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We study the packing history and packing structures of photonic
bandgap crystals consisting of mono-sized SiO2 particles. Sim-
ulations with combined actions of Brownian motion, inter-par-
ticle interactions, and imposed external fields are considered.
Numerical tactics to support modeling of Brownian particle
agglomerations and consolidation and drying processing are
developed. Our results suggest that the desired close-packed
patterns on the surface are propagated from those at the bottom
layer during consolidation. The driving forces for this
pattern formation and growth are the coupling between inter-
particle interactions and constraints from imposed external
fields.

I. Introduction

PHOTONIC bandgap (PBG) crystals consist of periodical as-
semblies of mono-sized ceramic particles. The particle sizes

are around several 100 nm, whose length scale is proportional to
the wavelength of light in the band gap.1 To fabricate PBG
crystals, colloidal processing is often utilized in which the for-
mation of packing structures results from sedimentation of par-
ticles in suspensions.2,3 An outstanding issue on synthesis of
PBG crystals is thus the ability to fabricate desired packing
structures so that light can be controlled.4 Trau et al.5 manip-
ulated various particle clusters by an ultrasonic wave, which in-
duced a lateral attraction motion to assemble micro-sized silica
particles to an ordered two dimensional (2D) structure. Sarkar
et al.6 found that formation of monolayer silica particles was
similar to the atomic film growth via molecular-beam epitaxy.
Two growth processes were observed. In the early stage, the
behavior of colloidal particles was similar to diffusion-limited
aggregation. It then transferred to the stage of consolidation
inside the cluster. In addition to bulky PBG crystals, Masuda
et al.7 developed a process to fabricate wires by self-assembly on
hydrophilic regions of self-assembled monolayers.

In the past few years, there has been a growing interest in
using various external fields to manipulate bulk crystallization,
with the expectation to ultimately control desired packing struc-
tures of PBG crystals.8 The formation of colloidal crystals in
bulk without the presence of external fields is now well under-
stood. The disorder-to-order transition from the liquid to
the solid state is mainly governed by thermal equilibrium.9

For hard sphere systems, volume fraction is the only parameter
that controls the phase transition.10 Despite our understanding
of bulk crystallization, questions concerning the influence of
confining walls and additional external fields on colloidal matter
still remain. The readers are referred to an excellent review given
by Löwen on the recent discoveries of novel phase transition
phenomena triggered or generated by the confining walls and
external fields.11 In general, packing structures through sedi-
mentation depend largely on the dynamical behavior of colloidal
particles and their interactions with imposed external fields. At
the submicrometer scale, two important factors control particle
dynamics of a colloidal system. One is the surface forces acting
between two colloids and the other is the Brownian motion of
colloids in a suspension.

Surface forces acting between two colloids originate from in-
teratomic forces at the atomistic scale. These forces at the col-
loidal scale manifest themselves into various forms including
electrostatic forces, van der Waals forces, salvation forces, steric
forces, and hydrophobic and hydrophilic forces.12 For a
simple colloidal system without adsorbed substances (e.g.,
polymeric dispersants), van der Waals and electrostatic forces
dominate.12,13 These two forces can be characterized by the
well-known Derjaguin–Landau–Verway–Overbeek (DLVO)
theory12–16 as the algebraic summation of electrostatic repul-
sion and van der Waals attraction.

Brownian motion of colloids in a suspension results from
random collisions of solvent molecules acting on colloids. This
actuation by solvent molecules is a major driving mechanism to
ignite agglomeration in a suspension before particles deposit
onto the substrate. Consequently, the effects have a profound
impact on the packing structures. A conventional way to incor-
porate Brownian motion effects into a particle dynamics simu-
lation is through the adoption of Brownian forces, which is
characterized by suitable probabilistic distributions.17,18

Ansell and Dickinson’s19 pioneering work presented a simu-
lation methodology to study sediment formation. Both colloidal
interaction from the DLVO theory and diffusive characteristics
of Brownian motion were considered. They concluded that
packing structures were affected by both. However, their study
was based on a scheme of single particle deposition that was
meant to model an infinite dilute system. Particle agglomeration
during the settling process was not taken into consideration. On
the other hand, Hong13 studied colloidal particle movement in a
suspension and found that the surface potential of particles had
a profound impact on the final packing structures. However,
some of these packing results disagreed with the experimental
observations.

In this paper, the packing history and packing structures of
PBG crystals are studied with particle dynamics simulations and
tailored experiments. We develop a simulation methodology in
detail to describe the dynamical behavior of colloidal particles
because of the combined actions of Brownian motion, inter-
particle interactions, and imposed external fields. Simulations
and experiments are conducted to examine particle agglomera-
tion in a solution and its consequent effects on packing struc-
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tures. Finally, simulations provide us with a gateway to study
dynamical evolution from dispersed states in a solution to the
final packing structures. The evolution of packing structures
because of coupling between the inter-particle interactions and
imposed external fields is also analyzed.

II. Experimental Procedure

(1) Preparation of Mono-Sized SiO2 Particles

Tetra-ethyl orthosilicate (TEOS; MERCK-Schuchardt, Germa-
ny) in a purified grade and ammonia solution (ammonium hy-
droxide, 28–30 wt% solution of NH3 in water, Acros Organics,
NJ, USA) were used. Ethanol (extra pure reagent, 99.5%, Shim-
akyu Pure Chemicals, Osaka, Japan) and de-ionized water are
the solvents. The detailed description of synthesis has been re-
ported in our previous article.20

After washing three times with 95% pure ethanol and once
with de-ionized water, the spherical SiO2 particles were dis-
persed in the aqueous solution in which the electrolyte concen-
tration was set at 0.001M with NaCl. The concentration of SiO2

in the aqueous solution was set at 5 wt%.
We manipulated the pH value to control inter-particle inter-

actions that are a function of z potentials based upon the dou-
ble-layer theory.16,21 The pH value was adjusted to 2 or 10 with
HCl and NaOH. From the isoelectric point (IEP) curve of
amorphous silica, we found that the z potentials of SiO2 parti-
cles are z ¼ þ5 mV and z ¼ �50 mV for the condition of pH ¼
2 and pH ¼ 10, respectively. Close to its IEP (at pH5 2.2), a
particle has a weak repulsive potential and it is easy for it to
aggregate with others. In contrast, a SiO2 particle is likely to
remain dispersed in the suspension at a pH value beyond its IEP
because of a high surface charge. The container’s material was
borosilicate glass whose IEP is similar to that of colloidal silica.
The contact effect of the container was thus ignored.

The SiO2 sediment was prepared from the SiO2 suspension by
centrifuging with 550 g (3000 rpm) for 20 min in disposable cul-
ture tubes of borosilicate glass. The centrifuge machine was
Laboratory Centrifuge Z380 (Berthold Hermle AG, Gosheim,
Germany). The chosen centrifuging rate did not induce a change
in the shape of the SiO2 spheres but it did speed up the packing
rate. The sample was dried at room temperature for 2B3 days,
and then placed in an oven maintained at 1051C for 24 h. The
sintering process was performed from room temperature to
5001C and then holding at 5001C for 4 h. The heating rate
was 101C/min. To characterize the size of the SiO2 particles, a
particle sizer (MASTER2000, Malvern, U.K.) and TEM (JEOL
100CXII, Akishima, Japan) were used. The morphologies of
particles were observed by Field Emission SEM (Leo, Instru-
ment 1530, Cambridge, U.K.). The size of the particles prepared
for this study had been confirmed to be around 400 nm in di-
ameter thereafter.

For the case of z ¼ �50 mV, we found that the particle size
distribution at the beginning of the test and after 3-day sedi-
mentation were almost identical, with a single sharp peak at 400
nm. From SEM observations, we found that the particles had a
mono-size of about 400 nm. Thus, we concluded that the par-
ticles were well dispersed in the suspension through packing for
this case.

For the case of z ¼ þ5 mV, we first observed that all the
particles quickly settled in 1 h during the tests. The particle size
distributions for the initial state and for the state after 10 min of
sedimentation were nearly identical, with a wider distribution
and a peak at 1500 nm. This implies that the agglomerations
occurred because of rapid Brownian coagulation and had
reached a stable state in a very short period of time right after
the initial state.

The SEM images of the packing structures are shown in
Figs. 1(A) and (B). These morphologies are related to the cases
of z ¼ þ5 mV and z ¼ �50 mV, respectively. In the former, the
image reveals a random arrangement on the surface of the cen-
trifuged SiO2 cake. The pore is likely caused by particle agglo-

meration in the suspension. The roughness of the surface is
about five to ten times the size of SiO2 particles. In the latter, a
well-packed structure on the surface of the SiO2 centrifuged cake
can be observed. Despite the presence of a few vacancies, faults,
and domain boundaries, most of particles were arranged in a
close-packed manner. The surface roughness was about the size
of the SiO2 particles.

III. Simulation

(1) Equation of Motion

The movement of a colloidal particle in a suspension is gov-
erned by Newtonian dynamics where forces include those
from inter-particle interactions of its neighboring particles, so-
lutions and imposed fields, and collisions of solvent molecules
acting on the particles. From the Langevin equation, the balance
equation of motion for a particle in a suspension can be ex-
pressed as17

m _vþ 6pZrv ¼ Fþ X (1)

in which m is the mass of the particle, v the velocity vector of the
particle, Z the viscosity of the medium, r the radius of the par-
ticle, F the external force vector that includes the contribution
from field forces and inter-particle forces, and X the random
force vector that represents the stochastic nature of a force ac-
tivated by the medium’s molecules. At a specific time t, given
that all the external forces can be treated constantly during
a small incremental time step Dt, the position of the particle

Fig. 1. (A) SEM images of SiO2 packing structures for the case of
z ¼ þ5 mV. (B) SEM images of SiO2 packing structures for the case of
z ¼ �50 mV.
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at the next time step tþ Dt can be obtained by the following
equation17

rðtþ DtÞ ¼ rðtÞ þ vðtÞ
b
ð1� e�bDtÞ þ FðtÞ

mb

� t� 1

b
ð1� e�bDtÞ

� �
þ RðDtÞ (2)

in which b ¼ 6pZr=m, F(t) is the summation of all external force
vectors imposed on the particle at time t, and R(Dt) is a stoc-
hastic term that represents the displacement vector of Brownian
motion during the time increment Dt.

It is noteworthy that b�1 represents the relaxation time. Thus,
for the diffusive time scale in which Dt > > b�1, each compo-
nent of R(Dt) can be specified as a function of the first and sec-
ond probability moments of a Gaussian distribution9:

m ¼ RðDtÞh i ¼ 0 (3)

s2 ¼ RiðDtÞRjðDtÞ
� �

¼ 2DijDt (4)

in which Dij is the diffusion tensor for the focused particle i and
neighboring particles j in the suspension. As the primary interest
in this study is the structures of sedimentation,Dij can be further
simplified using the Stokes–Einstein diffusion coefficient D0.

19

Equation (4) thus reduces to

s2 ¼ RiðDtÞRjðDtÞ
� �

¼ 2D0Dt (5)

in which D0 ¼ kBT=6pZr where kB is the Boltzmann constant
and T the temperature in Kelvins.

At the range from a few nanometers to a micron, the
inter-particle interactions can be characterized by the DLVO
theory12,16,21

VDLVO ¼ Vvdw þ Vele (6)

in which Vvdw denotes the van der Waals energy, Vele denotes
the electrostatic repulsive energy, and VDLVO denotes the total
DLVO potential energy, respectively. For the interaction be-
tween two spherical particles, the van der Waals and electro-
static potentials can be expressed as9,12,13

Vvdw ¼�
AH

6

2r1r2

d2 � ðr1 þ r2Þ2
þ 2r1r2

d2 � ðr1 þ r2Þ2 þ 4r1r2

"

þln d2 � ðr1 þ r2Þ2

d2 � ðr1 þ r2Þ2 þ 4r1r2

 !#

(7)

Vele ¼ 64pereo
RT

zF

� �2

� tanh
zFz1
4RT

� �

� tanh
zFz2
4RT

� �
� r1r2

r1 þ r2
e�kh

(8)

in which h is the surface separation distance and d the center-
to-center distance between two objects, AH is the Hamaker
constant, z1 and z2 are the z-potentials, k is the Debye–Huckel
parameter where k�1 represents the characteristic thickness of
the double layer, F is the Faraday constant, z the valence of the
electrolyte, er the dielectric constant of the medium, e0 the per-
mittivity of vacuum, and R the gas constant, respectively.

For the interaction between a spherical particle and a bound-
ary plate, the van der Waals energy can be expressed by setting
r1 ¼ r and taking the limit as r2 !1. We thus obtain

Vb
vdw ¼ �

AH

6
1þ h

2rþ h
þ h

r
ln

h

2rþ h

� �� �
(9)

Ives and Gregory proposed that the electrostatic potential
between the spherical and planar geometries can be expressed as
follows16,22

Vb
ele ¼ 9:24� 10�11r� tanh

zFz1
4RT

� �
� tanh

zFz2
4RT

� �

� lnð1þ e�khÞ (10)

Furthermore, the DLVO potential energy can be transformed
into the force fields by the differentiation of the potential energy
with respect to the surface separation distance h:

FDLVO ¼
qVDLVO

qh
¼ Fvdw þ Fele (11)

in which Fvdw denotes the van der Waals attractive force, Fele

denotes the electrostatic force, and FDLVO denotes the total
DLVO force, respectively. For the interaction between two
spherical particles, these forces can be expressed as

Fvdw ¼ �
AHð4r1r2Þ3

6

� d

d2 � ðr1 þ r2Þ2
h i2

� d2 � ðr1 þ r2Þ2 þ 4r1r2

h i2
2
64

3
75

(12)

Fele ¼64pere0k
RT

zF

� �2

� tanh
zFz1
4RT

� �

� tanh
zFz2
4RT

� �
� r1r2

r1 þ r2
e�kh

(13)

For the interaction between a spherical particle and a bound-
ary plate, these forces can be expressed as

Fb
vdw ¼ �

2AHr
3

3 ðd � rÞ � ðd þ rÞ½ �2
(14)

Fb
ele ¼

9:24� 10�11kr RT
zF

� �2�tanh zFz1
4RT

	 

� tanh zFz2

4RT

	 

� e
�kh

1þ e�kh

(15)

To avoid numerical singularity while computing the DLVO in-
teraction close to contact, the Johnson–Kendall–Roberts (JKR)
adhesive model is applied.23 At this very short range (less than
0.4 nm approximately to contact physically), surface adhesion
keeps the particles in contact. For two elastic spheres, the ad-
hesive force FJKR based upon the JKR theory with deformable
modification of the Derjaguin approximation can be described
as follows23,24

FJKR ¼
3p
2

r1r2

r1 þ r2
W1L2 (16)

in which W1L2 is the effective work of adhesion (per unit area).
This work can be determined by the specific surface energies
gij

16,21:

W1L2 ¼ g12� g1L� g2L (17)

where the subscripts 1, 2, and L represent the two particles in
contact and the medium, respectively. When two particles come
to the distance of solid contact, a simple linear spring model is
used to keep the particles free from geometrical overlapping.

In summary, all the inter-particle forces mentioned above
versus the surface separation distance between two particles are
plotted in Fig. 2. At the long range, an energy barrier resulting
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from the DLVO theory maintains stability that keeps two col-
loidal particles from agglomeration. Once the particles over-
come the repulsive barrier, an irreversible attraction occurs. The
attractive force increases as the separation distance decreases
until its magnitude is equal to the adhesive force, FJKR. After-
wards, a constant FJKR takes over to attract the particle until the
particles come into solid contact where a simple spring model is
then used. Finally, a zero-force buffer zone of about 0.2 nm was
introduced in the simulation to shorten the uninteresting but
time-consuming balancing process.

(2) Simulation Parameters

From the IEP curve of SiO2, the z potentials of SiO2 particles are
z ¼ þ5 mV and z ¼ �50 mV for the condition of pH ¼ 2 and
pH ¼ 10, respectively. Other simulation parameters are deter-
mined based on the experimental conditions listed in Table I.
The inverse Debye screening length in the solution of NaCl
electrolyte is obtained by9,12:

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e2CNA

e0erkBT

s
(18)

where e is the charge on the electron, NA the Avogadro’s
number, and C the ionic strength. The corresponding DLVO
interaction curves for z ¼ þ5 mV and z ¼ �50 mV are plotted

in Fig. 3. An observation can be made from the figure that the
energy barrier of DLVO repulsion for the case of z ¼ �50 mV is
about 350 times kBT, which represents the energy of Brownian
motion. On the other hand, the attractive potential dominates
the interactions for the case of z ¼ þ5 mV.

(3) Particle Agglomeration

Particles might agglomerate in the solution. In this study, it is
assumed that the agglomerated particles in a cluster move to-
gether in the same direction and magnitude under Brownian
dynamics. Thus, for a given time increment when Brownian
motion is applicable, it is necessary to identify a set of clusters,
each consisting of agglomerated particles. In addition, we need
to compute the effective radius for each cluster to perform prop-
er sampling for Brownian motion.

The characteristics of the DVLO interaction are used to iden-
tify the cluster. As illustrated in Fig. 4, particles will form a
cluster if the separation distance between them is smaller than a
specific value, hb. This value is the separation distance that sig-
nifies the beginning of irreversible attraction. Once the cluster is
formed, its effective radius needs to be determined to sample the
corresponding Brownian movement. In this study, the effective
radius illustrated in Fig. 4 is computed through an equivalent
mass model:

reff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3�

PM
i¼1 mi

4pr
3

s
(19)

in which M is the number of particles in the cluster and r is the
density of the particle.

FJKR

h

F

Numerical
buffer

F = k ∆ h F = FJKR F = FDLVO = Fvdw + FeleF = 0

Fig. 2. Inter-particle interaction mechanism—force (F) versus separa-
tion (h) curve.
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Fig. 3. Dimensionless Derjaguin–Landau–Verway–Overbeek (DLVO)
interaction for the cases of z ¼ þ5 mV and z ¼ �50 mV. Vtotal is the
DLVO potential, d is the center-to-center distance between two particles,
and r is the radius of the particle.

Table I. Simulation Parameters

Particles (SiO2) Value

Radius (r) 200 nm
Density (r) 2.2� 103 kg/m3

Hamaker constant (AH) 1.51� 10�20 J
Zeta potential (z) 15, �50 mV
Density (r) of medium (water) 1� 103 kg/m3

Viscosity (Z) of medium 1� 10�3 Pa � s
Temperature (T) 3001K
Dielectric constant (er) of medium 80.1
Ionic strength (NaCl) (C) 0.001 M
Debye screening length (k�1) 10 nm
Ionic valence (z) 1 Fig. 4. Illustration of cluster formation and the effective radius of a

cluster.
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Last but not the least, because the sampling for each particle
or cluster is randomly selected, it is possible to introduce geo-
metrical overlapping between particles during the simulation.
This overlapping obviously violates the physical phenomena
and should be modified accordingly. A simple strategy is used in
this study in which the contribution from Brownian motion was
ignored for a given time increment if overlapping persists on the
second trial of randommovement. More sophisticated strategies
were performed in our previous study.25 Nevertheless, no quan-
titative difference was found for the long-term agglomeration
status when different strategies were used.

(4) Model Geometry and Initial Condition

The container used in the experiments was a few centimeters in
size while the size of particles before agglomeration was about
400 nm. This vast difference in the length scale prevented the
direct construction of a full-scale model for the simulation. As
we were primarily interested in studying final packing structures,
we assumed that an intermediate state existed in the experi-
ments. Such a state allows the construction of a rational initial
model for the simulation. The insights gained from the particle
size distribution analysis in the experiment allow the setup of
proper initial models. A box 12 mm on both sides and 8 mm
height containing 4500 particles was constructed. Periodical
boundary conditions were assigned on four sides, and fixed
and free boundary conditions were assigned on the top and
bottom faces of the box. For the case of z ¼ þ5 mV, the initial
agglomerated states were assigned based on the size distribution
of particle sizer observation, and are listed in Table II. For
the case of z ¼ �50 mV, particles were randomly dispersed in
the box.

(5) Simulation Process

Adopting a proper incremental time step is crucial for the sim-
ulation. If the increment is too large, it might result in large
particle displacements and may lead to an unrealistic deep con-
tact between particles. Consequently, this penetration may cause
the simulation system to become unstable. In contrast, if the
time increment is too small, it may take an enormous computing
time to finish the simulation. Based on our experience, a heu-
ristic rule of thumb to select a proper time step increment is to
control the displacement within the order of hundredth of the
particle size. This corresponds to the scale of 10�9 m in our
simulation.

After several preliminary runs, we found that the velocity of
the particles was within the order of 10�2 m/s. Therefore, choos-
ing Dt ¼ 10�7s for the deterministic movement in Eq. (2) is
proper. As the particle displacement is the algebraic summation
of deterministic and stochastic movements, the time step used
for Brownian motion can be different from the deterministic
part. By choosing Dt ¼ 10�6s, the standard deviation of Brown-
ian motion from Eq. (5) can be controlled at the order of 10�9

m. Consequently, we perform Brownian motion sampling in
every ten increments in the simulation.

The packing process involved two-stage modeling. The first
simulated the consolidation process and the second simulated
the drying process of a sediment cake in experiments. We
monitored the total elevation of each particle in the system to

identify the termination criterion for the first stage. The total
elevation potential can be expressed as

XN
i¼1

mgĥi (20)

where g is the gravity, ĥ the elevation measured from the cent-
roid of a particle to the substrate, and N is the total number of

total elevation potential of simulation system

simulation time

po
te

nt
ia

l

normal � potential reduced � potential

1st stage 2nd stage

tc 5tc tf 

Fig. 5. Illustration of time history of the total elevation potential
through the first and second stages of packing simulation.

Table II. Initial Cluster Distribution for the Case of
z ¼ þ5 mV

Particles in cluster No. of clusters No. of particles Percentage (%)

1 25 25 0.6
3 80 240 5.3

15 125 1875 41.7
80 17 1360 30.2
500 2 1000 22.2
Total 4500 100

Fig. 6. (A) Final stage of simulation packing structures for the case of
z ¼ þ5 mV. (B) Demonstration of particles and domain boundaries for
the case of z ¼ �50 mV in the final stage.
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Fig. 7. (A) Side view through the packing process for the cases of z ¼ þ5 mV and z ¼ �50 mV. (B) The top view through the packing process for the
cases of z ¼ þ5 mV and z ¼ �50 mV. (C) The bottom layer through the packing process for the cases of z ¼ þ5 mV and z ¼ �50 mV.
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the particles. The elevation potential will eventually reach a sta-
ble state, as illustrated in Fig. 5. In this study, we defined the
consolidated time (tc) to be the moment when the difference of
the elevation potential between two consecutive increments is
less than 0.1%. Although the thickness of the sediment cake will
no longer change by time tc, particles inside the sediment will
continue to rearrange themselves. As shown later in the numer-
ical results, this dynamical rearrangement reached a balancing
state at about 4–5tc. Thus, the first stage of packing simulation
was terminated at 5tc.

The second stage of packing simulation corresponded to the
drying process in the experiments. In this process, the water be-
tween particles was expelled on drying. Consequently, the sur-
face tension induced by the capillary force between particles
increased to attract the particles. Detailed simulations of this
process such as consideration of the vertical gradient of water
concentration arising from the drying are beyond the scope of
this paper, and are the subject of future investigations. In this
study, once the packing simulation reached its first stage, we
gradually reduced the z potential of the particles to mimic the
surface tension effect until the total elevation potential of the
system reached another plateau at tf. This simplified approach
is thus likely to scale the spatial structures uniformly from the
first stage.

The procedures mentioned above concluded our two-
stage packing simulation. A typical run of these simulations

took about 70 000 time increments and about a week to
complete a run in an Intel P4 2.26 GHz machine with 1.0 GB
of RAM.

IV. Simulation Results and Discussion

The final packing structure at tf from the simulation for the case
of z ¼ þ5 mV is shown in Fig. 6(A). It reveals an irregular
packing surface similar to those observed in the experiments. We
can estimate that the roughness was about five times the particle
size. No regularity of particle arrangements was found on the
surface. The final packing structure at tf from the simulation
for the case of z ¼ �50 mV is shown in Fig. 6(B). The surface
profile is rather smooth. It also reveals the combination of
several recognizable domain structures. Most close-packed
structures were formed inside a domain, and cubic packing (or
disordered arrangements) was formed near the boundary. Some
disorder of particle arrangements corresponded to vacancies or
flaws. In comparison with the experimental results, the ordered
domain size was relatively small. Meanwhile, disorder between
domains occurred more frequently than that in the experiments.
These artifacts were likely caused by the finite size effects in the
simulation models or limited time effects in the simulation proc-
ess. Generally speaking, the simulation results agree with the
experimental observations.

Fig. 7. Continued.
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Next, we studied the evolution of packing structures during
the simulation. As the packing structure at 5tc and tf for both
cases was scaled proportionally, only the pattern growth from
the initial state to 5tc was studied. The evolutions of
packing structures from the simulation for the case of z ¼
þ5 mV and z ¼ �50 mV are shown in Figs. 7(A), (B), and
(C). From the initial state to tc, the differences of surface profiles
between the cases of z ¼ þ5 mV and z ¼ �50 mV were clearly
observed. From tc to 5tc, particles continued adjusting their po-
sitions in both cases. Nevertheless, only the case of z ¼ �50 mV,
in which highly repulsive forces persisted between particles,
gradually formed regular close-packed structures. More inter-
estingly, comparison of Fig. 7(B) with Fig. 7(C) revealed that
regularity occurred much earlier at the bottom layer. This phe-
nomenon might have occurred because of the constraint effects.
In comparison with the particles situated at the top layer, the
movements of particles at the bottom layer were constrained by
the increase of the centrifugal forces as well as the fixity of the
substrate. These constraints, together with persistent repulsive
forces between particles, shaped the pattern formation at the
bottom layer and led to emergence of regularity gradually to-
ward the top layer. Finally, the similarity of pattern arrange-
ments between the bottom and the top layers also suggests an
upward pattern growth mechanism from the substrate. This ob-
servation provides a future gateway to engineer desired subst-
rate templates for manipulating pattern formation on the
surface.

We also performed the radial distribution function (RDF)
analysis in the sediment cake to retrieve alignment information of
packing structures. The RDF is a common way to measure how
particles organize themselves around each other.26 This function
g(a) describes the probability of finding a particle a distance a
from another particle compared with the ideal gas distribution:

gðaÞ ¼ Nða; DaÞh i
1
2
N~rVða; DaÞ

(21)

where N is the total number of particles, Nða; DaÞ is the number
of particles found in a spherical shell of radius a and thickness Da,
Vða;DaÞ is the volume of the spherical shell, and ~r is the number
of particles in a unit volume.

The RDF plots for both cases are shown in Fig. 8. For the
case of z ¼ þ5 mV, the initial RDF showed a liquid-like state.
This distribution changed into a solid state with a high peak at
a=r ¼ 2. The similarity between the RDF plots at tc, 3tc, and 5tc
provides further evidence that no patterns were formed in this
case. For the case of z ¼ �50 mV, the initial RDF shows a gas-
like state. This distribution again changed to a solid state with a
high peak at a=r ¼ 2. The peaks of the RDF distribution at tc
are as ambiguous as those of z ¼ þ5 mV. However, the peaks
gradually became apparent at 3tc and 5tc. This echoed the ob-
servations made above in which the regularity of the packing
patterns had been gradually shaped from tc to 5tc in this case.
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Fig. 8. Radial distribution function for the cases of z ¼ þ5 mV and z ¼ �50 mV.
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V. Conclusions

We have presented a particle dynamics simulation methodology
to model the packing history and packing structures of PBG
crystals, and conducted tailored experiments to support our
simulation results. From the results reported herein, three major
concluding remarks can be drawn. Firstly, particles inside a
sediment cake continue adjusting their positions by inter-particle
interactions even after the height of the cake has reached a stable
condition. However, only the case with the persistence of highly
repulsive forces between particles gradually forms regular close-
packed structures. Secondly, from cross-sectional analysis of the
top and bottom layers and from the RDF analysis, we have
observed that the desired close-packed patterns on the surface
are propagated from those at the bottom layer during the con-
solidation. The major driving forces for the pattern formation
and growth are the coupling between inter-particle interactions
and constraints from imposed external fields. Finally, agglom-
erates with weak repulsive forces in the solution because of rapid
Brownian coagulation tend to retain similar random packing
states through the consolidation and drying stages.
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