hydrodynamic and electric effects, 

and the governing equations involved are coupled nonlinear differential equations.  

Smoluchowski [1] derived the following relation between the electrophoretic velocity 

U of an isolated, nonconducting, charged particle in an infinite electrolyte solution of 

viscosity   and permittivity   and an applied field E:  

 


E

U                                                           ( 1 ) 

 

where   is the zeta potential of the particle.  This expression is applicable to 

particle of arbitrary shape, provided that its local radius of curvature is much larger 

than the thickness of the double layer surrounding it [2].  The ratio U/E  is known 

as the electrophoretic mobility of the particle.   

     In many applications of electrophoresis, colloidal particles are not isolated, and 

they move under the influence of neighboring particles or the presence of boundaries.  

Typical example for the former includes the electrophoresis of a concentrated 

dispersion where the interaction between neighboring particles is significant, and that 

for the latter includes the electrophoresis through a pore in a membrane which occurs 

in electrophoretic separation of proteins.  Modification of Smoluchowski equation to 



take these effects into account is necessary from practical point of view.  Relevant 

studies are ample in the literature.  Most of them, however, are based on entities of 

one-dimensional nature such as sphere [3-22] and infinite cylinder [23-28].  Note 

that in the latter the end effect of a particle is neglected.  For particles of other shapes 

[29-34] the electrokinetic calculations are usually complicated and time consuming, 

and therefore, most of the relevant works are based on the assumption of thin double 

layer [4-11,13,15,16,26,27,29,30,32,33].  In this case the solution procedure for the 

electric field can be simplified dramatically.  In practice, colloidal particles can 

assume arbitrary geometry,1 and extension of previous analyses to a more general 

case is highly desirable.  Another important factor is the non-homogeneous nature of 

the charged conditions on particle surface.  The charge on the basal plane of a kaolin 

particle, for instance, can have a different sign than that on its facial plane.  

Including this effect in the relevant analysis seems to be realistic.  

     In this study we consider the electrophoresis of a finite, non-uniformly charged, 

nonconducting cylindrical particle with a moderate thick electrical double layer.  

Several specific shapes can be simulated by adjusting the aspect ratio of the particle.  

For example, it may represent a plate-like particle such as montmorillonite with a 

nonuniform surface charge distribution.  The boundary effects are also examined by 

considering the case where the particle is moving along the axis of cylindrical pore.   

 

2. THEORY 

     The space charge density of an electrolyte solution containing ionic species of 

number density ni and valence zi is  

 

  
i
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where e is the elementary charge.  Suppose that the electrical potential   can be 

described by Poisson’s equation, 
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where   is the permittivity of the electrolyte solut ion.  At steady state, the 

distribution of the ions can be described by the conservation equation, 
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where   is the gradient operator, Di is the diffusivity of ions of species i, kB is the 

Boltzmann constant, T is the absolute temperature and u is the fluid velocity.  We 

assume that the flow field can be described by the Navier-Stokes equation in the 

creeping flow regime  

 

  pu2                                                 ( 5 ) 
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where   is the fluid viscosity and p is the pressure.  The term on the right-hand 

side of Eq. (5) denotes the electrical body force.  For simplicity, we consider an 

incompressible fluid with constant physical properties.   



     Referring to Fig.1, we consider a rigid, nonconducting, cylindrical particle of 

radius a and length 2d on the axis of an infinite cylindrical pore of radius b filled with 

an electrolyte solution.  Since the length of the particle is comparable to its radius, 

the end effect of the top and bottom surfaces of the particle can be significant.  A 

uniform electric field E in the direction along the axis of the cylindrical pore is 

applied, and the particle moves along the axis of the pore, that is, an axisymmetric 

problem is considered.  Let 1  be the charge density on the top and bottom surfaces 

of the particle and 2  be that on the lateral surface.  The cylindrical coordinates are 

chosen with its origin located at the center of the particle.  As illustrated in Fig.5.1b, 

the axisymmetric nature of the geometry adopted suggests that only the (r, z) domain 

needs to be considered.  

 

2.1. Electrical Field  

     Fo llowing Henry’s [35] classic treatment, we assume that the electrical 

potential   can be expressed as a linear superposition of the electrical potential in 

the absence of the applied electric field (i.e., equilibrium potential), 1 , and the 

electrical potential outside the particle that arises from the applied field, 2 .  This 

assumption is valid under conditions where the applied electric field is weak relative 

to the electric fields induced by the particle.  This implies that the ionic cloud 

surrounding the particle is only slightly distorted by the applied electric field, that is, 

the effect  of double layer polarizat ion is negligible.  Therefore, the ionic 

concentrations can be assumed to attain their equilibrium distributions, which can be 

obtained from Eq. (4) by letting u=0.  It can be shown that 
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where ni0 is the bulk number density of ionic species i.   If the electrical potential is 

low, Debye-Hückel approximation is applicable, and 1  can be described by 
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where the inverse Debye length or Debye-Hückel parameter   is defined by 
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Similarly, the electrical potential associated with the applied electric field 2  can be 

described by 
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The boundary conditions associated with Eqs (8) and (10) are assumed as  
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In these expressions n is the unit normal directed into the liquid phase.   

 

2.2. Flow Field  

     The axisymmetric nature of the problem under consideration and the charged 

conditions on particle surface implies that it will move in the direction of the applied 

electric field, the particle moves in the direction of the applied electric field and the 

torque it experienced vanishes.  The governing equations for the electric and flow 

fields can be decoupled by expanding each dependent variables in a double 

perturbation series in E and  , and neglecting all the nonlinear terms [17,20].  It 

can be shown that Eqs (5) and (6) become 
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where 1
2(0,1)   , 2

(1,0)   , and the superscripts denote the order in (E, ) of 

the quantity.  The boundary conditions associated with these equations are assumed 

as  
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where iz is the unit vector in z-direction.  Equations (17) and (18) arise from the 

no-slip condition on both particle surface and pore wall.   

 

2.3. Electrophoretic Mobility 

     The total force acting on the particle comprises the hydrodynamic force and the 

electrostatic force.  The axisymmetric nature of the problem under consideration 

suggests that only the forces in the z-direct ion need to be evaluated.  The 

electrostatic force experienced by the particle in the z-direction can be calculated by 
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where S denotes the surface of the particle.  The hydrodynamic force acting on the 

particle in the z-direction, Z
DF , can be decomposed into two terms: that arises from 

the viscous force, Z
DVF , and that arises from the hydrodynamic pressure, ZFDP , that is, 
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Z
DVF  and ZFDP  can be calculated respectively by 
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where t is the tangential unit vector on particle surface, and tz and nz are respectively 

the z-component of t and n.   The mobility of the particle can be calculated based on 

the fact that the total force acting on it vanishes at steady state, that is, 
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3. RESULTS AND DISCUSSIONS  

     The behavior of the system under consideration is examined through numerical 

simulation.  The governing equations and the associated boundary conditions are 

solved by FlexPDE [36], a partial differential solver based on a finite element method, 

on an IBM-PC compatible machine.  The solution procedure is summarized in the 

following steps.  Step 1, Solve Eqs (8) and (10) subject to boundary conditions, Eqs 

(11)-(14), for the electric potentials 1  and 2 , and calculate the electrostatic force 

Z
EF  by Eq. (20).  Step 2, substituting 1  and 2  into Eq. (15) and solving the 

resultant equation simultaneously with Eq. (16) [37] with an initially guessed velocity 

U to evaluate u and p.  The hydrodynamic forces ZDVF  and Z
DPF  are then 

calculated by Eqs (22) and (23).  If Eq. (24) is satisfied, then the solution procedure 

is completed.  Otherwise, go to the next step.  Step 3, a new value for U is assumed 

back to step 2.  In step 2, the criterion  Z
E

Z
D

Z
E FFF )/( 0.5% is adopted to 

determine if Eq. (24) is satisfied.  The applicability and accuracy of the software 

used are checked by comparing with the available results in the literature.  Since we 

fail to find a system, which match exactly with our problem, the results for the 



electrophoresis of a sphere along the axis of a cylindrical pore examined by Ennis and 

Anderson [17] and Shugai and Carnie [20] are adopted [17,20].  The former solved 

the problem based on a reflection method, and the latter solved it numerically.  Fig.2 

shows the results based on these approaches and that based on our approach.  Shugai 

and Carnie [20], concluded that, due to numerical error, their numerical approach was 

inappropriate for small   (ratio of particle radius to pore radius).  On the other 

hand, due to the overlap of double layers, the reflection method might not provide 

accurate results if   is large.  Fig.2 reveals that our approach does not have these 

limitations, and seems to work well for the range of   considered.   

     Fig.3 shows the variation of the scaled electrophoretic mobility of a particle 

*  as a function of   (=a/b) for various particle aspect ratio a/d and a .  Here, 

the surface of the particle is uniformly charged.  Fig.3 reveals that the smaller the 

a  (thicker double layer) the smaller the * .  This is because if the double layer is 

thick, the influence of the electric body force is capable of reaching a deep region in 

the liquid phase.  Fig.3 also indicates that 0*  as 1 .  This is expected 

since 1  implies that the particle attaches the wall of the pore.  The trend in 

Fig.3a and 3b that *  decreases with the increase in   is similar to that for the 

case of a sphere in a cylindrical pore [17,20].  It is interesting to note, however, that 

if a/d is large, *  may exhibit a local maximum as   varies as illustrated n 

Fig.3c-3e which is not observed for the corresponding sphere in cylindrical problem.  

     The variations of the scaled electrophoretic mobility of a particle *  as a 

function of   for various particle aspect shapes a/d and a  are illustrated in Fig.4.  

Here, the surface of the particle is nonuniformly charged.  As can be seen from 

Fig.4, *  increases with the increase in a , but decreases with the increase in   

as expected.  Note that the local maximum of *  as   varies shown in Fig.3 does 



not appear in the present nonuniformly charged condition.  This implies that the 

direction of the translational motion of a particle is dominated by the sign of the 

charge on its lateral surface: if 02  , the particle moves in the direction of applied 

electric field, and the reverse is true if 02  .  On the other hand, the magnitude of 

the mobility of a particle is influenced mainly by the sign of the charge on its top and 

bottom surface.   

     Fig.5 shows the variation of the scaled electrophoretic mobility of a particle 

*  as a function of   for the case of Fig.3.  It reveals that the larger the a/d the 

smaller the scaled electrical mobility * .  Fig.5 indicates that as a/d increases, the 

value of   at which the local maximum of *  occurs shifts to a larger value, and 

the shape of *  against   curve becomes flatter.  Also, the larger the a , the 

smaller the value of a/d needed to observe the local maximum in * .  Fig.5 also 

suggests that for fixed a , while the difference in the *  between various particle 

aspect ratios is appreciable as 0 , it becomes inappreciable as 1 .  That is, 

the effect of boundary (pore wall) on the electrophoretic behavior of a particle 

depends on its shape; the closer the particle radius to pore radius the less the 

difference between the behaviors of particles of different shapes.  

     Fig.6 shows the variat ion of the scaled electrophoretic mobility of a particle 

*  as a function of its aspect ratio a/d for various a  at two different charged 

conditions on particle surface.  This figure indicates that, for a fixed a , *  

decreases with the increase in a/d, in general.  Note that, if a  is small, the effect 

of the charged conditions on particle surface on *  is insignificant.  However, if 

a  is large, *  becomes sensitive to the charged conditions on particle surface.  In 

this case the mobility of a particle with its lateral surface and top and bottom surfaces 

carry different charges is larger than that of a uniformly charged particle.  Note that 

as 0d/a  (i.e., infinitely long particle), the effect of the charged conditions on 



particle surface on *  becomes insignificant again.   

     Fig.7 shows the variation of the scaled electrophoretic mobility of a particle 

*  as a function of   for various types of charged conditions and particle aspect 

ratio a/d.  This figure reveals that *  increases with the increase in the charge 

density on particle surface, as expected.  According to Fig.7, it seems that the 

occurrence of the local maximum in *  as   varies is independent of the level of 

the charge density on a particle; it depends largely on its shape.  Fig.7 also suggests 

that the lower the charge density, the less sensitive the variation of *  as   varies.  

     Fig.8 illustrates the variation of the scaled electrophoretic mobility of a particle 

*  as a function of its surface charge density for the case of Fig.3 at various particle 

aspect ratio a/d at two different charged condit ions on particle surface.  For 

illustration, we assume |||| 21   .   F ig.8 reveals that the mobility of a particle is 

roughly, posit ively linearly dependent on it surface charge density.  Also, the 

mobility of a particle with it lateral surface and top and bottom surfaces oppositely 

charged is larger than that of a uniformly charged particle.  This is consistent with 

the results shown in Fig.6.   
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Fig.1a. Schematic representation of the problem considered.  (A charged cylindrical 

particle is placed on the axis of an uncharged infinite cylindrical pore.  An electric 

field E parallel to the axis of the pore is applied.  1  is the charge density on the top 

and bottom surfaces of the particle, and 2  is that on the lateral surface.)  
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Fig.1b. Schematic representation of the problem considered.  (The computational 

domain in (r, z) coordinates.  a and 2d are respectively the radius and the length of 

the particle, b is the pore radius, and W is a sufficiently large length.)  
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Fig.2. Variation of scaled mobility *  (=  E/U S ) as a function of   for the 

case a sphere of constant surface potential S  is placed on the axis of an uncharged 

cylindrical pore.  Parameters used are  a=4.3, S = e/TkB , T=298 K,  =10-3 

kg/m/s,  =7.083x10-10 C/V/m.   , numerical result based on FlexPDE, dashed 

line, results based on the reflection method of Ennis and Anderson [17], solid line, 

numerical result of Shugai and Carnie [20].  
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Fig.3a. Variation of scaled electrophoretic mobility *  (=  E/U REF )  as a 

function of   (=a/b) at various particle aspect ration a/d and  a.  Parameters used 

are 1 = 2 =0.5 ( e/TkB ), REF = e/TkB , T=298 K,  =10-3 kg/m/s, 

 =7.083x10-10 C/V/m. (a/d=1/2)  
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Fig.3b. Variation of scaled electrophoretic mobility *  (=  E/U REF )  as a 

function of   (=a/b) at various particle aspect ration a/d and  a.  Parameters used 

are 1 = 2 =0.5 ( e/TkB ), REF = e/TkB , T=298 K,  =10-3 kg/m/s, 

 =7.083x10-10 C/V/m. (a/d=1)  
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Fig.3c. Variation of scaled electrophoretic mobility *  (=  E/U REF )  as a 

function of   (=a/b) at various particle aspect ration a/d and  a.  Parameters used 

are 1 = 2 =0.5 ( e/TkB ), REF = e/TkB , T=298 K,  =10-3 kg/m/s, 

 =7.083x10-10 C/V/m. (a/d=2)   
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Fig.3d. Variation of scaled electrophoretic mobility *  (=  E/U REF )  as a 

function of   (=a/b) at various particle aspect ration a/d and  a.  Parameters used 

are 1 = 2 =0.5 ( e/TkB ), REF = e/TkB , T=298 K,  =10-3 kg/m/s, 

 =7.083x10-10 C/V/m. (a/d=4)   
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Fig.3e. Variation of scaled electrophoretic mobility *  (=  E/U REF )  as a 

function of   (=a/b) at various particle aspect ration a/d and  a.  Parameters used 

are 1 = 2 =0.5 ( e/TkB ), REF = e/TkB , T=298 K,  =10-3 kg/m/s, 

 =7.083x10-10 C/V/m. (a/d=8)   
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Fig.5.4a. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 at various particle aspect radio a/d and a .  Parameters used are the 

same as Fig.3 except that - 1 = 2 =0.5 ( e/TkB ). (a/d=1/2)  

 

 

 

 

 

 





0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

*

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

a=4.3

3

1

0.5

 

 

 

Fig.4b. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 at various particle aspect radio a/d and a .  Parameters used are the 

same as Fig.3 except that - 1 = 2 =0.5 ( e/TkB ). (a/d=1)  
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Fig.4c. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 at various particle aspect radio a/d and a .  Parameters used are the 

same as Fig.3 except that - 1 = 2 =0.5 ( e/TkB ). (a/d=2)  
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Fig.4d. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.5.3 at various particle aspect radio a/d and a .  Parameters used are the 

same as Fig.3 except that - 1 = 2 =0.5 ( e/TkB ). (a/d=4)  
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Fig.4e. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 at various particle aspect radio a/d and a .  Parameters used are the 

same as Fig.3 except that - 1 = 2 =0.5 ( e/TkB ). (a/d=8)  
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Fig.5a. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 for various particle aspect ratio (a/d) at various particle aspect ratio a/d. 

( a =4.3)   
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Fig.5b. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 for various particle aspect ratio (a/d) at various particle aspect ratio a/d. 

( a =3)   
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Fig.5c. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 for various particle aspect ratio (a/d) at various particle aspect ratio a/d. 

( a =1)   
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Fig.5d. Variation of scaled electrophoretic mobility *  as a function of   for the 

case of Fig.3 for various particle aspect ratio (a/d) at various particle aspect ratio a/d. 

( a =0.5)   

 

 

 

 

 

 



a/d

0 2 4 6 8

*

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

4.3
3

1
0.5

a=4.3

3

 
 

 

Fig.6. Variation of scaled electrophoretic mobility *  as a function of particle aspect 

ratio a/d for the case of Figs.3 or 4 with  =0.4 for different surface charge density at 

various  a.   Solid line, 1 = 2 =0.5 ( e/TkB ), dashed line, 1 = 2 =0.5 

( e/TkB ).   
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Fig.7a. Variation of scaled electrophoretic mobility *  a s  a function of   at 

various surface charge density and particle aspect ratio a/d for the case of Fig.3.  

Parameters used are: a =3, REF = e/TkB , T=298 K,  =10-3 kg/m/s, and 

 =7.083x10-10 C/V/m.  Curve 1, 1 = 2 =0.5 ( e/TkB ); Curve 2, 1 = 2 =0.4 

( e/TkB ); Curve 3, 1 = 2 =0.3 ( e/TkB ); Curve 4, 1 = 2 =0.2 ( e/TkB ); 

Curve 5, 1 = 2 =0.1 ( e/TkB ). (a/d=1/2) 

 

 





0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

*

0.00

0.05

0.10

0.15

0.20

0.25

0.30

1

2

3

4

5

 

 

 

Fig.7b. Variation of scaled electrophoretic mobility *  as a funct ion of   at 

various surface charge density and particle aspect ratio a/d for the case of Fig.3.  

Parameters used are: a =3, REF = e/TkB , T=298 K,  =10-3 kg/m/s, and 

 =7.083x10-10 C/V/m.  Curve 1, 1 = 2 =0.5 ( e/TkB ); Curve 2, 1 = 2 =0.4 

( e/TkB ); Curve 3, 1 = 2 =0.3 ( e/TkB ); Curve 4, 1 = 2 =0.2 ( e/TkB ); 

Curve 5, 1 = 2 =0.1 ( e/TkB ). (a/d=1) 
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Fig.7c. Variation of scaled electrophoretic mobility *  as a funct ion of   at 

various surface charge density and particle aspect ratio a/d for the case of Fig.3.  

Parameters used are: a =3, REF = e/TkB , T=298 K,  =10-3 kg/m/s, and 

 =7.083x10-10 C/V/m. Curve 1, 1 = 2 =0.5 ( e/TkB ); Curve 2, 1 = 2 =0.4 

( e/TkB ); Curve 3, 1 = 2 =0.3 ( e/TkB ); Curve 4, 1 = 2 =0.2 ( e/TkB ); 

Curve 5, 1 = 2 =0.1 ( e/TkB ). (a/d=2) 
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Fig.7d. Variation of scaled electrophoretic mobility *  as a funct ion of   at 

various surface charge density and particle aspect ratio a/d for the case of Fig.3.  

Parameters used are: a =3, REF = e/TkB , T=298 K,  =10-3 kg/m/s, and 

 =7.083x10-10 C/V/m.  Curve 1, 1 = 2 =0.5 ( e/TkB ); Curve 2, 1 = 2 =0.4 

( e/TkB ); Curve 3, 1 = 2 =0.3 ( e/TkB ); Curve 4, 1 = 2 =0.2 ( e/TkB ); 

Curve 5, 1 = 2 =0.1 ( e/TkB ). (a/d=4) 
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Fig.7e. Variation of scaled electrophoretic mobility *  as a funct ion of   at 

various surface charge density and particle aspect ratio a/d for the case of Fig.3.  

Parameters used are: a =3, REF = e/TkB , T=298 K,  =10-3 kg/m/s, and 

 =7.083x10-10 C/V/m.  Curve 1, 1 = 2 =0.5 ( e/TkB ); Curve 2, 1 = 2 =0.4 

( e/TkB ); Curve 3, 1 = 2 =0.3 ( e/TkB ); Curve 4, 1 = 2 =0.2 ( e/TkB ); 

Curve 5, 1 = 2 =0.1 ( e/TkB ). (a/d=8) 
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Fig.8. Variation of scaled electrophoretic mobility *  as a function of surface charge 

density | 1 | (or | 2 |) for the case of Fig.3 at two different surface charge densities for 

various particle aspect ratio a/d for the case  =0.3 and a =3.  Solid line: 

1 = 2 =0.5 ( e/TkB ); dashed line: 1 = 2 =0.5 ( e/TkB ).   

 

 


