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ABSTRACT

DFT has the good quality of performance and fast algorithm.
But when we implement the DFT, we will require the floating-
points multiplication. In this paper, we will introduce-the integer
Fourier transform (ITFT). ITFT is approximated to the DFT, but
all the entries in the transform matrix are integer numbers. So it
only requires the fixed-points multiplication, and the implemen-
tation can be much simplified, especially for VLSI. This new
transform will work very similar as the original DFT, for example,
the transform results are similar and the shifting-invariant prop-
erty is also preserved for ITFT. Besides, we will also introduce
the general method to derive the integer transform. By this ap-
proach, we can derive many types of integer transforms (such as
integer cosine, sine, and Hartley transforms).

L. INTRODUCTION

Because of the direct relations with frequency spectrum and

the fast algorithm, DFT is a very popular tool for signal process- -

ing. But when we implement the DFT, some floating-points mul-
tiplication operations are required. The implementation of float-

ing-points multiplication is usually trouble and time-consuming.-

Besides, for the computer, it requires the floating-points proces-
sor, and will be more complex and expensive.

In this paper, we will derive the integer Fourier transform
(ITFT). It approximates to the DFT, but all the entries in the
transform matrix are integer numbers. We can implement the
ITFT without any the floating-points multiplication operations
because there are no non-integer entries. In section 2, we will
introduce the general method-to derive the integer transform from
some real discrete transform. This method is the generalization
and the modification of the method introduced by Cham [1][3]
(He used his method to derive the integer cosine transform). In
section 3, we will derive the 8-points ITFT. Then, in section 4, we
will discuss the performance and the property of ITFT. We will
show ITFT remains almost all the performance quality of DFT. In
section 5, we make a conclusion,

II. THE GENERAL METHOD TO DERIVE THE
INTEGER TRANSFORM

Integer transform is the discrete transform that all the entries
in the transform matrix are integer numbers. When we try to find
the integer transform analogous to some real transform, we can
use following the steps described as below. Here we use A to
denote the transform matrix of the original real transform, use B
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to denote the forward transform matrix of the integer transform,
and use D to denote the inverse transform matrix of the integer
transform. '

(1) Find the symmetry relation and the equality relation for
each row of the original real transform, and find the sign of
the entries of the transform matrix.

(2) Forming the prototype matrix of the forward integer trans-
form from the relations obtained in the step 1. The prototype
must satisfy the following rules:

(a) If for the original transform matrix,
A(m, a)) = C-A(m, ay) where C=1,-1,j,—/
then for the forward and inverse integer transform, the equal-
ity relations as below must be satisfied:
B(m, a;)=C-B(m, a;) D(m, ay) = C-D(m, ay)
(b) If for the original transform matrix,

A(my,n)=0 A(my, ) >0 A(m3, n3)<0
then for the forward and inverse integer transform,

B(m,n))=0 B(my, ny) >0 B(ms, n3) <0

D(my, n)) =0 D(my, ny) >0 D(m3, n3) <0

From these rules, we assign the unknowns in each entry of the
prototype matrix. To be convenient, all the unknowns are con-
strained to be positive and real integers. If the prototype ma-
trix has too many unknowns, we can try to make some un-
knowns be the same, or make some unknowns to be 1.

(3) Forming the prototype matrix of the inverse integer trans-
Jform. The prototype of transform matrix of the inverse trans-
form is of the same form as the forward transform, but we use
another set of unknowns.

(4) Constraints for orthogonality. In this step, we search for the
requirements to make the transform matrices of the forward
and inverse transform to be orthogonal, and make the inner
product of the same rows to be the values of 2* (k is integer):

N-1 ‘
ZB(m,k)D nk)=R, 6,, wheeR,=2 1)
k=0 '
From this, we obtain the equality constraints for the un-
knowns of the prototypes matrices.

(5) Constraints for inequality. In this step, we find the inequal-
ity relations among the unknowns of the prototypes matrices
from the inequality relations for each row of the original non-
integer transform matrix. That is, if for the original transform,

A(m, ny) > A(m, ny)
then for the forward and inverse integer transforms,
B(m, ny) > B(m, ny) D(m, ny) > D(m, ny)
These will be the inequality constraints for the unknowns.
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(6) Assign the values for all the unknowns. At last, we assign
the values of unknowns. They must be real, positive integer
numbers, and satisfy the constraints obtained in steps (4), (5).

We note, the transform matrix B of the forward transform and the
transform matrix of the inverse transform D would be different.
Thus, if X{m) i the forward integer transform of x(r),

N-1
X(m)="Y B(m,n)- x(n) @
n=0
Then we can recover x(n) from X{(m) by
N-1
x(n)= 3. D*(m,n)- R, - X(m) @)
m=0 . ’

where * represents the conjugation, and R,, is defined in Eq. (1).
Egs. (2), (3) can also be written as
X=Bx x=p"cx )

where ™ is the Hermitian operation. The method introduced in [1]
makes the transform matrix for the forward and the inverse inte-
ger transform to be the same, and can’t avoid the floating-points
multiplication for the inverse transform (since the values of R,, in
Eq. (1) would not be the form of 2"). Here we allow the forward
and the inverse integer transform to be different. This enables us
to fully avoid the floating-points multiplication operations, no
matter for the forward or inverse transform. But since B, D are of
the same forms, so the structures of the implementation of the
forward and inverse transform are basically the same, except for
the direction would be reversed and the parameters are different.

From the process introduced above, we can assure the integer
transform we derived are very similar to the original non-integer
transform, because (1) the symmetry, equality relations for each
row, (2) the sign of each entry, (3) the orthogonality property, (4)
the inequality relations for each row have been preserved. Thus,
many properties of the original transform (such as the shift-
invariant property of DFT) will be almost preserved.

III. THE 8-POINTS INTEGER FOURIER
TRANSFORM
The original 8-points DFT is:
F(m,n):exp(—jmnﬂ/4) mne[0,1,..71 (5
To derive the 8-points integer Fourier transform (ITFT), we first

form its prototype from the equality relation and the sign of each

entry of the original 8-points DFT (steps 1, 2 in section 2). We list
the equality relations of the original 8-points DFT as below:
row lrow 0 [row 1 [row 2 [row 3 [row 4 (row 5 [row 6 [row 7
G=1 |C=1 = . | C=j
G=2 |c=1 [c=j |c=-1]c= Jc=1 [c= Jc=1]c
G=4 |C=1 =-1 |C=1 =-1 |C=1 =-1 |C=1 |C=-1
Table 1 the equality relation of the original 8-points DFT
The values of G and C mean the m™ row of the original 8-points
DFT will have the following relations

Fmn®G)=C-F(m,n)  if n®G>n 6)
F(m,nGBG)=C'1-F(m,n) if n®G<n @)

where @ is the exclusive-OR addition:

2 ) 2 . 2 .
A®B=Y4a;2'®> b;2' =3 (a, XORb,)-2'
i=0 i=0 i=0 :

where a;, b, =0, 1. We note, from the step 2 described in section 2,
the 8-points ITFT must also have the same equality and symme-
try relations for each row as the original 8-points DFT, so Egs. (6),
(7) must also hold for the 8-points ITFT. Then together with the
sign of the entries in the 8-points DFT matrix, we can construct
the prototype matrix of the 8-points forward ITFT as:

& 8 & & & & & &
4 G-ju, —ja —a-ja -4 —;Yje ja  atje
& J& & J& & -i& & I

LB b bbb bbb bbb,
P & & & &3 & - & =&
—--je,

a —atje —ja ot —q oja  Jq
& J& & & & J& & &
L4 dtjay Jd —dytja, —d) ~dr-jdy —jd do—jd |
63
We assign the unknowns for the real part and image part of the
entries separately to assure all the unknowns will be real numbers.
In this prototype matrix, there are totally 12 unknowns. The
amount of unknowns seems to be too much, so we will set some
unknowns to be 1 and some unknowns to be equal. We set
gi=@=g=g=1 €))
bi=c;, by=cy di=a, dy=a (10)
Then the prototype is simplified as:
1 1 1 1 1 1 1 1
4 G-ju -ja —m-ju -o -atje, ja  atje
[ J 1 -/ -1 J
a —6-jo ja a-ja - otjg -jg —atje
1 -1 1 -1 1 -1 1 -1
a —otje -ja otja ¢ o-jo g
o -1 1 J -1 )
& Gtja,  ja —otje, -0 —-je, —ja4 G-ja |
(11
and there are only 4 unknowns. But we must assure the ITFT can
still be derived after the simplification, otherwise we must re-
move some of the equality relations Egs. (9), (10). We note, in Eq.
(11), the m™ row of the prototype matrix will be the conjugation
of the (7-m)™ row, as the original DFT.

Then we form the prototype for the inverse ITFT. The proto-
type is of the same form as Eq. (11), but we change the unknowns
(a1, a5, ¢1, 03} as {as, 4y, €3, ¢q): :

1 1 1 1 I 1 1 1
@ ag—jo, ~ja -a-ja, -6 -atja  jo
1 - I A B |

G —C—ja Ja  a-ja 6 otja —ja Gt
1 -1 1 -1 | -1 1 -1

G —Gtjo, —ja  atjea ¢ cjo jg
1 4 - 1 J I -
& atja,  ja —agtja —ay -a—ja —ja a;—jay |

Flp =

—-jC,

a,+ja,

IF, =
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There are 4 unknowns for the inverse ITFT, so there are totally 8
unknowns for ITFT.

Then we search the constraints for the unknowns. First, we try
to find the orthogonality constraints to make each row of the
forward, inverse ITFT to satisfy the Eq. (1).

From the prototype of the forward, inverse iTFT, we find ex-
cept for {row 1, 5}, {row 5, 1}, {row 3, 7}, and {row 7, 3}, all
pairs of different rows will be orthogonal to exch other. And
calculating the inner product of {row 1, 5}, {row 5, 1}, {row 3,
7}, and {row 7, 3} directly, we find if we want these pairs to be
orthogonal, then the following constraints must be satisfied:

(i) ajc3=2a,c¢,,
Then, from the requirement that the inner product of the same
row must be the power of 2, we obtain the constraint as:

(i) aya3+2a,a, =2k (v ¢ c3+2¢,0y =2"
where k, h are integer numbers. The constraints of (i), (ii), (ifi),
(iv) will be the equality constraints of the unknowns.

(i) azc;=2a40¢,

Then, from the inequality relations for each row of original
DFT matrix, we obtain the inequality constraints for the 8-points
integer DFT as:

V) @2a, (i) ¢qz2c (viil) ¢32¢4
These are the inequality constraints. Thus we have obtained all
the constraints for unknowns.

(vii) a3 20y

Then we assign the values of unknowns. Since there are 8 un-
knowns and only 4 equality constraints, sé there are infinite
choices for the values of unknowns. But to search the values of
unknowns to satisfy all the constraints, especially to satisfy the
constraints (iii), (iv), is a difficult task. We introduce a process as
below. This process will make the work of searching for the val-
ues of unknowns to be more efficient.

(a) Choose the values of ay, 4, such that a,, a, are integer num-
bers and
2ayza,2a, (13)

(b) Find the integer values of ¢, ¢, such that ¢, 2 ¢,, and

a -y +ay:c = 2" n is integer (14)
(c) Set the value of a3, a4, c3, ¢4 as
C3=2a2, 04 =a1, a3 =2C2, a4 =Cl (15)

Then the values of unknowns are all obtained. We list some pos-
sible choices of the unknowns as below:

(D) ay=2, ay=1, ¢1=2, =1, as=2, a;=2, c3=2, c4=2
This is the smallest, simplest integer solution for the un-
knowns. And in this case, the value of R,, in Eq. (1) is:
Ry=R,=Ry=R¢=2', R,=R;=Rs=R,=2"
(2) a;=17, a;=5, ¢;=13, ¢,=9, a;=18, a,=13, ¢;=10, ¢,=7
We note, when we choose the parameters as the values list-
ed above, the ratios of a; : a,, ¢} @ ¢y, a3 : ay, 3 : ¢y, are all
near to 1.414:1, which is ratio of the original discrete Fourier
transform. If R,, is defined as Eq. (1), then in this case
Ry=Ry;=R;=Rs=2°, Ry=Ry=Ry=Ry=2".
We can implement the forward/inverse 8—points integer
Fourier transform (8-points ITFT) in the following ways:

x(0) 4 ¥(0)
NV
x(2)° \ \Z / >—§/&>< e
*(3) W / N —i/;(\ _(6)

:

x(5) / —y\ ‘\ 7 meptje; T M(S5)

4 ¥3)

x(6) -1 - -1
/ \ —Cyjes 1

x7) =1 7 aFja,  (7)

e

Fig. 1 Decimation—in—frequency implementation for the for-

ward 8-point integer Fourier transtorm (ITFT)
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LAY
w7) 1R, d,=jay =1 i =l x(7)

Fig.2 Decimation—in—frequency implementation for the inverse
8—point integer Fourier transform

We find, for the 8-points ITFT, the number of the multiplication
operations required is:

o forward/inverse transform: 8 tixed-points multi. operations

e normalization: 8 fixed-points multi. operations

e total: 24 fixed-points multiplication operations
And for the original 8-points DFT,

o forward/inverse transform: 2 floating-points multi. ops.

e normalization: 8 fixed-points multi. operations

etotal: 4 floating-points, 8 fixed-points multi. operations
That is, we replace 4 floating-points multiplication operations
with 16 fixed-points multiplication operations. The cost for doing
16 fixed-points multiplication operations is much less than the
cost for doing 4 floating-points maltiplication operation. Thus, 8-
points ITFT will be much faster than the original 8-points DFT.
Besides, we can further reduce the number of multiplication
operations by setting a,;=c¢,, or a,=c,, or az=cs, or a,=c,, and each
of them will save 2 fixed-points multiplication operations.

The advantages of the ITFT are the simpler implementation

and saving the computation time, and its performance is much
like the original DFT (see section 4). But some properties, such
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as the convolution theorem, can just be approximated, not be
preserved. We can choose the ratios of a; : a3, ¢; 1 ¢y, a3 1 G5 €3 -
¢4 near to 1.414:1, then the performance of the ITFT will be more
approximated to the original DFT.

IV. THE PERFORMANCE OF THE INTE-
GER FOURIER TRANSFORM

We will see the performance of the 8-points integer Fourier
transform (8-points ITFT). Here the parameters we choose are
a,=7, a,=5, =13, ¢,=9, a;=18, a,=13, ¢;=10, ¢,=7.

We first see the transform result. We choose 2 inputs:

x,=[2, 3, 4 5 4, 5 2, 3] (16)
x,=[2.8, 43-0.6i, 3.7+0.9i, 3.1-0.6i, 4.6, 3.1+0.6i,
3.7-0.9i, 4.3+0.6i] a7 -

Then we do the original 8- points DFT, and plot the results in Fig.
3(c), 3(d). And then, we do the 8-points ITFT, and plot the results
in Fig. 3(e), 3(f). We will normalize the transform results for
comparison: That is, for the transform result of the ITFT

.
X (m)= ZFI(m,n)~x(n) (18)
n=0
We will normalize X(m) as below in Fig. 3(e), 3(f):
X(m)= X (m)/ FI(m,0). (19)

() (b)
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Fig. 3 The transform results of the original DFT and ITFT. (a)
x1[n], (b) x,[n], (c) original DFT for x,[~], (d) original DFT

for x,[n], (¢) ITFT for x,[n], (f) ITFT for x,[n]. (heavy ‘

lines): real part, (light lines): imaginary part

We find, the normalized transform results for the 8-points ITFT
are very similar as the transform results for the original 8-points
DFT. Also, we note that input x, is the combination of a low
frequency component and a high frequency component. As these
2 components can be separated by both the original DFT and the
IDFT. So the IDFT can also be used for the filter design.

Then, we see the displacement property of the IDFT. Here we
use the displacement of input x,[#] (see Eq. (19)) as the input:

x3[n] = x2[((m+1))s] x4[n] = x,[((mr+2))s] (20)

And we plot x,[n], x5[#], x4[#] in Fig. 4(a), 4(c), 4(¢). Then we do

the 8-points ITFT for x,[n], x5[n], x4[n], and plot the amplitudes
of the normalized rgsults in Fig. 4(b), 4(d), 4(%).

(a) (b)
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Fig. 4 The space-invariant property for the ITFT. (a) x,[n)]. (b)

1Xalm]l, (c) x3[n), (@) [Xz[m]l, (€) x4[n], (f) |Xs[m]|, where
Xa(m), X3(m), Xy(m) are the ITFT of x,(n), x;(n), x4(n).

We find, for the ITFT, the displacement property also keeps. The
signal after displacement will have the same transform amplitude
as the original signal. When we compare the phase, there is an
interesting phenomenon. We find, if Xy(m), X3(m), X,(m) are the
transform results of x,(#), x3(n), x4(n), then

angle(X;)—angle(X,) = [0, -45, -90, -135, 0, 135, -270, -315]

angle(X, )—-angle(X,) = [0, -90, -180, -270, 0, -90, -180, -270]
This is exactly the same as the original DFT.

V. CONCLUSION

In Sec. 3, we have used the method introduced in Sec. 2 to de-
rive the 8 points integer Fourier transform (8 points ITFT). In fact,
we can also derive the ITFT for other number of points (such as
the .6-points ITFT). We can also derive other types of integer
transforms, such as the integer cosine, Hartley transforms.

For the integer transform, we can replace all the floating-
points multiplication operations with the fixed-points multiplica-
tion operations, so the integer transform is very efficient. If the
datum we want to process are all integer number, using the inte-
ger transforms is especially efficient. The concept of the integer
transform is very new, and there are only a few researches about
it. Because they are convenient for implementation, and almost
remain the quality of original transform, so they can compete
with the original discrete transform in many applications. We
believe the integer transform will be very popular in the future.
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