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Abstract: Novel, modularised, fast polynomial
transform (FPT) algorithms for computing 2-D
convolutions and 2-D discrete Fourier transforms
are presented. In these new methods, only fast
polynomial transforms, fast Fourier transforms
and number theoretic transforms of the same
length are required. Consequently the modularity
and regularity of the proposed algorithms make
them of great practical value in the concurrent
implementation of the parallel-pipeline FPT for
2-D digital signal-processing tasks.

1 Introduction

Two-dimensional (2-D) digital convolution has many
applications in digital signal processing, particularly in
the processing of image, array and seismic signals. The
2-D digital convolution is conventionally evaluated using
discrete transform methods, such as fast Fourier trans-
forms (FFTs) and number theoretic transforms (NTTs) in
column-row fashion. These discrete transform methods
suffer from disadvantages, such as an excessive number of
multiplications in the FFT algorithms and limitations on
the convolution length and on the dynamic range in the
NTTs [1].

Polynomial transforms were first developed by Nuss-
baumer [2] to map efficiently 2-D convolutions into 1-D
convolutions and polynomial products. Since ali the
operations of the polynomial transforms are defined in
the cyclotomic factors of the polynomial Z¥ — 1, the 2-D
convolutions can be calculated using ordinary arithmetic
without multiplication, matrix transposition, dynamic
range limitation and round-off error. Arambepola and
Rayner [3] introduced the concept of complex mapping
to transform a circular convolution into a skew-circuiar
one and vice versa. This enables the series of polynomial
transforms to be replaced by a single polynomial trans-
form modulo Z¥ + 1. Based on the ideas in References 2
and 3, Truong et al. [4] have shown that a combination
of a fast polynomial transform (FPT) and the Chinese
remainder theorem (CRT) can be used to compute a 2-D
convolution of two d, x d, complex arrays very effi-
ciently, where d, = 2" and d; =2" "*'for I <r<m In
this approach, the calculation of polynomial products is
reduced to the computation of a 1-D circular convolution
of length 2", m— 1< n<m—r. Thus one has to use
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FFTs and FPTs with different lengths. In other words,
registers, adders and multipliers of different word-lengths
are required throughout the FPT stages. This length
variation effect complicates the design and control of the
concurrent (parallel-pipeline) FPT.

Pitas and Strintzis [5] have presented an M-D cyclic
convolution algorithm, based on the factorisation of
multivariable polynomial rings, which achieves the theo-
retically minimum number of multiplications. However,
the shortcoming of length variation still exists in this
approach.

Another extensively investigated area in the field of
polynomial transforms is the mapping of M-D DFTs
into 1-D DFTs [6-8]. This mapping is very efficient
because it is accomplished using ordinary arithmetic
without multiplication. However, FFTs and FPTs with
different lengths have to be used because this approach is
also defined in the Z¥ — 1 polynomial ring.

Truong et al. [9] have recently proposed a modular-
ised FPT structure for computing 2-D cyclic convolu-
tions. In this new method, the 1-D cyclic polynomial
convolution is decomposed into several cyclic convolu-
tions of polynomials, all of the same length. The regu-
larity and modularity of the new algorithm make it of
great practical value in concurrent implementation of the
FPT.

In this paper, we investigate and generalise the modu-
larised FPT algorithm proposed in Reference 9 to deal
with the two most basic operations of 2-D digital signal
processing, namely the 2-D DFT and the 2-D digital con-
volution, and show that the resulting algorithms are
more naturally suitable for multiprocessor and VLSI
implementations.

2 Modularised FPT algorithm

The notation and definitions used in Reference 9 are
adopted throughout this paper. The major contribution
of Reference 9 comes from the following new decomposi-
tion of Z92 — 1:

r—

2o~ 1= @ — o) o)

k=0

where « is the complex 2'-th root of unity and d, = 2™
Based on eqn. 1, the cyclic 1-D polynomial convolution

dy—1
C(2)= ZoAn(Z)B(..lft..(Z) mod (Z% — 1) 2
can be decomposed as
Ct(2) = C,(Z) mod (Z¥ — &)
di—1
= ¥ A4Z)BL, (2 mod (Z —ot)  (3)
11=0
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where Af(Z) and By (Z) are also defined in the subring

mod (Z4%% — ). With the aid of the complex mapping

introduced in Reference 3, eqn. 3 can be transformed into
di—1

CLX) = ¥ ALX)BG, -, (X)mod (XU +1)  (4)
=0

where Z = 8, X and B; ! is the d,/2"-th root of (—o*). It
is shown in Reference 2 that, since X9¥?' 4+ 1 is a cyclo-
tomic polynomial, eqn. 4 can be computed using an FPT
with X as its kernel, that is

CH(X) = A4(X)B{,(X) mod (X*/¥" + 1) 5)
where A¥%(X), B:(X), C*(X) are the FPTs of A%(X),

BY(X) and Cl‘l(X),l respectively. Finally, by an application
of the CRT, C,,(Z) can be reconstructed from C% (Z). The
polynomial products in eqn. 5 can be viewed as 2" — 1
skew-circular convolutions of length d,/2" and can be
computed very efficiently using the generalised FFT algo-
rithms developed in References 10 and 11. More impor-
tantly, the equal length requirement of eqn. 5 forms the
main theme of the proposed modularised FPT algorithm.
The FFT-like recursive equations for the modulus
reduction and the CRT reconstruction, as given in Refer-
ence 9, reduce the communication costs of the modular-
ised FPT to an acceptable level. The overall cost
{computation cost plus communication cost) of the
modularised FPT is comparable with that of the row-
column discrete transform approach or even with that of
the conventional FPT algorithm proposed in Reference 4.
However, the modularity and regularity of the modular-
ised FPT are believed to be more naturally suitable for
parallel-pipeline implementation.

3 Finite-field FPT algorithm with modularised
structure

In this Section, we shall be concerned with the conditions
necessary for the existence of the finite-field modularised
FPT. Instead of factorising the polynomial Z%2 — 1 in the
complex field, the following finite-field factorisation is
considered:

2r—1

(Z — 1y = ] UZ%7 — &) (6)
k=0

where (f(Z)), denotes the coefficients of the polynomial
f(Z) defined in the field F and & is the 2"-th root of
unity in F, Since the FPTs are defined in the cyclotomic
polynomial factors of Z% — 1, each factor polynomial
{Z%"*" — 9>, has to be converted to a cyclotomic poly-
nomial (X“¥* 4+ 1) through the mapping Z =B, X
where

= (-

= (_ 1)2’/111(&2'/41)1:

= bg* o
with
b = _1 (ie. b is the d,/2"-th root of —1 in F)
and

g?=a¥ =1 (ie gisthed,-throotof 1in F) (8)

Further, the complex multiplications used in the modulus
reduction [9, eqn. 8] and in the CRT reconstruction [9,
eqn. 9] are the 2'-th root of 1 in F, say &, (where
1<v<r, 0<k<2 - 1), and its inverse, respectively.
Because d, = 2™, m > r, it is clear that the 2'-th root of
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unity is in F provided that g is in F. Thus, the modular-
ised FPT algorithm described in Section 2, can be
directly extended to the finite-field polynomial ring (Z%
— 1), under the condition that the d,-th root of unity
exists in F. More interestingly, the computation of the
skew-circular convolution can be realised very efficiently
by using the combined techniques of the polynomial
transform and the NTT as proposed in References 12 and
13. The flowchart of the newly proposed algorithm is
shown in Fig. 1.

‘A,,(Z)

computation of A¥(Z) mod (Z%¥* — &) by the r-stage
DIF-FFT algorithm, where &, = g"™": 2'th root of 1
inF,1 <v<rgisthe2™hrootof lin F
anda = %, 0<kg2 -1

A2 4:(2) AT @)

conversion of A%(Z) into At (X) = AL (B, X) by the
mapping Z = §,, X = (bg")X, where
b:the d,/2'throotof —1in F
g: the d,throot of 1 in F
and FPT of A} (X) of length d,, with transform kernel X

A%(X) AlX) AXNX)

o -
B.2) - computation of A% (X)B¥(X) mod (X% + 1)
: by the generalised NTT [6]

Etll'*l(z) R

CAx) CHx) Cx(Xx)

inverse FPT of C¥ (X) of length d, to obtain C¥(X)
and conversion of Cf,(X) back into Cf(Z) = C:(81,'Z)
by the mapping X = 8,'Z, O0<k<2 -1

Ch(2) Co(Z)

"y

ChY2)

reconstruction of C, (Z) by using r-stage DIT-FFT
algorithm 0 < n, < d, — 1

()

Fig. 1 Computation of a 2-D cyclic convolution of dimension d, x d,,
whered, = 2"andd, = 2"~ for I<r<m

To represent the convolution results unambiguously,
the field F must be chosen such that

[F] <2 max (g, )b, + 1 ©

where |F| denotes the cardinality of F, max(a, ,,)
denotes the largest value of the 2-D array a, ,, and
iy, , |l is the sum of the magnitudes of all the elements of
b,,..,. Further, to guarantee the existence of the 2™-th
root of unity, good choices for F are those modulo
Fermat prime 2* + 1 for k =2", n=1, 2, 3, 4, and those
modulo primes of the form 3. 2" + 1 [14]. If g is a power
of two then, with proper choice of F, the multiplications
required in mapping, modulus reduction and CRT-
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reconstruction can be replaced by bit shifts only. If the
convolving sequences are 2-D Gaussian integer arrays,
the proposed finite field algorithm can also be applied in
the quadratic extension field of F, say F2?, and in this case
the Mersenne primes are good candidates for F.

4 Two-variable FPT algorithm with modularised
structure

In this Section, we combine the techniques proposed in
Reference 5 and the modularised FPT algorithm to
derive a novel modularised FPT algorithm for 2-D con-
volutions.

It is well known that the convolution of two d, x d,
complex sequences a,, ., b, ., can be represented in
terms of the Z-transforms of the above sequences in a
two-variable polynomial ring as

C(Zy,Z,)= AZy, Z))B(Z\, Z;)mod Z' — 1, Z7 — 1
(10)

where 0 <t; <d;— 1, d;=2" for i =1, 2, and without
loss of generality we assume 1 <my; <m,, m;e Z* (the
set of positive integers). In a similar manner to Reference
3, one can rewrite eqn. 10 through the mapping Z, =
B, Z, where f, is the d,-th root of —1 in C (the complex
field), as

C(Z,Z)) = AZ, Z)B(Z, Z,)mod Z + 1, Z& — 1 (11)

Expr. 11 can now be regarded as the product of two
single-variable, say Z, polynomials defined in the ring
modulo Z% — 1, and the coefficients of the polynomials
are in the quotient field C[Z2]/Z** + 1 [15]. Based on the
ideas of Reference 5 and the equal length decomposition
given in eqn. 1, Z — 1 is now decomposed, in C[Z]/Z*
+1,as
2r—-1
Zg: 1= H [Zgzll' - (ZZM"*‘)I:]

k=0
1<r<min(m, +1,m,;) (12

where min (x, y) stands for the minimal value of x and y.
Noting the decomposition of Z5> — 1 in egn. 12, egn. 11
becomes

CXZ,Z,) = C(Z, Z,) mod (Z** + 1)
(Z';zﬂ' _ ZkZ'"l"")
= ANZ, Z)BYZ, Z,) mod (Z* + 1)
(24 — 2 (13

where A¥Z, Z,) and B%Z, Z,) are A(Z, Z,) and B(Z,
Z;)mod (Z% 4 1), (Z%/* — Z¥*™1™"""), respectively. Now
using the mapping

Z,=p5X (14a)
with
By = Z*mmet (14b)

eqn. (13) can be transformed into
CHZ, X) = AXZ, X)BXZ, X) mod (Z** + 1), (X#¥' — 1)
(15)

where 4YZ, X) = AXZ, % X), BXZ, X) and CXZ, X) are
defined in the same way. The evaluation of eqn. 15 is
greatly simplified by noticing that this expression can be
viewed as the length-d,/2" cyclic convolution of poly-
nomials defined in the cyclotomic polynomial field
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mod Z* + 1. It follows from the basic definition of the
FPT that such a convolution of polynomials can be com-
puted by using an FPT with Z2™ ™™2""*! a5 its kernel.

To clarify what has been done, in the rest of this
Section the novel modularised FPT algorithm will be dis-
cussed in detail. Let

daj2r— 1

ANZ, X) = ANZ)x
n=0

dz/Z'-l_
Bz X)= Yy B2x" (16)
n=0
d2/2r—1
CMZ, X)= Y CHZ)X"
n=0

and the transforms of 4%Z), By(Z) and CXZ) be A%2),
BYZ) and C%Z), respectively. By the convolution
theorem

CY2) = AZ)BYZ) mod Z" + 1 1n

Hence, the inverse transform of C4Z) is CXZ) and CHZ,
Z,) can be obtained from C¥Z, X) by changing the vari-
able X back into 83*Z,, ie. CX2Z, Z,) = CHZ, B3*Z,).
C(Z, Z,) can be reconstructed from CXZ, Z,) using a
FFT-like structure as described later, and the final con-
volution result C(Z,,Z,) is obtained from C(Z,Z,)
through the inverse mapping Z = f#; ! Z,. Before describ-
ing the modulus reduction and CRT reconstruction
structure, let us first consider the mapping Z, = 4 X =
Z¥m "' X If my — m, + 1 2 0, the multiplication by
p% (or B3% for each polynomial amounts to
(k2m~m2*1).word right (or left) shifts of the polynomial
followed by a sign inversion of the overflowed words.
This gives a good situation for hardware implementation.
For case where m; — m, + 1 <0, the input 2-D arrays
can be decomposed into several subarrays of reduced size
by using conventional FPT approaches such that the
condition m; — m, + 1 > 0 is satisfied for each subarray.
The prescribed algorithm can then be applied to com-
plete the computation.

We now return to the modulus reduction and the CRT
reconstruction algorithms. From expr. 13, the modulus
reduction of A(Z, Z,), AXZ, Z,) can be written as

AMZ,Z,) = A(Z, Z,) mod (Z* + 1)
(Zgl/zr _ Zuml~r+|)
d2/2r—1
= Zo VA (18)
To compute a efficiently we define
AYZ,2,) = AZ,Z,) mod (Z* + 1)
(Z,;z/zv _ Zkzm‘vv+1)
d2/2v-1
= Y 4wz (19)

n=0

where 0 < v < r and 0 < 2° — 1, Notice that 4A%Z, Z,) =
ANZ, Z,) and A(Z, Z,) = AYZ, Z,), ie. a = () for

0<n<d,/2r -1 and 0<kg2 — 1. Since

2m -yl 2k+ v=1 my v+l v my-v+l -
(Z2m T YREZTD o _gkamoet gng Zdiz _ gham o g
a factor of Z%/2*~" — Z¥™ ="V the coefficients aX(v) in

eqn. 19 can be shown to satisfy the following recursive
equations

ai(v) = a(v — 1) + shift-R(k2™ " Y[ak, 5, odv — )]
(20a)
255
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and
a7 () = afv — 1) — shift-R(k2™ "' *1)
x [a 4 ay2v — 1)] (20b)

for 0<k<2"!'—1 and 0<n<d,/2"— 1, where the
function shift—R(x)y) stands for x-word right shifts of the
polynomial y followed by a sign inversion of the over-
flowed words. By virture of eqns. 20, a%r) can be
obtained by an iteration on 1 < v < r and this flow struc-
ture is similar to that of the decimation-in-time FFT.

The reconstruction of C(Z, Z,) from CXZ,Z,) is the
inverse problem of modulus reduction discussed above.
To accomplish this, we define

dz—-1
CZ,2)= Y c,2
n=0
d2—-1[dr1—1
=X [ > cn.mT]ZZ (la)
=0 m=0
and
CXZ,2,)=C(Z,Z,)mod (Z* + 1)
(Zgz/zv _ Zkln“‘vfl)
d2/2v—1
= Y dwzZy 1<svsrn0<k<2 -1
n=0
(21b)

At this point, ck = ck(r) are known and c, are wanted.
Note that CXZ, Z,) = CZ, Z,) and it can be shown that
ck(v) satisfies the following two recursive equations:

v — 1) = $chv) + cp 2T W)] (22q)
and
A ayadv — 1) = dshift-L(k2m >+ 1)
x [y — i "2 'MD) (22b)

where the function shift-L{x)y) stands for x-word left
shifts of the polynomial y followed by a sign inversion of
the overflowed words. By an iteration on r<v<1,c,
(0 < n<d,— 1) can be obtained from eqgns. 22 and the
flow structure is similar to that of the decimation-in-fre-
quency FFT. The flowchart of the proposed algorithm is
shown in Fig. 2. The advantage of this new approach,
which is even better than the algorithm given in Section
2, is that in the new algorithm the muitiplications
required for complex mapping and the FFT-like modulus
reduction—CRT  reconstruction computations are
replaced by cyclic word shifts. This fact, especially, meets
the requirements of VLSI implementation.

5 FPT algorithm with modularised structure for
computing the 2-D DFT

In this Section, the FPT algorithm for computing the
2-D DFT is modularised into identical modules. Without
loss of generality, let us consider the 2-D DFT of the
d; x d; complex sequence x,, ,, defined by
di—1dy3-1

z 2 xll. !ZW:l‘IHW;zzkz (23)
171=0 12=0
where d;=2™ and W, =e "% for i=1, 2 and
m; < m,.

To compute X, ,, by using the FPT, eqn. 23 is rep-
resented by the following three polynomial equations:
dy—1

Xu2)= T X (Wl mod (2 — 1)
0=

Xk, =

(24a)

256

d2—1

Xu(Z) = Z Xt1, 02 z
12=0

Xh,kz = Xk,(z) mod (Z — W:Z)

(24b)

(24¢)

Based on eqn. 1, the index k, can be partitioned into 2"
parts as

ky=2d+n 25)
where 0 < 2" — 1 and 0 < d < d,/2" — 1. It follows that

Z — Wit | 27— q¥ (26)
where ‘a|b’ means a is divided by b. Now let

da/2r—1
X2 = ¥ xiu
t2=0
= X, (2) mod (Z4/* — «¥ ") @n

Derivations and discussions of the FPT algorithm for
2-D DFTs are given in Reference 2 and are not repeated
here. From Reference 2, eqns. 1 and 24-27 it follows that,
for k, odd (ie. k, = 2'd + n with n odd), eqn. 24 can be
reformulated as

dy—1
Rin(2) = L X(ZXZ4Y mod (2447 — a7 ~7)
n=0
(28q)
(28b)

Note that, since k, and d, are coprime to each other,
k,k, mod d, is only a permutation of k;. Now with
k, = 2'd + n and letting

Xkr ke, = X (Z) mod (Z — Wk

_ dz/2r -1
XoarmlZ) = 2 W2 (29q)
s=0
then
_ daf2r -1
X(Z'd+n)k|,(2'd+n)= Zo Y:,,swfizz'“m
daf2r—1
= Y 0LV (29b)
s=0

Thus, for fixed k,, eqn. 28b becomes 2"~ 'd,/2"-point 1-D
DFTs as described in egns. 29. Further, since k, is odd
here, eqn. 29 can be computed very efficiently by using
the generalised FFT algorithms. The calculation of
remainders mod (Z? — a? ~") required in eqns. 27 and
28a can be accomplished by a FFT-like structure as
described in Reference 9.

Now, let us change our attention to the case of k,
even, i.e. k, = 2'd + n with n even. Since

Z — W:§+ 1 'Zdzlz' _ a2'—n7 1 (30)
then, in the same way as eqn. 28 was derived, eqn. 24 can
also be reformulated for k, even as

dy—1

Xz e oul2) = Z::o[XZ'(Z)](Z""')“"‘

x mod (Z4% — ¢ """ 1) (3la)
. dyj2r~1
X2y= ¥ [XI ,W5"1Z"
2=0
x mod (Z% — ¥ """ 1) (31b)
X(kzﬂ)k..kz = X?x;uyk,(z) mod (Z — W'Ji“) (31¢)
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™
AZ,,Z))

**)

conversion of A(Z,, Z,) into A(Z, Z,) by the mapping Z, = £, Z,

. . stage 1
where £, is the d,th root of —1in C.

AZ,2,)

computation of A(Z, Z,) mod (Z4¥/¥ — Z*¥™™""Y), say

tage 2
AXZ, Z,), by the r-stage DIF-FFT algorithm, 0 < k < 2" — 1 stage

ANZ, Z,) ANz,z;) - AYTNZ, Z)y)

conversion of AXZ, Z,) into A4Z, X) by the mapping Z, = f% X,

where g, = 22" """ stage 3

A%Z) az - AT 2)

FPT of AXZ) mod Z* + 1, with kernel Z>™~""""" and length

stage 4
A2, 0<k <2 -1

AAZ) az - Ar '@

0, ~
B2 — computation of A4Z)B%Z) by the polynomial

K stage 5
transform or generalised transform

Bz —

C2) Clzy - v @)

inverse FPT of C¥(Z) of length d,/2" to obtain C¥Z) and

~ stage 6
conversion of CYZ, X) back into CXZ, Z,) by the mapping X = 8;*Z, &

| (2. 2,) c\z,z,) - ez zy

reconstruction of C(Z, Z,) by using r-stage DIT-FFT algorithm and

t 7
conversion of C(Z, Z,) back into C(Z,, Z,) by the mapping Z = f; 'Z, stage

* «Z,,Z,)

Je

decompose the input array A(Z,, Z,) into several subarrays, say
A{Z,, Z,), such that m; — m, + 1 = O is held for each subarray

lAl(Zl,Zz) EZI,ZZ) JA,(Z,,ZI)

™ * ™)

Jc,(zl.zzb jcz<zl,zz) y 421 25)

reconstruction of C(Z, Z,) from C{Z,, Z,) through the CRT

{C(ZPZZ)

Fig. 2  Computation of a 2-D cyclic convolution of dimension d, x d,, whered; = 2™, i =1,2,and 1 <m, <m,,m,e Z*
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In this case, it follows that
ky+1=2d+n+1=2d+n
where 1 <n':odd <2"—1and
Z — w:’d+n’|zd112’ _ az'fn'
2

Hence by comparing eqn. 28 with eqn. 31, it is easy to
conclude that, for k, even, the FPT algorithm for com-
puting 2-D DFTs can also be modularised following the
same procedures as for the case of k, odd. The flowchart
of this new algorithm is shown in Fig. 3. It is obvious,
from Fig. 3, that for the computation of a d, x d, 2-D
DFT, only FPTs of length d, and FFTs of length d,/2"
are required.

X0

|

novel modularised FPT algorithm for 2-D digital convol-
ution with even better performance than the original one.
Finally, a modularised FPT algorithm for computing
2-D DFTs has also been presented. The common features
of the proposed algorithms is that only FPTs and FFTs
of the same length are required throughout the whole
process. In other words, it is believed that the proposed
algorithms possess the properties of regularity and modu-
larity.

A major challenge in modern digital system design is
the discovery of algorithms that are inherently capable of
matching the advantages offered by VLSI technology and
concurrent processing. Among the most important and
highly desirable properties of a VLSI/concurrent algo-

ordering of polynomial

Xu(2)

1

'

for even value of n
compute X, (Z)
using eqn. 31

for odd value of n
compute X,,(Z)

using eqn. 27

X%(2)
two PT mod two PT mod
Zduzr _ -1 Z2r _ 23
length d, length d, . .
kernel Z¢ kernel Z¢:
X.@| (X2 Lo 1 X
/ 1

2d,d,/2"-point 2d,d,/2"-point

generalised FFT generalised FFT L
X’tt.kl X",u Xau.kz ‘ X*,kl
/
l permutation J permutation e .
Xkl.kl Xll.ld XltLl(Zl Xkl,kZ

k,=2d+nn=0,1

Fig. 3
* =koky;** =k, + 1k,

ky=2d+nn=273

6 Conclusions and discussions

In this paper, modularised FPT algorithms for 2-D
digital convolution and 2-D DFT are investigated in
detail. Based on the ideas of Reference 9, finite-field arith-
metic has been proposed for use with the modularised
FPT. In this approach, the required operations are word
shifts, bit shifts and real multiplications in the NTT
domain only. We have then substituted the concept of
equal-length decomposition into the multivariable FPT
algorithm proposed in Reference 5 and we obtained a

258

X542

two PT mod
zdz/Z' —

length d,
kernel Z*

X¥ 4z X¥Y2)

i

2d,d,/2"-point
generalised FFT

X:u.kl X..kz

permutation

Xitxz Xerokz
ky=2d+nn=2-22-1

Computation of a 2-D DFT of dimensiond, x d,, whered, = 2™ and d, = 2"*, for | <m, < m,

rithm are those of modularity and regularity. The modu-
larised FPT algorithms proposed in this paper meet these
requirements. All the proposed FPT algorithms described
in Figs. 1-3 were written in C-programming language on
an IBM PC-AT. These programs have been tested by
several examples and verified to be correct.
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9 Appendix

9.1 Details of the proposed algorithm
The complexities of the proposed algorithms will be
analysed in detail in this Appendix and a comparison
made to other related works.

For simplicity and without loss of generality, the fol-
lowing assumptions have been made:

ed =d,=N

o the cost of forward FPT is equivalent to that of the
inverse one

o the cost of an m-point polynomial addition is equiv-
alent to that of m arithmetic additions

e the speed of an i-word shift of an m-point poly-
nomial is equivalent to that of im-word shifts. (The valid-
ity of this assumption implies that the polynomial shifts
are implemented by a ‘barrel shifter’ [16].)

For comparison purposes, the complexities of Nussbau-
mer’s FPT [17, Fig. 6.6, p. 175] and the modularized
FPT algorithm given in Reference 9 are also considered.
Since the algorithm given in Fig. 2 seems to be the
most complicated, we shall start our analysis with the
two-variable modularised FPT algorithm given in
Section 4. As indicated in Fig. 2, there are seven stages in
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this algorithm and the complexities (including multiplica-
tions, additions and shifts) for each stage are:

(a) stage 1: 2N? multiplications (forward mapping)

(b) stage 2: (polynomial reduction in eqn. 20)

2(1/2)2") log,(27) NZ2/2" word shifts

2(2") log,(2") N2/2"-point polynomial additions

(c) stage 3: (the mapping in eqn. 14)

2(2") N?/2" word shifts

(d) stage 4: (forward FPT)

22" FPTs of size (N * N/2')

(e) stage S: (skew-circular convolution)

2"N[3{1/2(N/2") 1og,(N/2"} + N/27] multiplications

2"N[3(N/2") log,(N/2)] additions

(f) stage 6: (inverse FPT and the inverse mapping of
stage 3)

2" FPTs of size (N = N/2")

2" N?/2" word shifts

(g) stage 7: (CRT reconstruction and the inverse
mapping of stage 1)

(1/2X27 log,(2")  NZ2/2" word shifts

(2" log,(2") N2/2"-point polynomial additions
N2 multiplications

Thus, the complexities of this algorithm become:

4N? 4 (3/2)N?

x [log, N —r]
3N%log, N
(3/2rN? + 3N?
FPTs of size N + N/2"

Following the same approach, the complexities of the

finite-field modularised FPT algorithm given in Fig. 1
become:

number of multiplications:
number of additions: (32)
number of shifts:
3Ix 2

number of multiplications: N2
number of additions: 3N?log, N
number of shifts: 3N? + (3/2)N? 33)
x log, N
3 x 2 FPTsofsize N « N/2'
The complexities of Nussbaumer’s FPT become:
number of multiplications: 4N? + (3/2)N?
. x log, N (34)
number of additions: 3N?log, N

3 FPTsofsize N* N

The complexities of the modularised FPT given in Refer-
ence 9 become:

number of multiplications: 4N? + (3/2)N?

x log, N
number of additions: 3N?log, N
3x2 FPTsofsize N« N/2/

From exprs. 32 and 34 it follows that (in the case of
r = 1) the algorithm given in Fig. 2 is more efficient than
Nussbaumer’s FPT, even in the sequential implementa-
tion environment, if

(i) the cost of (3/2)N? multiplications is higher than
that of 3N? + (3/2)N? shifts

(ii) the cost of a FPT of size N * N is higher than that
of two FPTs of size (N = N/2).

(35

The validity of (i) depends on the implementation tech-
nology and is always true in general purpose machines.
Condition (ii) can be verified with the aid of Table 1 in
Reference 11.

From exprs. 32 and 35, it follows that the algorithm
given in Fig. 2 is more efficient than that in Reference 9 if
condition (i) is valid.
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From exprs. 33 and 35, it is clear that the finite-field
modularised FPT is always more efficient than its
complex field counterpart because the cost of the shift is
always less than that of the multiplication.

Now let us consider the modularised FPT algorithm
for computing DFTs. For comparison purposes, the com-
plexities of the Nussbaumer’s approach [17, Fig. 75,
p. 200] are also considered. Without loss of generality, let
us consider the algorithm given in Fig. 3 for r = 2. In this
case, no multiplications are required in the polynomial
reduction and polynomial transform stages. The number
of multiplications required for complex mapping is the
same for the two algorithms. Thus the only different
between the two, in terms of multiplications, is that the
algorithm in Fig. 3 requires 4N N/4-point generalised
FFTs whereas Nussbaumer’s algorithm requires 2N N/2-
point odd-frequency DFTs {17]. It is easy to verify that
the proposed algorithm needs N2/2 multiplications fewer
than that of Nussbaumer’s approach.

9.2 Example of 2 * 4 cyclic convolution

A concrete example of a 2 * 4 cyclic convolution com-
puted by the combined algorithms of Section 3 and 4 is
given in this Appendix to clarify the operation of the
algorithms. Consider the following 2-D cyclic convolu-
tion.

21 5 2 2 4 23
36
[3 46 7]('2)[1 32 5] 36)
where ‘*2’ denotes the operation of 2-D cyclic convolu-
tion.

Form eqns. 6 and 10, eqn. 36 can be represented in
finite-field two-variable polynomial form as

{CZ,, Z,))r =<AZ,, Z)B(Z,, Z))F
x mod(Z? — 1),(Z4 - 1) 37
where
{AZ,, Z))p=2+3Z)+(14+42))Z,
+(5+6Z2)Z22+(2+17Z2,)Z3
(B(Z,Z))r =02+ Z,)+@4+32)Z,
+(2+22)Z}+(3+5Z,)Z3

2+ 3252 o

I+ 4028z
5 + 6(28)Z o R(0)
2 + 72%Z o R(0) —1°0-R(1) -1

Fig. 8  Computation of A(Z, Z,) mod (Z* + INZ, — Z*), say AMZ.Z,)

: :: 10 + 20(2%)Z
R(0) — 1042282

(343291 +[—1-32%])z

and the field F is chosen to be integer modulo P with
P = 65537 > 2(7)22) + 1.
Let Z, = aZ and a = 2% = \/(—1) (mod 65537), then
eqn. 36 can be rewritten as
CZy, Z,)0p =<AZ, Z)B(Z,, Z,))¢
x mod (Z% + 1), (Z3 - 1) (38)

Without loss of generality, let us take r = 2 and factorise
. .
z3 — linto

3
Zi-1=[]Z,— a9 (39)
k=0

From the decomposition algorithm given in eqns. 20,
AXZ, Z,) and BXZ, Z,) can be found from the butterfly-
like flow structures, shown in Figs. 4 and 5 respectively.
The results are:

AYZ, Z;) = <10 + 202%)Z)

ANZ,Z5) = <[-3 +32%] + [—1 - 32%)]Z);

AYNZ, Z,) = (4 = 22 Z)

ANZ, Z,) = <[-3 = 32% + [1 - 32912

B%Z,Z,) = {11 + 11(2%)Z),

BY(Z,Z,) = <22% + [1 - (2*0)2)

BYZ,Z;) = (=3 - 52%Z)¢

BYZ,2,) = {22 + [-1 - 2%]Z)
After completing the calculation of the polynomial pro-
ducts AXZ, Z,)BXZ, Z,) modulo (Z2 + 1) by the use of

polynomial transforms or the generalised transforms for
skew-circular convolution [10-13], one obtains

C%(Z, Z,) = {330 + 330(2%)Z);

CHZ,Z) =<[-2—42%] + [6 + 42%]2>,
CHZ, Z,) =(—2 — 14292,

CHZ,Z) =<{—2+42%] + [—6 + 42%]Z),

From the reconstruction algorithm of eqns. 22, C(Z, Z,)
can also be obtained from CXZ, Z,) through a butterfly-

[—3-32%] +[1-302%])z

R(i) stands for i-word right-rotation of polynomials (a + bz, a, b € C), followed by a sign inversion of the overflow words

2+ 2%z
4+32%2
2 4 2(2%Z o-R(O)
3 + 5(2%)Z o-R(0)

Fig. 5  Computation of B(Z, Z,) mod (Z* + 1\Z, — Z*), say BXZ, Z,)

11+ 11292
-3 -52%Z
22% + [1 - 2%1Z

228+ [-1-(2%]1Z

R(i) stands for i-word right-rotation of polynomials (a + bZ, a, b € C), followed by a sign inversion of the overflow words
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like flow structure, as shown in Fig. 6. The result is:
C(Z, Z,) = (81 + 81(2%)z) + (86 + 88(2%)2)Z,
+ (83 + 77(2%)Z)Z2% + (80 + 84(2%)2)Z3)> ¢

Performing the inverse mapping Z =a~'Z, =27%Z,,
one obtains:

C(Z,, Z,) = {[81 + 81(2%Z,] + [86 + 88(2%)Z,1Z,
+ [83 + 77(2%Z 122 + [80 + 84(2%Z,1Z3)

330 + 330(2%)Z :X:jé
—2-142%2 — ™0—11(0)
[—2—402%] + [6 + 42%}Z

1
2
[—2+42%] + [—6 + 4212 z_ EM—%un

Fig. 6  Reconstruction of C(Z, Z,) from CXZ, Z,)

That is
2 1 52(*2[2423]_ 81 86 83 80]
346 7 )1325_81887784
40)

As shown in this example, there are no multiplications
throughout the computation except for the skew-circular
convolution and only FPTs, FFTs or NTTs, all of length
two, are required.

1 ——o 81 +812%2Z
+—o086 +882%Z
}140)—0 83 + 772%)Z
1L(0)~0 80 + 84(2%)Z

L{i) stands for i-word left-rotation of polynomials (a + bZ, a, b € C), followed by a sign inversion of the overflow words
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