This validates both the solution of the scalar wave equation
and its vectorial correction. Furthermore, a vectorial correc-
tion need only be applied to accurate solutions of the scalar
wave equation such as in Reference 4, which is partly analytic,
or the various finite difference solutions reviewed in Reference
6.
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ORIGIN OF ERROR IN CALCULATION OF
DISPERSION OF OPTICAL SINGLEMODE
FIBRES USING NUMERICAL APPROACH

Indexing terms: Errors, Optical fibres, Numerical methods

The origin of errors in the calculation of dispersion of optical
fibres using an approach presented by Sharma et al. is found.
Such errors are due to the strongly-guided characteristics of
dispersion-flattened and dispersion-shifted optical fibres,
which will not be met in handling conventional type optical
fibres with weakly-guided field patterns.

Introduction: It is known that various approaches have been
adopted to estimate the dispersion of singlemode fibres. Most
of the methods have presented sufficient accuracy, but because
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some of them are used only to handle simple cases such as «
power and step index profiles, we found that they may not be
able to solve the dispersion to satisfactory accuracy when
index profiles become more complicated, such as with double-
cladding (W-type) and dispersion-shifted (triangle + ring)
fibres. The purpose of this Letter is to explain why one of
those approaches presented by Sharma et al' cannot be
applied equally well in more complicated index profile cases.
The main reason is the sharper slope of field patterns which is
characteristic of newly-invented fibres but not found in con-
ventional ones. This feature will cause errors when solving b,
b, and b”, and due to the sensitivity of accuracy to errors in
these terms, more serious errors will found in the final result.
It is also implied that this finding may be able to explain the
source of errors when other earlier presented approaches are
examined for their accuracy in dealing with newly-presented
cases and is found that it is less than expected.

Formulation: We restate the algorithm mentioned in Refer-
ence 1 briefly for convenient discussion later. For an optical
fibre with refractive index profile given by

n*R) = n? — (n? — n2) 8f(R) in the core region
=n? in the cladding region

if we define G(R) = (1/yXdy/dR), where ¥ is the wave field,
through Riccati transformation we obtain

G_ 2 2 E_ 2
RV IR = —b)— 2~ G (1)

with boundary condition
GR=0)=0 2)

wK,(w)

GR=1)= -
0

3)

By differentiating eqns. 1-3, we can obtain another two equa-
tions and their corresponding boundary conditions, and then
the system boundary conditions at R = 0. The numerical steps
for solving the equations are summarised as follows:

(1) The transcendental equation (eqn. 3) is solved to obtain b,
with step size h = 1/N. With b known, G(R) is solved through
eqn. 1 with step size h = 1/4N.

(2) The transcendental equation obtained from differentiating
eqn. 1 is solved to obtain b, with step size h = 1/N. With b’
known, G'(R) is solved with step size h = 1/2N.

(3) The equation and initial conditions obtained from differen-
tiating those of eqn. 3 are solved to obtain b”, with size
h = 1/N. By the following equation we can obtain the disper-
sion s:

A .
s= ——{(1 — b)v, + bv, + 2b¢
cn

. 1 .
+ 3b0 — = (nyfy + b + ébﬂ)z}

This method cannot perform equally well when the magnitude
of wave field changes greatly in newly-invented fibres. We can
understand why by checking the steps mentioned above. Take,
for example, step 2 through which G'(R) is obtained. As the
authors suggested, the Runge—Kutta method is adopted. If

G
XGy(R, G, G, b) = —26G' — & — 21 — b) + o2
The Runge-Kutta method then gives
G+ 1) = G() + 3k, + 2k, + 2k; + k)

where k; are accumulative terms obtained from xG}. The trun-
cation error of the Runge-Kutta method can be stated as?

TE = A(W"*! + O[(W)"* 2]
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and from the Richardson extrapolation®

Yooy — Yiey = AP x'_ﬂh;x'

Btk —x
Yooy — Piuyg = Al = Zivt
iv1 — Yis1 (2> 2

where Y;,, is the exact solution, ¥ is the solution when the
step is half that of y; a more accurate estimation of the error
can be given as

TE =Yie1 — Yiq
=A(h)"+l

_ 2'Fivr = Vi)
2" —1

16
=I_S(Yi+1 ~Yi+1) Whenn=4

Take a point at which G)(i) = G4(i), where G\(i) and G(i)
represent solutions of G' when steps are taken as h and h/2,
respectively. The truncation error will become TE = 1$[G)(i
+ 1) - Gy(i+ 1)]. Because Gi{i + 1) = G{i)+ &(k; + 2k,
+ 2k;3 + k), j = 1, 2, and G)(i) = G4(i), the above expression
can be simplified as

h
TE=Tg {{G’(i)[—z(cl(i) +4G,(i+ 1)

+ Gy(i +2) +(G,() +4G,(i + 1)
+ Gyli + 2))]} + G’(i){Z[Gl(i + Dky,y

+ G i + Dk, + Gyli + 2)k,5]
+ [Gyli + Dk, + Go(i + Dky,

1
+ Goli + 2)ky3] + R [(kyy + kyp + ky3)

+(kyy + kop + kza)]}} +4p

where

L AU PR S
p—2< -l b)+vb)

Though the expression looks somewhat more complicated,
after careful examination we find that the magnitude of differ-
ence depends proportionately on the magnitude of G. Because
G(R) = (1/RXdy/dR), obviously the magnitude of G is pro-
portional to the siope of the wave field. As in Fig. 1, we find
that wavefield changes most greatly in dispersion-flattened
and dispersion-shifted fibres, which means the truncation
error of this approach will be larger in these two cases.
Although the error is small compared to the result obtained
from the variation formulation and finite-element method,? it
can no longer be ignored in the calculation of dispersion.
Because b, b’ and b” are solved step by step, the error caused
in each step will accumulate. That is exactly why the errors of
these three quantities becomes larger and larger, obeying the
same order as that of the steps. Moreover, practically it is
found that the accuracy of dispersion is very sensitive to
changes of the three values; that is, small errors of b, b’ and b”
cause error of dispersion to a much larger degree. Besides,
round-off error will become large before the truncation error
has reduced sufficiently if the number of steps is increased for
more accurate results. The corresponding results of error are
shown in Fig. 2. In conventional type fibres, the light wave is
weakly-guided and accurate results can be obtained with no
difficulty, but in strongly-guided cases, much more attention
should be paid to finding the optimal number of steps for the
most accurate results. Also, such a strongly-guided feature
should be noticed whenever the possible reasons for errors in
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calculating dispersion are sought, and the same conclusion
may be made as those we have made here.
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Conclusion: In this Letter the origin of errors in calculating
optical fibre dispersions using the approach in Reference 1 is
found. Knowing the origin of such errors, numerical methods
other than the Runge-Kutta method can be sought to solve
the same equations or the use of the Runge—Kutta approach
can be restricted to weakly-guided cases, in which the results
are accurate enough, and another method used for strongly-
guided cases.
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