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Abstract. Let R be a ring, A = M,(R) and 6 : A — A a surjective additive map preserving zero
Jordan products, i.e. if x,y € A are such that xy + yx = 0, then 6(x)0(y) + 6(y)f(x) = 0. In this paper,
we show that if R contains % and n > 4, then 6 = A\p, where A\ = (1) is a central element of A and
¢ :A — A is a Jordan homomorphism.
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1. Introduction

Let A be a ring. As usual we can define on A the Jordan multiplication by
x oy =xy+ yx and the Lie multiplication by [x,y] = xy — yx for x,y €A. Let xx y
denote one of the ordinary product xy, the Jordan product x o y or the Lie product
[x,y] on A. Suppose that § : A — B is an additive map from A into a ring B. We
shall say that @ preserves zero *-products if 6(x) x(y) = 0 whenever xxy = 0. A
natural possibility for 6 to preserve zero x-products is to be of the form 6 = Ay,
where )\ is a central element of B and ¢ : A — B is a x-homomorphism, that is,
p(xxy) = p(x)*@(y) for all x,y €A. An interesting question is for which rings A
and B this natural possibility is the only possibility.

In case  is the Lie multiplication, such kind of questions have been studied
since the 1970s. In 1976, Watkins [29] described bijective maps which preserve zero
Lie products on the matrix ring M,(F) over an algebraically closed field F of
characteristic zero, where n > 4. He used a formula for the centralizer of a matrix
due to Frobenius as well as a characterization of rank 1 preserving maps due to
Marcus and Moyls [22]. Later it was sequentially studied for matrix algebras in
[2, 25, 26] and for operator algebras in [19, 23, 24, 27, 32]. Applying the powerful
techniques on functional identities (see surveys [10, 12]) the problem of character-
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izing maps preserving zero Lie products was solved for many classes of rings [4, 5,
8, 11, 14, 21], in particular prime rings [8, 11] and matrix rings over unital rings [4].

In case * is the ordinary multiplication, a similar problem, namely that of
describing maps preserving zero products, was studied in [1, 15, 18, 30, 31]. It
turns out that the question of preservers on zero products is more difficult than that
on zero Lie products. The difficulty is that in an arbitrary ring there are a lot of
elements x and y such that [x,y] = 0 (for example, take y = x?), while in many
“good” rings there may exist too few elements x and y such that xy = 0. For
example, in a division ring every additive map preserves zero products. So a reason-
able approach to the question of preservers on zero products is to impose on the
rings under consideration the existence of some nontrivial zero-divisors. In our
recent papers maps preserving zero products were described for rings generated
by idempotents [18] and for prime rings containing nontrivial idempotents [15].

In contrast to the existence of many results on maps preserving zero products
or zero Lie products, there seem to be few results that can be found in the literature
on maps preserving zero Jordan products. Actually, the only related paper we were
aware of is the one by Semrl [28] which deals with maps preserving square-zero
matrices of sl,, the set of n x n complex matrices with trace zero. Recently, we
described maps preserving zero Jordan products on the Jordan algebra of all
Hermitian operators [17] and maps preserving square-zero matrices over unital
commutative rings [16].

In this paper we consider the case that A is the matrix ring over a unital ring in
which 2 is invertible. Explicitly, we prove the following result.

Theorem 1.1. Let R be a ring with %, A =M,(R) wheren>4,and 0 :A — A a
surjective additive map preserving zero Jordan products. Then 6 = \p, where
A =0(1) is a central element of A and ¢ : A — A is a Jordan homomorphism.

To demonstrate the utility of the theorem, we apply it to study Clifford alge-
bras. Clifford algebras are of great importance to quantum physics. Elements of
the algebras correspond to fermionic creation or annihilation operators, and vec-
tors in Fock spaces (some particular modules) over the algebras are physical states
of fermions (see, e.g. [13] for a detailed discussion).

A Clifford algebra C(E) over a field F is the universal algebra with 1 generated
by a finite-dimensional vector space E over F associated to a quadratic form f(x)
which satisfies x> = f(x) for all x € E. Suppose that the characteristic of F is not 2.
Then we have dim C(E) =2" where n = dimE [20, Theorem 4.12]. Suppose
further that the quadratic form f(x) is nondegenerate and F is algebraically closed.
Let C, be the Clifford algebra of dimension 2" over F. Then C, = Mo (F) if
n=2m and C, = M (F) @ M (F) if n=2m+ 1 [20, Theorem 4.12]. Also,
let C:{ be the even subalgebra of C,; then C: = C,_1 [20, Theorem 4.13].

Taking R = F or R = F @ F one can apply Theorem 1.1 to obtain the follow-
ing results for Clifford algebras.

Corollary 1.2. Let n = 4. Then any surjective additive map 0 : C,, — C, pre-
serving zero Jordan products is of the form \p, where A =60(1) is a central
element of C, and ¢ : C,, — C, is a Jordan homomorphism.
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Corollary 1.3. Let n > 5. Then any surjective additive map 6 : C; — C
preserving zero Jordan products is of the form \p, where A = 0(1) is a central
element of C and ¢ : C — C is a Jordan homomorphism.

We note that a map preserving zero Jordan products on the subalgebra C; does
not, generally speaking, preserve zero Jordan products on the whole algebra C,,
since the center of Mon(F) & Man(F) is bigger than that of Myu:1 (F).

In the proof of Theorem 1.1, we shall make use of some basic notions and
results from a recently developed theory of rings, namely that of functional iden-
tities. For the readers’ convenience, a very short summary on functional identities
is provided in the last section as Appendix.

2. The Results

Under the setting of Theorem 1.1, the matrix ring A = M,,(R) over the unital
ring R is additively generated by the matrices ae;; forac€R and i,j€{1,2,...,n},
where ¢;; is the matrix with 1 in the (i,j)-position and 0’s elsewhere. We shall
denote ae;; by a;; for simplicity. Certainly the additive map 6 : A — A is comple-
tely determined by the values 6(a;) for a€R and i,j€{1,2,...,n}.

In order to show that 6 = Ay for a central element A and a Jordan homomorph-
ism ¢, we first show that the map € also preserves equal Jordan products, that
is, O(x) o 0(y) = 6(u) o 6(v) whenever x,y,u,v€A are such that xoy =uouv.
This will be achieved by Lemma 2.1 where all possible products of the form
O(aj) o 6(by.) are investigated. Finally, applying the results on functional identi-
ties, we shall prove Theorem 1.1.

Lemma 2.1. Let R and B be rings with 5, A = M,(R) where n >3, and
0:A — B an additive map which preserves zero Jordan products. Then, for
a,beR and i,j, k,1€{1,2,...,n}, we have

(a) 0(a;j) o O(bu) =0 ifi#l and j#k.

(b) 0(as) 0 O(bz) = B((ab),.) @ Blew) — O((ab),) o Oles) if i £ k.

(c) O(ay) o 0(bji) = 30((ab);) o O(ei) +30((ba)y) o 0(e;).

Proof. (a) Since 6 preserves zero Jordan products and a;; o by = 0 if i # [ and
J#k, it follows that 6(a;;) o 6(by) = 0.

(b) Note first that (ab), o (e; — ew) = 0 if ik and so 0((ab), ) o O(ew) =
0((ab)y) o 0(eii).

Suppose that j # k. From (a; + (ab),,) o (bjx — ex) = 0 for i #k, it follows that

(0(a;) + 0((ab)y)) o (6(b) — 0(ew)) = 0. (2.1)

Since 6(ajj) o O(ew) =0 and 0((ab);) o O(bjx) =0 by (a), expansion of (2.1)
yields 6(a;;) o 0(bj) = 6((ab);,) o O(ew).

Suppose that j = k; then 6(ay) o 0(by) = 0((ab);,) o 0(e;;) for i#k can be
derived from (aj — e;;) o ((ab), + bu) = 0 via a similar argument.

(c) Suppose first that i #~j. Note that

1 1
(2 (ab); +ajj — 5 (ba)jj) o (—eii+bji+e;) =0 forizj
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and so

(3000a) + 0las) = 300 ) o (~6es) + 0(83) + 8eg) =0 (22)

Since 0((ab),;) o 6(e;;) = 0 and 0((ba),;) o O(e;;) = 0 by (a), and 6((ab),;) o O(b;;) =
0((ba);) © 0(bji) = 0((bab);) o B(e;i) and 6(ay) o O(ei;) = O(ay) o 6(ey) by (b), ex-
pansion of (2.2) yields 6(a;) o 0(b;;) = 30((ab),;) o 0(ex) +50((ba);) o O(ey).

Suppose next that i=j. We are going to show that 6(a;) o 0(b;) =
30((aob);) o b(e;;). For i #k, expanding

0(aii — bix + bri — ax) © 0(biy — ai + ari — b)) =0
and using 6(a;;) o 0(bw) = 0, 0(aw) o O(bi;) = 0, O(ai; — aw) o O(—an + ax;) = 0,
0(bix) © 0(air) = 0,0(byi) o O(ax;) = 0 and O(—bi + by;) o O(bii — by) = 0, we have
0(ait) 0 O(bir) + O(a) © 0(bu) = % (0((aob);) o bleir) +0((aob)y) o blew))-
(2.3)
Now, take [ with [ ¢ {i,k}. Then, by (2.3), we have
20(aj;) o 0(bi;) + (0(aw) o O(bx) + 0(ay) o 0(by))
= (0(aii) 0 O(bii) + 0(awc) © (b)) + (0(air) © 0(bii) + 0(au) o 0(bu))

(9((‘1 0b);;) o 0(ei) + 0((aob)y) o 0ew))
(9((‘1 0b);)o0(eir) +0((aob),)ob(en))

2

1

= 0((a0b);) o Beu) +5(0((aob)y) o Olew) + (a0 b)y) o blen))

= 0((acb);) o b(ei) + (0am) o O(bix) + 0(an) © 6(bu)).

Thus 29(61&') 9] 9( ii) = 9((a o b)ii) o 9(6,’,’) and hence O(aii) o H(b,,) =

%9((4 ob);) o 0(ei). ]
Now, we can show that a map preserving zero Jordan products preserves equal

Jordan products.

Theorem 2.2. Let R and B be rings with %, A = M,(R) where n >3, and
0:A — B an additive map which preserves zero Jordan products. Then, for
Xi, yi €A with Y " x;0y; = 0, we have > 1", 0(x;) o 8(y;) = 0. In particular, for
X, y,u,VEA with xoy = uowv, we have 6(x) o (y) = 0(u) o 0(v).

e

Proof. Let W = {a,] laeR, 1 <i<nand 1 <j<n}. Forxi,yi,..., %, ymEA,
we see that x; o y; + - - - + x,,, 0y, is a sum of elements of the form x o y w1th x,yeWw,
and that 6(x;) o 0(y1) + -+ 0(xm)00(ym) is a sum of corresponding elements
0(x) o 0(y). Note that, for x,y € W, the element x o y is of one of the following forms:

0, ¢y Cii, citcy

where j#i and ¢, €R.
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For the terms x oy with x,y€ W and x o y = 0, that is, terms of the form (a)
ajj o by with i#1 and j#k, (b) a; o by with i#k and ab =0, (c) a; o b;; with
ab = ba = 0, the corresponding terms 6(x) o #(y) also vanish by Lemma 2.1.

Since x;oy; + -+ +x,0y, =0, for any i and j with i#j, the sum of
nonzero terms of the form ¢;; is 0. These terms are resulted from terms of the
form ay o by; with ¢ = ab#0. The corresponding terms 6(a;) o 0(by;) can be
written as 6(c;;) o 6(e;) with ¢ = ab by (b) of Lemma 2.1 and hence the sum
of them is 0.

Finally, for any fixed i € {1,...,n}, the sum of nonzero terms of the form c; is
0. These terms are resulted from terms of the form a;; o b;; = ¢;; + cj’j with j# i,
¢ =ab#0and ¢ = ba, or a;; o b;; = ¢;; with ¢ = a o b#0. By (c) of Lemma 2.1,
the corresponding terms 6(a;) o 6(b;) can be written as 1 (6(ci) o 6(ei))+
%(Q(C;j) o 6(ej)) with ¢ =ab and ¢’ = ba, and 6(a;;) o 6(b;) can be written as
1(8(cii) o O(e;;)) with ¢ = a o b. Thus the sum of terms of the form 6(c;;) o 6(e;)
is 0. Therefore we have 6(x;) 0 6(y;) + - - - + 0(x,,) © O(y») = 0. In particular, if
X,y,u,v€M,(A) are such that xoy = u o v, then x oy + (—u) o v =0, and so we
get 0(x) o 0(y) — 0(u) o 0(v) = 0. O

In particular, Theorem 2.2 implies that 6 satisfies the following nice property:

1
9<5> of(xoy)=0(x)o(y) forallx,yeA,
that is, 0 is “closed” to a Jordan homomorphism multiplied by a scalar. A natural
possibility for an additive map 6 : A — B to preserve zero Jordan products is to be
of the form @ = Ay, where A is a central element in B and ¢ : A — B is a Jordan
homomorphism. First we observe that this “natural possibility”” depends heavily
on B.

Example 2.3. Let R = F[x] be the polynomial ring in an indeterminate x over a
field F, A = M,(R) and B the (ring) direct sum of A and a ring N with trivial
Jordan multiplication, that is, n o n’ = 0 for all n,n’ € N (e.g. N is a Boolean ring).
Thus, by the definition of N and B, we have nob =0 for all n€N, beB. Let
0 :A — B be an F-linear map. Then 6 is uniquely determined by 6(x*e;) for all
i,je{l,...,n} and nonnegative integers k. Define the map 6 so that 0(e;;) = e;;
and O(x*e;;) €N for all k > 0. It is easy to see that f preserves zero Jordan products
while is not of the form Ay for any central element A in B and Jordan homo-
morphism ¢ : A — B.

However, for some nice rings B, the natural possibility holds as we shall see in
the next theorem. We shall use some notations and techniques of the theory of
functional identities (see Appendix for some necessary definitions and results).
Here we only mention that the class of 4-free subsets is quite wide.

Theorem 2.4. Let B be a ring with center C containing %, R a ring with i,
A = M,(R) where n = 3, and 0 : A — B an additive map preserving zero Jordan
products such that 0(A) is a 4-free subset of B and the centralizer of 0(A) in B
coincides with C. Then 6 = \p, where A = 6(1)€ C and ¢ : A — B is a Jordan
homomorphism.
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Proof. By Theorem 2.2 we have
0(xyx) o 0(y) = 0(yxy) 0 0(x) (2.4)
for all x,y € A. Linearization of (2.4) yields
0(xyz) o 0(u) + 0(xuz) o 0(y) + 0(zyx) 0 0(u) + 0(zux) 0 6(y)
= 0(yxu) 0 0(z) + 0(uxy) o 0(z) + 0(yzu) o 6(x) + 0(uzy) o 6(x),
or, equivalently,
(0(yzu) + O(uzy)) o 0(x) — (0(xuz) + 6(zux)) © 6(y)
+ (00xu) + 0(uxy)) 0 0(z) — (0(xyz) + 0(zyx)) 0 O(u) =

for all x,y,z,u €A. Since 6(A) is a 4-free subset of B, applying [7, Theorem 2.6]
we get

0(xyz) + 0(zyx) = N10(x)0(y)0(z) + X30(x)0(2)0(y) + N30(y)0(x)0(z)
+ N0(0)0(2)0(x) + X50(2)0(x)0(y) + As0(2)0(y)0(x)
+ 15 (0)0()0(2) + 15 (x)0(2)0(y) + 115()0(x)0(2)
+ 113 (9)0(2)0(x) + 115(2)0(x)0(y) + 115(2)0()0(x)
)6(z)

+11(6,)0(2) + 15(x, 2)0(y) + 14, 2)0(x) + 7(x, ¥, 2),

for all x,y,z€A, where X.€C, ) : A — C are additive maps, v :A? — C are
biadditive maps and 7 : A> — C is a triadditive map. In particular, we have

Bxyx) = MO(x)'6(3) + AB()O()O(x) + Aab(7)6(x)”
+ m P00 + m()0)0() + p(7)0(x)”
()00 + (5 0)00) + 5 7(05,7,), 23)

for all x,y €A, where \;€C, y; : A — C are additive maps and v; : A> — C are
biadditive maps. Substituting (2.5) into (2.4), we have, on the left hand side,

O(xyx) o 6(y)
i (6(x)? ( ) +0()0(x)*0)) + X ((0(x)0(1))* + (0()0(x))°)
+ X3 (000)0(x)*0(y) + 0(3)°0(x)) + 111 (x) (0(x) 0y
+ pa(x) (0 ( ) (X)6(y) + 0(y)*6( )(6(x)°
+ 15, y) (0(x)0() + 0()0(x)) + 205(x, x)0(y)* + 7(x,y,2)0(y),  (2.6)
and, on the right hand side,
6(yxy) o 0(x)
= X (00)0(x)" + 0x)0(»)*0(x)) + X2 ((000)0(x))* +
+ X3 (0(x)0(y)*0(x) + 6(x)*6(»)°) + () (6(1)6(x)* + 9(x)9(y)9(X))
0(y)) + pa(x (9()’ %0

=
~—
~—
+
=
w
—
~=
—
>
—~
=
~—

~
N~—
\//\
_|_
[\
S
PR
l<
\_/
>
—
=
N~—
S
\]
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for all x,y€A. Comparing (2.6) and (2.7) and applying [7, Corollary 2.12], we
see that \y = X3 =0, uy = p, =3 =0, vi(x,y) =1v4(y,x), va(x,x) =0 and
T(x,y,x) = 0 for all x,y €A. Setting v = X\, and v = v in (2.5) we obtain

0(xyx) = ~10(x)0(y)0(x) + v (x,y)0(x) (2-8)

for all x,y€A. When x = 1, (2.8) reduces to
0(y) = ~0(1)0(»)0(1) + v(1,)6(1) (2.9)

for all yeA. Setting y = 1 in (2.9) we obtain
(1 —v(1,1)8(1) = 40(1)". (2.10)

Commuting (2.9) with A(1)* and taking into account (2.10) we see that §(1)* € C.
Right multiplying (2.9) by 6(1) we obtain
0(»)0(1) —19(1)*0(y) = v(1,y)0(1)* €C

for all yeA. By assumption, 6(A) is a 4-free, and hence 2- free, subset of B,
so it follows from [7, Theorems 2.1 and 1.1] that 40(1)’ = 0(1)eC and
v(1,)0(1)* = 0 for all y€A. Thus

v(1,y)0(1) = v(1,y)76(1)* =0
and we can rewrite (2.9) as

0(y) =~6(1)°6(»)
for all yeA. By [7, Theorem 1.1] again, we get 40(1)> = 1. Thus v(x,1) =
v(1,x) = v(1,x)70(1)> = 0 for all x€A. Setting y = 1 in (2.8) we get 0(x?)
2
~40(1)0(x)” or, equivalently,

0(1)0(x*) = 0(x)* for all x€A.

Let A =06(1) and ¢ = A~'6. Then o(x?) = o(x)* for all x€A and the proof is
complete. O

In light of [4, Corollary 5.12], B = M,(R) is 4-free for any unital ring R and
n > 4. Thus setting B=A = M,(R) for n >4 in Theorem 2.4, we see that
Theorem 1.1 follows immediately.

3. Appendix: Functional Identities

Let Q be a ring with center C containing 1, and R a nonempty subset of Q. For
a positive integer m, we denote by R"™ the m-th Cartesian power of R. For
X1,%2, ..., Xy ER, we denote by x,, the ordered m-tuple (xi,...,X,), by x/, the
ordered (m — 1)-tuple obtained by dropping the i-th component of x,,, and by x

or x/ for i # j the ordered (m — 2)-tuple obtained by dropping both the i-th and the
Jj-th components of x,,. That is,

i
X = (X1, X Xig s e ey Xm)

and

i i —
X _x}m - (xla- '-axi—lvxi—Ha"'axj—17~xj+17"'axm)-



98 M. A. Chebotar et al.

Let I,J C{1,2,.. m} where m > 2, and for each i€l, jeJ, let E;:
R™ ! — Q and F;: R’” — ( be arbitrary maps. The basic functional identities
of degree m are

ZE X, xl+2x] )=0 forall x,,€R", (3.1)

iel jeJ

and, a slightly more general one,

STE@)x+ Y xFxi)eC forall x,, €R". (3.2)

iel JjeJ

It is understood that if the index set I or J is empty, then the corresponding sum is 0.
Suppose that there exist maps p; : R" 2 — Q,i€l,jeJ,i#j,and N, : R" 1 — C,
kelUJ, with A, =0 for k ¢1NJ, such that

()= :xjp,-j(xz)—i—)\i(x;) and  Fy(x)) = :pt, x— M) (33)
JjeJ, iel,
J#i i#j

for all x,, €R™, i€, and j€J. We make the convention that pj; is just an element
in Q in case m = 2. One can readily check that (3.3) implies (3.1) and a fortiori
(3.2), and it does not depend on R. We shall refer to (3. 3) as a standard solution of
(3.1) and (3.2). Note that the functional identity ), ., E;(x},)x; = O has only one
standard solution, namely E; =0 for all i€/l. It turns out that frequently the
standard solutions are the only possible solutions. This is the reason why the fol-
lowing fundamental concept is introduced in [6].

For a positive integer d, a nonempty subset R C Q is said to be d-free if, for
any positive integer m and I,J C {1,2,...,m}, both of the following two condi-
tions are satisfied:

(a) If max{|I|,|J|} < d, then the functional identity (3.1) has only the solution
(3.3).

(b) If max{|/|,|J|}| <d — 1, then the functional identity (3.2) has only the
solution (3.3).

Roughly speaking, d-free subsets are those subsets R of Q such that any func-
tional identity on R in ‘“‘not too many”’ variables has only the standard solutions.
Then, which sets are d-free after all? Algebras over fields, in particular the max-
imal right (or left) rings of quotients of prime rings, abound in d-free subsets.

For an element x in an algebra Q over a field C, we denote by deg.(x) the
degree of x over C if x is algebraic over C, or oo if x is not algebraic over C. And
for a nonempty subset R C O, we set

deg.(R) = sup{deg(x) | x€R}.

In case A is a prime ring with maximal right quotient ring Q and extended centroid
C (see the book [9] for definitions and basic properties), A is a d-free subset of O
if degc(A) >d [3, Theorem 1.2], a noncentral Lie ideal of A is d-free if
deg-(A) > d + 1 [3, Theorem 1.2], and the sets of symmetric elements and of
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skew-symmetric elements in A are both d-free if A is equipped with an involution
and deg-(A) > 2d + 2 [6, Theorem 2.4]. Some other interesting examples of d-
free subsets are presented in [4]. For example, for any ring R with unity it holds
that Q = M, (R) is n-free (see [4, Corollary 5.12]).

For applications we need more involved functional identities than (3.1) and
(3.2).Let Sbeasetandleta: S — Q, E;, Fj : sm=! — Q,i€l, jeJ, be maps of
sets. We are interested in the following two identities:

STE)al) + Y alx)Fi(xl) =0 for all x, €S", (3.4)
iel jelJ

and
ZEi(x a(x; +Z a(x;)F, x’ eC forall x,€S8". (3.5)
iel jed

It is easy to see that in case S = R C Q and « is the identity map, the functional
identities (3.4) and (3.5) are exactly identities (3.1) and (3.2). The standard solu-
tions of the functional identities (3.4) and (3.5) are of the forms

Exi,) = > al)pylel) + M) and  Fi(x]) = = > pye)alx) — A(x))
]jii liij
(3.6)

for all x,, € S™, where p;; : S"2 - Q,icl, jeT, i#j, M: S = C, kelulJ,
with Ay = 0 for k¢ I N J. In light of [6, Theorem 2.6], if «(S) is a d-free subset of
0, then the functional identities (3.4) and (3.5) have only the standard solutions
(3.6).

Sometimes, we can describe the solutions E;(x! ) and F; (xf ) more explicitly in
terms of Beidar polynomials, a concept in honor 0f late K. I. Beidar who made an
extremely important contribution to the theory of functional identities. Here we
give this concept in a loose manner and refer the reader to [7] for details.

First, we say that a map E : § — Q is a Beidar polynomial of degree 1 in « if
there exist an element A € C and a map y : S — C such that

E(x) = Aa(x) + p(x) for all xeS.

Next, amap E : §> — Q is said to be a Beidar polynomial of degree 2 in « if there
exist elements A\, \, € C, maps pq, i : S — C and a map v : S? — C such that

E(x,y) = Ma(x)a(y) + Aa(y)a(x) + pi(x)a(y) + pa(y)a(x) + v(x,y)

for all x,y€S. In this way, we can define a Beidar polynomial of degree m in «
which involves summands such as

Aa(xy) - alxy),

plxn)alxr) - alom), - plm)alxr) - - xn-1),
v(xy,x2)(xz) - (), - - o Vo1, Xm)a(x1) - - - a(Xm—2),
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and so on. In view of [7, Theorem 2.6], the solutions E,(x;n) and Fj(x{n) can be
expressed as Beidar polynomials.
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