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Abstract: By using the full control concept, zero body sideslip angle and zero body motions can be
achieved. In this study, � rstly, the governing equations for the six-degree-of-freedom three-wheeled
vehicle model, with either two wheels on the front axle or two wheels on the rear axle are developed.
With six properly chosen control inputs, there are nine full control modes for the zero body sideslip
angle and zero body motion control. The sum of tractive forces, cornering forces or active suspension
forces is set as the criterion for evaluating these full control modes. These control modes are compared
and discussed for typical driving scenarios, and conclusions are drawn about preferable modes.

Keywords: full control, zero body sideslip angle, zero body motions, vehicle dynamics

Notation

b wheel track
c longitudinal distance between CG and

mass centre of sprung body
Cfi damping coef� cient of ith wheel
CG centre of gravity
e longitudinal distance between CG and

mass centre of unsprung body
f longitudinal distance between CG and

pitch axis
Fwx vehicle aerodynamic drag
Fxi tractive force on ith wheel
Fxl tractive force on left-side wheel
Fxr tractive force on right-side wheel
Fxs tractive force on singled wheel
Fyi cornering force on ith wheel
Fzi active suspension force on ith wheel
Fzl active suspension force on left-side

wheel
Fzr active suspension force on right-side

wheel

Fzs active suspension force on singled wheel
hs vertical distance between CG and mass

centre of sprung body
hf vertical distance between roll axis and

mass centre of sprung body
Hx roll angular momentum of sprung body
Hy pitch angular momentum of sprung body
Hz yaw angular momentum of sprung body
Hz’ yaw angular momentum of unsprung

body
Ixxs moment of inertia of sprung body in x

direction
Ixzs product of inertia of sprung body
Iyys moment of inertia of sprung body in y

direction
Izzs moment of inertia of sprung body in z

direction
Izzu moment of inertia of unsprung body
kx aerodynamic drag factor
Kfi spring stiffness of ith wheel
l wheel base
lf distance between CG and front axle
lr distance between CG and rear axle
M mass of vehicle
Ms mass of sprung body
Mu mass of unsprung body

di steering angle of ith wheel
df front steering angle
dr rear steering angle
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1 INTRODUCTION

The motion of a vehicle consists of six components:
longitudinal, lateral, bounce, roll, pitch and yaw. It would
be ideal if all of the six components of motion can be
controlled. Thus, the dynamics of a vehicle can be im-
proved and the manoeuvring of the vehicle can be
controlled more precisely within the limitation of its
performance. However, to control these six motion
components fully, six control inputs are needed and
should be selected properly.

In traditional vehicles, the driver uses the steering-
wheel to control the steering angle of a set of wheels and
the accelerator or the brake pedal to control the longi-
tudinal (tractive or braking) forces of the wheels. Only
two control inputs are used to drive the vehicle. Using the
traditional steering mechanism could change the vehicle
course, yet the lateral and yaw motion of the vehicle
cannot be controlled fully. Furthermore, the body
motions (i.e. bounce, pitch and roll) of the vehicle cannot
be controlled by using the steering-wheel, accelerator or
brake pedal. The motion of the vehicle is said to be only
partially controlled [1].

Various control systems such as four-wheel steering,
active suspension, variable torque split four-wheel drive
and traction control, as well as anti-lock brakes, have
been developed in the recent past [2–5]. With the aid of
these systems, additional control inputs can be intro-
duced. As the number of input controls increases, the
motion of vehicle can be fully controlled.

If each wheel could be steered, and powered or braked,
and if also the suspension force of each wheel could be
controlled independently, there could be more than six
control inputs. A four-wheeled vehicle could have up to
twelve control inputs and a three-wheeled vehicle could
have up to nine control inputs. Within these control
inputs, if six control inputs are properly chosen, the
motion of the vehicle with all six components can be fully
controlled. This is called full control in this study.

During a turn, the build-up of body sideslip angle
delays the vehicle lateral response and retards the
vehicle’s turning performance [6]. Furthermore, the body
motions not only increase the passenger’s sensation of
discomfort but also increase the tyre longitudinal and
lateral weight transfer, and sequentially the tyre total
cornering force is reduced [7, 8]. Inhibition of the body
sideslip and the body motion has signi� cant effects on
improving vehicle dynamics, and it is the objective of the
control rules developed in the following study.

It is known that four-wheel steering, which combines
two steering mechanisms, can reduce the body sideslip
angle [5, 6, 9]. Additionally, using an active suspension
system can control the vehicle body attitude and increase
the ride comfort effectively [2–4].

Abe [10] used a two-degree-of-freedom linear bicycle
model and a full control concept to establish the control
rules of two steering angles (the front and the rear

steering angles) in order to control a vehicle negotiating a
turn with zero body sideslip angle. Matsumoto and
Tomizuka [11] built another two-degree-of-freedom full
control model, in which two of three steering mechan-
isms (the front steering angle, rear steering angle and
differential tractive force) were chosen as the control
inputs.

Yu and Liu [1], in order to realize zero body sideslip
angle and zero body roll motion control, established a
planar three-degree-of-freedom full control model and
developed the control rules by combining two of the three
steering mechanisms and active suspension forces
simultaneously.

This study looks at the dynamics of three-wheeled
vehicles with either two wheels on the front axle or two
wheels on the rear axle, and presents a full control
strategy for selecting control inputs in order to improve
the vehicle steering response and decrease tyre dynamic
weight transfer while eliminating the lateral velocity and
the body motions.

Simpli� ed, yet complete, six-degree-of-freedom
models and governing equations for both cases are
developed. The control of steering angles, longitudinal
forces and active suspension forces of wheels are derived,
and the full control concept of the vehicle can be
achieved. This model can also be applied to satisfy other
driving situations, not just zero body sideslip and zero
body motion control.

The criteria for selecting proper control modes are
based on practical considerations. A numerical compari-
son, using typical vehicle data, shows some interesting
results for the different control modes. Through the com-
parisons and discussions, the preferable control modes in
different driving scenarios have been chosen.

2 MODELLING

In the model, the steering angle, tractive or braking force,
and active suspension force for each wheel are set as the
possible individually controllable input parameters.
There are nine control inputs for the three-wheeled
vehicle. Later on, after the steering angles of the same
axle are combined, a total of eight useful control inputs
are used in the governing equations.

There are two con� gurations for the three-wheeled
vehicle in this study. One is two wheels on the front axle
and is called the 2F1R three-wheeled vehicle; the other is
two wheels on the rear axle and is called the 1F2R three-
wheeled vehicle, as shown in Fig. 1, where wheels 1, 2
and 3 represent the front-left, front-right and singled rear
wheel of the 2F1R three-wheeled vehicle and wheels 4, 5
and 6 represent the singled front, rear-left and rear-right
wheel of the 1F2R three-wheeled vehicle.

The vehicle is divided into two parts: sprung and
unsprung bodies, as shown in Fig. 2a. The unsprung body
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(i.e. the wheels) has only three degrees of freedom, and
the body roll, pitch or bounce motions are not allowed.
The sprung body, the actual body of vehicle, has the
complete six-degree-of-freedom motion. A coordinate
frame xyz is � xed to the sprung mass, and the frame x’y’z’
is � xed to the unsprung mass. Both origins are at the
centre of gravity (CG) of the vehicle. To simplify the
model, symmetry exists about the x–z plane of the
vehicle.

It is assumed that the sprung mass will revolve about
the roll axis and pitch axis of the vehicle. Take the
1F2R three-wheeled vehicle, for example; the roll axis
A–A, as shown in Fig. 2b, is the line joining the front

and rear roll centres of the vehicle, where the heights of
the front and rear roll centres are 0 and hr. The pitch
axis B–B, in Fig. 2b, is the line joining the right and left
pitch centres. The vertical distance between the pitch
axis and the CG is hj. The longitudinal, lateral and yaw
motions of the sprung and unsprung bodies are set to be
identical.

The velocity of the CG is _R ˆ U i ‡ V j ‡ _qk ˆ
U i0 ‡ V j0 ‡ _qk0, where R is the position vector of the
CG, and i, j, k and i’, j’, k’ are the unit vectors of the xyz
and x’y’z’ coordinate systems. The inertia forces and
derivatives of angular momentum for the sprung and
unsprung mass centres can be obtained as follows:

Fig. 1 Three-wheeled vehicle models

Fig. 2 Vehicle model with sprung and unsprung bodies
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Msax ˆ Ms‰ _U ¡ hs �j ¡ g… _V ‡ hs
_f ‡ cg† ‡ _j… _q ¡ c _j†Š

Msay ˆ Ms‰ _V ‡ hs
�f ‡ c _g ‡ g…U ¡ hs _j† ¡ _f… _q ¡ c _j†Š

Msaz ˆ Ms‰… �q ¡ c �j† ¡ _j…U ¡ hs _j† ‡ _f…V ‡ cg ‡ hs
_f†Š

Muax0 ˆ Mu‰ _U ¡ g…V ¡ eg†Š

Muay0 ˆ Mu… _V ¡ e _g ‡ Ug†
_Hx ˆ Ixxs

�f ¡ Ixzs _g ¡ Iyys _jg ‡ _j…Izzsg ¡ Ixzs
_f†

_Hy ˆ Iyys �j ‡ g…Ixxs
_f ¡ Ixzsg† ¡ _f…Izzsg ¡ Ixzs

_f†
_Hz ˆ Izzs _g ¡ Ixzs

�f ‡ Iyys
_f _j ¡ _j…Ixxs

_f ¡ Ixzsg†
_Hz0 ˆ Izzs _g

…1†

Since the roll and pitch axes are similar to the hinged
joints, only forces, not moments, can be transmitted
through them. It is, then, further assumed that the lateral
forces will be transmitted from the unsprung to the
sprung mass through the roll centres and no roll moment
will be induced. The same is true for the pitch motion (i.e.
the longitudinal forces will be transmitted through the
pitch centres and no pitch moment will be induced).
Kinetic analyses for the unsprung mass and sprung mass
are carried out individually, and then combined with each
other by means of the reaction forces Frxl, Frxr, Fryf and
Fryr, which act onto the roll centres and pitch centres, as
shown in Figs 3 and 4. After some manipulations, the
equations of motion for the 1F2R three-wheeled vehicle
are derived as follows:

Fig. 3 Kinetic model of an unsprung mass

Fig. 4 Kinetic model of a sprung mass
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M… _U ¡ V g† ¡ Ms‰hs… �j ‡ _fg† ¡ _j… _q ¡ c _j†Š

ˆ Fx4 ‡ Fx5 ‡ Fx6 ¡ Fwx

M… _V ‡ Ug† ‡ Ms‰hs… �f ¡ _jg† ¡ _f… _q ¡ c _j†Š

ˆ Fy4 ‡ Fy5 ‡ Fy6

Ig _g ‡ Iz
_f _j ¡ Ixz4… �f ¡ _jg† ¡ Msc _f _q

ˆ lfFy4 ¡ lr…Fy5 ‡ Fy6† ‡ b
2

…Fx5 ¡ Fx6†

If
�f ‡ Ix _jg ¡ Ixz1… _g ‡ _f _j† ‡ Mshf

… _V ‡ Ug ¡ _f _q† ‡ Mf;r ˆ b
2

…Fz6 ¡ Fz5†

Ij �j ‡ Iy
_fg ¡ Ixz2g2 ‡ Ixz3

_f2 ¡ Mshj

‰ _U ¡ Vg ‡ _j… _q ¡ c _j†Š ¡ Ms… f ‡ c†

‰�q ¡ _j…U ¡ hs _j† ‡ V _fŠ ‡ Mj;r

ˆ …lr ¡ f †…Fz5 ‡ Fz6† ¡ …lf ‡ f †Fz4

Ms‰… �q ¡ c �j† ¡ _j…U ¡ hs _j† ‡ _f…V ‡ cg ‡ hs
_f†Š

‡ Fq;r ˆ Fz4 ‡ Fz5 ‡ Fz6

…2†

where

If ˆ Ixxs ‡ Mshshf

Ij ˆ Iyys ‡ Mshshj ‡ Msc… f ‡ c†

Ig ˆ Izzs ‡ Izzu ‡ Msc2 ‡ Mue2

Ix ˆ Izzs ¡ Iyys ¡ Mshshf

Iy ˆ Ixxs ¡ Izzs ‡ Mshshj ¡ Msc… f ‡ c†

Iz ˆ Iyys ¡ Ixxs ‡ Msc
2

Ixz1 ˆ Ixzs ¡ Mshfc, Ixz2 ˆ Ixzs ¡ Mshjc

Ixz3 ˆ Ixzs ¡ Mshs… f ‡ c†, Ixz4 ˆ Ixzs ¡ Mshsc

Mf;r ˆ b2

4
‰…Cf5 ‡ Cf6† _f ‡ …Kf5 ‡ Kf6†fŠ

‡ b
2

‰…Cf6 ¡ Cf5† _q ‡ …Kf6 ¡ Kf5†qŠ

‡ b
2

…lr ¡ f †‰…Cf6 ¡ Cf5† _j ‡ …Kf6 ¡ Kf5†jŠ

Mj;r ˆ …lf ‡ f †2…Cf4 _j ‡ Kf4j†

‡ …lr ¡ f †2‰…Cf5 ‡ Cf6† _j ‡ …Kf5 ‡ Kf6†jŠ

¡ …lf ‡ f †…Cf4 _q ‡ Kf4q†

‡ …lr ¡ f †‰…Cf5 ‡ Cf6† _q ‡ …Kf5 ‡ Kf6†qŠ

‡ b
2

…lr ¡ f †‰…Cf6 ¡ Cf5† _f ‡ …Kf6 ¡ Kf5†fŠ

Fq;r ˆ …Cf4 ‡ Cf5 ‡ Cf6† _q ‡ …Kf4 ‡ Kf5 ‡ Kf6†q

‡ …lr ¡ f †‰…Cf5 ‡ Cf6† _j ‡ …Kf5 ‡ Kf6†jŠ

¡ …lf ‡ f †…Cf4 _j ‡ Kf4j†

‡ b
2

‰…Cf6 ¡ Cf5† _f ‡ …Kf6 ¡ Kf5†fŠ

Fwx ˆ kxU2

The linear tyre model is used here for estimating the
cornering forces [8]. The cornering force Fyi acting on the
ith tyre is proportional to its slip angle ai (i.e. Fyi ˆ Ciai,
where Ci is the cornering stiffness of the ith tyre). Since
the body motion affects the actual steering angle, the ith
tyre steer angle should include the tyre roll steer angle yi

(i.e. yi ˆ fif), where the roll steer coef� cient fi is the rate
of change of the ith roll steer angle with respect to the
roll angle f [7]. If vehicle motion behaviour is U 4 V
and U 4 bg/2, then the tyre slip angle can be expressed
as

a4 ˆ …d4 ‡ y4† ¡ tan¡1 V ‡ lfg
U ¡ bg=2

º …d4 ‡ y4† ¡ V ‡ lf g
U

a5 ˆ …d5 ‡ y5† ¡ tan¡1 V ¡ lrg
U ¡ bg=2

º …d5 ‡ y5† ¡ V ¡ lrg
U

a6 º …d6 ‡ y6† ¡ V ¡ lrg
U

…3†

If equation (3) is combined with equation (2), the
governing equations of the 1F2R three-wheeled vehicle
can be formulated in terms of longitudinal velocity U,
lateral velocity V, bounce q, roll f, pitch j and yaw
velocity g, as shown in the following equation:
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‰DŠ ‡

0

Yf;rf ‡ FV ;r

Nf;rf ‡ Mg;r

Mf;r

Mj;r

Fq;r

2

6666666666664

3

7777777777775

ˆ ‰ErŠ

ˆ

1

0

0

0

0

0

2

6666666666664

3

7777777777775

Fx4 ‡

1

0

b=2

0

0

0

2

6666666666664

3

7777777777775

Fx5 ‡

1

0

¡b=2

0

0

0

2

6666666666664

3

7777777777775

Fx6 ‡

0

C4

lfC4

0

0

0

2

6666666666664

3

7777777777775

d4

‡

0

Cr

¡lrCr

0

0

0

2

6666666666664

3

7777777777775

…d5 ‡ d6† ‡

0

0

0

0

¡…lf ‡ f †

1

2

6666666666664

3

7777777777775

Fz4

‡

0

0

0

¡b=2

lr ¡ f

1

2

6666666666664

3

7777777777775

Fz5 ‡

0

0

0

b=2

lr ¡ f

1

2

6666666666664

3

7777777777775

Fz6 …4†

Similarly, the governing equations of the 2F1R three-
wheeled vehicle are derived:

‰DŠ ‡

0

Yf;ff ‡ FV ;f

Nf;f f ‡ Mg;f

Mf;f

Mj;f

Fq;f

2

66666666664

3

77777777775

ˆ ‰Ef Š

ˆ

1

0

b=2

0

0

0

2

6666666666664

3

7777777777775

Fx1 ‡

1

0

¡b=2

0

0

0

2

6666666666664

3

7777777777775

Fx2 ‡

1

0

0

0

0

0

2

6666666666664

3

7777777777775

Fx3

‡

0

Cf

lfCf

0

0

0

2

6666666666664

3

7777777777775

…d1 ‡d2†‡

0

C3

¡lrC3

0

0

0

2

6666666666664

3

7777777777775

d3 ‡

0

0

0

¡b=2

¡…lf ‡ f †

1

2

6666666666664

3

7777777777775

Fz1

‡

0

0

0

b=2

¡…lf ‡ f †

1

2

6666666666664

3

7777777777775

Fz2 ‡

0

0

0

0

lr ¡ f

1

2

6666666666664

3

7777777777775

Fz3 …5†

where [Ef] and [Er] are both 6 £ 1 matrices and [D] ˆ
[d1 d2 d3 d4 d5 d6]

T:

d1 ˆ M… _U ¡ V g† ¡ Ms‰hs… �j ‡ _fg† ¡ _j… _q ¡ c _j†Š

‡ KxU
2

d2 ˆ M… _V ‡ Ug† ‡ Ms‰hs… �f ¡ _jg† ¡ _f… _q ¡ c _j†Š

d3 ˆ Ig _g ‡ Iz
_f _j ¡ Ixz4… �f ¡ _jg† ¡ Msc _f _q

d4 ˆ If
�f ‡ Ix _jg ¡ Ixz1… _g ‡ _f _j†

‡ Mshf… _V ‡ Ug ¡ _f _q†

d5 ˆ Ij �j ‡ Iy
_fg ¡ Ixz2g2 ‡ Ixz3

_f2

¡ Mshj‰ _U ¡ Vg ‡ _j… _q ¡ c _j†Š

¡ Ms… f ‡ c†‰ �q ¡ _j…U ¡ hs _j† ‡ V _fŠ
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d6 ˆ Ms‰…�q ¡ c �j† ¡ _j…U ¡ hs _j†

‡ _f…V ‡ cg ‡ hs
_f†Š

Yf;r ˆ ¡C4f4 ¡ Cr… f5 ‡ f6†

FV ;r ˆ 1
U

‰V …C4 ‡ 2Cr† ‡ g…lf C4 ¡ 2lrCr†Š

Nf;r ˆ ¡lfC4f4 ‡ lrCr… f5 ‡ f6†

Mg;r ˆ 1
U

‰V …lf C4 ¡ 2lrCr† ‡ g…l2f C4 ‡ 2l2r Cr†Š

Yf;f ˆ ¡Cf … f1 ‡ f2† ¡ C3 f3

FV ;f ˆ 1
U

‰V …2Cf ‡ C3† ‡ g…2lfCf ¡ lrC3†Š

Nf;f ˆ ¡lfCf … f1 ‡ f2† ‡ lrC3f3

Mg;f ˆ 1
U

‰V…2lfCf ¡ lrC3† ‡ g…2l 2
f Cf ‡ l 2

r C3†Š

Mf;f ˆ b2

4
‰…Cf1 ‡ Cf2† _f ‡ …Kf1 ‡ Kf2†fŠ

‡ b
2

‰…Cf2 ¡ Cf1† _q ‡ …Kf2 ¡ Kf1†qŠ

‡ b
2

…lf ‡ f †‰…Cf1 ¡ Cf2† _j ‡ …Kf1 ¡ Kf2†jŠ

Mj;f ˆ …lf ‡ f †2‰…Cf1 ‡ Cf2† _j ‡ …Kf1 ‡ Kf2†jŠ

‡ …lr ¡ f †2…Cf3 _j ‡ Kf3j†

¡ …lf ‡ f †‰…Cf1 ‡ Cf2† _q ‡ …Kf1 ‡ Kf2†qŠ

‡ …lr ¡ f †…Cf3 _q ‡ Kf3q†

‡ b
2

…lf ‡ f †‰…Cf1 ¡ Cf2† _f ‡ …Kf1 ¡ Kf2†fŠ

Fq,f ˆ …Cf1 ‡ Cf2 ‡ Cf3† _q ‡ …Kf1 ‡ Kf2 ‡ Kf3†q

‡ …lr ¡ f †…Cf3 _j ‡ Kf3j†

¡ …lf ‡ f †‰…Cf1 ‡ Cf2† _j ‡ …Kf1 ‡ Kf2†jŠ

‡ b
2

‰…Cf2 ¡ Cf1† _f ‡ …Kf2 ¡ Kf1†fŠ

From equations (4) and (5), the tractive forces on the
same side, or the steering angles of the wheels on the
same axle will have the same effects on the motion.
Therefore, these parameters can be combined, and let

Fxl ˆ Fx1 ˆ Fx5, Fxr ˆ Fx2 ˆ Fx6

df ˆ d1 ‡ d2 ˆ d4, dr ˆ d3 ˆ d5 ‡ d6

Fzl ˆ Fzl ˆ Fz5, Fzr ˆ Fz2 ˆ Fz6

Fzl ˆ Fz3 ˆ Fz4

The � nal eight control parameters are the left-side,
right-side and singled-wheel tractive forces, front and
rear steering angles, and three active suspension forces
(i.e. Fxl, Fxr, Fxs, df, dr, Fzl, Fzr, Fzs).

3 FULL CONTROL MODES

As the vehicle has a zero body sideslip angle, the lateral
velocity and acceleration must diminish; V

.
ˆ V ˆ 0. For

the zero body motions, the pitch, roll and bounce
motions of the vehicle are not allowed, and
_f ˆ f ˆ _j ˆ j ˆ _q ˆ q ˆ 0. After substitution of
these values into equations (4) and (5), it follows that

‰Ef Š ˆ

M _U ‡ KxU2

MUg ‡ …2lfCf ¡ lrC3†g
U

Ig _g ‡ …2l2
f Cf ‡ l2r C3†g

U

¡Ixzl _g ‡ MshfUg

¡Ixz2g2 ¡ Mshj _U

0

2

66666666666666664

3

77777777777777775

‰ErŠ ˆ

M _U ‡ KxU 2

MUg ‡ …lf C4 ¡ 2lrCr†g
U

Ig _g ‡ …l2f C4 ‡ 2l2r Cr†g
U

¡Ixz1 _g ‡ MshfUg

¡Ixz2g2 ¡ Mshj _U

0

2

66666666666666664

3

77777777777777775

…6†

Here it should be assumed that the prescribed driving
scenarios of the two three-wheeled vehicles are the same
in order to compare their relative performance (i.e.
C4 ˆ 2Cf and C6 ˆ 2Cr). This means that the cornering
force produced from the singled wheel of one three-
wheeled vehicle is the same as that produced from the
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two side wheels of the other three-wheeled vehicle.
Then

‰EŠ ˆ ‰Ef Š ˆ ‰ErŠ ˆ

M _U ‡ KxU2

MUg ‡ 2…lfCf ¡ lrCr†g
U

Ig _g ‡ 2…l2f Cf ‡ l2
r Cr†g

U
¡Ixz1 _g ‡ MshfUg

¡Ixz2g2 ¡ Mshj _U

0

2

66666666666664

3

77777777777775

…7†

Full control means that the motion of a vehicle can be
controlled fully, such that a prescribed driving scenario
can be achieved. Among these eight control parameters,
only six should be selected and controlled. Let n1, n2, n3,
n4, n5 and n6 be the chosen six full control parameters
and arrange equations (4) and (5) in matrix form, as
shown below:

‰EŠ ˆ ‰FŠ‰n1 n2 n3 n4 n5 n6ŠT

‰n1 n2 n3 n4 n5 n6ŠT ˆ ‰FŠ¡1‰EŠ
…8†

Here [F] is a 6 £ 6 in� uence coef� cient matrix, formed
by combining the corresponding coef� cients of the
chosen six control parameters.

From equations (4) and (5), the vehicle longitudinal,
lateral and yaw motions are only related to the tractive
forces and steering angles, and the body motions are only
related to the active suspension forces. Therefore, the
control parameters can be separated into two groups. [F]
can also be separated into two submatrices: matrix [G],
related to the tractive forces and steering angles, and
matrix [H], which is related to the active suspension
forces.

For these control inputs to have physical meanings, it
is necessary that [F]¡1 must exist, i.e. det [F] 6ˆ 0. This
implies that both det [G] 6ˆ 0 and det [H] 6ˆ 0, and [G]

and [H] must be 3 £ 3 positive de� nite matrices:

‰FŠ6£6 ˆ
‰GŠ3£3 ‰0Š3£3

‰0Š3£3 ‰HŠ3£3

" #

det ‰FŠ ˆ det ‰GŠ det ‰HŠ 6ˆ 0

…9†

Among the � ve tractive forces and steering angles, only
and at most three could be selected. Nine control modes,
Q1 to Q9, for the traction and steering can be formulated
and [G] can be found, as shown in Table 1. In modes Q1
to Q6, only one single steering angle is selected as an
input. In modes Q1 to Q3, the steering is in the front
wheels, and in modes Q4 to Q6, in the rear. In modes Q7
to Q9, both the front and the rear wheels can be steered,
but only one wheel has the tractive force.

Three active suspension forces can be applied in each
of the three-wheeled vehicles. Two different control
modes, 2F1R and 1F2R, and the corresponding [H] can
be found, as shown in Table 2.

By means of commutative combination of tractive
forces, steering angles and active suspension forces in
three-wheeled vehicles, there are a total of nine control
modes. It can be easily checked that the determinant of
[G] and [H] should not be zero. This will ensure that
control inputs are solvable and the system can be
controlled.

4 EVALUATION CRITERIA FOR FULL
CONTROL MODES

Any one of the nine full control modes will allow the

Table 1 Expressions for [G]

Q1: Fxl, Fxr, df Q2: Fxl, Fxs, df Q3: Fxr, Fxs, df Q4: Fxl, Fxr, dr Q5: Fxl, Fxs, dr

1 1 0
0 0 Cf

b=2 ¡b=2 lf Cf

2

4

3

5
1 1 0
0 0 Cf

b=2 0 lf Cf

2

4

3

5
1 1 0
0 0 Cf

¡b=2 0 lf Cf

2

4

3

5
1 1 0
0 0 Cr

b=2 ¡b=2 ¡lrCr

2

4

3

5
1 1 0
0 0 Cr

b=2 0 ¡lrCr

2

4

3

5

Q6: Fxr, Fxs, dr Q7: Fxl, df, dr Q8: Fxr, df, dr Q9: Fxs, df, dr

1 1 0
0 0 Cr

¡b=2 0 ¡lrCr

2

4

3

5
1 0 0
0 Cf Cr

b=2 lf Cf ¡lrCr

2

4

3

5
1 0 0
0 Cf Cr

¡b=2 lf Cf ¡lrCr

2

4

3

5
1 0 0
0 Cf Cr

0 lf Cf ¡lrCr

2

4

3

5

Table 2 Expressions for [H]

2F1R: Fzl, Fzr, Fzx 1F2R: Fzs, Fzl, Fzr

¡b=2 b=2 0
¡…lf ‡ f † ¡…lf ‡ f † lr ¡ f

1 1 1

2
4

3
5

0 ¡b=2 b=2
¡…lf ‡ f † lr ¡ f lr ¡ f

1 1 1

2
4

3
5
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vehicle to follow a determined motion scenario. Here, the
performance of these modes will not be compared by
means of a traditional steady state, time or frequence
response. In order to compare the selection of control
parameters and control modes, three evaluation criteria
are proposed: (a) the sum of tractive forces, (b) the sum of
cornering forces and (c) the sum of active suspension
forces. These three evaluating forces have signi� cant
practical meanings. They are outlined and explained as
follows.

4.1 Sum of tractive forces Fxt

The sum of needed tractive forces is a useful index to
show the effectiveness of the use of energy. Larger
tractive forces should be avoided. This can be shown
as

Fxt ˆ Fxl ‡ jFxlj
2

‡ Fxr ‡ jFxrj
2

…10†

When the tractive force has a negative value, the wheel
is braking. Since the braking will not demand energy
from the power plant, it will be ignored here. In equation
(10), the negative tractive force will be cancelled. How-
ever, it is worthwhile to point out that, if energy can be
retrieved, such as from electric brakes, the negative
tractive forces can be favoured.

4.2 Sum of cornering forces Fyt

The cornering force would result in excessive tyre wear
and fatigue due to the heat build-up. A lower cornering
force is more favourable. The sum of needed cornering
forces is expressed as

Fyt ˆ jFy1 ‡ Fy2j ‡ jFy3 ‡ Fy4j

ˆ
­­­Cf df ¡ 2

V ‡ lf g
U

³ ´­­­‡
­­­Cr dr ¡ 2

V ¡ lrg
U

³ ´­­­

…11†

4.3 Sum of active suspension forces Fzt

The active suspension forces are generated by the

actuators, and the sum of needed active suspension
forces directly represents the energy consumption of the
actuators. A lower active suspension force means less
energy transmitted into the system, and it will be
favoured. The sum of needed active suspension forces
is expressed as

Fzt ˆ
X4

iˆ1

jFzij …12†

The control mode that needs less overall tractive force,
cornering force and active suspension force will be more
energy ef� cient and produce less scuff power loss. The
comparison of full control modes will be based on these
three evaluated forces.

5 COMPARISON OF FULL CONTROL MODES

Two driving scenarios are discussed here for comparison
of the difference between the control modes. The � rst is a
vehicle straight-line run, and the second is a vehicle
negotiating a constant radius turn.

5.1 Straight-line run

The straight-line run is a rather simple case of vehicle
control. The discussion here shows that choosing
different sets of control inputs leads to very different
results. The vehicle yaw velocity is set be zero, and the
corresponding inverse matrix [F]¡1 of each control mode
is obtained. If they are substituted into equation (8),
expressions for the control parameters are found, as
shown in Table 3. These are then substituted into
equations (10) to (12) to � nd the evaluating forces (the
sum of the tractive forces, cornering force, and active
suspension forces in each modes), shown in Table 4,
where d ˆ df in modes Q1, Q2 and Q3 and d ˆ dr in
modes Q4, Q5 and Q6.

Vehicles with a constant speed and with acceleration
are both discussed here.

5.1.1 Straight-line run with a constant speed

With no accelerations, U
.
ˆ 0, as shown in Table 3, all

Table 3 Expressions for control parameters in the straight-line run

Q1, Q4 Fxl ˆ 1
2P1, Fxr ˆ 1

2P1, d ˆ 0 Q2, Q5 Fxl ˆ 0, Fxs ˆ P1, d ˆ 0

Q3, Q6 Fxr ˆ 0, Fxs ˆ P1, d ˆ 0 Q7 Fxl ˆ P1,df ˆ ¡ b
2lCf

P1,dr ˆ b
2lCr

P1

Q8 Fxr ˆ P1,df ˆ b
2lCf

P1,dr ˆ ¡ b
2lCr

P1 Q9 Fxs ˆ P1, df ˆ 0, dr ˆ 0

2F1R Fzl ˆ Fzr ˆ Mshj _U
2l

, Fzs ˆ ¡ Mshj _U
l

1F2R Fzs ˆ Mshj _U
l

, Fzl ˆ Fzr ˆ ¡ Mshj _U
2l

P1ˆ MU
.

‡ kxU
2.
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three active suspension forces are zero. However, the
selection of the steering angles and tractive forces does
make a difference. In modes Q1 to Q6 there is only one
steering angle input, and it is always zero. Two tractive
forces on the two sides in modes Q1 and Q4 are equal.
Only the singled wheel provides a tractive force in modes
Q2 and Q3 and modes Q5 and Q6, and the aside tractive
force is always zero.

In modes Q7 and Q8, there is only a tractive force on
an aside wheel of the vehicle. The side tractive force
results in a yaw moment, and this must be balanced by the
cornering forces provided by the two sets of steering
wheels. Take mode Q7, for example: the tractive force is
on the left side, and the front wheels must turn to the left
and the rear to the right. It is rather unusual that, in the
straight-line run, steering angles are not zero, and the
excessive cornering forces is certainly not desirable.

In mode Q9, because the only tractive force provided
by the singled wheel will not result in a yaw moment, two
steering angle inputs are always zero.

5.1.2 Straight-line run with an acceleration

The needed tractive forces and steering angles increase,
because U

.
is no longer zero. Furthermore, because of

acceleration, proper active suspension forces must be
applied in order to maintain the zero body motions. The
active suspension forces, exerted on the front and rear
axles are equal in magnitude, opposite in direction and
equal on both sides, as shown in Table 3.

5.1.3 Current remarks

When a vehicle undertakes a straight-line run, all nine
full control modes introduce the same total tractive force
and total active suspension force. All of the three active
suspension forces are useful, and the two sides are always
equal. As to the cornering forces, in modes Q7 and Q8,
excessive cornering forces appear, but no cornering
forces exist in modes Q1 to Q6 and Q9.

For the full control modes, it is possible to choose two
tractive forces and only one steering angle as control
parameters, such as for modes Q1 to Q6, or to choose two
steering angles and the tractive force provided by the
singled wheel as control parameters, such as in mode Q9,
for the straight-line run. For active suspension force, the

three-wheeled vehicles 2F1R and 1F2R exhibit no
difference in the straight-line run.

5.2 Constant radius turn

When a vehicle negotiates a constant radius turn, the yaw
velocity is U/r and yaw acceleration is U

.
/r. As for the

previous derivation in the case of the straight-line run,
expressions for the control parameters, shown in Table 5,
and expressions for the evaluating forces, shown in Table
6, can be found.

Because these expressions are highly complicated, and
cannot be analysed by simple means, a numerical
approach is used and the numerical simulation results
are presented here. The numerical results only provide
an estimate of the dynamics of a typical vehicle; they
cannot represent all types of vehicles by any means.

A computer program, prepared in MATHEMATICA,
is used for � nding the numerical values of the control
parameters and the evaluating forces. The mass and
dimensions of the simulated vehicle are taken from a
typical vehicle as listed in Table 7. The vehicle with a
constant speed and with an acceleration are both
discussed here.

5.2.1 Constant radius turn with a constant speed

Using the expressions in Tables 6 and 7, the numerical
results of simulation for the control parameters of each
control mode are shown in Fig. 5 and the evaluating
forces of each control modes are shown in Fig. 6, where
‘S’, ‘L’ and ‘R’ in parentheses represent the singled, left
and right wheels respectively of the three-wheeled
vehicle.

From Fig. 5, the control modes using only one steering
angle, modes Q1 to Q6, demand higher tractive forces
and greater steering angles during the turn. In modes Q4
to Q6, the highest tractive forces and the greatest steering
angles have been observed. The reason can be that in
modes Q4 to Q6 the unsteered front wheel(s) introduces a
negative cornering force, and in order to keep from lateral
zero force, the rear wheel(s) will need a greater steering
angle, and a larger tractive force is then needed to balance
the increased negative yaw moment. Therefore, the
tractive forces, the steering angles and also the evaluating
forces of modes Q4 to Q6 are greater than those for
modes Q1 to Q3, as shown in Figs 5 and 6.

Two tractive forces in modes Q1 to Q3, which choose a
front steering angle as a control parameter, change their
application direction in order to balance the varying yaw
moment, which does not change in the cases of modes Q4
to Q6, as shown in Fig. 5a. The control modes using only
one steering angle and one tractive force provided by the
singled wheel as a control parameter, modes Q2, Q3, Q5
and Q6, demand greater tractive forces than those for
modes Q1 and Q4. Because the distance between the two

Table 4 Expressions for evaluating forces in the straight-line
run

Fxt Fyt Fzt

Q1 to Q6, Q9 P1 0 2F1R
2Mshj _U

l

Q7, Q8 P1
bP1

l
1F2R

2Mshj _U
l
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wheels in modes Q2, Q3, Q5 and Q6 is smaller, the yaw
moment can be balanced only by increasing the tractive
forces. Therefore, the total tractive force for modes Q2
and Q3 is greater than that for mode Q1, and

correspondingly tractive forces for modes Q5 and Q6
are greater than that for mode Q4, as shown in Fig. 6a.

The cornering force of front and rear wheels will
balance the yaw moment generated by the centrifugal

Table 6 Expressions for evaluating forces in a constant radius turn

Fxl Fyl Fzl

Q1
2P1 ‡ jP1 ‡ P3j ‡ jP1 ¡ P3j

4
Q1 to Q3 P2 ¡ 2lf Cf

r

­­­­

­­­­‡ 2lrCr

r
2F1R, 1F2R P5 ¡ P6

2

­­­­

­­­­‡ P5 ‡ P6

2

­­­­

­­­­‡ jP6j

Q2
P1 ‡ jP3 j ‡ jP1 ¡ P3 j

2
Q4 to Q6 P2 ‡ 2lrCr

r

­­­­

­­­­‡ 2lf Cf

r

Q3
P1 ‡ jP3 j ‡ jP1 ‡ P3 j

2
Q7

b…P1 ¡ P4†
2l

‡ 2lf Cf

r

­­­­

­­­­‡ b…P1 ¡ P3†
2l

‡ 2lrCr

r

­­­­

­­­­

Q4
2P1 ‡ jP1 ‡ P4j ‡ jP1 ¡ P4j

4
Q8

b…P1 ¡ P4†
2l

¡ 2lf Cf

r

­­­­

­­­­‡ b…P1 ¡ P3†
2l

¡ 2lrCr

r

­­­­

­­­­

Q5
P1 ‡ jP4 j ‡ jP1 ¡ P4 j

2
Q9

bP4

2l
¡ 2lfCf

r

­­­­

­­­­‡ bP3

2l
¡ 2lrCr

r

­­­­

­­­­

Q6
P1 ‡ jP4 j ‡ jP1 ‡ P4 j

2

Q7 to Q9
P1 ‡ jP1 j

2

Table 5 Expressions for control parameters in a constant radius turn

Q1 Q2 Q3 Q4 Q5 Q6

Fxl ˆ P1 ‡ P3

2
Fxl ˆ P3 Fxr ˆ ¡P3 Fxl ˆ P1 ‡ P4

2
Fxl ˆ P4 Fxr ˆ ¡P4

Fxr ˆ P1 ¡ P3

2
Fxs ˆ P1 ¡ P3 Fxs ˆ P1 ‡ P3 Fxr ˆ P1 ¡ P4

2
Fxs ˆ P1 ¡ P4 Fxs ˆ P1 ‡ P4

df ˆ P2

Cf
df ˆ P2

Cf
df ˆ P2

Cf
dr ˆ P2

Cr
dr ˆ P2

Cr
dr ˆ P2

Cr

Q7 Q8 Q9 2F1R 1F2R

Fxl ˆ P1 Fxr ˆ P1 Fxs ˆ P1 Fzl ˆ ¡P5 ‡ P6

2
Fzs ˆ P6

df ˆ ¡ b…P1 ¡ P4†
2lCf

df ˆ b…P1 ‡ P4†
2lCf

df ˆ bP4

2lCf
Fzr ˆ P5 ‡ P6

2
Fzl ˆ ¡P5 ¡ P6

2

dr ˆ b…P1 ¡ P3†
2lCr

dr ˆ ¡ b…P1 ‡ P3†
2lCr

dr ˆ ¡ bP3

2lCr
Fzs ˆ ¡P6 Fzr ˆ P5 ¡ P6

2

P2 ˆ 2…lfCf ¡ lrCr† ‡ MU2

»

P3 ˆ 2
rb

‰Ig _U ‡ …2llrCr ¡ Mlf U
2†Š, P4 ˆ 2

rb
‰Ig _U ‡ …2llf Cf ‡ MlrU

2†Š

P5 ˆ 1
rb

…MshfU 2 ¡ Ixz1
_U†, P6 ˆ 1

r2 l
…Mshjr2 _U ‡ Ixz2U 2†

Table 7 Data for the simulated vehicle

M ˆ 2000 kg Cf ˆ 41 580 N/rad l ˆ 2.80 m b ˆ 1.48 m hf ˆ 0.25 m r ˆ 50 m
Ms ˆ 1800 kg Cr ˆ 34 020 N/rad lf ˆ 1.26 m c ˆ 0.03 m hj ˆ 0.3 m U

.
ˆ 0.3g

Mu ˆ 200 kg kx ˆ 0.40 N s2/m2 lr ˆ 1.54 m e ˆ 0.27 m
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Fig. 5 Control parameters in a constant radius turn with a constant speed

Fig. 6 Evaluating forces in a constant radius turn with a constant speed
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force and tractive force in modes Q7 to Q9. With a proper
match between the front steering angle and the rear
steering angle, the total tractive and cornering forces are
less than those for a single steering angle, as shown in
Fig. 6.

As to the active suspension forces, two side active
suspension forces prevent the vehicle from rolling, as
shown in Fig. 5c. The total active suspension force of the
three-wheeled vehicles 2F1R and 1F2R are the same.

5.2.2 Constant radius turn with an acceleration

Acceleration introduces the longitudinal weight transfer,
in addition to the lateral weight transfer caused by the
centrifugal force. The results of numerical simulation are
shown in Figs 7 and 8.

It is obvious that, with an acceleration, the needed
tractive forces should be increased in all the control
modes. Because of the increased tractive force, mainly

provided by the singled wheel in modes Q2, Q3, Q5 and
Q6, the different tractive force between the singled wheel
of one mode and the side wheel of the other mode in
modes Q2 and Q3 is increased, and it is the same in
modes Q5 and Q6 from comparison of Figs 7a and 5a.

The differences between the front steering angle and
rear steering angle in mode Q7 are reduced, yet for mode
Q8 are increased, from comparison of Figs 7b and 5b.
The reason is that, in mode Q7, the increased tractive
force on the outside wheel produces a greater yaw
moment, helping the vehicle to turn; thus the difference
of the front and rear steering angles, which also produces
the needed positive yaw moment, can then be reduced.
The reverse is true for the mode Q8.

Among the three active suspension forces, the singled
wheel either on the front or on the rear axle remains about
the same. One of the two active suspension forces paired
on an axle changes its direction, such as Fzl for the 2F1R
vehicle and Fzr for the 1F2R vehicle, as shown in Figs 7c
and 7d. This phenomenon, that active suspension force

Fig. 7 Control parameters in a constant radius turn with an acceleration
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changes the direction of its application, is, as the result of
taking the dynamic weight transfer, caused by both the
intertia and centrifugal force.

As in the case with a constant speed, the control modes
using only one steering angle, modes Q1 to Q6, demand a
greater total tractive force during the turn than in the
modes Q7 to Q9. The total cornering forces of modes Q7,
Q8 and Q1 to Q3 are about the same. In modes Q4 to Q6,
the highest total tractive force is for the mode Q6, and the
greatest cornering force can be observed, as shown in
Figs 8a and 8b.

5.2.3 Current remarks

When a vehicle negotiates a constant radius turn, the
favourable full control modes will be those choosing two
steering angles and only one tractive force provided by
the single wheel as the control parameters, such as mode
Q9. Using only one steering angle, in modes Q1 to Q6,
demands a greater total tractive force than modes Q7 to
Q9. The total cornering forces in modes Q7, Q8 and Q1 to
Q3 are about the same, whereas mode Q6, which uses the
rear steering angle, single-wheel tractive force, and inside
wheel tractive force as the control parameters contribute
the highest total tractive force and cornering force.

With respect to their active suspension forces, the
three-wheeled vehicles 2F1R and 1F2R exhibit no
differences from an energy-saving point of view in a
constant radius turn.

6 CONCLUSIONS

In this study, various full control modes for controlling
three-wheeled vehicle body sideslip angle and body

motion are presented by means of a six-degree-of-
freedom vehicle model. Evaluation criteria, such as the
sum of total tractive forces, total cornering forces and
total active suspension forces, have been developed for
comparing the different performances of these nine
control modes. Through the discussion and numerical
simulation, the favourable control modes for zero body
sideslip angle and zero body motions control in various
driving scenarios have been found. The conclusions are
as follows:

1. In the straight-line run, the full control modes
choosing two tractive forces and only one steering
angle or choosing two steering angles and the tractive
force provided by the singled wheel as control par-
ameters are preferable, because there are no cornering
forces.

2. In the constant radius turn, the full control modes
choosing two steering angles and tractive force
provided by the singled wheel as control parameters
are preferable, because of the lower tractive and
cornering forces.

3. With respect to active suspension forces, there is no
difference between a 2F1R or 1F2R three-wheeled
vehicle.
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