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Abstract

The asymptotic fields in an elastic
anisotropic composite wedge are considered
for a wide range of boundary conditions. It is
shown that the eigenfunctions for the
near-field and far-field are dual as they are
generated by the same set of eigenvalues in
general. If the boundary conditions on the
wedge faces are the same, an additiona
eigenfunction may appear in the far-field.
Moreover the dual eigenfunctions are used to
derive path-independent integrals that relate
the near-field to the far-field.

Keywords. Singular Stress Field, Composite
Wedge, Path-independent Integral
Integral Equation.
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2 ~ INTRODUCTION

The singular stress fields near the tip of an
elastic wedge play an important role in the
failure analysis of a notched body. The
problem of finding stress singularities was
first considered by Williams [1] for
homogeneous isotropic media. A systematic
approach to finding the singularities in a
composite wedge was presented by Dempsey
and Sinclair [2], who also provided extensive
references on the subject. Similar problems
for anisotropic materials was started by Sih et.
a. [3] and was followed by Bogy [4] and
Bogy and Kuo [5], among others. Following
the analysis of Dempsey and Sinclair [2] and
using Stroh's formalism [6], Ting and Chou
[7] presented possible forms of stress
distribution near the vertex of a wedge or a
composite wedge of general anisotropic
materials. In the approach of Ting and Chou
for an N-material wedge, the determinant of a
6N x6N matrix must be considered. For
traction-free  homogeneous  anisotropic
wedges, Wu and Chang [8] used Stroh's
formalism to derive a ssimple characteristic
equation, given as "zero determinant
condition" of a 3x3 matrix. The lower
dimension of the linear system facilitates not



only anaytic manipulations but also
numerical computations. Wu and Chang [8]
also gave a simple condition for the existence
of the logarithmic stress singularities. The
approach of Wu and Chang was generalized
by Mantic, et. a. [9] to more genera
boundary conditions. Belov and Kirchner [10]
employed a six-dimensional formalism
developed by Kirchner [11] to analyze
power-law  stress singularities for an
traction-free  angularly  inhomogeneous
wedge. The stress singularities were also
determined by the determinant of a 3x3
matrix.

The singularity anaysis only determines
the local fields up to some proportionality
coefficients, which are referred to as the
stress intensity factors. For homogeneous
media with notches, Wu and Chang [8]
developed path-independent integrals for
stress intensity factors associated with
power-law  and logarithmic singularities
using Betti's reciprocity theorem. The
approach is similar to the weight function of
Bueckner [12]. The weight function theory
was originally developed for cracked bodies
and was subsequently extended to a
piecewise homogeneous notched structure
under anti-plane strain deformation [13].
Belov and Kirchner [10] further generalized
the weight function to  angularly
inhomogeneous solids with notches and
cracks for power-law singularities.

Another type of problems related to an
elastic wedge is that of a force or a couple
acting at the tip. The force problem was
considered by Barnett and Lothe [14] for an
anisotropic wedge and by Ting [15] for a

composite wedge. The couple problem was
studied by Carothers [16], Sternberg and
Koiter [17] for isotropic materials and by
Ting [15] and Hwu and Ting [18] for
anisotropic materials. The solution of the
couple problem exhibits anomalous behavior
at some critical angles. The issue has been
addressed by Sternberg and Koiter [17], Hwu
and Ting [18], and Belov and Kirchner [19].
Sternberg and Koiter [17] showed that the
solution of a couple was essentially the
far-field of an infinite wedge with
self-equilibrium tractions applied on finite
segments of the lateral faces.

The solutions to the aforementioned two
types of problems are both related to the
eigenfunctions that satisfy the prescribed
boundary conditions on the wedge faces. In
the near-field problem, the eigenfunctions
with bounded displacements at the tip are
sought; whereas in the far-field problem
those with stresses vanishing as r°, r being
the radial distance and s=1 at infinity are
required. The objective of the present paper
is to show that these two types of
eigenfunctions are dua in the sense that the

S

existence of one implies the other. If the
boundary conditions on the wedge faces are
the same, an additional eigenfunction may
appear in the far-field. A full range of
boundary conditions are considered. The
determinant conditions for eigenfunctions
with power-law dependence on r are
established and further conditions are derived
for eigenfunctions that contain logr . The
dual sets of eigenfunctions are used to obtain
path-independent integrals that relate the
near-field to the far-field



3~ DUAL SETSOF EIGENFUNCTIONS
In an angularly inhomogeneous medium in
which the elastic constants vary with the

polar angle 6, the stresses o;, are related
to the displacements u, by

ou
J = uks(e) X (1)

where C, (6) are the elastic constants and

repeated indices imply summation from 1 to
3. In the absence of body forces, the stresses
can be expressed as

__9q _0¢
i1~ _6_)(2’ i2 ‘a
@an be expressed intermsu and ¢ as
[11]
f{;’; N(e) @)

where W—@l QP g isasix-dimensional
vectorand N(6) isa 6x6 matrix
consisting of three 3x3 sub-matrices
N,(6), N (9) and N,(8) as

N(0)= th N (G)D

e) Ny 9)
Consider the wedge that occupiesthe
region a <6 <[ asdepictedinFig.l. Let

the solution of w be expressed as
w(r,0)=r"w(6) ©)
where A = +iy with ¢ and y being
real constants. Substitution of  EQ. (@into

Eq| @) Vidds
W) - an(e)a(o) @

Eq. (ﬂsasystem of first order linear
differential equations. The general solution of

can be expressed as [10]

w(8)=W (8,a;A)W(a) ©)
where W (6,a;A) satisfies
W;mm)w(em) ©)

From Eq. (ﬁ|at 0=p
w(B)=W(B,a;A)w(x) (7)
The expression for W(B,a;A) for the

composite wedgeis

W (B.a;A)=w™(6,8,:A)---Ww(6,,a;1)

(8
Let the boundary conditions on the wedge
face aa 6=a and 6 =L be specified as

[20]
sow(r,a) _
1" 0 (9)
a1 (nA) g (10)
or

where B} =(X].Y[) ., X]
] =1,2,are 3x3 matrices given by

and YjT,

:%(Qn +Q,).Y, Z%(Qli -Q,)
and Q; , i=12 are arbitrary orthogona
matrices. The matrices B;, i =1,2 have the
following properties
B'B, =B,B] =1 (12)
B/JB, =B,JB =0 (12)

Egs. |(‘9‘)_jand |(I_U)‘| cover a very wide range
of boundary conditions. For example, the

traction-free conditions are characterized by
X;=0 and Y,=I while the clamped

conditions by X;=I and Y,=0 . The
boundary conditions 1-9_)-| and (@] are
satisfied if

AB{W(a)=0 (13)
AB,W(B)=0 (14)
From Egs. (I2)]and (I3))] for A#0,
W(ar) can be expressed as
W(a)=3B,q

where q is athree-dimensional vector.

Substituting EE].ZF into Eq. (|1_)_|and
effecting Eq. leadsto

(15



C(A)g=0 (16)
wherethe 3x3 matrix isgiven by
C(A)=ABJW (B,a;1)JB, (17)

Wu and Chang [8] derived Eq. (mor
traction-free homogeneous anisotropic
wedges. Belov irchner [10] have
obtained EQ. (_ﬁr traction-free angularly
inhomogeneous wedges. To have non-trivial
solutionof g, A must be aroot of the

following determinant equation
Ic(A)=0

(18)

I

Eqg. (I8)yieldsaninfinite set of roots A :
N :{/\k = U, +iyk'k =12, cx}
each of which corresponds to an

eigenfunction in the form of Eq. (8)ytis
assumedthat p, >0 sothat the

corresponding displacement isfiniteat r =0.

The set of eigenfunctionsis physically
admissible in afinite region containing the
wedgetip. For u, <1 thecorresponding
eigenfunctions give rise to singular stresses at
thetip.

Consider an alternative form given as[8]

w (r,0)=r"w (0) (19)
where
W (0)=wW(6,B;-A)W (B) (20)

For an N-material composite wedge with
perfectly bonded interfaces a 6=6 |,

i =1~ N -1, the expression for W' () in
theregion 6,,<6<6,, j=1~N, 6,=0a,
6, =B isgivenby

W (8)=wW(6,6;-2)w (6,
From Eq. (36)at 6 =a,
W (a)=W""a, B;-A)W (B) (21)
Let W (a) and W (B) satisfy the same

boundary conditions as described by Eq. (|IB_)‘|

and Eq. (4] respectively, for W(a) and

W(B). From Eq.[(14] for A#0can be
expressed as

W (B)=JIBq (22)
where q is athree-dimensional vector.
Substituting Eg. (25}~ into Eq. (I:)‘jand
effecting Eq. @Ieadsto

C'(A)g =0 (23)
where the identity

W (a,B;2)=IW (B,a;-A)"J (24)

is used [10]. The existence of a non-trivial
solution of q is ensured if AN\ . Thus
the st A generates not only a set of
eigenfunctions of but also a dual set of
eigenfunctions of (h.?z)l Note that the dual
eigenfunctions are unbounded at the tip but
vanish as The set of dua
eigenfunctions is thus physically admissible
in an infinite region not including the tip.

[ - 00

4. PATH-INDEPENDENT INTEGRALS
Consider Betti's reciproca  work

theorem expressed in the following form [8]
ow

IC w'J a—ds =0,
S

where w' and w are two admissible
elasticity solutions and C is a closed contour
parametrized by the arc length s. The region
bounded by C contains no body forces or
dislocations. Let C=ryr ur,ur,
where ' and " are two non-intersecting
contours starting from 6=a and
terminating a 6=8, I, and [, ,

a

respectively, are the parts of C coinciding
with 86=a and =0 .If

or (25)

on the wedge faces, then



Q(w',w;r)=Q(w',w;r") (26) 1. Williams, M. L., "Stress singularities
where the two-state integral Q(w*,w;r) is resulting from various conditions in an
defined as angular corners of plate§ in extensc'm,"
) W ASME Journal of Applied Mechanics,
Q(w',wil)= [ w3~ "ds (27) Vol. 19, pp. 526-528 (1952).
Thus Q(w*,w;r) is independent of the 2. Dempsey, J. P. and Sinclair, G. B., "On
choice of ' The integral Q(w,w*;l') is the .sFress singularities in. the plane
. . elasticity of the composite wedge"”
aso *path-mdependent and is related to Journal of Elasticity, Vol. 9, pp. 373-391
Q(w'w:r) by (1979).
Q(w,w'iM)=-Q(w',w:T), (2 3. sih, G. C., Paris, P. C. and Irwin, G. R,
provided that "On cracks in rectilinearly anisotropic
wTIw =0 (29) bodies,” International Journal  of
on the wedge faces. Conditions ( and Fracture Mechanics, Vol. 1, pp. 189-302
hold if w and w are any two (1965).
eigenfunctions satisfying boundary 4. Bogy, D. B., "The plane solution for
conditions dl3)Jand (h.AL)J anisotropic elastic wedges under normal
Let w) and W) be the eigenfunctions, and shear loading,” ASME Journal of
respectively, generated by A, and A [N\ . Applied Mechanics, Vol. 39, pp.
With [_chosen as a circular arc of r = R, 1103-1109 (1972).
Eq. (mields 5. Kuo, M. C. and Bogy, D. B., "Plane
solutions for the displacement and
Q(W;(i),wt(j);r)= RAA)AW), (30) traction-displacement  problems  for
anisotropic  elastic wedges,” ASME
where : .
o P . d , Journal of Applied Mechanics, Vol. 41,
QW =[, w(6) @(‘7"5])(9))0‘9 (31) pp. 197-203 (1974).
if A #A,,since (30) isindependent of R, we 6. Stroh, A. N., "Steady State Problems in
must have Anisotropic  Elasticity,” Journal  of
Q(ij)(W;'Wt):Q (32) Mathematical Physics, Vol. \41, pp.

77-103 (1962).

_ o 7. Ting, T. C. T. and Chou, S., "Edge
c§8)b(e~|*nt?grated e?<pI|C|tIyas singularities in anisotropic composites,”
Q (WS’W‘)ZA” () (33) International Journal of Solids and
where Ay (A)=q'C(A)a; . (33) is @  gryctures, Vol. 17, pp. 1057-1068
path-independent integral that can be used to (1981).
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