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Abstract: In a two-level factorial experiment, the authors consider designs with partial duplication which
permit estimation of the constant term, all main effects and some specified two-factor interactions, assum-
ing that the other effects are negligible. They construct parallel-flats designs with two identical parallel flats
that meet prior specifications; they also consider classes of 3-flat and 4-flat designs. They show that the
designs obtained can have a very simple covariance structure and high D-efficiency. They give an algorithm
from which they generate a series of practical designs with run sizes 12, 16, 24, and 32.

Plans factoriels fractionnaires en réplique partielle 2 deux modalités

Résumé : Dans le cadre d’une expérience factorielle & deux modalités, les auteurs s’intéressent a des plans
en réplique partielle permettant I’estimation du terme constant, de tous les effets principaux et de certaines
interactions doubles présélectionnées, sous 1’hypothese que les autres interactions sont négligeables. Ils
construisent des plans 4 deux plateaux paralleles identiques rencontrant des spécifications préétablies ; leur
attention se porte aussi sur les plans a 3 et a 4 plateaux. Ils montrent que les plans ainssi obtenus peuvent
avoir une structure de covariance trés simple et une haute D-efficacité. Ils fournissent un algorithme grace
auquel ils génerent une série de plans pratiques pour des essais de tailles 12, 16, 24 et 32.

1. INTRODUCTION

During the initial stages of experimentation, unreplicated two-level fractional factorial designs
are widely used to estimate a specified set of factorial effects. The effects of interest are often
specified on the basis of knowledge of the investigator and some practical principles of experi-
mentation. See Wu & Hamada (2000). Since each treatment combination is run at most once in
the experiment, it is customary to obtain an experimental error estimate either from the remain-
ing degrees of freedom after fitting the specified effects, or by pooling the small effects identified
using normal plotting. In many situations, the investigator may not be sure whether this biased
error estimate is reliable for a lack-of-fit test of the model. Therefore, it would be desirable to
construct an economical two-level factorial design with some duplicated treatment combinations
so as to meet the requirement that pure error be estimable, subject to relatively little loss of
efficiency in estimating the specified effects.

Dykstra (1959) presents some two-level factorial designs with partial duplication constructed
from combining a full factorial or a fraction of resolution V or higher with a fraction of resolu-
tion I1I. Most of these designs are not practical due to their large run sizes. An example is given
in Pigeon & McAllister (1989) to show that it is sometimes possible to include partial replication
of the design so as to allow for estimation of pure error without sacrificing the orthogonality of
the main effects. Their design is actually one composed of three different fractions belonging to
a family of regular 2"~* fractional factorial designs with the same alias relations and a duplicate
of one of the three fractions. It will be shown later that this design is a particular case of parallel
flats designs. This motivates us to develop a systematic method of constructing parallel flats
designs involving partial duplication.

The construction of orthogonal designs for any set of effects based on the class of parallel
flats designs can be found in Srivastava & Li (1966) and Liao, Iyer & Vecchia (1996). Chai &
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Liao (2001) investigate the construction of nonorthogonal three-parallel flats designs (abbrevi-
ated as 3-PFDs) of user-specified resolution. In this paper, we focus on the designs that can
provide an estimate of pure error and simultaneously estimate any specified set of effects. In the
next section, we introduce the notation used in the article, review the definition of parallel flats
designs and discuss the information matrix using a parallel flats design. Section 3 discusses the
properties of parallel flats designs with two identical parallel flats and presents a set of necessary
and sufficient conditions for 3-flat and 4-flat designs to be nonsingular for any given specified
factorial effects. Also an algorithm is provided. Finally, Section 4 gives a series of practical de-
signs with run sizes N = 12, 16, 24, 32 and compares their D-efficiency with the computer-aided
designs generated from the DETMAX algorithm of Mitchell (1974).

2. PRELIMINARIES

Let F,..., F, denote the n two-level factors. As is common practice, Fy,..., F, will also
represent the main effects. The expression Fy! - - - Fie» will represent a general factorial effect
with e; being 0 or 1. If ¢; is 1, then F; appears in the factorial effect, otherwise it does not. The
vector e = (ey, .. ., en) (arow vector) is called the defining vector for the general factorial effect
FP* ... Fgr. The defining vector e = (0, ..., 0) is for the constant term x. We will sometimes
use defining vectors to represent factorial effects for convenience. Also let the low level and the
high level of a factor be denoted by 0 and 1, respectively. Then a treatment combination or run is
represented by an n-tuple whose entries are 0 or 1. We now review the definition of parallel flats
designs. The term parallel flats design will be abbreviated as PFD in the following text.

2.1. Parallel flats designs.

A full two-level factorial design with n factors contains all possible 2™ level combinations, and a
regular 2"~ * fractional factorial contains a subset of these runs, such that the runs of the design
satisfy some aliasing relations expressed as linear equations over the Galois Field of order 2,
GF[2]. Using geometric terminology, such designs have been called single flat designs.

Hence, a single flat 2" ¥ fractional factorial design D;, defined by the alias matrix A and
the coset indicator vector c¢;, consists of all treatment combinations ¢ = (¢1,. . ., tn)T satisfying
equation At = ¢; over GF[2], where A is a k xn matrix of rank k, t; represents the level of factor
j and c; is any k x 1 vector over GF[2]. Moreover, suppose that single flat designs D;, ..., Dy
are defined by the same alias matrix A and the coset indicator vectors c;, . . ., Cy, respectively.
Note that c; are not necessarily distinct. Then the union of all the treatment combinations of
these f single flat designs forms an f-parallel flats design, denoted by f-PFD. Clearly, an f-PFD
consists of N = f x 2"~* treatment combinations. Let C be the k X f coset indicator matrix
whose columns are ¢, . .., ¢s. Thus an f-PFD is determined by the pair of matrices (A, C).

Parallel flats designs with n — k smaller than & may be more conveniently expressed in the
following alternative form. Suppose B is any n X (n — k) matrix of rank n — k over GF[2]
such that AB = 0, where 0 is a matrix with all elements equal to 0 over GF[2]. Also let
z; = (Zi1,.- -, zin)'r be a particular solution to At = ¢;. Then D; consists of all ¢ satisfying
t = z; + Buv, where v ranges over all possible vectors of length n — k over GF[2] (there are
27—k such vectors). Hence an f-PFD can also be determined by the pair of matrices (B, Z),
where Z is the n x f matrix whose columns are 21, ..., 2. Also, the z; are not necessarily
distinct. The following example illustrates such a design.
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Example 1. Consider the following 16-run design presented in Pigeon & McAllister (1989).

TWO-LEVEL FRACTIONAL FACTORIAL DESIGNS

Factors
Run Fl F2 F3 F4 F5 F(; F7
1 o 0 0 o0 0 1 1
2 0 1 1 0 1 1 O
3 0O 0 o0 1 1 0 O
4 0 1 1 1 0 0 1
5 1 0 1 0 0 O O
6 1 1 0 0 1 O0 1
7 1 0 1 1 1 1 1
8 1 1 0 1 0 1 O
9 o 0 O o0 o0 1 1
0 0 1 1 0 1 1 O
1 0 0 0 1 1 0 0
2 0 1 1 1 0 0 1
3 1 1 0 1 1 1 1
4 1 0 1 1 0 1 0
5 1 1 0 0 0 0 O
6 1 0 1 0 1 0 1

423

It can easily be checked that each of the sets of four runs 1-4, 5-8, 9-12 and 13-16 forms
a regular 2775 fractional factorial design in which alias relations are all identical. Namely, they
are respectively determined by equations At = ¢;, 7 = 1, 2, 3,4, where
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As aresult, this 16-run design is a 4-PFD with two identical flats due to ¢; = c3, i.e., runs 14
are duplicates of runs 9—12. Moreover, it can also be determined by the following two matrices.
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2.2. Linear models and nonsingular designs.

Let 3 denote the vector of factorial effects that are assumed to be nonzero. The corresponding
linear model for the observations from an experiment using a design D may be written in the
form

y=XB+e, (2)

where the matrix X depends on the design D and is often called the design matrix. Notice that
we will use 3 throughout this paper both for the set of effects to be estimated and for the vector of
coefficients corresponding to these effects. The vector € consists of noise random variables which
are assumed to be pairwise uncorrelated with common mean 0 and variance 0. D is said to be
nonsingular for 3 if the information matrix X TXis nonsingular. Best linear unbiased estimates
(BLUES) of all the factorial effects of 3 are available when D is nonsingular. Particularly, the
design is called orthogonal for 3 if X T X is a diagonal matrix. It is well known that orthogonal
designs are universally optimal (A-optimal, D-optimal, E-optimal) for estimating 3 in the class
of designs with run size N, provided that all the factors have two levels and the constant term p
is included. But orthogonal designs may not exist for every run size N.

2.3. Information matrix of a parallel flats design.

Let D be an f-PFD determined by the pair of matrices (B, Z) and suppose the linear model in
(2) holds. Let e; and e, be the two defining vectors corresponding to two different elements of
B and m(e, e2) be their corresponding element in the information matrix M = X T X using
D. By Liao, Iyer & Vecchia (1996), we have

f

(e e) - {Z(_l)(em),i} {Z(_l)wez)&,}, -

i=1 v

The exponents of —1 in both factors of (3) are computed using arithmetic modulo 2, but the sums
of the powers of —1 are not performed modulo 2. Recall that v ranges over all possible vectors
of length n — k over GF[2].

If e;B = e2B, ie., (e1 + e2)B = 0 (a zero row vector), then e; and e, are said to be in
the same alias set. For a given B of rank n — k, there are at most 2" ¥ distinct alias sets defined.
On the other hand, suppose e; and e are in two distinct alias sets, i.e., (e; + e2)B # 0, then
(e1 + e2) Bv consists of equal occurrences of 0 and 1. Hence, the second term on the right-hand
side of (3) is precisely 0, so that m(e;, e2) = 0. This implies that the information matrix can
always be expressed as a block diagonal matrix given by

M, 0 ... 0

0 M, ... 0
M = : N : J

0 0 ... M,

where each submatrix M ; corresponds to an alias set, j = 1,..., g, and all of the off-diagonal
submatrices are zero matrices. Here g is the number of distinct alias sets defined by 3 and B.
As mentioned earlier, Pigeon & McAllister (1989) claim that the design of Example 1 is
orthogonal for 3 = {y; F1, F, F3, Fy, Fs, F, Fr}. Let e; = (0,1,0,0,0,0,0) and e; =
(0,0,1,0,0,0,0) which are the defining vectors of F, and F3, respectively. Then we have
e1B = e;B = (0,1), where B is displayed in (1). So F; and F3 are in the same alias set
{F», F3}. Similarly, we have another three alias sets {1, F1}, {F4, Fe} and { F55, F7}. Moreover,
lete = e; + e = (0,1,1,0,0,0,0), then eZ = (0,1,0,1), where Z is displayed in (1). By
Equation (3), the submatrix M ; corresponding to this alias set is 1612, where I; is the identity
matrix of order 2. Similarly, the submatrices corresponding to the remaining three alias sets are
all equal to 161 ,. Therefore, the information matrix M = 161 and the design is orthogonal for
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the 3. Notice that the orthogonality is not universal, as it depends upon the design used and the
specification of 3.

3. PARTIALLY REPLICATED PARALLEL FLATS DESIGNS

We primarily consider f-PFDs with two identical parallel flats. Hereafter we refer to this class
of f-PFDs as f-PFDRs where f > 2. Among all possible f-PFDRs, this paper considers the
problem of finding the ones which are D-optimal or high in D-efficiency. Under the restriction
that all effects in 3 are estimable (i.e., have unbiased estimators), what is the maximum number
of elements in 3 for an f-PFDRs with given run size N = f - 2"~

PROPOSITION 1. Let the number of elements in (3 be denoted by v and an f-PFDR be determined
by the pair of matrices (B, Z), where B is of size n X (n — k) and rank n — k. Then

(@) v < (f —1)2" % = (f — 1) N/ f provided that the f-PFDR is nonsingular for (3.
(b) v < f2n~*=1 = N/2 provided that the f-PFDR is orthogonal for 3.
(c) Forodd f, v < 2"~% = N/ f provided that the f-PFDR is orthogonal for 3.

Proof. To prove statement (a), note that there are f — 1 distinct parallel flats in an f-PFDR and
each single flat has 2"~* runs. Hence, v < (f — 1)2"~* = (f — 1) N/ f by counting the degrees
of freedom for 8.

For statement (b), we consider the case X ' X = NI,. Notice that the design matrix X
consists of =1, not 0 and 1, and 3 contains the constant term . Without loss of generality, let

X
X=|a |,

al

where a™ denotes some treatment combination with two duplicates. We thus have
NI,=X"X=X!X;+2aa".
The quadratic form
a"(NI,Ja=a"X"Xa=a"X!X1a+2a"aa"a
yields Nv = a7 X{ X1a + 2v? due to a” a = v. This proves that v < N/2 since X; X is
nonnegative definite.

Finally to prove (c), assume that the f-PFDR is orthogonal for 3 and f is odd. If two distinct
effects e; and e are in the same alias set,

f
Z(_l)(el+ez)Bv — 2'n—k :/: 0 and Z(_l)(eﬁez)zi # 0
v i=1
when f is odd. Thus m(e;,e2) # 0 by Equation (3), which contradicts the assumption of
orthogonality. So each alias set can contain at most one element of the 3. The proof follows
from the fact that there are at most 2"~* alias sets defined. o

By (b) of Proposition 1, the design of Example 1 is actually a saturated partially replicated
orthogonal main-effect plan.

Obviously, 2-PFDRs are twice replicated regular 2"~ fractional factorial designs. There-
fore, constructing nonsingular 2-PFDRs for 3 is equivalent to searching regular 2" ~* fractional
factorial designs for 3. Moreover, a nonsingular 2-PFDR for 3 is also orthogonal, resulting
in a D-optimal design. A complete search algorithm for the sets of eligible alias relations for
any given 3 is available in Franklin & Bailey (1977) and has been implemented in the popular
software SAS (SAS Institute, 2002). We now consider 3-PFDRs and 4-PFDRs.
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THEOREM 2. Let a 3-PFDR D be determined by the two matrices (B, Z), where Z =
(21, 22, 23). Without loss of generality, let z; = z3. Then D is nonsingular for B if and
only if each submatrix M ; of the information matrix M has one of the following forms:

(@) Mjisascalar N =3 x 2"%;

N N/3 N —-N/3

(N/3 N) (—N/3 N )
Proof. By Srivastava, Anderson & Mardekian (1984), a necessary condition for an f-PFD to
be nonsingular for 3 is that the maximum dimension of each diagonal submatrix M ; of the
information matrix equals the number of distinct parallel flats. There are exactly two distinct
parallel flats in a 3-PFDR. Hence, the dimension for every M ; must equal 1 or 2. It is sufficient
to complete the conditional (“if””) part of the proof by proving the only possible nonsingular M ;
are given in (a) and (b).

First, if the dimension of M j is one, then by Equation (3), the only choice for M ; is a scalar
and equals N (= 3 x 2"*). Second, suppose the dimension of M; is two and e; and e; are
the two distinct factorial effects in the alias set corresponding to M ;. If the 2; are chosen such
that ez; = (€1 + e3)z; = 0 for all 4, then by Equation (3) again, m(e1, e2) = N. If ez; = 1 for
all 1, then m(eq, ez) = —N. For these two cases, M ; is singular. For the remaining cases, M ;
is nonsingular, i.e., the set {ezl, ez, 622} has either exactly two 0’s and one 1, which makes
m(e1, ez) = N/3, or one 0 and two 1’s, which makes m(e;, ez) = —N/3.

On the other hand, if any M of the block diagonal form with submatrices M ; given in (a)
or (b) is nonsingular. Then, D is nonsingular for 3. This completes the proof. o

(b) M is either

Clearly, the two forms of M ; given in (b) of Theorem 2 have equivalent information since
their eigenvalues are identical and each eigenvalue also has the same multiplicity, which are
2N/3 and 4N/3 both with multiplicity 1. So the 3-PFDRs have such a simple covariance struc-
ture. Theorem 2 applies to generate 12-run and 24-run designs with 4 and 8 degrees of freedom,
respectively, for estimating the variance of pure error in next section.

THEOREM 3. Let a 4-PFDR D be determined by the pair of matrices (B, Z), where Z =

(21, 22, 23, 24). Without loss of generality, let z3 = z4. Then D is nonsingular for 3 if and only
if each submatrix M j of the information matrix M has one of the following forms:

(@) M isascalar N =4 x 2"k;

(6 ) G %) (e )

(¢) M is, after a suitable permutation of the factorial effects involved, one of

(b) M is one of

N 0 N/2 N 0 N/2 N 0 -—N/2
0 N N2, 0o N -N/2], 0 N  —N/2
N/2 N/2 N N/2 -N/2 N ~N/2 -N/2 N

Proof. There are exactly three distinct parallel flats in a 4-PFDR. Again by Srivastava, Ander-
son & Mardekian (1984), the dimension for every M ; must be less than or equal to 3. We thus
need to prove the M ; of (a), (b) and (c) are the only possible nonsingular submatrices.
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(a) If the dimension of M is one, then the M ; is a scalar and equals N (= 4 X 2n—k),

(b) Suppose the dimension of M ; is two and e; and e; are the two distinct factorial effects
in the alias set corresponding to M ;. By Equation (3), if ez; = (e1 + e2)z; = 0 for
all i, then m(e1,e2) = N. Similarly, if ez; = 1 for all ¢, then m(e1,ez) = —N. For
these two cases, M ; is singular. For the remaining cases, M ; is nonsingular, i.e., the
set {ezl, ez, ezs, 623} has exactly two 0’s and two 1’s, which makes m(e;, e3) = 0;
exactly one 1 and three 0’s, which makes m(e1, ez) = N/2; or one 0 and three 1’s, which
makes m(e1, ez) = —N/2.

(c) Suppose the dimension of M ; is three and e;, e; and e3 are the three distinct factorial
effects in the alias set corresponding to M ;. Let e] = e; + ez, €53 = e; + e3 and
e} = ez + e3. Also let vectors w; = (€}21, €] 22, €}23,€}23) for £ = 1,2,3. M} is
singular if m(eg, eg’) = N or —N for some £ # ¢'. So none of w, can be (0,0, 0,0)
or (1,1,1,1). Note that e} + e3 + e5 = 0. Hence, the set {w;, w2, w3} must be one
of {(1,0,0,0),(0,1,0,0),(1,1,0,0) }; {(1,0,0,0),(1,0,1,1),(0,0,1,1)}; {(1,0,1,1),
(0,1,1,1),(1,1,0,0)}, leading the M to the forms given in (c).

On the other hand, any M of the block diagonal forms with submatrices M ; given in one of (a),
(b), (c) is nonsingular, hence, D is nonsingular for 3. This completes the proof. a

Notice that the three choices of M ; described in (c) of Theorem 3 have equivalent infor-
mation. Every M ; has the same eigenvalues N, (1 — \/E/Z)N and (1 + \/E/Z)N all with
multiplicity 1.

The results can be extended to f-PFDRs for f > 5 with more extensive work. The situation
becomes complicated for large f. For example, there are nine possible nonsingular M ; of
dimension 3 in the case of 5-PFDRs. We now present below an algorithm for constructing
nonsingular 4-PFDRs for any given 3, which can be readily modified for 3-PFDRs. For f > 5,
we have yet to find a practical algorithm.

According to Theorem 3, we simply consider the 4-PFDRs with Z = (21, 23,0, 0). Note
that the submatrix M ; which is a diagonal matrix in (b) of the theorem is always desired, since
it has larger determinant than the rest two submatrices. Furthermore, a 4-PFDR attains the max-
imum determinant as its information matrix contains maximal number of submatrices M ; with
the possibly smallest dimension. Therefore, the algorithm makes an attempt to choose (i) B such
that each of all 2"~ alias sets contains the number of effects as equal as possible; (ii) z; and 2
such that all the M ; defined by the B are nonsingular and result in maximal number of diagonal
M ; with dimension 2, i.e., the first matrix in (b) of Theorem 3.

The following procedure shows us how to choose appropriate B, z; and 25 to obtain the
highest D-efficiency, defined by

1
D=+ 1IXT x|V, (4)

within the class of 4-PFDRs for any given (3, where v denotes the number of elements in 3. D, is
the relative efficiency, according to D-optimality criterion, of the underlying design to orthogonal
design with run size N.

Step 1: Let m; be the number of effects in alias set G, j = 1,...,2" %, Choose matrix B such
that each m; < 3 and the m; are as nearly equal as possible. A complete search algorithm
for eligible B can be obtained by modifying the algorithm of Franklin & Bailey (1977).

Step 2: Consider those G; with m; = 2. Let ey, e2; € G; and €] = ey + ez5. Choose z1 and
22 such that as many as possible of the sets {e;zl, 6;22} have exactly two 1’s. This is so
as to have the maximal number of the desired M ; (the diagonal one) in (b) of Theorem 3.
Notice that one restriction for the choice of z; and 2, is that {e;fz 1, e;-‘ zz} cannot have
two 0’s for any j, since this case makes the corresponding M ; singular.
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Step 3: Consider those G; with m; = 3. Let e1j,ezj,e3; € G; and ej; = e1; + ej,
e;; = e1j + esj, egj = egj + e3;. Reset z;, 2o (already chosen in Step (2)) or
both if necessary, such that the set {(e};21,€};22), (€3;21,€3;22), (€321, €3,22) } is
{(1,1),(0,1),(1,0)}. This ensures that all the corresponding M ; of dimension 3 are
nonsingular.

The following example is given to illustrate the algorithm.

Example 2. For a 2* experiment, suppose (3 consists of the following factorial effects:
w; Fr, Fa, F3, Fy; F1F3, F1Fy, Fo F3, Fy Fy, F3Fy.

In this case, there are ten effects to be estimated. Any factorial effect that is not in the span of
the above effects is assumed to be zero. Our goal is to construct a 4-PFDR with N = 16 for
estimating these factorial effects. Following the algorithm, we have

Step 1: Choose

B(4x2)= (5)

_ o ~ O
= = o O

There are four alias sets G = {u, Fl}, Gy = {FQ, F3F4}, G3 = {Fg, F\F3, F2F4}, and
G4 = {F4, F1F4, F2F3} determined by B.

Step 2: For Gy, e} = (0,0,0,0) + (1,0,0,0) = (1,0,0,0) and for G,, e; = (0,1,0,0) +
(0,0,1,1) = (0,1,1,1). Hence, choose z; = (1,1,0,0)" and zo = (1,1,0,0)" such
that {e}z1, e}z2} = {e521,e322} = {1,1}.

Step 3: For G3 and G4, {€}3, €33, €33} = {el4, €34, €54} = {(1,0,0,0),(0,1,1,1),(1,1,1,1)}.
Here, we need to reset z; to be (1,1,1,0) T such that

{(6'{321, el322), (€3321, €3322), (€3321, e§3z2)}

= {(6;421’ e;4z2)’ (65421, 63422), (e§4z1’ e§4z2)} = {(1’ 1)’ (0’ 1)’ (1’0)}'

Then (also see Section 2.1) the desired nonsingular 16-run 4-PFDR, determined by matrix B of
Step (1) and

Z (4 X 4) = (Zl,Z2,0, 0) = (6)

= e
S ==
oS O O

oS O O O

000

for 3 is 1{(1,1,1,0)T, (1,1,0,1)7, (1,0,1,1)7, (1,0,0,0)7, (1,1,0,0)7, (1,1,1,1)7,
(1,0,0,1)", (1,0,1,0)7, (0,0,0,0)7, (0,0,1,1), (0,1,0,1)7, (0,1,1,0)T, (0,0,0,0)7,
(0,0,1,1)7,(0,1,0,1)T, (0,1,1,0) T }. Its information matrix is given by

M, 0 0 0

0 M, 0 0

0 0 Mz O

0 0 0 M,
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where M = M, = 161, and

6 0 -8
Mz;=My=| 0 16 -8
-8 -8 16

4. PARTIALLY REPLICATED DESIGNS OF USER-SPECIFIED RESOLUTION

In this section, we report a series of 12-run 3-PFDRs, 16-run 4-PFDRs, 24-run 3-PFDRs and
32-run 4-PFDRs for two classes of specified factorial effects. These two classes of specified
factorial effects under consideration, also suggested by Srivastava & Li (1996), are of practical
interest. We now describe them as follows. Suppose that n factors are divided into p groups and
the ith group has n; factors, 1 < ¢ < p. Let p’ be the number of these groups that are of interest.
That implies we consider only the two-factor interactions involving the factors of the p’ groups
of interest. Without loss of generality, we always choose the first p’ groups among p groups
and discuss only two cases p’ = p and p’ = p — 1. The first class of specified effects, called
Class I: interactions within groups, consists of the constant term, all main effects and all two-
factor interactions within each of the p’ groups of interest. Class II of the specified effects, called
interactions between groups, consists of the constant term, all main effects and all two-factor
interactions between p’ groups of interest.

To simplify the presentation of the designs obtained, we write each column of matrices B
and Z by listing the position numbers of nonzero entries. For example, the B of (5) is written as
B = {24, 34}. Recall that we set 2 1 = 2y = O for f-PFDRs in the algorithm. Hence, we only
write out the first f — 2 columns of Z. For example, the Z of (6) is written as Z = {123,12}.
Also write 8 = {u;Fl,...,Fn;Fle,...,FiFj} as 3 = {0;1,...,n;1 . 2,...,i'j}. For
example, 3 = {u; P, Fy, F3, Fy Fs, F1F3} ={0;1,2,3;1-2,1- 3}. In the following, we recall
some notation needed in the coming tables. '

n = number of factors to be assessed;

p = number of groups;

p’ = number of groups actually involved in the two-factor interactions;
n; = number of factors in the ith (i = 1,.. ., p) group;

v = number of the nonzero effects to be estimated.

Note that a design is nonsingular for a specified set of effects; it is also nonsingular for any
subset of the specified set of effects. Thus the designs presented in the following tables can be
applicable to more situations. Although we restrict p’ to be p or p — 1, we do not present all
possible cases in Tables 1, 4, 7, 10 so as to keep them a reasonable size for presentation. Of
course, one can always use the algorithm in Section 3 to construct their desired design which is
not listed in the tables. To use the tables, an experimenter will proceed as follows. Identify n the
number of factors to be assessed and the number of runs N = 12, 16, 24, or 32 to be considered
for the experiment. Specify a set of two-factor interactions which are to be estimated. Then
check the tables and pick up the case (design) in which the corresponding column of “Estimable
interactions” includes the specified two-factor interactions.

4.1. 12-run 3-PFDRs and 16-run 4-PFDRs.

Table 1 identifies the cases for which we can construct 16-run 4-PFDRs and, in some cases, 12-
run 3-PFDRs for Class I specifications. It reports the two-factor interactions to be estimated; in
addition, all n main effects and the constant term are to be estimated.
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TABLE 1: List of specified sets of within groups two-factor interactions for which there are 12-run
3-PFDRs or 16-run 4-PFDRs.

Case n v p p (ni,...,np) Estimable interactions
1 4 821 @30 {1,2,3} x {1,2,3}
2 4 111 1 @ {1,2,3,4} x {1,2,3,4}
3 5102 2 (32  {1,23)}x{1,2,3}U{4-5}
4 51221 @41 {1,2,3,4} x {1,2,3,4}
5 6 8 2 1 24) {1-2}

6 6 93 2 (222 {1-2,3-4}

7 6102 1 (33 {1,2,3} x {1,2,3}
8 6 10 3 3 2,2,2) {1-2,3-4,5-6}

9 6 11 3 2 (3,21 {1,2,3} x{1,2,3}U{4-5}
10 7 81 0 @ None
17 921 @25 {1-2}

12 7 103 2 (223 {1-2,3-4}

13 7 11 4 3 (2,2,2,1) {1-2,3-4,5-6}
14 7 11 2 1 (34 {1,2,3} x {1,2,3}
15 8 102 1 (26 {1-2}

16 8 11 3 2 (22,4 {1-2,3-4}

17 8 12 4 3 (2,2,2,2) {1-2,3-4,5-6}
18 8122 1 (35 {1,2,3} x {1,2,3}
9 91121 @7 {1-2}

20 9 12 3 2 2,2,5) {1-2,3-4}

‘We will explain Case 1 of Tables 1 and 2 in detail; all the other cases in Tables 3—12 follow
similarly. For Case 1 of Table 1, we are interested in estimating the constant term y, all main ef-
fects and all two-factor interactions within the group {F}, Fy, F3} for a 24 factorial experimental
design. Thus we have n = 4, v = 8, p = 2, p' = 1, (n1,n2) = (3,1). The defining vectors of
B can be expressed as 3 = {0; 1,2,3,4;1-2,1-3,2- 3}. In Table 1, we have listed only the
second order interactions in 3 since in this line and every line in the tables, all n main effects
and the constant term are estimated. Moreover we have adopted the notation that A x B means
all two-factor interactions obtained by selecting one element of A and one of B.

In Tables 2 and 3, we list corresponding 12-run 3-PFDRs and 16-run 4-PFDRs which corre-
spond, where possible, to the cases identified in Table 1. We also provide two measures of the
D-efficiency of the designs.

TABLE 2: Some 12-run 3-PFDRs corresponding to the possible cases in Table 1 along with their measures
of efficiency De(3-PFDR) and D.(MD).

Case B ={b1,b:} Z ={z1} D.(3-PFDR) D.(MD)

1 {34,24} {1234} 0.943 0.943
5 {3456,136} {1246} 0.943 0.943
10 {1346,2356} {1237} 0.943 0.943
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To the best of our knowledge, for any given 3, there is no systematic construction method
available in the literature for optimal partially replicated designs. However, a very natural method
is to augment an optimal design for (3 with some duplicates of its fraction. Therefore, in Tables 2
and 3, we compare the D-efficiency of the 12-run 3-PFDRs and 16-run 4-PFDRs we have ob-
tained with that of the designs generated by the following approach. For a given (3, we first gener-
ate a “D-optimal” design by the OPTEX procedure (GENERATE CRITERION=D METHOD=DETMAX
ITER=100 N=8 (12)) of SAS/QC software (SAS Institute 2002). Here we choose the DETMAX
algorithm of Mitchell (1974) for searching the D-optimal design with N = 8 and N = 12,
respectively, using 100 iterations. Then we augment the generated D-optimal design with four
more runs chosen from its treatment combinations. There are (§) = 105and (2) = 495 possible
choices for the D-optimal design with N = 8 and N = 12, respectively. We finally select the
augmented designs of size N = 12 and N = 16 with the highest D-efficiency to be compared
with our designs.

TABLE 3: Some 16-run 4-PFDRs corresponding to the cases in Table 1 along with their efficiency
measures D.(4-PFDR) and D.(MD).

Case B = {b1,b2} Z ={z1,22} D.@4PFDR) D.MD)
1 (34,24} {1234, 1234} 1.000 1.000
2 (34,24} (123,14} 0.828 0.823
3 {34, 24} {12345, 14} 0.871 0.890
4 {34,24} {12345, 14} 0.794 0.809
5  {3456,136}  {1246,1246} 1.000 0.958
6  {3456,136}  {1246,1256} 0926 0914
7 {3456,136} {1246, 2356} 0.871 0.907
8  {1234,1235) (236,36} 0812 0.871
9 {3456,136} {1246, 12} 0.828 0.837

10 {1346,2356}  {1237,1237} 1.000 0.968

11 {1346,2356}  {1237,4567} 0926 0.957

12 {1346,2356}  {1237,4567} 0.871 0.901

13 {1346, 2356} {1237, 4567} 0.828 0.862

14 {1346, 2356} {1237, 4567} 0.828 0.882

15 {1346,2356}  {1237,4567} 0.871 0.928

16 {1346,2356}  {1237,4567} 0.828 0.882

17 {1346,2356} {1237, 4567} 0.794 0.827

18 {1346,2356}  {1237,4567} 0.794 0.849

19 {35789,25689} {13569, 24789} 0.828 0.907

20 {35789,25689} {13560,24789}  0.794 0.855

By Proposition 1(a), v < (f — 1)N/f = (3 — 1)12/3 = 8. Hence we only can generate
12-run 3-PFDRs for Cases 1, 5, and 10 in Table 1; these are listed in Table 2. The notation MD
denotes the design obtained by the Mitchell algorithm.

For clarity we spell out the interpretation of the line for Case 1 in Table 2. One possible
3-PFDR for the 3 for Case 1 is the set of treatment combinations ¢ satisfying t = z; + Bw, for
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i =1,2,3, where

0 0 100
10 100

B = (b1,b;) = v Z=(21,22,23) =
Guba) = ) (Z122,23) =1 0
11 100

and v ranges over all possible vectors of length 2 over GF[2]. Hence (also see Section 2.1)
in Case 1 in Table 2, we use B = {24,34} and Z = {1234} to represent the desired 12-run
3-PFDR.

Table 3 is analogous to Table 2 but for 16-run designs; it displays the 16-run 4-PFDRs ob-
tained corresponding to the cases in Table 1.

‘We now turn to the second class of specified interactions of interest—the situation where an
experimenter is interested in all two-factor interactions between members of p’ groups of factors.
Factorial effects for these interactions between groups are given in Table 4. The notation matches
that in Table 1.

TABLE 4: List of specified sets of between groups two-factor interactions for which there are 12-run
3-PFDRs or 16-run 4-PFDRs.

~

Case n v p p (ni,...,np) Estimable interactions
1 4 82 2 a,3) {1} x {2,3,4}
2 4 92 2 @2 {1,2} x {3,4}
3 5 83 2 (1,22 {1} x {2,3}
4 5 93 2 (1310 {1} x {2,3,4}
5 510 2 2 (1,4) {1} x {2,3,4,5}
6 5103 2 (221 {1,2} x {3,4}
7 5122 2 @ 3) {1,2} x {3,4,5}
8 6 93 2 (1,23 {1} x {2,3}
9 6 10 3 2 (1,3,2 {1} x {2,3,4}
10 6 11 3 2 (1,41) {1} x {2,3,4,5}
11 6 12 2 2 1,5) {1} x {2,3,4,5,6}
12 6 11 3 2 (2,22 {1,2} x {3,4}
13 7103 2 (1,24 {1} x {2,3}
4 7113 2 (1,33 {1} x {2,3,4}
15 7 12 3 2 (1,42 {1} x {2,3,4,5}
16 7 12 3 2 (2,23) {1,2} x {3,4}
17 8 11 3 2 (1,25 {1} x {2,3}
18 8 12 3 2 (1,34 {1} x {2,3,4}
19 9 123 2 (1,26 {1} x {2,3}
20 10 12 3 2 (1,1,8) {1-2}

By Proposition 1(a), we generate 12-run 3-PFDRs only for Cases 1 and 3; these designs are
displayed in Table 5 along with the measures of efficiency D.(3-PFDR) and D.(MD).
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TABLE 5: Some 12-run 3-PFDRs corresponding to the possible cases in Table 4 along with their measures
of efficiency D.(3-PFDR) and D.(MD).

Case B={bi,b;} Z={21} D.B3-PFDR) D.(MD)

1

3

{34,24}

{245,1235}

{1234}
{124}

0.943
0.943

0.943
0.943

The corresponding results for 16-run 4-PFDRs are displayed in Table 6.

As discussed in Galil & Kiefer (1980) and Welch (1984), the DETMAX algorithm of Mitchell
is a powerful heuristic and is very successful in finding D-optimal designs. Compared with the
designs generated from Mitchell’s algorithm, the D-efficiency of most of the PFDRs we obtain is
equal to or close to that of the corresponding Mitchell designs. It is interesting to observe that the
PFDRs obtained are even better for some cases (check Cases 2, 5, 6, 10 of Table 3 and Case 3 of
Table 6). Moreover, all the orthogonal 16-run 4-PFDRs obtained (i.e., those with D.(4-PFDR) =
1.000) turn out to be 16-run 2-PFDRs (with 2; = z3). The 16-run 2-PFDRs double the degrees
of freedom of the 16-run 4-PFDRs for estimating the variance of pure error. Similar results can
be found in the following 32-run 4-PFDRs.

TABLE 6: Some 16-run 4-PFDRs corresponding to the cases in Table 4 along with their measures of

efficiency D¢(4-PFDR) and D.(MD). Here T" denotes 10.

Case B = {b1,b:} Z = {z1,22} D.@-PFDR) D.(MD)
1 {34, 24} {1234, 1234} 1.000 1.000
2 {34, 24} {1234, 123} 0.857 0.871
3 {245,1235} {124,124} 1.000 0.965
4 {245,1235} {1245, 345} 0.926 0.938
5 {245,1235} {1245, 345} 0.871 0917
6 {245, 1235} {12, 345} 0.871 0.874
7 {245,1235} {12,34} 0.794 0.794
8 {245,1235} {1246, 345} 0.926 0.949
9 {245, 1235} {12456, 345} 0.871 0.917

10 {245, 1235} {12456, 345} 0.828 0.876

11 {245,1235} {12456, 345} 0.794 0.855

12 {245,1235} {26,35} 0.828 0.857

13 {245,12357} {1246, 345} 0.871 0916

14 {245,12357} {12456, 345} 0.828 0.879

15 {245, 12357} {12456, 345} 0.794 0.855

16 {2457, 1235} {1246, 357} 0.794 0.831

17 {2458,12357} {1246, 3458} 0.828 0.883

18 {2458, 12357} {12456, 3458} 0.794 0.855

19 {24589,123579} {1246, 3458} 0.794 0.861

20 {24589,123579} {12467, 3458T'} 0.794 0.891
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4.2. 24-run 3-PFDRs and 32-run 4-PFDRs.

‘We now report some 24-run and 32-run designs obtained from 3-PFDRs and 4-PFDRs, respec-
tively. We did not calculate the D-efficiency of the corresponding Mitchell designs for 32-run
cases due to computing time costs.

For Class I interactions within groups, again by Proposition 1(a), only 8 designs are available
with 24 runs; these are reported in Table 8. The results for 32-run 4-PFDRs are displayed in
Table 9.

For Class II interactions between groups, the specified effects are listed in Table 10 and the
designs obtained from 24-run 3-PFDRs and 32-run 4-PFDRs are displayed in Tables 11 and 12,
respectively.

TABLE 7: List of specified sets of within groups two-factor interactions for which there are 24-run

3-PFDRs or 32-run 4-PFDRs.

Case n v p p (ny,...,np) Estimable interactions
1 5161 1 ®) {1,2,3,4,5} x {1,2,3,4,5}
2 6 13 2 1 4,2) {1,2,3,4} x {1,2,3,4}
36 132 2 (33 {1,2,3} x {1,2,3} U {4, 5,6} x {4,5,6}
4 6142 2 (42 {1,2,3,4} x {1,2,3,4} U {5 - 6}
5 6 17 2 1 (CR))] {1,2,3,4,5} x {1,2,3,4,5}
6 7 14 2 1 “,3) {1,2,3,4} x {1,2,3,4}
707153 2 &21) {1,2,3,4} x {1,2,3,4},U{5 - 6}
8 7172 2 43  {1,2,3,4} x {1,2,3,4} U {5,6,7} x {5,6,7}
9 7 18 2 1 é,2) {1,2,3,4,5} x {1,2,3,4,5}
10 8§ 15 2 1 4,4) {1,2,3,4} x {1,2,3,4}
11 816 3 2 (422 {1,2,3,4} x {1,2,3,4} U {5 - 6}
2 817 3 3 (422 {1,2,3,4} x {1,2,3,4} U{5-6} U {7 - 8}
13 8§ 19 2 1 é,3) {1,2,3,4,5} x {1,2,3,4,5}
4 9 13 2 1 3,6) {1,2,3} x {1,2,3}
15 9 16 2 1 @,5) {1,2,3,4} x {1,2,3,4}
6 916 3 2 (33,3 {1,2,3} x {1,2,3} U {4,5,6} x {4,5,6}
17 917 3 2 (24,4 {1-2}U{3,4,5,6} x {3,4,5,6}
18 919 3 3 (333 {1,2,3} x {1,2,3} U {4,5,6} x {4,5,6}

u{7,8,9} x {7,8,9}
19 9 2 2 1 G, 4) {1,2,3,4,5} x {1,2,3,4,5}
20 10 14 2 1 3.7 {1,2,3} x {1,2,3}
21 10 15 3 2 (23,5 {1-2}U{3,4,5} x {3,4,5}
2 10 17 2 1 @, 6) {1,2,3,4} x {1,2,3,4}
210 17 3 2 (3,3,4 {1,2,3} x {1,2,3} U {4,5,6} x {4,5,6}
24 10 18 3 2 (2,4,4) {1-2}U{3,4,5,6} x {3,4,5,6}
25 10 21 2 1 G, 5) {1,2,3,4,5} x {1,2,3,4,5}
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TABLE 8: Some 24-run 3-PFDRs corresponding to the possible cases in Table 7 along with their efficiency
measures, D, (3-PFDR) and D.(MD).

Case B = {b1,b2, bs} Z ={z1} D.(3-PFDR) D.(MD)

1 {14, 35,25} {1235} 0.943 0.943

2 {146, 356, 256} {12356} 0.956 0.956

6 {146, 356, 256} {123567} 0.951 0.951
10 {3578, 2568, 1678} {124678} 0.947 0.947
14 {35789, 25678,16789}  {12345679} 0.956 0.956
15 {35789, 25678, 16789}  {12345679} 0.943 0.943
20  {3578T,2568T, 167897} {12345678} 0.951 0.951
21 {3578T, 2567T, 167897} {12345678} 0.947 0.947

TABLE 9: Some 32-run 4-PFDRs corresponding to the cases in Table 7 along with the efficiency

measure D..

Case B = {b1,bs, b3} Z = {21,223} D.(4-PFDR)
1 {14, 35, 25} {1235, 1235} 1.000
2 {146, 356, 256} {12356, 12356} 1.000
3 {46, 35,256} {1246, 1346} 0.948
4 {146, 356, 256} {12356, 23456} 0.952
5 {146, 356, 256} {12356, 456} 0.960
6 {146, 356, 256} {123567, 123567} 1.000
7 {146, 356, 2567} {12356, 1367} 0.955
8 {1467, 3567, 256} {123567, 234567} 0.885
9 {146, 356, 256} {123567, 456} 0.926

10 {3578, 2568, 1678} {124678, 34678} 1.000

11 {3578, 25678, 1678} {1234567, 4568} 1.000

12 {3578, 25678, 1678} {1234567, 4568} 0.960

13 {3578, 2568, 1678} {1245678, 34678} 0.896

14 {35789,25678,16789}  {12345679, 12345679} 1.000
15  {35789,25678,16789}  {12345679, 12345679} 1.000

16 {46789, 359, 2568} {1235679, 1578} 0.958
17 {3578, 2567, 16789} {12345678, 4579} 0.960
18 {4678, 357, 25678} {1345789, 2346789} 0.833

19 {35789,25678,16789}  {123456789, 1234689}  0.871
20  {3578T,2568T, 16789T} {12345678, 12345678} 1.000
21 {3578T,2567T,16789T} {12345678, 12345678} 1.000
22 {3578T,2568T,16789T} {123456789, 23459T} 0.960
23 {46789T, 359T,2568T}  {1234569T, 1578} 0.960
24 {3578, 2567, 16789} {12345678, 4579T'} 0.926
25  {3578T,2568T,16789T}  {123456789, 23497’} 0.848
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TABLE 10: List of specified sets of between groups two-factor interactions for which there are 24-run
3-PFDRs or 32-run 4-PFDRs.

Case n v p p (ni,...,np) Estimable interactions
1 615 2 2 “,2) {1,2,3,4} x {5,6}
2 6 16 2 2 3,3) {1,2,3} x {4,5,6}
307 14 2 2 @, 6) {1} x {2,3,4,5,6,7}
4 7 143 2 (3,22 {1,2,3} x {4,5}

5 7173 2 (331 {1,2,3} x {4,5,6}
6 7 18 2 2 @,5) {1,2} x {3,4,5,6,7}
7 8153 2 (322 {1,2,3} x {4,5}

8 8 16 2 2 a,7 {1} x {2,3,4,5,6,7,8}
9 8 21 2 2 @, 6) {1,2} x {3,4,5,6,7,8}
10 8213 2 (341 {1,2,3} x {4,5,6,7}
11 8 24 2 2 3,5) {1,2,3} x {4,5,6,7,8}
12 9 14 3 2 (225 {1,2} x {3,4}

13 916 3 2 (23,4 {1,2} x {3,4,5}
14 9 18 2 2 1,8) {1} x {2,3,4,5,6,7,8,9}
15 9 18 3 2 (24,3 {1,2} x {3,4,5,6}
6 9193 2 (333 {1,2,3} x {4,5,6}
17 920 3 2 (252 {1,2} x {3,4,5,6,7}
18 9 23 2 (432 {1,2,3,4} x {5,6,7}
19 9 24 2 2 @7 {1,2} x {3,4,5,6,7,8,9}
20 10 15 3 2 (2,2,6) {1,2} x {3,4}

21 10 17 3 2 (2,3, {1,2} x {3,4,5}
2 10 20 2 2 1,9 {1} x{2,3,4,5,6,7,8,9,T}
2210 20 3 2 (3,3,4) {1,2,3} x {4,5,6}
2410 21 3 2 (2,53) {1,2} x {3,4,5,6,7}
25 10 23 3 2 4,3,3) {1,2,3,4} x {5,6,7}
26 10 23 3 2 (6,2,2) {1,2,3,4,5,6} x {7,8}

TABLE 11: Some 24-run 3-PFDRs corresponding to the possible cases of Table 10 along with their
efficiency measures D.(3-PFDR) and D.(MD).

Case

B = {by,b2,b3}

Z ={z1} D.(3-PFDR) D.(MD)

0 3 W N

13
20

{146, 356, 256} {12356} 0.943 0.943
{1467, 356, 2567} {3467} 0951 0.951
{1467, 356, 2567} {12356} 0951 0951

{14678,3568,2567} {12356} 0.947 0.947
{14678, 3568,2567}  {1235678} 0.943 0.943
{16789, 35689, 25789}  {12345678}  0.951 0951
{14678, 3568,25679}  {123568} 0.943 0.943

{16789, 356T, 25789}  {12345679} 0.947 0.947
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TABLE 12: Some 32-run 4-PFDRs corresponding to the cases of Table 10 along with their efficiency
measure D.. Here T denotes 10.

Case B = {b1,bz, b3} Z = {z1,22} D.(4-PFDR)
1 {35, 245,145} {56, 456} 0912
2 {146, 356, 256} {12356,12356} 1.000
3 {1467, 356, 2567} {3467, 3467} 1.000
4 {1467, 356, 2567} {12356, 12356} 1.000
5 {146, 356, 256} {123567, 346} 0.960
6 {356, 24, 145} {12347, 2347} 0.857
7 {14678, 3568, 2567} {12356,12356} 1.000
8 {14678, 3568, 2567} {1235678, 1235678} 1.000
9 {4678, 1578, 2568} {123578, 23458} 0.820

10 {1467, 356, 2567} {12478, 45} 0.848

11 {1467, 3568, 2567} {12358, 2345} 0.794

12 {16789, 35689, 25789} {12345678, 12345678} 1.000

13 {14678, 3568, 25679} {123568, 123568} 1.000

14 {14678, 3568, 2567}  {12356789, 1235678} 0.926

15 {14789, 3589, 2579} {1235689, 5678} 0926

16 {14678, 3568,25679} (12356789, 459} 0.896

17 {15679, 35689, 2579} {1234679, 146789} 0.841

18 {1678, 3568, 257} (145689, 467} 0.828

19 {14678, 3568, 25679} {12356789, 4569} 0.794

20 {16789, 3569T, 25789}  {12345679, 12345679} 1.000

21 {16789T, 3569T, 25789} {1247, 145679} 0.960

22 {14678, 3568,2567T}  {123456789, 13567897} 0.871

23 {14678, 356, 2567} {124679, 15689} 0.871

24 {16789T, 3569T, 25789} {1247, 145679} 0.848

25 {1678T, 356T, 2578} {1249, 14568} 0.810

26 {12679, 2356, 2578} {1234567, 45679T’} 0.810

5. CONCLUDING REMARKS

We have proposed a systematic method for constructing two-level factorial designs of user-
specified resolution with partial duplication from parallel flats designs. The 3-PFDRs and 4-
PFDRs we obtained not only have satisfactory efficiency in estimating the specified factorial
effects but also degrees of freedom for estimating the variance of pure error. The covariance
structure of these designs is known and very simple. This appealing property ensures that statis-
tical inference and interpretation will be easier. Therefore, we believe that these designs should
prove useful in practice.

There are several publications on identifying location effects and dispersion effects by using
unreplicated two-level factorial designs. See Box & Meyer (1986), Bergman & Hynén (1997),
Pan (1999), Liao & Iyer (2000) and McGrath & Lin (2001). As discussed in Pan (1999) and
McGrath & Lin (2001), the nature of unreplicated designs inevitably leads to the problem that
dispersion effects are confounded with location effects. As a result, dispersion effects cannot
be identified efficiently. Pan (1999) thus strongly suggests that dispersion effects should be
estimated from the pure replicates and illustrates that dispersion effects can be identified using an
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economical twice-replicated fractional factorial experiment. So f-PFDRs can be good, practical
choices for studying location effects and dispersion effects simultaneously. This will be our next
research project.
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