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National Taiwan University - Calculus I for Economics and Management
Worksheet 1 : Nash equilibrium

Name: ID: Department:

Introduction.

Suppose there are two firms A and B producing a certain commodity.

e If A produces z units of commodity, the best response of B is to produce y = f(x) units in order to maximize
its profits. Whereas B produces y units of commodity, the best response of A is to produce = = g(y) units
to maximize its profits. In this context, the functions f(x) and g(y) are called the best response functions

and are assumed to be continuous.

e A Nash equilibrium (Z, ) is a pair of values that satisfies § = f(Z) and T = ¢(§), or in other words, both A
and B are best responding to the other’s strategy.

In this worksheet, we will use the Intermediate Value Theorem to imply the existence of a Nash equilibrium.

Question 1.
Suppose that two oligopolists A and B produce z and y units of a commodity respectively. It is given that :
e The price of the commodity is P(z,y) = 80 — 0.25(z + y).
e The cost function for firm A is Cy(z) = 4z + 100.
e The cost function for firm B is Ca(y) = 3y + 125.
e The revenue of firm A is P(z,y) - .
e The revenue of firm B is P(z,y) - y.

e The profit of a firm is given by its revenue minus its cost.

(a) Write down the profit (functions) for A and B.

(b) To find the best response function of A, we regard y as a constant and view the profit of A as a polynomial

in = of degree 2. By completing the square, find z,,x that maximizes the profit.

Here Xmax, which depends on y, is the best response function of A. In the sequel, we will denote it as g(y).
1



(c) Similarly, find the best response function ymax = f(z) of B.

(d) Suppose A and B can produce at most 160 units of the commodities. Find the Nash equilibrium (z,g) for
which 0 < 7,7 < 160.

Question 2.

More generally, suppose we are given the best response functions f(z) and g(y) that are continuous.

Furthermore, suppose there is an interval [«, 8] such that
a< f(r)<PBand a <g(y) < pforall z,y € [a, B].

Deduce that in this case a Nash equilibrium (Z,§) exists and satisfies a < Z, 5 < .
(Hint. Counsider the function g o f. Use the Intermediate Value Theorem to show that it has a fized point zo € [, (],

ie. g(f(x0)) = zo. Then (Z,7) = (xo, f(x0)) is a Nash equilibrium.)



