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computation, = Computational  fluid

dynamics)

Boundary Element Method (BEM) is an
efficient numerical method for solving
engineering problems. It is more
efficient than the traditional Finite
Element Method (FEM) and Finite
Difference Method (FDM) because
normally only boundary geometry needs
to be defined and discretized. This
provides not only a higher flexibility in
dealing with complex geometry and
moving boundaries, but also a more
efficient solution algorithm.

Despite the rapid advancement in
computer technology, the application of
computational fluid dynamics to
three-dimensional, nonlinear and
transient flow problems remains a great
challenge to the engineering community.
Problems such as vorticity dynamics and
air entrainment in hydraulic inlet, and
large scale air motion and ground
topography interaction, require a fine
mesh and a huge number of discrete
unknowns that

capacity of present-day supercomputers.

may tax even the

In recent years, the boundary element
method (BEM) has gained a reputation
in solving large scale, three-dimensional,
nonlinear and transient problems due to
its ability to reduce the dimensionality
of spatial discretization. However, when
the problem gets really complex, even
the reduced solution system can be too
large for the computer to handle,
particularly concerning the storage and

the solution of the matrix system.

In this project we propose an
iterative BEM that does not assemble
the matrix, thus greatly alleviate the
storage problem. Because the integral
formula that is used for iteration
integrates around the entire boundary,
the propagation of the correction of each
iteration is much more effective than
that of the conventional finite difference
iteration. Very fast convergence has
been observed. In computation fluid
dynamics, for the solution of
Navier-Stokes equations, we use the
velocity-vorticity formulation to
decompose the governing equations to a
with
transient and nonlinear right-hand-side.
The right-hand-side is to be iterated
together with the iterative BEM scheme.
shall

particular solution BEM (as known as

system of Poisson equations

Furthermore, we utilize the
dual reciprocity BEM) combined with
the thin-plate spline radial basis function
to interpolate and to solve the
right-hand-side. The resultant BEM is
completely free from domain integration,
despite the nonlinear terms. We intend to
combine the above innovative
techniques to solve large scale fluid
mechanics problems in engineering, as
far as massive analysis and design

procedure are concerned.
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Abstract

In this paper, a new boundary integral equation model Riemann complex boundary element method
(RCBEM), is proposed based on the boundary element method (BEM) and the theory of Vekua and its
modification as well as complex Riemann function as the fundamental solution. The RCBEM method is
used to solve the linear, second order, elliptical partial differential equations in the fluid flow problems. In
comparison to the generally used BEM, for RCBEM, there are two distinct differences. First one is that,
RCBEM applies complex Riemann function as the fundamental solution of the adjoint operator while in
direct BEM, on the other hand Green function is used. The second one is that the governing equations
should be transformed into complex domain because there exist two characteristics in complex plane for
elliptic systems, while in the direct BEM is not, since the Green function is adopted instead. The singular
problem occurring in direct BEM can be avoided in RCBEM, especially for regular domain problems. The
efficiency and accuracy of the RCBEM depends on the complex variable integration. To verify the feasi-
bility and accuracy of RCBEM, the model is applied to different case studies of potential flows, Helmholtz
equation problem and advection—diffusion problem and results are compared with analytical solutions and
other numerical models. The results are satisfactory and prove the applicability of RCBEM for various
two-dimensional elliptic equation problems.
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1. Introduction

Boundary element method (BEM) has been established as a powerful numerical tool in the
solution of various fluid flow problems [1]. In BEM, the computational domain becomes the
enclosing boundary and the effective dimensions of the problem considered will be reduced by
one. Hence it is much easier in discretization and data preparation for the problem considered.
These advantages make BEM more suitable for the solution of various fluids flow problems.

BEM are usually derived from the Green’s theorem with an appropriate free-space Green'’s
function [2] using real variables. In recent times, a boundary element approach using complex
variables for boundary integration, known as complex variable boundary element method
(CVBEM) has been introduced [3]. The CVBEM is a generalization of the Cauchy integral for-
mula into a boundary integral equation method, followed by formulation into a workable
computer algorithm for effective mathematical simulation. This generalization allows an imme-
diate and valuable transfer of the modeling technique and makes the process simpler and more
efficient than using the real variables. But this limits its application to two-dimensional harmonic
(Laplace) problems [3].

Generally an integral equation is solved by a numerical model that assumes the boundary of the
problem domain is discretized into piecewise-polynomial curves, and the known and the unknown
boundary values are approximated as piecewise-continuous functions along the boundary. Unlike
the Green’s function formulations, the complex variable method does not depend on the shape of
the contour between nodes [3,4]. Most of the complex variable boundary element methods adopt
piecewise-linear representations of the complex functions that result in a second order accurate
integration and normally give second-order accurate solutions for the boundary element solutions
as well [4]. In complex BEM, the simplicity and elegance of complex analysis carries over to the
computations as well. While the Green’s function formulation and the complex method are not
directly compared here, studies by Dold and Peregrine [5] and Hromadka and Lai [3] indicate that
the latter method is clearly superior to others in many fluid flow problems.

In the present study, a new complex boundary element method called Riemann Complex
Boundary Element Method (RCBEM) is proposed. In RCBEM, the solutions of two-dimensional
fluid flow problems are developed based on the theory of Vekua [6] and it’s modification and,
thereby Riemann function [7] is taken as the fundamental solution to solve the linear second order
elliptic equations.

In comparison with the generally used direct BEM, there are two major differences in RCBEM.
In direct BEM, Greens functions are employed as solutions of adjoint operator while in RCBEM
complex Riemann functions are used as the fundamental solutions of the adjoint operators.
Secondly in RCBEM, the governing equations must be transformed into a complex domain be-
cause there exist two characteristics in complex plane for elliptic systems (it should be noted that
hyperbolic systems remain in real plane), while the direct BEM is solved in real planes, since the
Green function is adopted instead. The main difference of RCBEM with the CVBEM [3] is, while
in RCBEM, the Riemann functions are used as the fundamental solutions, in CVBEM, Cauchy’s
functions are used as the fundamental solutions which will restrict the applications of more en-
gineering problems beyond the harmonic functions.

In RCBEM, since the generic meaning of Riemann function is a characteristic boundary value
problem, and the characteristic curves are closely associated with the propagation of certain types
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of singularities, we can infer that the Riemann function used is a regular solution, meaning that
the singularities are far behind infinite. Some of the important features offered by RCBEM are: (1)
the Riemann functions used are regular solutions and hence they satisfy the governing equations
throughout the region enclosed by the problem boundary, the approximation is made only at the
boundary; (2) the integration of the boundary integrals along each boundary element are carried
out exactly; (3) mathematical means can be devised to evaluate approximation errors; and (4)
substantial modeling simplification are possible resulting from the complex variable application
and the boundary element approach. However, it should be noted that the present theory of
RCBEM is for two-dimensional problems only.

In this paper, the RCBEM is applied for the solutions of various fluid flow problems governed
by Laplace equation, Helmholtz equation and steady state advection—diffusion equations. The
feasibility and accuracy of the RCBEM has been shown by solving a variety of problems governed
by the above mentioned equations. RCBEM solutions are verified by comparing with available
exact solutions and direct BEM solutions. Good agreements are observed in all the cases.

2. Complex Riemann boundary integral equations
2.1. Riemann function in complex variables

Initially, let us take account of some results of the theory of solutions of linear second order
elliptic differential equations essentially based on the complex Riemann function and the Volterra
type integral equation described by Vekua [6]. Consider a second order linear elliptic differential
equation in two independent variables x and y,

L = S5+ T8 4 ) e+ b 3) St el = £ 27 @

where the coefficients a, b, c and f are functions of the variables x and y, are analytic and con-
tinuous in a domain D. Let the coordinate transformation of the complex variables be represented
as z =x+1y, Z = x — iy and the differential operators as,

o_1(a .08 8_1(08 .9
3z 2\ ') =T 2\& 'y

Now using the new complex variables, Eq. (2.1) can be transformed into,

QRu Ou

M{u] =55 T4@ )a

+ B(z, ') + C(z,2)u = F(z,2) (2.2)

which is a complex form of hyperbolic partial differential equation. 4, B, C and F are defined as,

_ 1 z+z2z—-2z\ . [z+Z z-2Z ~ 1 [(z+Zz2 z-2Z
A(Z’z)_Z[a<T’2—i>+Ib<_2—’7>]’ C(Z’Z)—ZC(T’_f)
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_ 1 z+z2 z—-2 L(z+Z z-2Z _ 1l (z+Z z—2Z
Be2 =g <T‘§T> - ‘b<_2" 5 )] Flaz) = Zf<_2"T)

Eq. (2.2) is the complex form of (2.1), and the coefficients 4, B, C and F are holomorphic with
respect to variables z and z in a domain z € D and Z € D, where D and D, are simply connected
domains.

Now the Riemann function can be expressed in two alternative forms [6],

R(t,Z;t,7) = exp [/EA(t, ) dr]] onz=t (2.3)

R(z,1;t,17) = exp [[zB(f,r) dé] onz=r< (2.4)

where ¢ and t are fixed parameters. The Riemann function R satisfies the following normalized
condition,

R(z,t;t,7)=1 onz=t, z=1 (2.5)

By taking the adjoint of Eq. (2.2), using the Riemann functions and integrating with respect z, z,
we have the Volterra type integral equation of second kind [6],

B30 ~ [ AmRG - [ BEDRE LD

+ / / (&, MR(E s, 7)dEdn = 1 (2.6)

As described in Vekua [6], using the adjoint property of Eq. (2.2) and using the Riemann func-
tions, exchanging the pairs of (z,Z) and (¢,7) and integrating with respect to ¢ in the interval
(20,2),7 in (Zo,Z), one can obtain

u(z,2) = u(zo,20)R(z,Z; 20,20) +/ D, ()R(z,z; t,:?o)dt+/ ®,(7)R(z,2; 2, 7) d7
2 2o

+ /z /EF(t, T)R(z,Z;t,7)dtdt (2.7)

au(z Zo) au(zo, Z)

where @,(z) = + B(z,20)u(z,2); P2(2) = + A(zo,Z)u(20,2).

It should be noted that the coefficients of Eq. (2.1) are real functions and u is also a real
function and hence after taking integration by parts, the solution of (2.1) can be written as,

u(x,y) = Re

Ho(2)$(z) + / “H(z, () dt + / z / “R(z,7;1,7)F(t, 7)drde (2.8)

where Re means real part and

Ho(z) = R(z,Z; 20, Z0) (2.9)
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H(z,t) = —%R(z, Z;t,20) + B(z,20)R(2,Z; t, 20) (2.10)
¢(2) = 2u(z,z) — u(20,20)R(2, Z0; 20, Z0) (2.11)

¢(z) is an arbitrary holomorphic function in D determined by the boundary condition. Assuming
without loss of generality that z, = 0 lying inside the region D and also 4(0,Zz) = B(z,0) =0, we
get,

H(z,t) = -—%R(z, z;1,0) (2.12)
¢(z) = 2u(z,0) — u(0,0)R(z,0;0,0) (2.13)

The detailed procedure of the derivation of Eq. (2.8) is given in Vekua [6], which is not repeated
here.

2.2. Riemann functions for the elliptic differential equations

Before the application of boundary element procedure for the concerned elliptic differential
equations using RCBEM, we have to find the fundamental solutions (Riemann functions in
RCBEM). The fundamental solution is derived from the general Eq. (2.6). In this section, we
consider some important elliptic equations in different forms, such as Laplace equation, modified
Helmholtz equation and Helmholtz equation. Equations like steady-state advection—diffusion
equation are solved after converting it into the modified Helmholtz equation.

2.2.1. Laplace equation
Considering the Laplace equation,

Viu=0 | (2.14)

Comparing with the Eq. (2.2), the coefficients A(z,n) = B(&,Z) = C(&,n) = 0. From Eq. (2.6), the
fundamental solution (Riemann function) for the Laplace equation is obviously,

R(z,z;1,1) =1 , (2.15a)
Hence the Egs. (2.9) and (2.12) for potential flow problems can be written as,
Hy(z) =1 (2.15b)
3 _
H(z,t) = —a—tR(z,z; t,0) =0 (2.15¢)

2.2.2. Modified Helmholtz equation
Consider the modified Helmholtz equation,

Viu—2Pu=0 (2.16)

where 4 is assumed a constant. In comparison with Eq. (2.2), the coefficients 4(z,n) = B({,z) =0,
and C(&,n) = —A%/4. Now Eq. (2.6) can be expressed as,
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R(z,%1,7) — %/12 / / R(E,m;t,7)dEdy = 1 (2.17)
t T
By the methods of successive approximations [8], the solution is,
R(z,z;t,1) =1 +/ / To(z,2; &, m;t,7)dndé (2.18)
t T

where I'o(z,%; ¢, 1;1,7) = £0, N (2,2, &, 1;4,7)

Név)(Z,f; &mityT) = / / Név-l)(s, o; &, n;t,7)Nydods; Nél) = Np = —C(&, 1)
4 n
: M 2 o_ [T [F(1.\(], A _
since Ny ' = —C(&,n) = A°/4, N7 = A )| A Jdoeds=—(z—-&)(z—n)
{ JIn 4 4 16

W= [ / (37) [%%(z—cxz—n)]dads:g(z—:)Z(z—n)z...

Now we have,
R(z,i;t,r)=l+/ /Fo(z,f;é,rl;’t,r)dnd€=1+/ / [ZNé")(z,f;é,n,t,r)}dﬂdé
t T 4 T v=1
1+ [ [t Ee-oe-n+ e gre—n s |ane
=iT ) )13t 16 2T T . f

=Sl 0= /2 re+ 1) = 1o(A/E=DE =)

(2.192)

where I, is the modified Bessel function of the first kind of order zero which also shows the regular
behavior in the defined domain.
Hence the Egs. (2.9) and (2.12) can be written as,

Hoz) = L(3r), r=+/2+7 (2.19b)
I (l\/f(l - t))

H(z,t) = %,1\/% (2.19¢)

vz—t

where /; is the modified Bessel function of the first kind of order one which is a regular function
for the defined domain.

2.2.3. Helmholtz equation
For the Helmholtz equation (4 is constant),

Viu+2u=0 (2.20)
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In comparison with Eq. (2.2), the coefficients 4(z,77) = B(£,z) = 0, and C(&, ) = A*/4. Using the
successive approximation as mentioned above, we obtain

R(z,z;t,1) =Jo<l\/(z—t)(2—r)) (2.21a)

where J; is the Bessel function of the first kind of order zero, which is also a regular function for
the defined domain.
Hence the Eqs. (2.9) and (2.12) can be written as,

Hy(z) =Jo(Ar), r=+/x2+? (2.21b)

Ji (l\/f(_z:T))
(Vz-1)

where J, is the Bessel function of the first kind of order one, which shows the regular behavior in
the defined domain.

1
H(z 1) = —a%R(z, 56,0) = -5 VE (2.21c)

2.3. Boundary conditions

In this section, the application of two types of boundary conditions, Dirichlet boundary con-
ditions and mixed boundary conditions, are illustrated with reference to the RCBEM model
development.

2.3.1. Dirichlet boundary conditions
Let D be a simply connected domain bounded by a contour I'. Considering the function u(x, y)
satisfying the real boundary condition,

u(x,y) =glx,y) =g(s) ser (2.22)

Assuming that g(s) satisfies the Holder condition on boundary I" and the boundary value ¢(¢) of
Eq. (2.13) also satisfies the Holder condition which can be expressed in the form of double layer
(or the Cauchy kernel integral), o

_1__ -?(L)dt

¢(z) =5~ ey (2.23)
for harmonic function [6] and
_ L [

for the other functions [6] where u(¢) is a real density function of the dipole.
Substituting Eq. (2.24) into Eq. (2.8), the Fredholm integral equation of the first kind can be
obtained as,

u(x, y) = /r w(OM(z, 1) ds (2.25)



900 D.L. Young et al. | Appl. Math. Modelling 26 (2002) 893-911

where
M(z,t) = Re[

Hyz)dt/ds | dt/ds [* H(z 1) dt,]

2ni(t — z) 2ni Jo t—1 (2.26)

Let an interior point z approaches to an arbitrary point ¢, and satisfies the boundary condition
Eq. (2.22), the Fredholm type integral equation of second kind can be obtained,

(1 - %) u(to) + /r M (ty, ) (1) ds = g(to) (2.27)

for the unknown function g, (& is contour angle, 0 < & < 2x) [6], where,

M(t,t) = Re [Ho(to)dt/ds + dt/ds /“’ H(to, 1) dtl]

27i(t — tp) 27 t—¢4

(2.28)

Eqgs. (2.25)(2.28) are convenient to evaluate in numerical methods since the integral equations are
all regular.

2.3.2. Mixed boundary conditions
Considering the following more general mixed type boundary condition,

p(s) 2—'; + q(s) 2—: +r(su=g(s) serl (2.29)
and the fact that

232 2 (2-2)

ox 0z oz’ oy oz 0z)’

Eq. (2.29) can be written as

A(S) T+ A(s) 2+l = 816) (230)

where A(s) = p(s) + iq(s), 4(s) = p(s) — ig(s).
Substituting Eq. (2.30) into Eq. (2.8) yields,

Re[L(@)4/(6) + M(io)g(10) + | '°N(to,n>¢(z.)dr] = () (2.31)

where L(ty) = A(to)Ho(t) and

aHo(to) 0( 0)

M(to) = A(Io) -+ A(fo)H(to, t) -+ A(to) + r(to)Ho(!o) (232)
N(t, 1) =A(to)?-l—ioé%tl—)'-i-;i(to)—a—f!(a—t%,—tl—)-kr(to)H(to,tl) (2.33)

Assuming that the boundary values ¢(z) and ¢'(z) satisf}" the Holder condition on boundary I,
we can use an integral representation of the following,
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1
d(z) = 3 /rp(t)ln(t —2)dt zeD
With the help of Egs. (2.34), (2.31) can be written as,

Re{ - (1 - %)L(to)#(to) _/1: [tl;(i)), —Eo(to,f)] ©(2) dt} = g(t)

where,

1 fo
E(to,t)=Zl:A N(to,t) In(t — t,)dt; + M () In(t — 1)

901

(2.34)

(2.35)

(2.36)

Egs. (2.34)42.36) are convenient to evaluate in numerical methods since the integral equations are
all regular. The above equations can be used in the evaluation of mixed type and Neuman type

boundary conditions in the RCBEM procedure.

3. Boundary integral procedure

Using the results described in Section 2, RCBEM is developed to solve the singular integral
equation. The first step in the RCBEM procedure is that the boundary of the domain of the
problem considered is divided into piecewise smooth elements as shown in Fig. 1. On any one of
the elements considered, the boundary conditions are of the same kind, say Dirichlet, Neumann

or mixed etc. Assuming £ as a base point (as in Fig. 1), we have

t—t0=rei°‘

dt = elfds

i

Fig. 1. Domain and boundary for complex plane.

(3.1)
(3.2)
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Then the kernel of Eq. (2.27) or (2.28) can be expressed as,
i0-a) [
M(to,1) = lim fI°_(ﬁ°_)e_+e. / H(to,1) 4 ]
2% r 0

_ __]:_ Ho(to) sin(O o H to, Il
- 2n r -4

The first term of Eq. (3.3) is regular ast approaches to 1, [8].
Our aim is to finally devise a method that will convert Eq. (2.27) into a series of algebraic

equations. For convenience, considering a linear element, the unknowns of Eq. (2.27) can be
represented as follows [9],

(3.3)

_ 2 _ (#j+l - .uj)é + éj+l)u'j - éj#jﬂ
u(e) = ZNhui = Em=5)

in which £ is the distance along the element (see Fig. 2), N; is the shape function of the linear
element and,

= (& + )" (3.5)

.1 [ &sinf+n,cosb
@ =tan (fcos@—nisinﬂ

fj < é < éj-x-l (3'4)

(3.6)

are used in the integration.

The last term of Eq. (3.3) is the imaginary part of complex variable integration, which can be
evaluated using the simple trapezoidal rule, Simpson 3/8 rule or by Gaussian quadrature. Here the
implementation using Gaussian quadrature is explained briefly.

In the Gaussian quadrature method, the complex variable integration is done by separating the
real and imaginary parts, and integrating each separately. For example, consider the Helmholtz

equation,
Ji (l\/ to(to — tl))

H(to,t) = —5\/7_0

(3.7)

Vi — 4

Ei-a P
n Py

r\,j-vl

Fig. 2. Local £—n coordinate system for RCBEM.
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Substituting Eq. (3.7) into Eq. (2.28), the complex integration can be expressed as,

© (A t(to — 1)) .
<Hu<ty, fh= :
/(; (t —tl)m dy 0<4<8 0 = Xo + Do (3 8)

Since Eq. (3.8) is independent of path, a straight-line integration can be chosen between 0 and ¢,.
Let

t(s) = x(s) + iy(s) =s+i§s 0<s<x (3.9)
0
dy = (1 +i&)ds (3.10)
X0

Substituting Eqgs. (3.9) and (3.10) into Eq. (3.8), the integral can be separated into real part and
imaginary part and the Gaussian quadrature can be applied for numerical integration.
The last term of Eq. (3.3) can be written as follows after the numerical discretization for each g;

1 0 o H(Io, t,)Nj' .
—_ ! —_—_—qt .= B . = e .
anm [e /0 RS dn |y, gk, i=1,2,...N (3.11)

The integral on the first term of Eq. (3.3) can be integrated over the element between p; and p;,
with respect to the base point p;, by omitting the constant of Hy(t).

&+ sin(6
= sin(f, = %) u(&)de = [K°]( Ki ) (3.12)
i i By
where
[K®] = [(K®), ;s (K) i1l = |&jaadir — Dh2y iz — 5l (3.13)
in which
. 1 . 1
Iy = (sin6;I; — cos 9,-12)57;; I, = (sin 6,15 — cos 0,~14)2—7; (3.14)
1 S+l cos 1 1 e+
I = ——— ——df=———|zcosf;In| L—2
’ (&1 — &) g 7 (&1 — &) {2 d ( 612. + n?
— sin Bj(tan" 2t _ tap™! é’—)] : (3.15)
n; n;

1 S+ sin o

1 1 e +n?
g 91 24
G851ty n G- é)[ (€f+n?>

— cos 9j<tan" 4};—1 ~ tan™! %)] (3.16)

L =
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1 b+t cos a
herg [ e
(é_]"‘l ) & i

1 L& s G +1
(éJ'H ){cosﬂj[(fm —éj)—ﬂi(tan 1’Til—tan ';’:)] Z’sm@ In (—__jsz-l'*"l% )}

(3.17)
I = 1 S Sinaiédé
e (éj-i-l é ) fj ri
1 : <1 &1 2% & + 1
sing; | (&, — &) — i(tan P22 _ tan~! )] +—=cosf;ln | L———
('fj+1 ) { ’ [( s j) 1 n; n; 2 f} + ?1,-2
(3.18)
Finally, the algebraic Eq. (2.27) can be expressed as,
N
> (My+Byw =g i=12,...N (3.19)
=1
where
& 1 i=j

Eq. (3.20) is used only in the case of interior problems. For the exterior problems, Eq. (3.20) is
written as,

o4
Ay = (Ke)ij - 2_77:50'

It should be noted that for exterior problem, the normal vector is in opposite direction.

4. Numerical applications

To test the feasibility and accuracy of the RCBEM model, here three numerical applications are
presented. Initially, we consider the potential flow problems in which interior and exterior
problems are considered. Secondly, a fluid flow problem governed by the Helmholtz equation is
considered and finally a steady-state advection—diffusion problem is solved by transforming the
governing equation into the modified Helmholtz equation. The RCBEM results in all the cases are
compared with analytical and other numerical solutions.

4.1. Potential flow problems

The governing equation for the potential flow problems is the Laplace equation. Here the
potential flows are considered with interior problems and exterior problems. In the case of po-
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v
(0,1) u=0 (1,1)
u=0 §(0.5,0.5) u=0
Vie=ZL§(z:)
(0,0) u=0 (1,0) z

Fig. 3. Study domain and boundary conditions for the groundwater flow problem.

tential flow problems, we consider the solution of two problems using the RCBEM. Initially an
interior problem of groundwater flow is considered and then an exterior problem of source
outside a circular cylinder is considered.

4.1.1. Groundwater flow problem

Here we consider a two-dimensional groundwater flow problem in a homogeneous, isotropic
porous media with a pumping well. The problem is a bounded square region, 0 <x<1 and
0 < y< 1 with zero potential on all the sides as shown in Fig. 3. There is a pumping well at the
middle of the domain with unit discharge. In the RCBEM model, the boundary of the domain is
discretized with 40 linear elements. Fig. 4 shows the potential variation with respect to the x-axis
at y = 0.5 from the well position. The results are compared with exact solution and a BEM model
[2]. Good agreement is observed between the results. A sensitivity study with different mesh
discretization showed that RCBEM yields comparable results with other models even with 8
linear boundary elements. This case study shows the feasibility of the RCBEM model for the
interior type problems.

4.1.2. Exterior flow problem

Here we consider the two-dimensional flow field past a circular cylinder of radius » = 1 due to a
source at x = 2 with strength m = 2. The aim is to find the stream function distribution over the
circular cylinder due to the source effects. The problem domain with discretization is shown in
Fig. 5. The boundary conditions of the stream function along the cylinder are assumed to be zero.
Since the problem is exterior in nature, a sensitivity study of the mesh showed that a finer dis-
cretization is necessary [2]. In the RCBEM model, the total boundary of the domain is discretized
with 160 linear elements. The problem can be simplified by considering the symmetry and dis-
cretizing half of the domain.
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Fig. 4. Comparison of potential for groundwater flow problem.

Fig. 5. Study domain for the exterior potential flow problem with source outside a circular cylinder.

In this problem, the influence of the point source can be directly taken into account or it can be
separated into the perturbed part and the potential flow part and the solution can be combined [2].
In the present analysis, as the problem considered is linear in nature, it is convenient to separate
the stream function () into two parts, Y = ¢, + ¥, Where ¥, defines the stream function due to
potential flow and Y, is a perturbed stream function owing to the influence of the source. Fig. 6
shows the stream function variation around the circular cylinder. The results are compared with
exact solution. Good agreement is observed between the results. This case study shows the fea-
sibility of the RCBEM model for the exterior type problems.
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PSI: streamline

« RCBEM
PS1-0 — Exact

vl“o z/a

Fig. 6. Streamlines for the exterior potential flow problem: comparison of RCBEM and exact solution.

4.2. Helmholtz equation problem

The governing equation of the reduced wave problem is the Helmholtz equation. To illustrate
the application of the Helmholtz equation problem, here we consider an interior problem in which
the potential is propagated from a point source of unit strength. For the demonstration pur-
pose, the value of 4 is assumed as 1. The problem domain with discretization is shown in Fig. 7.
The point source is located at the center of the domain. All over the boundary of the domain, a
Dirichlet boundary condition u(1,6) = 1 is assumed. The boundary of the domain is discretized
with 120 elements. The exact solution for the problem considered is given by,

y = Jo(#r)
Jo(2a)
Fig. 8 shows the propagation of potential for a = 1 along the axis using the RCBEM. The

results are compared with the exact solution and a BEM model [2]. The results are almost
identical. A sensitivity study with different mesh discretization showed that RCBEM yields

(4.1)

u(1,8)=1

Fig. 7. Study domain and boundary conditions for the Helmholtz equation problem.
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Fig. 8. Comparison of potential for the Helmholtz equation problem.

comparable results with other models even with 40 linear boundary elements. This case study
shows the feasibility of the RCBEM model for the Helmholtz equation type problems.

4.3. Advection—diffusion problem

Here the steady-state advection—diffusion problem is solved, by converting the governing
equation into the modified Helmholtz equation. The governing equation of steady-state advec-
tion-diffusion problem is,

V- (k]Ve) = (7 - Vu=f (4.2)

where k is the diffusivity coefficient, 7 is the convective velocity and f'is the source or sink term.
The governing equation is made dimensionless using the following variables,
% kKl - 7 u
ol * = M= TV =— f = '
7 V=LV, Kl=%, TA (4.3)
where L is the characteristic length, K is the characteristic diffusivity and U is the characteristic
velocity. Assuming f = 0, the non-dimensional form of Eq. (4.2) can be written as,

V- (K)Vu) = Pe(V' -V =0 (4.4)

where Pe = UL/K is the Peclet number. Using the following transformation [10],

o*

W=ty Vg = %Pe[k*]"lv (4.5)

into Eq. (4.4), we can obtain the transformed modified Helmholtz equation as the following
equation after omitting the superscript *x for brevity,
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Fig. 9. Study domain and boundary conditions for the advection—diffusion problem.

V- (k]Vu) = 2u=0 (4.6)
where
M= %Pez_V[k]’l—V + %PeV -V C (47

There are two limitations for this transformation viz. 4> have to be positive and the flow field
should be irrotational. Here we consider an advection—diffusion problem in two-dimensional
domain. The problem is a bounded square domain. A boundary condition with sin(ry) concen-
tration profile is imposed on the boundary (0, y) and zero concentration is assumed on all other
boundaries. Fig. 9 depicts the studied domain with associated boundary conditions. The RCBEM
simulates the flow field with constant ¥; = 1, ¥, = 0, [k] = [{], and different Peclet numbers from
diffusion (low Pe) to advection (high Pe) dominated flows. The boundary of the domain is dis-
cretized into 40 linear elements. The computations are carried out for Peclet numbers of 0, 1, 10,
40 and 80. For this problem, an exact solution can be derived as,

sin ty

— a-+bx ax+b
u—;_—e—b[e“L — € +] (48)
where
a_Pe+\/4n:2+Pe2 b_Pe—\/47r2+Pe2 (4.9)
- 2 ) - 2 .

Using RCBEM, for all the Peclet numbers, very stable and comparable results with analytical
solutions are obtained. Fig. 10 shows the concentration along (x,0.5) compared with exact so-
lution for various Peclet numbers. Good agreement is observed between the solutions and the
results show that RCBEM is stable for higher Peclet number problems, which are more difficult
and challengable to other numerical methods. This case study shows the effectiveness of the
RCBEM model for the two-dimensional steady-state advection—diffusion problems.



910 D.L. Young et al. | Appl. Math. Modelling 26 (2002) 893-911

R

o \
o
o
zo X
(=R o
- o
—
< 4
-4 RCBEM Y
—
=z .
ug_ o PE=0Q
ol o res
(=
o + PE=I0
Q1 x PE=40

o PE=BO
° ~— Exact
o
o T T T T L T T T
0.00 0.20 0.40 0.60 0.80 1.00

X-AXIS (Y=0.5)

Fig. 10. Comparison of concentration for the advection—diffusion problem.

5. Concluding remarks

A new boundary integral equation model, RCBEM, is proposed based on the (BEM) and the
theory of Vekua and its modification as well as complex Riemann function as the fundamental
solution. The RCBEM method is used to solve the linear, second order, elliptical partial differ-
ential equations in the fiuid flow problems. Compared to the generally used BEM, RCBEM
applies complex Riemann function as the solution of the adjoint operator and the governing
equations should be transformed into complex domain. The singular problem occurring in direct
BEM can be avoided in RCBEM, especially for regular domain problems. The efficiency and
accuracy of the RCBEM depends on the complex variable integration and the presented meth-
odology applies only to two-dimensional problems. The simulations of various numerical ex-
amples presented demonstrated the accuracy and feasibility of RCBEM model.
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Abstract

The non-singular boundary integral equation for the Laplace (Poisson) equa-
tion, the Biot-Savart law and the velocity-vorticity formulation will be used
to solve some typical flow field problems, such as the 2D Stokes flows in a
square cavity and a circular cavity. The conventional treatment of singular-
ity for the boundary element method is circumvented by the introduction
of Gauss flux theorem and other iterative analytic schemes, which will be
elaborated in detail in this paper. We have computed the 2D Stokes flows
in a circular cavity and a square cavity, which are compared with the solu-
tions with those of both analytic and some other numerical results, such as
finite difference, finite element, and conventional boundary element meth-
ods available in literature. The present study demonstrates that the non-
singular boundary element method gives very good results as comparing
with analytic or other numerical solutions, even in a very coarse grid.
Keywords: Non-singular boundary integral equation, Laplace (Poisson) equa-
tion, Biot-Savart law, velocity-vorticity formulation, 2D Stokes flows, cavity
flows

Introduction

Boundary element method(BEM) is a very powerful numerical technique
for the solution of boundary value problems. Only the boundary needs to
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be discretized, the domain integration is not required and the flux term is
obtained directly. Although the boundary element method was developed
widely and quickly, there still exist some problems. How to deal with the
integration of singularities in BEM still confused many researchers.

The boundary element method has been known for its difficulty of numeri-
cal integration of singularities in the kernel of boundary integral equation.
In order to avoid solving these types of singularity, many methodologies
are investigated such as mapping method(l], and other types of desingu-
larity formulations are proposed by researchers(2] [3]. This technique was
developed originally by Landweber and Macagno[4].

There are two kinds of desingularity techniques in general. One is to move
the singular points away from the boundary and outside the problem do-
main[5]. And the other general way of treating the non-singular boundary
integral equation is to consider the singular points which are still on the
boundary but the singular behavior is removed by a mathematical tech-
nique via the Gauss flux theorem and other analytic schemes [6][7]. The
non-singular boundary equation method in this paper belongs to the second
method.

The viscous incompressible flow is governed by the Navier-Stokes equa-
tions. There are three general formulations for numerical analysis of the
viscous flows which are governed by the Navier-Stokes equations. They
are the primitive variable approach, the vorticity-stream function approach
and the velocity-vorticity approach. The primitive variable approach and
the vorticity-stream function approach have been investigated by many re-
searchers such as Anderson et al (1984)[8]. The velocity-vorticity formu-
lation also has been implemented in numerical calculations by some re-
searchers like Giannatasio and Napolitano (1996)[9]. The most advantage
of the velocity-vorticity formulation is to separate the kinematic and kinetic
aspects of the pressure from the incompressible fluid flow computation.
The Stokes flow problem is a subproblem of the Navier-Stokes flow problems.
The non-linear convective terms are considered very small and neglected.
The governing equations of the Stokes flow are changed to a linear equation
system of the Laplace equation for the vorticity and the Poisson equation
for the velocity. According to the Biot-Savart law, the governing equations
of velocities are transformed to the Laplace equation and the velocity field
can be determined by the vorticity field from the principle of the linear
superposition. Liang (2000)(10] has successfully used the conventional BEM
and the Biot-Savart law to simulate the Stokes flow in a 2D circular cavity
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and a square cavity.

Mathematical Models

1.Derivation of the Velocity-Vorticity Formulation

The non-dimensional Navier-Stokes equations which are the governing equa-
tions for incompressible Newtonian fluid can be written as
ot 1
—+ (@ -V)i=-Vp+ —
ot + ) P Re
where 4 is the velocity vector, p is the pressure, Re is the Reynolds number,

and t is the time.
Another governing equation of the flow field is the continuity equation.

viE (1)

V-i=0 (2)
The vorticity vector can be expressed as
d=Vxa (3)

By taking the curl of both sides of eq(1) and using eq(2) and eq(3) , we can
get the vorticity transport equation as

a(i_} - - - N 1 2 -
E—}-(u V)i = (J V)u+Rve (4)

By taking the curl of eq(3) and using eq(2) and some vector identity formula,
we are able to obtain a vector form of the Poisson equation for the velocity

Vii=-Vd (5)

For two-dimensional problems, the governing equations, eq(4) and eq(5),
are simplified to the followings:

Q-O-J-+u§-ci+ 6_w !
ot oz dy Re
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Ow
V2y =
Y= oz )

When the Reynolds number approach to zero, the flow field is the so-called
Stokes flow. Then eq(6) will become the form of the Laplace equation.

Viw=0 (9)

In 1820 , the French scientists Jean-Baptiste Biot and Fe’lix Savart derived
the Biot-Savart law based on experiments . By the Biot-Savart law and the
principle of linear superposition , the Poisson equation , eq(7) and eq(8) ,
can be simplified to the following equations. That is, the homogeneous and
the particular solutions.

u=unr+u, (10)
v=vp+v, (11)
Viu, =0 (12)

Vi =0 (13)
. —W (III’, y’) y—- yl ' di
v = ((x ey W) drdy (1)

o [ i) o

where u, and v, are the particular solutions of eq(7) and eq(8), respectively.
up, and vy, are the homogeneous solutions of eq(7) and eq(8), respectively,
and w is the vorticity located at(z’,y’). It is noted that when we solve the
homogeneous solution uy, the original boundary condition of u has to be
subtracted from the particular solution u, on the boundary.
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Eq(14) and eq(15) can be discretized numerically at any ¢ point of (z,y) in
the domain and on the boundary as

- X —w Yi —Ys .
e [E=tmr)s o

i#]

N .
()i = X j( 2 z)aj (17)

=1 (@ — )" + (3 — v5)
i#]

where w; is the corresponding vorticity associated with a small area a,;.

2.Formulation of Non-Singular Boundary Integral Equation for
Laplace Equation

The vorticity transport equation as well as homogeneous solution of the
velocity equation in the Stokes flow are the Laplace equations. If we want
to find the solutions of this kind of problems by boundary integral equation
method , we need to derive the non-singular boundary integral equation
first. In conventional boundary element method, we get the boundary inte-
gral equation for the Laplace equation as follows.
= = o
(@@ - § |02 B - o) Z0D ar ) o9
Mg 87’1,53;

r

The coefficient ¢ (Z) is equal to 1, when Z is on the smooth boundary. The
coefficient € (Z) is equal to 1 when £ is inside the domain, and 0 when Z is
outside the domain. The Green’s function G (Z,Z’) indicates the potential
at the field point Z induced by the source(base) point z’. In two dimensional
domain, the fundamental solution of the Laplace equation G (Z,Z’) can be
written as

G(3,7) = -;;1111 (r) (19)
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in which r of the above equation is the distance between field point Z and
base point . The eq(18) then can be written as followings after an addition
and subtraction of singularity process[11].

BG(a: x)

R )+;4¢<*> 28D ir (@)

j[[agn;) (%&?)( ((x))ﬂ (Z, %) dT" (%)

+ <3§n:)) ( @ ){0( t')G (Z,7)dl (T )) (20)

r

where o (Z) and o (") are the source functions at £ and ', respectively.
The source function satisfies a homogeneous boundary integral equation
and the derivation can be referenced in Jason and Symm [12]. The source
function will be found by an iterative method.

o™ (Z) = o™ (5:’)—/ [or"‘ (Z) <8—G5f—:2:ﬁ) —-o™(Z) <8_G’5(5"~,/_§:”2)} dr (z) (21)
r t T

where m is the iterative number.

The Gauss flux theorem in potential theory will reduce the normal derivative
type singularities in integral equations. The Gauss flux theorem can be
written as

—e (%) = —;T;-—)dr( ) (22)

The concept of equipotential function ®. is required to be introduced to
solve the singular kernel of In (r). The @, is defined by

o, = z( o ()G (Z,7) dT (Z) (23)

where ®, is a constant in the interior of an equipotential surface.
By substituting eq(22) and eq(23) into eq(20), then eq(20) will become
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{82 (3) LB s re (32 By

The eq(24) is the Non-Singular Boundary Integral Equation for the Laplace
equation. The numerical singularities is eliminated when r approaches to
Zero.

Numerical Methods

For computational purpose, the boundary should be divided into finite
nodes. The integral equation, eq(24), will be discretized as follows.

; {Ai0;} — 2 {Ai}e

S (3} (3) 2 3),

J

i=1~N (25)
Through eq(25), we can establish the following algebraic system.

Ay @ = Bl {55} 6)

The matrices [A] and [B] are the coefficient matrices, their components of
[A] and [B] are obtained from eq(25).

_[9C@EE)
Ay = [ 5N @) 4 (@) ()
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By = /G ) N; (&) dT (') (28)
P,
D; = —* (29)
where
0G(&,#) _0G or _0G (0r0z;  or oy;\ _ 1 7ed
on;  Oron; r (9:7:J On;  Oy; On; T 2m r?

r—\/:c—a: y y])

The solutions of velocity-vorticity formulation can be obtained by an itera-
tive technique and it is stated briefly as follows: 1. Establish geometry and
compute the source functions, equipotential functions. 2.Solve the particu-
lar solutions and homogeneous solutions of velocity u,v separately by the
Biot-Savart law and the nonsingular boundary integral equation. 3.From
step 2 obtain the boundary condition of vorticity w and solve the vorticity
by nonsingular boundary integral equation. 4.Check the convergences of
u, v and w until the convergences are reached. The details of the numerical
procedures can be referred to Fan[11].

Numerical Results

The first test problem is the 2-D circular cavity. The velocity vy = 1 and
v, = 0 on the upper half side and vg = v, = 0 on the others are imposed.
The radius R is chosen to be equal to 10. Figure 1 illustrates the geometry
of the circular cavity.

The velocity vector for Stokes flow in a circular cavity is shown in Figure
2. Figure 3, 4 and 5 are the distributions of the contours of vorticity (w),
velocity (u), and velocity (v), respectively. The numerical solutions are
symmetric with respective to the y-axis and almost the same with those of
Liang(2000)[10]. Liang used the conventional boundary element method to
solve the Laplace type equation. The no-slip boundary condition by the
viscosity induces the sharp velocity gradient near the boundaries and also
the corner singularities of the vorticity.
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Figure 1: Schematic diagram of a circular cavity

3

b & 2 b oV s e

Figure 2: Velocity vectors for Stokes flow in a circular cavity
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Figure 3: Vorticity w contour for a circular cavity
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Figure 4: Velocity u contour for a circular cavity
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Figure 5: Velocity v contour for a circular cavity
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Figure 6: Comparison of u velocity profiles along z = 0 at different meshes.
for a circular cavity
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Figure 7: Comparison of v velocity profiles along y = 0 at different meshes
for a circular cavity

According to the principle of linear superposition, Figure 4 and 5 depict
the combination of the particular solution and the homogeneous solution
for velocity components u and v.

Figure 6 is the profile of velocity component (u) along z = 0 and Figure 7 is
the profile of velocity component (v) along y = 0 for different meshes. The
numerical solutions with 80, 160 and 400 boundary nodes are compared
with the exact solution which is derived by Hwu et al [13]. From this
observation, it is concluded that the 400 boundary nodes are fine enough
as far as numerical accuracy is concerned. Even the very coarse mesh of 80
will also render reasonable accuracy.

Figure 8 depicts the geometry of the square cavity. The velocity vector
for Stokes flow in a square cavity is shown in Figure 9. The distributions
of vorticity (w) contours are illustrated in Figure 10. According to Figure
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10, the distributions of vorticity are symmetric with respective to the z =
0.5 axis. The distributions of vorticity and velocity are the same with
those obtained by Lo(2000)[14] which were computed by the finite element
method(FEM). The singularities occurring on the upper two corners can be
found conspicuously in Figure 10. This kind of corner singularity is due to
the discontinuous boundary conditions of u velocity at both corners.

y u=1,v=0

)
7 va

u=v, Uu=v,
V= V=

7 S

Figure 8: Schematic diagram of a square cavity

u=0,v=0

Figure 11 is the profile of velocity component u along z = 0.5 and Figure 12
is the profile of velocity component v along y = 0.5. The motion of fluid in
the square cavity is clockwise. The results are compared with a series solu-
tion[15], two FEM solutions({14][16], a conventional BEM solution[17] and an
iterative dual reciprocity boundary element method(DRBEM) solution[18].
The figure reveals that all the solutions are very close, and therefore it is
convinced that the present nonsingular boundary element method is feasible
to solve the 2D Stokes flows in a square cavity too. However, the numerical
integration of singularity is observed to be much easier as comparing with
the conventional boundary element method, which needs special algorithms
to perform the singular integration.
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Figure 9: Velocity vectors for Stokes flow in a square cavity
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Figure 10: Vorticity w contour for a square cavity
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Figure 11: Comparison of u velocity profiles along z = 0.5 for a square cavity

Concluding Remarks

A truly non-singular boundary element method has been implemented for
solving the 2D Stokes flow problems. The numerical solutions of the Stokes
flow in a circular and a square cavity are almost identical in comparing with
those by exact or other numerical methods. Comparisons with analytic
solutions for a circular cavity and series solutions for a square cavity are
also very agreeable, too. The simulations of circular cavity problem are
performed for different mesh sizes and the results show good agreements as
comparing with exact solutions. Both circular and square cavities show the
efficiency of the non-singular boundary integral equation and the reliability
of the velocity-vorticity formulation. It also demonstrates that combination
of the Biot-Savart law to solve the particular solution can be used together
with the principle of linear superposition of homogeneous solution of Laplace
equation to obtain the velocity field. And the fact that the vorticity induces
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Figure 12: Comparison of v velocity profiles along y = 0.5 for a square cavity

the velocity is obviously confirmed. The extension to 3D Stokes flow is a
straightforward task and will be reported in another paper in the future.
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ABSTRACT

This paper describes the applications of a model based on the boundary integral equation method (BIEM) for the analysis of three-dimensional (3-D)
transient flow in large-scale shallow water flow fields. Under the assumption of hydrostatic pressure distribution and non-stratification, Ekman type
linear barotropic models are adopted in the development of the BIEM model. The BIEM model has been compared with analytical solutions and other
numerical schemes and found to be feasible and accurate. The circulation structures in hypothetical shallow-water flow fields are simulated under long-
duration, intermittent and periodic wind blowing with various kinds of bottom configurations. The computed resuits for large-scale hypothetical shallow
water flow fields are a good realization of actual behaviors at least in terms of qualitative aspects.

RESUME

Cet article décrit les applications d’un modele basé sur la méthode des équations intégrales de frontieres (BIEM), pour analyser les écoulements
tridimensionnels non permanents sur de grandes étendues en eau peu profonde. Sous I'hypothése d’une pression hydrostatique et en I’absence de
stratification, le modéle BIEM est développé en adoptant les modeles barotropiques linéaires de type Eckman. Le modéle BIEM par comparaison avec
des solutions analytiques et d’autres schémas numériques, se trouve étre consistant et précis. Les circulations de fluide dans des champs de courant
peu profonds hypothétiques, sont simulées sous I’effet de vents de longue durée, intermittents, et périodiques, avec différentes configurations des fonds.
Les résultats calculés pour des champs de courant hypothétiques a grande échelle donnent une bonne idée des comportements réels au moins en termes

qualitatifs.

1 Introduction

Important issues pertaining to water quantity and quality have led
to an increasing interest in the large-scale motion of shallow wa-
ter flow fields like lakes, estuaries, coastal oceans and reservoirs.
The complex hydrodynamic process of mass momentum transport
and circulation pattern in shallow water include: free surface ve-
locity driven by wind shear stress, momentum mixing propagated
downward to the bottom through the turbulent shear stress,
Ekman spiral-type velocity distortion due to the Coriolis effect
and inertial currents and Coriolis force. Only an appropriate 3-D
numerical model can include various shallow water parameters
and effectively simulate the hydrodynamics of a large shallow
water flow field like a lake or an ocean.

In the literature, even though a large number of 2-D numerical
schemes for the simulation of shallow water flow fields can be
found, only a few 3-D numerical models are available for the
analyses of various shallow water flow parameters. Most of these
hydrodynamic models are based on either the finite difference
method (FDM) or the finite element method (FEM). Almost all
of the available hydrodynamics models are derived either from
Ekman’s theory or Navier-Stokes equations with convective ef-
fects (Liggett, 1994). Mathematical models based on Ekman’s
model (Ekman, 1905) are widely used to describe the phenomena

of the hydrodynamic circulation of lakes and oceans (Welander
1957; Liggett 1969; Gallagher et al. 1973; Young and Liggett
1977 etc.).

Using the analytical solutions of Welander (1957), Liggett and
Hadjitheodorou (1969) presented an algorithm of a depth-aver-
aged stream function using the FDM for steady-state lake circula-
tion. This method was further extended by Gallagher et al. (1973)
for steady state conditions using the FEM and by Young and

_ Liggett (1977) for transient flow problems using the FEM in

Laplace transform space. Though the stream function approach
can evaluate the 3-D flow field in horizontal two- dimensional
computational domain, there are several disadvantages. For the
flow fields with lateral flows or islands, the boundary conditions
will be too difficult to implement. The stream function defined by
depth averaged velocity, also introduces some simplifications of
physical properties in the vertical direction, such as the rigid-lid
assumption to neglect the effect of free surface flow conditions.
Besides the aforementioned approaches, the finite Fourier trans-
forms approach (Liggett, 1969) and the eigen-function approach
(Davies 1983, Lardner and Song 1992) were also applied to linear
barotropichydrodynamicequations. The eigen-function approach
requires the solution of a series of equation systems, and it is dif-
ficult to determine the optimal number of eigen-function expan-
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the hydrostatic assumption and the implicit finite difference
scheme, one can derive the partial differential equation with finite
difference formation for the time domain as:

. . a: n+l o+l .
S u"t=- Vv - Ek[a—;:] =—[%] +S u ®
- s+ 1+l

S V"H+ un#l . E‘(ZZ:] :_(%3_] +S V" (10)
ap n+l

oo 2V _ | (11)
\

(12)

Ju n+l v n+] ow n+l
—_ +=— | +| = =0
ox dy 9z

in which S=1/At, At is the time interval, n is the present time

level, and n+1 is the advanced time level. The variables of the n'™"
time step are known, while the n+1 step variables are unknown.

3 Boundary Integral Formulation

The governing equations (9)~(10) can be converted into boundary
integral equations by using Green’s theorem and integration-by-
parts (Wang ,1994;Young et al., 2000b) as:

(o) oo f(a2er) e 0
jr.ﬁ,[(s, a‘;:’ EJ. ﬁ]w,[(sk 33:11? J h‘}dl‘,

et wet
v (x) = qu‘,[-(%n;) +Su"}+v [(gn—yJ +Sv”:|dQ"-
jr’u"*'HEkaa—i-"E]. ﬁ]+v"”[(5k-a;7~"l?j. ﬁ]dr,,+ (a4

n+l
| a‘,[[a ou EJ. ﬁ]w,[[sk
r, 0z ’

where Q is the domain and Ty is the boundary of the domain for
the base point in which the point force or the point source acts,

N Iy

4,V ., i,V arethe fundamental solutions or free space Green’s
functions.

The advanced time level flow variables on the left-hand side of
the integral equations are influenced by the effects of free surface
fluctuations and the inertial effect contained in the volume inte-
gral term. The boundary integral parts that include the velocity
boundary condition effect and shear stress boundary condition
effects.

To obtain the fundamental solutions of the equations (13) and
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(14), here a Fourier transform method is used (Bracewell 1986;
Wang 1994; Young et al. 2000b). The coupled differential adjoint
operators are transformed into a symbolic algebraic system in the
Fourier space first, which are solved by the matrix inversion.
Each element of the inverse matrix illustrates the resulting influ-
ence of velocity components and pressure due to a point force and
point source in the Fourier space. Then the inverse Fourier- trans-
forms are derived by the Cauchy’s integral formula, the residue
theorem, the convolution law and the mathematical tables for ele-
mentary parts of inverse matrix. The derived fundamental solu-
tions due to the contribution of the x-directional point force are,

~ 8 (x-x)8 (y-,)
u =
22E, (57 +1)

e “'[C,cosC, —C,sinC,]  (15)

. 8 (x=x)8 (y-y,)
Vv =
2J2£k(52+l)

e [C,cosC, +C,sinC,]  (16)

and the derived fundamental solutions due to the contributions of
the y-directional point force are,

u =8 (x-x,)8 (y-y")e'c‘[CdcosCz+C_,sinC3] an

22E,(S* +1)
‘7‘:8 (x—x,)8 (y-y")e’c‘[ClcosCZ—CASinCQ] (18)
22E(S* +1)
The parameters C,, C,, C; and C, are defined as,
-2 2-2
C,=C3———|z "I,c2=c,I 2l C, =S +1+57,
J2E, 2E, (19)

C,={-S+y1+5?

The variables (x, y, z,) are coordinates of base point in which
point force or point source acts. Variables (x,y,z) are the coordi-
nates of any field point in which the effect of point action is con-
cerned. § is the Dirac-delta function, indicating point action and
S=1./At. '

As well known, the fundamental solution is the influence function
of the physical system. Within the obtained solutions (15)~(18),
the exponential functions exhibit the decaying behavior caused by
the turbulent shear stress. The trigonometric functions indicate the
spiral-like property caused by the Coriolis force. The Dirac-delta
functions express the un-propagated momentum transport due to
the fundamental assumption of Ekman’s model for the neglect of
horizontal momentum transport. For solutions of transient prob-
lems, the role of the time interval At is of interest. For various
time intervals, the z- directional distributions show that the influ-
ence region extends and the peak increases as the time interval is
increased. The properties of fundamental solutions all satisfy the
mathematical requirement of Green’s function (Wang 1994,
Young et al. 2000b).

The BIEM model is formulated by substituting fundamental solu-
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tions into boundary integral equations. The velocity distribution
in the vertical direction (w) is found from the continuity equation
after solving the u and v components. The problem is solved by
Jetting the base point approach to each boundary node in se-
quence, finding the unknown variables at each boundary node,
and then determining the field point from the solved boundary
variables.

4 Model Development and Verification

Inserting the fundamental solutions (15) ~ (18) into the integral
equations of horizontal velocity (13) and (14), the expressions for
the integral equation model for the velocity component u and v
can be obtained (Young et al., 2000b). The expressions are in a
point-by-point sense in the horizontal direction due to the exis-
tence of the Dirac-delta function in the fundamental solutions.
The flow velocity at any concerned field point is represented by
a function of free surface gradients, free surface velocity, free
surface wind stresses, bottom velocity and bottom stresses, which
have the same horizontal position with the field point. Again,
moving the field point to the free surface and bottom boundary
and imposing the boundary condition on the free surface and the
bottom, the following linear system is derived for any field
points:

), )
XU =( KN
[ ]4“ {(T; ‘T_v )ml }4x| [ ]4“ {(Tx”t.v )""' }ul ' (20)

{sv},. +{sPh,

where subscripts un and kn indicate, respectively the unknown
and known flow variables given by the boundary conditions. KU
is the coefficient matrix obtained from the derived velocity equa-
tions for u and v associated with unknown variables, and KN is
the coefficient matrix with known values. SV is the vector result-
ing from the volume integral of the initial effect known for this
time step. SP is the vector resulting from the volume integral of
the pressure gradient. Since the pressure gradient is a function of

free surface elevation and the free surface is unknown for this =

time step, SP is an unknown vector. An implicit treatment with
Picard’s iteration method of evaluating the free surface fluctua-
tion is considered in the present model. The implicit approach
needs iterations but a large time interval is allowed. The vertical
velocity component is evaluated by integrating the continuity
equation directly.

The free surface kinematic boundary condition and continuity
equation are combined for free surface evaluation and derived as:

%=—%{;J‘n’u dz+§—J‘n v dzj, 21
r x - !

y—r

Using a finite-difference scheme, the free surface position for the
advanced (n+1) step can be calculated from,
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The boundary condition on the shoreline is the usual no-flux con-
dition.

Since the unknown free surface position is contained in the
integrals of equation (22), and is necessary for the evaluation of
the velocity for the advanced step, a Picard’s iteration method in
the implicit scheme is used here, with the following steps.

Step 1: Evaluate the flow field, «,"', v,"*', for the i" iteration us-
ing the velocity and free surface elevation of the previous (-1
iteration.

Step 2: Compute the free surface elevation for this iteration.

n’”’l =’]’]"+ (At/2)[F(u‘-‘ll+l‘vl_ln+l)+F(uilwl’vinol)] (23)

110 ¢ J
F(u,v) = —?[5}' J’_hu dz+—a-; j_hv dz] (24)

Step 3: Compute the maximum Euclidean norm of the velocity
field.

E = max (l uinﬂ _“,_lnd lZ + |vin+l _V,-_I"H ’Z)IIZ (25)

Step 4: If E<g, then stops iteration, else repeats the steps 1 to 3 for
the next cycle of the iteration. The symbol € is used for the con-
vergence criterion for iterative procedure.

The depth- averaged velocities and stream function can be ob-
tained from,

¥

Uh+m == =["u de (26)
dy -h
oY 1
V(h +T]) = —'5x— = J'_hV dz (27)

where U is the x- directional depth-averaged velocity, Viis the y-
directional depth-averaged velocity and v is the stream function.
The transient shallow-water flow problem is an initial value prob-
lem. If the initial state of a flow field and the attendant boundary
conditions of bottom, free surface and shoreline are given, then
it is possible to simulate any instant of the flow field. By the
above numerical scheme, simulation can be proceeded in the fol-
lowing steps,

[1] Input the initial conditions and boundary conditions.

[2] Compute the initial effect SV, boundary condition effect KN
and the pressure effect SP on the right hand side of equation
(20).

[3] Solve the linear system (20), to find the unknown velocity
and shear stress on boundary node.

[4] Calculate field (or interior) velocities u, v through the inte-
gral equations (13) and (14).
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(5] Compute the vertical velocity component by the continuity
equation.

[6] Compute the free surface elevation from equation (22) for
this time step, use Picard’s iteration if necessary.

[7]1 Evaluate the depth-averaged stream function and the total
velocity for this time step.

{8] Repeat steps [2] to [7] for the next cycle of computation.

Figure 1 shows a schematic flow chart of the transient BIEM
model developed.

The generally used boundary conditions in the present study are
described in section 2. Depending upon the problem considered,
the inflow and outflow boundary conditions also can be pre-
scribed. Generally in shallow water bodies like lakes, estuaries
and reservoirs, the inflow and outflow conditions are caused from
river discharge, topographic currents, tidal flow and interaction
among them. In the case of discharge or currents in the shallow
water body considered, the inflow and outflow boundary condi-
tions are prescribed in terms of discharge or velocities. In the case
of tidal flow, the boundary condition can be prescribed in terms
of surface elevation or wind shear stress. All these inflow and
outflow boundary conditions can be easily included in the present
BIEM model.

The present BIEM model has been verified with analytical and
other numerical schemes like FDM and FEM (Wang 1994;
Young and Wang 1995a; Young and Wang 1995b; Young et al.
2000b). To demonstrate the accuracy of the model, here a com-
parison with an analytical Ekman’s spiral solution (Ekman 1905;
Welander 1957) for an infinite extensive hypothetical ocean hav-
ing a finite depth. is briefly described. The shallow-water flow
field to be simulated is driven by uniform, southern wind blowing
from rest over the whole ocean. The simulation is carried out until
a steady state has been achieved. Initially, the velocity field is
assumed to be zero throughout the domain. The boundary condi-
tions prescribed are: no slip bottom condition, 4, =0 and A,
=fLt/vg. It is assumed that the characteristic depth of the ocean
D=80m; characteristic length L=1.25x10° m; g=980
cm/sect;v=200 cm%sec; f=0.0001 rad/sec; At=0.02 and wind
shear stress T=1cm?%sec?. Analyses have been carried out for vari-
ous dimensionless depths h=1.0, 0.8 and 0.4 and the solutions at
steady state have been found. Table 1 shows a comparison of the
free surface velocities of the BIEM solutions with the analytical
solutions (Ekman 1905; Welander 1957). Good agreement is ob-
served between the results. More detailed comparisons of the
present BIEM model with other analytical solutions and numeri-
cal solutions of FDM and FEM are described in Young and Wang
(1995a, 1995b) and Young et al. (2000b).

PROGRAM start

INPUT

initial conditions and

boundary conditions
; 5+
COMPUTE SOLVE
R.H.S. of boundary CQMPUTE
integral eq. s  unknown velodity, o] veloaity profile of
(SV) (KN) (SP) shear on boundary points interior points
+ - T
COMPUTE
Yes No
Picard's iteration —_— )
free surface 74!
‘ No Yes
SOLVE
depth-averaged velocity
and  stream function
No
= rpal | —d

1/ Yes

PROGRAM end

Fig. 1. A schematic flow chart of the transient BIEM model
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Table 1. Comparison of BIEM solutions and analytical solutions
of free surface velocities for Ekman’s spiral problem
with various depths

Depth & Analytical u BIEM u Relative error(%)
1.0 0.00079674 0.00079698 0.03
0.8 0.00079426 0.00079346 0.10
0.4 0.00086894 0.00086841 0.06
Depthh  Analytical v BIEM v Relative error(%)
1.0 0.00079780 0.00079890 0.14
0.8 0.00079487 0.00079567 0.10
0.4 0.00086069 0.00086105 0.04

5 Results and Discussion

To demonstrate the applications of the BIEM model in the large-
scale shallow water modeling, three examples are presented and
various hydrodynamic parameters are illustrated. Initially the hy-
drodynamics in a rectangular basin with the bottom sloping at a
corner is simulated and then the flow pattern in a shallow water
flow field with bottom slope and lateral flow is computed, fol-
lowed by simulation of a shallow water basin with transient blow-
ing wind.

5.1 Simulation of Rectangular Shallow Water Basin with Slop-
ing Bottom

The BIEM model has been used in the hydrodynamics simulation
of an idealized lake with a length four times its width and ori-
ented in a north-south direction. The configuration and the param-
eters used are approximately the case of Lake Michigan
(Harleman et al. 1962; Liggett and Hadjitheodorou 1969) but no
attempt was made to reproduce the shape or bottom topography.
In the present case, the shape of the lake is rectangular with a
sloping bottom plane at the northwestern corner as shown in Fig-
ure 2. This gradually sloping bottom descends uniformly from the
northwestern corner to the maximum depth of h=1.0 in the south-
westemn direction. For simulation purpose, a southwestern wind
is introduced. The boundary conditions are: u= v= w= 0 as no-
slip bottom condition and A, =0, A, =fL1/vg and moving free sur-
face assumption is used for the free surface. It is assumed that the
characteristic depth of the lake D=8000 cm; characteristic length
L=12500000 cm; g=980 cm/sec’v=200 cm%sec; f=0.0001
rad/sec and 1=1 cm?sec?. The basin geometry and its BIEM
discretization with 11x41 mesh are shown in Figure 2.

Figure 3 shows the horizontal velocities for the basin at steady
state due to the effect of a southwestern wind at the free surface
2=0, z= ~0.2 and z= —0.4 depth, respectively. The velocity flow
field is compared with the FDM results of Liggett and
Hadjitheodorou (1969) and generally fairly agreement is ob-
served. A strong circulating current is observed within the sloping
corner near the free surface. In Figure 3, blank areas for —0.2-
depth and —0.4-depth show that the floor of the basin would be
exposed at that depth. As obvious from the Figure 3, the smaller
depths near the northwestern corner of the lake tend to align the

408
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Fig. 2. Boundary configuration and mesh for a rectangular basin with
sloping comer

velocity with the wind direction. As the depth of the lake be-
comes small, the friction term in the governing equation of mo-
tion tends to predominate and being balanced by the pressure gra-
dient. The predominant force balance for small depth is between
the viscous forces and wind stress, while the Coriolis force play-
ing a minor role.

Dynamic responses of the free-surface velocity and bottom shear
stresses are presented in Figures 4a and 4b, respectively for posi-
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Fig. 3. Horizontal velocity field on various depths of rectangular basin
with sloping comner
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Fig. 4b. Response of bottom shear stresses for rectangular basin at
(0.3,3.7)L

tion (0.3,3.7)L with h=0.6. In comparison to other domain ori-
ented numerical models, as the BIEM model is boundary ori-
ented, computational domain can be easily moved about to follow
the free surface variations and the flow on the free surface is sim-
ulated satisfactorily here.

5.2 Simulation of Sloping Shallow Water Flow Field with Lat-
eral Flow

To test the effectiveness of BIEM to investigate the effect of the
lateral inflow and outflow, the circulation of a rectangular basin
with sloping bottom is simulated. The dimensions of the lake and
the flow field with its initial boundary value problem and physical
parameters are the same as in Section 5.1 with a difference of
both sides and two ends slope uniformly towards the center, as in
Figure S. The side slopes meet the end slopes at 45° from the cor-
ners. The central part of lake is triangular in cross section. For
simulation purpose, a south wind is introduced. As shown in Fig-
ure 5, a steady flux with a magnitude of 0.005 (cm¥/sec), flows
into the basin at (0.0,0.5)L and flows out of the basin at
(1.0,3.5)L, at the surface level.

The transient processes of the free-surface velocity and bottom
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Fig. 5. Shoreline configuration and mesh for a sloping rectangular ba-
sin with lateral flows

shear stresses are sketched in Figures 6a and 6b for the point
(0.3,2.0)L,, respectively. Small fluctuations are observed in the
initial stage, they are caused by the sudden-start of lateral inflow
and outflow. The dynamic response of the free-surface fluctuation
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Fig. 6a. Response of free surface velocity components for lateral flow
problem at (0.3,2)L
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Fig. 6b. Response of bottom shear stresses for lateral flow problem at
(0.3,2)L
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Free surface elevotlionlcml

Fig. 7. Distributions of free surface elevation for lateral flow problem

also shows small variations, of the order of less than 1 cm at the
initial stage (up to time t=15) and then the fluctuations stabilizes.
The distribution of free-surface elevation is shown in Figure 7.
The convex free surface due to the inflow and the concave free
surface due to the outflow are clearly depicted in Figure 7.
Figure 8 shows the horizontal velocities for the basin at steady
state due to the effect of the south wind at the free surface z=0,
=-0.2 and z=-0.4, respectively. The lateral inflow and outflow
changes the flow field near the inlet and outlet, but the oscillation
motion still exists. In Figure 8, blank areas for —0.2-depth and
—0.4-depth show that the floor of the basin would be exposed at
that depth. As obvious, the smaller depths near the coasts of the
lake tend to align the velocity with the wind direction and influ-
enced by the inflow and outflow. In this case study, even though
a quantitative comparison with other model results has not been
made, the computed results are a good realization of actual behav-
iors expected in terms of qualitative aspects. This case study also
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Fig. 8. Horizontal velocity field on various depths for lateral flow prob-
lem
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illustrates the effectiveness of BIEM to model a flow basin with
changing bathymetry and inflow and outflow conditions.

5.3 Simulations of Shallow Waters with Transient Blowing Wind

To investigate the effect of various types of blowing wind on the
shallow-water surface, the sudden-stop wind and the periodic
wind are applied to simulate flows in the rectangular basin with
sloping bottom presented in Section 5.2 without any inflow or
outflow. The wind is blowing in the south direction. The flow
motions for both the seiche and surge models are rather realisti-
cally simulated and illustrated in the followings.

To simulate the seiche motion, consider the blowing wind sud-
denly stops at r=9.5 (dimensionless). The transient processes of
the free-surface velocity and bottom shear stresses are sketched
in Figures 9a and 9b, respectively. The dynamic response of the
free-surface fluctuation is illustrated in Figure 10. The maximum
free surface fluctuation is of an order of 1cm. Solutions by the
BIEM indicate that the initial oscillation has started in the initial
stage, and the periodic motion of the seiche type has occurred
after the wind has stopped. The sudden-stop wind plays a role of
negative impulse for the shallow water. With a time lag, the com-
puted bottom shear stress is suddenly raised at the measured point
(0.3,2.0)L,, after the wind stops, to balance the negative impulse.
To simulate the shallow water flows during the wind blowing
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Fig. 9a. Responses of free surface velocity components at (0.3,2)L with

intermittent wind
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Fig. 9b. Responses of bottom shear stresses at (0.3,2)L with intermittent
wind

phase, the application of the BIEM model to calculate the peri-
odic wind of A, is simulated. Dynamic responses of free surface
velocity (v) and bottom shear stresses at the center of flow field
due to the sinusoidal wind are shown in Figures 11a and 11b. The
dynamic response of the free surface velocity component (u) is
very similar to that of v component, but the maximum variation
is to very lesser extent of 2.5 cm/sec. Figure 12 presents the tran-
sient behavior of free surface fiuctuation in the order of 2cm at
center. After a long time simulation, a periodic surge type motion
is obtained from the BIEM model without numerical dispersion.
The numerical oscillatory period is 6.2857 (dimensionless time)
which is almost the same as the wind period 2r. Because the cir-
culation is driven by the south wind, the oscillatory behavior of
surface velocity has occurred much earlier for the v component.
The time lag of propagation downward also retards the periodic
motion due to the bottom shear to take place later than the free
surface motion. This case study shows the efficacy of BIEM to
deal with various free surface conditions and to simulate the free
surface position effectively.

6 Concluding Remarks

A three-dimensional boundary integral (BIEM) model is pre-
sented to simulate the hydrodynamics in homogeneous shallow
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Fig. 10. Response of free surface fluctuation (0.3,2)L with intermittent
wind
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with sinusoidal wind

water flow field. The BIEM model effectively reduces the com-
putational dimension by one, thus solving a three- dimensional
problem in two dimensions. In the three-dimensional BIEM
model, the free surface variations are accurately simulated as the
computational domain can be easily moved about to follow the
free surface fluctuations. Some of the other advantages of the
model include, ease of discretization and data preparation, fiexi-
bility to deal with infinite domain problems, ease of dealing with
the irregular boundaries and direct solution of fiux at the bound-
aries. Numerical simulations of the model for various examples
have shown good agreement with some analytical and other nu-
merical solutions. The presented case studies of shallow water
flow problems with different bathymetry and boundary conditions
show the feasibility of the model in the three-dimensional tran-
sient analysis of large-scale shallow water flow fields like lakes,
estuaries and oceans.
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Fig. 12. Response of free surface fluctuation for the point (0.3,2)L with
sinusoidal wind
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Notations

= typical depth
= Coriolis parameter
= acceleration due to gravity
= local depth
= typical length of the domain
= unit outward normal
= pressure
= time
v, w = velocity vectors in x, y, z- directions
= fluid density
= eddy viscosity
= latitude of fluid element
= free surface
= wind shear stress
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Abstract

This paper describes a novel computational model developed to simulate laminar vortex-shedding flows past circular cylinders in
2D incompressible viscous flows in external flow fields. The model based on unsteady 2D Navier-Stokes equations in primitive
variables is able to solve the infinite boundary value problems by extracting the boundary effects on a specified finite computational
domain, using the projection method. The external flow field is simulated using the boundary element method (BEM) by solving a
pressure Poisson equation that assumes the pressure as zero at the infinite boundary. The momentum equation of the flow motion is
solved using the three-step finite element method (FEM). The present model is applied to simulate vortex-shedding flow past a single
circular cylinder and flow past two cylinders in which one act as a control cylinder, for low Reynolds number flows. For both the cases,
the time development of the flow towards periodic vortex shedding, are illustrated by streamline pictures. The simulation results are
compared with experimental data and other numerical models and found to be very reasonable and satisfactory. © 2001 Elsevier
Science B.V. All rights reserved.

Keywords: Navier-Stokes equations; Vortex-shedding; Boundary elements; Finite elements

1. Introduction

The studies of vortex shedding and suppression of the fluid forces behind bluff bodies exposed to uni-
form flow have been the focus of numerous investigations. These studies have been motivated by the desire
to understand the fundamental physics of such flows as well as their practical importance in various in-
dustries. The occurrences of these flow phenomena are due to instabilities and depend on Reynolds number
and geometry of the bluff body.

The phenomena of vortex shedding associated with the external flow problems are visible everywhere
around our living environments such as: the variation of flow field arisen by the wind across the high-rise
building, the drag force induced by the driving car accelerating in the wind and also the ocean current
interaction with the offshore structures. The major difficulty in simulating these flows lies in setting the
boundary conditions of the computational domain to simulate the external flow that has infinite domain.
There are three typical boundary conditions namely inflow, outflow and two side virtual boundaries. The
inflow boundary is the forced flow into the computational domain. As far as the outflow boundary is
concerned, the flow phenomenon in the downstream affected by the wake shall be taken into account.

A large number of experimental studies have been reported on vortex shedding flows (for example,
Bearman [1], Strykowsky and Sreenivasan [2]), but detailed investigations in unsteady flow field is rather
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limited due to the difficulties involved in unsteady flow measurements. Vortex shedding flow past bluff
bodies has also attracted the attention of numerous numerical investigators. With the advent of very
powerful computers, numerical methods like finite volume (FVM), finite difference (FDM), finite elements
(FEM) and boundary elements (BEM) have become widely used to investigate various fluid dynamics
problems.

Braza et al. [3] used a second-order FVM and analyzed the vortex shedding past circular cylinders in
laminar flow regime. Franke et al. [4] used FVM to solve 2D unsteady Navier-Stokes equations and an-
alyzed laminar vortex shedding flows past circular and square cylinders. Lecointe and Piquet [5] calculated
the flow around circular cylinders using the stream function-vorticity approach with a FDM. Jackson [6]
used a Galerkin FEM approach to study vortex shedding in flow past variously shaped bodies by solving
steady-state equations. For the last two decades, FEM and BEM have been widely in use for the solution of
various fluid dynamics problems. The theoretical potentials of FEM [7,8] and BEM [9] have been ade-
quately exposed for the solution of different forms of Navier-Stokes equations by various researchers.

Various forms of finite element formulations are available in literature for the solution of incompressible
viscous flows. As the most commonly used Galerkin formulation is not able to cope with the convective
effects efficiently, other forms like Petrov—Galerkin formulations [10] and Taylor-Galerkin [11] schemes
were developed. Based on Taylor—Galerkin schemes, Jiang and Kawahara [12] recently developed a three-
step finite element scheme for the unsteady incompressible viscous flows. Different forms of BEMs like
direct BEM, indirect BEM [9] are in use for the solution of fluid dynamics problems.

In the present study, a novel computational procedure is developed to solve the vortex shedding flow
past bluff bodies in external flow fields. The model is based on the projection method [13-15] of the Navier—
Stokes equations in primitive variables. A three-step explicit FEM is used to solve the momentum equations
of the flow domain. The pressure Poisson equation for the external field is treated by the BEM and then
coupled with the three-step FEM scheme. The robustness and accuracy of the developed numerical scheme
in the application of vortex shedding flow past single circular cylinder and two circular cylinders in which
one acts as a control cylinder have been verified by comparing with experimental and other numerical
results available in literature.

Use of BEM for the solution of the pressure Poisson equation helps to handle the infinite domain of the
external flow problem from a finite discrete domain efficiently, as the fundamental solutions used in the
BEM formulations automatically satisfy the conditions at infinity. The use of three-step FEM for the
solution of the Navier-Stokes equations helps to deal with the convective effects efficiently.

After presenting the governing equations, the numerical formulation using coupled BEM and three-step
FEM are briefly described. Then the solution procedure and numerical results for two case studies of
vortex-shedding flow past a single cylinder and flow past two cylinders in which one acts as a control
cylinder, for low Reynolds number flows are presented, followed by a few concluding remarks.

2. Governing equations

The motion of an incompressible viscous fluid flow in two dimensions, is governed by the following
Navier-Stokes equations and continuity equation written as [16]:

ou Ov

bt 1
o Ty (1)
Ou Ou Ou 10p du  *u )

eI BTk N 1 e o)
6t+u6x+vay pax+ (6x2+ e @

dv o w_ 10p v %
bl it - 3
6t+u6x+ ay T p oy <6x2+62 + 3

where u is the velocity in x-direction and v is the velocity in y-direction, p is the pressure, v is the kinematic
viscosity, ¢ is the time, p is the mass density, f; = pgl; is the body forces in x-, y-directions, g is the
gravitational acceleration and /; direction cosines in x- and y-directions. Using the following dimensionless
forms of the variables:
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x=x/D, y =y/D, W =ufus, v =v/u, ¢ =tu/D, p'=p/pu. (4)

Egs. (1)~(3) can be written as:

ou* o'
= 5
o Top 0 (5)
au*+u*au*+v*6u*__6p*+_l_ 6_214_*+62u* +£~ ()
or Ox* dy* Ox* Re\ Ox*2  dy? F?’
dv* ov* ov* opr 1 (% O 1

* * - _ I A ty 7
or* Tu Ox* T oy oy* * Re (ax*2 oy*? + F?’ )

where Re = uyD/v is the Reynolds number and Fr = uy/ (gD)"* is the Froude number. Dropping the as-

terisk from the dimensionless variables in the following equations for brevity and putting the body force
terms into the pressure field for neglecting the free surface effects, the non-dimensionalized governing
equations for (1)—(3) can be written as:

Ou Ov

=t ®
Ou Ou  Ou op 1 [®*u Qu

5*”5;*”@"5}*&2(5#@72)’ ®)

2 62
ov v ov ?B 1 (av v). (10)

—— J— V— = — — —_— —_—
7 Tt Ty TR\ T2
For the solution of external flow problems, appropriate initial and boundary conditions should be pre-
scribed. At the initial time, some known values of velocities can be prescribed as initial conditions.
Generally used boundary conditions are the prescribed velocities

u = uy, U= 1 (11)

or velocity gradient and the non-slip boundary conditions on the solid wall surface.

As far as external flows are concerned, the outer boundaries are located at the infinity. In numerical
computations, due to the limitations of computational facilities, it is assumed that the computational
domain is limited to the finite region. Outside the finite region, we assume that flow is uniform (constant
velocity), continuity equation is valid, convective acceleration can be neglected and the pressure gradient in
the flow direction as zero. Hence in the present analysis we assume that ‘

V2p =0 ' (12)

is valid out of the finite computational domain. As a consequence, only the inflow boundary condition is
needed as the boundary requirement of the computational domain. A sample computational domain for
the type of problems that will be considered in the present study is shown in Fig. 1, with boundary con-
ditions. The boundary condition of the fixed body in the flow is set as no-slip boundary.

The coefficient of drag and the coefficient of lift on the solid body and the Strouhal number St are found
from the following equations:

Fy F /D
Ca 1/2pu3D’ G 1/2puiD’ ug’ (13)
Fd = %pﬂ'_;»ds - f Tsnxdsa (14)

Ezfpsnxds'*'%rsnydsv (15)
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Fig. 1. Computational domain and boundary conditions.

where 1 is the fluid velocity, Fj is the drag force, p is the mass density, D is the characteristic dimension, F
is the lift force, f'is the frequency of the oscillation, 7, is the shear force acting on the body, p; is the pressure
acting on the body, and n, and n, are the direction cosines in the x- and y-coordinates, respectively.

3. Numerical formulation

As mentioned earlier, in the present model, a coupled BEM-FEM approach is used in the solution of the
governing differential equations. In this section, the numerical formulation is briefly described.

3.1. Three-step FEM formulation for the Navier—Stokes equations

In the present model, the momentum Navier-Stokes equations are approximated using an explicit three-
step FEM based on a Taylor series expansion in time [12]. From Taylor’s series, a function f'in time can be
represented as

Pl Ay = £+ a0 AL TS0 | AC TS

ot 2 o 6 of +0(ar"). (16)

Approximating Eq. (16) upto third-order accuracy, the three-step formulation can be written as:

At At 8f(2)
(t+5) =ro+3 52 (7)
7(1+5) = s+ 3 LR, | (18)
Fle+ 80 = £(e) + & LUEAL2) (19)

ot
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When Egs. (17)+(19) are discretized using the standard Galerkin FEM and the resulting finite element
equations are solved using the Jacobi iteration, the three-step FEM is obtained [12]. This method has all the
advantages of Taylor—Galerkin method.

From the above scheme, using a projection method of the Navier-Stokes equations [13-15], we can
convert Egs. (9) and (10) in the following steps:

Step 1
Step 2
v”th/; v [U,.+1/3a_v;;_/_3+ /3 9”%1/3} %1;" 7 — 213 (23)
Step 3
u* A_tun _ [un+1/26%:/2+ L2 ?jf;_]/z] +1%3V2u"“/2, (24)
v [;—tu" _ [u,,ﬂ/gav"_“/z_*_ /2 Q’gyﬁ] + o VRV (25)

where " and v* are the apparent velocities. Combining the continuity equation (8) and take gradient of (24)
and (25), the pressure Poisson equation is derived to correct the velocity equation as

1 /Oouw O ‘
2 n+l J - - . 26
VP =& ( x| ay> (26)
Now the end-of-step velocity can be derived as:
+1
OV (27)
Ox
+1
Un+1 — U* _ Atapn . (28)
Oy

Spatial discretization of Egs. (20)—(25) are performed by the standard Galerkin method using four-point
bilinear elements [17]. The resulting finite element equations for Egs. (20) and (21) can be expressed as:

n+1/3 n n

Y TW o _ oL o 1 [ou ds 29
My = A B~ S+ [ Mg (5 ) 95 )
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v 7Y Dyt — g 1 oy e 30)
M‘/TB _AU J Dljpj Re Sljvj + a_QMRe an (

In a similar way, Eqgs. (22)—(25) can be discretized and finite element equations can be formed.
Egs. (27) and (28) can be discretized as
(31)

Mju'.'ﬂ = Mju* - AtBijp"+1
(32)

Myt = Mot — AtDypt,

iy g¥j
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where
M,jz/N,-N,-dQ, A;’/,:/N<N,‘ GaN + N, Aaév>d9,
Q
aN ON; ON; 0N, ON;
5= [Ngde b= [N3ae s, /(ax &=t ay>d9

in which N; and N; are the shape functions. After assembling the system and applying the boundary
conditions, the system of equations are solved using the Jacobi iteration scheme.

In the present model, the pressure Poisson equation (26) is solved using the BEM formulation, given in
the following section using the boundary conditions derived from the solution of Eq. (12) on the infinite
domain from the finite discrete domain. As obvious, the solution of the pressure Poisson equation is im-
plicit using the velocities obtained from the solution of Eqgs. (24) and (25) and hence an iterative procedure
is necessary between the solutions of "', v"*! and p'*!.

3.2. BEM formulation for Poisson equation

Consider the Poisson-type pressure equation in p, # and v, Eq. (26),

1 /Ou Ov
Vip=— + =b 33
P= A ( ox oy (33)
with appropriate pressure boundary conditions.
In the present model, an iterative scheme is used such that the velocity ¥* and v* are known in the current
iteration and time-step from the previous step by solving the Navier-Stokes equations.

A weighting function p* can now be introduced such that it has continuous first derivatives within the
domain. The following weighted residual statement can now be written:

/ (Vp— b)p' dQ = / (q—q)pdl - / (p - p)g"dr, (34)
Q r2 Il
where ¢ = Op/0n and ¢* = Op*/0n.

Let p* be the fundamental solution of the Laplace equation in two dimensions, represented as
p* = (—In(r)/2n), where r is the distance from the collocation point (k) to other field points (i) given as:

r=(u—x) + 0 - ) (35)

Now applying Green’s second identity theorem to Eq. (33) and using the standard boundary element
procedure [18], we can get the boundary integral equation as:

C,p;+/pq*df+/bp'd9=/qp'dF, (36)
r Q r

where C; is the Green’s constant which can be calculated by surrounding the boundary point i by a small
circle of radius ¢ and taking each term in Eq. (36) in the limit as ¢ — 0. Generally C; can be represented as
0/2n, where 0 is the internal angle at point i in radians.

In Eq. (36), we have boundary integrals and domain integrals. In the present model, the domain inte-
gration is carried out by subdividing the domain into a series of internal cells, on each of which a numerical
integration is performed. Here linear elements are used for the boundary discretization and 2D isopara-
metric quadrilateral cells are used for the internal discretization. The details of the element properties,
shape functions, coordinate transformation and numerical integration used here are described in [18] which
is not repeated here.

If the domain is discretized into M internal cells, then the domain integral can be written as:

M NI
D, = / bp'dQ =" {Zwk(bp*)k} Q., (37)
Q e=1 | k=1
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where the integral has been approximated by a summation over different cells (e varies from 1 to M), w; are
the Gauss integration weights, the function (bp*), needs to be evaluated at integration points £ on each cell
(k varies from 1 to NI, where NI is the total number of integration points on each cell) and £, is the area of
cell e. The term D; is the result of the numerical integration and is different for each position i of the
boundary nodes.

Assuming that the boundary of the domain is discretized into NE linear elements with N nodes, Eq. (36)
can be discretized and written in matrix form as

N N
Cpi + Zgijpj +D; = Z Giq;- (38)

j=1 J=1
Combining the effect of the constant term C with the H matrix, we can write the system of matrix as
Hp+D=Gq. (39)

In Eq. (39), the boundary conditions are introduced and the known values are taken to the right-hand side
to form a system of linear equations of the form

Ag=F, (40)

where g is a vector of unknown boundary values of p and ¢, and F is a known vector. Eq. (40) is solved
using Gauss elimination scheme and all the boundary values will be then known. Once this is done, it is
possible to calculate internal values of p or its derivatives from Eq. (36).

It should be noted that the same BEM formulation without any domain integral given above (Eq. (36)) is
valid for the solution of the Laplace equation given in Eq. (12). Eq. (12) is solved for the infinite domain
using the same discretization from the discrete finite domain.

Here the main advantage of using BEM in the solution of the pressure Poisson equation, is the effec-
tiveness of BEM to deal with the infinite domain of the external flow problem from a finite discrete domain.
The boundary condition of pressure on the infinite computational domain is only known which is used to
solve the finite domain problem. Other numerical methods like FDM or FEM are not so efficient as BEM
to solve the pressure Poisson equation in infinite domain from a finite discrete domain. In BEM, the
fundamental solutions used in the formulations automatically satisfy the conditions at infinity and hence
very efficient to solve the infinite domain problem from the finite discrete domain [18].

4. Computational procedure

As mentioned earlier, here an iterative scheme is used in the solution of the Navier-Stokes equations. In
most of the incompressible viscous flow problems solved using Navier-Stokes equations, the most natural
boundary conditions arise when the velocity is prescribed all over the boundaries of the problem. As shown
in Fig. 1, the boundary condition of the fixed body in the flow is set as non-slip boundary. The compu-
tational procedure adopted here includes the following iterative steps:

For the time step n = 1
1. Assume at infinite domain, pressure p = 0 and solve the pressure Laplace equation (Eq. (12)) outside the

computational domain and the pressure Poisson equation (Eq. (26)) inside the computational domain

and get the pressure boundary conditions on the boundaries of the computational domain. These equa-
tions are solved simultaneously by utilizing the compatibility and equilibrium conditions of continuity of

pressure and flux at the common boundary as described in [18].

2. Solution of the Navier-Stokes equations using three-step FEM and pressure projection method.
¢ Solve for the unknown apparent velocity values (Egs. (24) and (25)).
e Calculate the pressure distribution for the current time-step from the pressure Poisson (Eq. (26)) using
BEM.
e Determine the new velocity values by solving Eqgs. (27) and (28).
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3. Check for convergence of the velocity and pressure components in the present iteration, for example

n+1 7
A

LA

If convergence criterion is satisfied, then proceed to the next step, otherwise go to step 1.

4. In the successive time-step, use the velocity and pressure components from the previous time-step as ini-
tial conditions and the new boundary flow conditions and use the iterative procedure, steps 1-3. The
procedure is repeated until the prescribed time-step is reached.

<0.001. (41)

5. Model applications

The proposed BEM-three-step FEM model has been applied on two test problems to verify the accuracy
and feasibility of the model. The present model has been used to simulate the vortex shedding flow past a
cylinder and in the case of vortex shedding and suppression of fluid forces on two circular cylinders in
which one act as a control cylinder, in the range of Reynolds number 50-140.

5
EBE=
====s33:: i 3sZizIiis
0
E =t :
-5
5 0 5 10 15
Fig. 2. Mesh for the computational domain — case 1.
Table 1
Comparison of numerical results for the flow across a circular cylinder
Re Grid Cq St Author
100 13530 1.28 0.16 Braza et al. [3]
1852 1.76 0.18 Gresho et al. [19]
826 1.33 0.163 Li et al. [20]
5750 1.29 0.168 Present

1802 1.25 0.165 Present
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5.1. Vortex shedding flow past a single circular cylinder

A large number of experimental and numerical studies have been carried out on the vortex shedding flow
that is produced by the flow across a fixed circular cylinder [1-6,20,21]. Initially, the flow across a cylinder
phenomenon has been simulated here to compare the results with the existing studies. The present model
was tested by simulating flow past a circular cylinder for Re = 100. Fig. 1 shows the computational domain
with boundary conditions (in this case, no control cylinder). It was 20 units long (cylinder diameter is unity)
and 14 units wide approximately. The discretization of the domain using 5568 elements and 5750 nodes is

oL A ) Ly d | } . W, 1
6. - - y
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2003 2 2 DI
3 $ A :
=2F 43 X3
0
H] IE3ZIZS R3
33 i Sty :
-2 >3
vy B
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400 -200 0.00 2.00 4.00 6.00 8.00 10.00 1200 14.00
Fig. 3. Velocity field for flow across a circular cylinder, Re = 80, ¢ = 200 s.
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Fig. 4. Pressure field for flow across a circular cylinder, Re = 80, ¢ = 200 s.
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shown in Fig. 2. The domain of computation was wide enough to encompass the range of the vortex
shedding. A time-step of 0.0125 s is used in the computation. The boundary conditions were chosen as
u =1, v =0 at the inlet and a non-slip boundary ¥ = 0, v = 0 on the cylinder surface.

The model was run in unsteady condition and the coefficient of drag and Strauhal number were cal-
culated using Eq. (13). Table 1 shows a comparison of the coefficient of drag and Strauhal number at
Re = 100, between the results of Braza et al. [3], Gresho et al. [19] and Li et al. [20]. Good agreement is
observed between the results.

The time marching calculation of vortex shedding for the problem is carried out at Reynolds number
of 80 for comparison purpose [2]. Before analyzing the time-dependent vortex shedding for a cycle, the

6.004 L
400 i
2.00] L

0.00+

-4.00 L

-6.00- b

T T T T T T T T T —T
400 -2.00 0.00 2.00 4.00 6.00 8.00 10.00 12.00 14.00

Fig. 5. Vorticity distribution for flow across a circular cylinder, Re = 80, ¢ = 200 s.

4.00
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T T T T T T T T T
400 -2.00 0.00 200 ' 400 6.00 800 1000 1200 1400

Fig. 6. Streamline distribution for flow across a circular cylinder, Re = 80, t = 200 s.
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velocity, pressure and vorticity are estimated at time ¢ = 200 s. Fig. 3 shows the velocity field and Fig. 4
shows the pressure field for the Reynolds number 80 at time equal to 200 s. The vorticity distribution
around the cylinder is depicted in Fig. 5. Fig. 6 shows the streamlines for the circular cylinder. These figures
show the salient features of the flow across the cylinder at Re = 80. As the above figures depict, the nu-
merical simulations with the present model have rendered very reasonable and satisfactory results in
comparison with the previous studies.

To analyze the time-dependent vortex shedding for a cycle, the streamlines are calculated for a cycle of
6.4 s. Fig. 7 shows the periodic vortex shedding at various time intervals between ¢ = 0 and ¢ = 6.4 s. The

200 L 1 n L i i i 1 1

T 1 T
400 200 000 200 400 600 800 1000 1200 1400

Fig. 7. Time development of vortex shedding streamlines past a circular cylinder, Re = 80.
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dynamics of the flow behind the cylinder and the changes in the vortex shedding pattern within a cycle can
be easily observed from Fig. 7. Fig. 8 shows the coefficient of lift calculated for the time 200 s. Fig. 9 shows
the dimensionless shedding frequency for various Reynolds numbers in the range of 50-140. The results are
compared with the experimental results of Strykowski and Sreenivasan [2] and Wang and Chang [21]. Good
agreement is observed between the results. The vortex shedding analysis in the case of the single circular
cylinder is used further in the vortex shedding and suppression in the next case study by introducing a
control cylinder.

5.2. Vortex shedding and suppression flow past a circular cylinder with a control cylinder

In this case study, the model is applied to investigate the effect of a control cylinder in the vicinity of a
main circular cylinder in a uniform flow field, which suppresses the vortex shedding by the main circular

02

0.1 —

CL
0.0 —

0.00 100.00 200.00
t (sec)

Fig. 8. Time behavior of lift coefficient for flow across a circular cylinder, Re = 80.
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Fig. 9. Dimensionless shedding frequency for flow across a circular cylinder.
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cylinder. Recently Strykowski and Sreenivasan [2] experimentally proved that the vortex shedding behind
circular cylinders can be altered and suppressed altogether (or controlled) over a limited range of Reynolds
number (below 120) using a small control cylinder in the near wake of the main cylinder. Sakamoto and
Haniu [22] also showed experimentally that the vortex shedding behind circular cylinder can be suppressed
at high Reynolds numbers using appropriately placing a small control cylinder. In this case study, the
vortex alteration and suppression are investigated numerically using BEM-three-step FEM model at a low
Reynolds number of §0.

Here the same problem described in previous case study (Section 5.1), is used but a small circular cyl-
inder (of size D/d = 5, D/d = 4 D/d = 3, where D is the diameter of main cylinder and d is the diameter of
control cylinder) is placed at various positions and its effects on the vortex shedding is numerically ana-
lyzed. The domain with the main cylinder and control cylinder with discretization is shown in Fig. 10. The
domain 1s discretized using 5572 elements and 5757 nodes and time-step of 0.0125 s is used in the analysis.
Initially the effects of a control cylinder of size D/d = 5, placed at x = 1.53D and y = 1.1D (assuming the
position of the center of the main cylinder at (0.0,0.0)) is analyzed. Before analyzing the time-dependent
vortex shedding, the velocity, pressure and vorticity of the main cylinder in the presence of control cylinder
are estimated at time ¢ = 200 s. Fig. 11 shows the velocity field and Fig. 12 shows the pressure field for the
Reynolds number 80 at time equal to 200 s. The vorticity distribution around the cylinder is depicted in
Fig. 13. Fig. 14 shows the streamlines for the circular cylinder. These figures show the salient features of the
effect of a control cylinder in the flow regime of the main circular cylinder in comparison with the flow field
described in the first case (Section 5.1).

To analyze the time-dependent vortex shedding, for the same position of the control cylinder mentioned
above, the streamlines are calculated at various time steps up to 150 s, in which the vortex shedding without
control cylinder is the initial condition. Fig. 15 shows the periodic vortex shedding at various time intervals
between ¢ = 0 (before introduction of control cylinder) and ¢ = 150 s. Fig. 16 shows the vorticity variations
for different time-steps. From these figures, it can be easily observed that there is a significant change in the
vortex shedding and control due to the influence of the control cylinder. The dynamics of the flow behind
the cylinders and the changes in the vortex shedding pattern with time change can also be easily observed
from Fig. 15.
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Fig. 10. Discretization of the computational domain with cylinders — case 2.
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Fig. 11. Velocity field for flow across a circular cylinder with control cylinder, Re = 80, t =200 s, D/d = 5.
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Fig. 12. Pressure field for flow across a circular cylinder with control cylinder, Re = 80, t = 200 s, D/d = 5.

To investigate the effects of various positions of the control cylinder on the vortex shedding, numerical
analysis has been carried out by placing the control cylinder (D/d = 5) at x = 1.53D and at various depths.
Figs. 17 and 18 show the vortex shedding streamlines and the vorticity distribution at various depths of the
control cylinder at time 200 s. It is very clear that the vortex shedding pattern considerably changes with the
variation in the position of the control cylinder. To show the effect of the size of the control cylinder on the
vortex shedding, analyses are carried out for two other sizes of control cylinder of D/d =4 and D/d = 3.
Figs. 19 and 20 show the vortex shedding streamlines for the control cylinders of sizes D/d = 4 and
D/d = 3, respectively, at x = 1.53D and at various y-positions, at ¢ = 200 s. As can be seen from Figs. 17, 19
and 20, when the size of the control cylinder changes, the vortex shedding pattern changes drastically.



D.L. Young et al. | Comput. Methods Appl. Mech. Engrg. 190 (2001) 5975-5998 5989

6.00 L
4.0+ -
2.004 -
< —

" é R ——

~4.00+ —

-6.00- -

T T T T T T T T T T
400 -200 0.00 2.00 4.00 6.00 8.00 10.00 1200 14.00

Fig. 13. Vorticity distribution for flow across a circular cylinder with control cylinder, Re = 80, t =200 s, D/d = 5.
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Fig. 14. Streamline distribution for flow across a circular cylinder with control cylinder, Re = 80, t = 200 s, D/d = 5.

The way of quantifying the changes occurring due to the introduction of control cylinder in the wake is
by monitoring the vortex shedding frequency [2]. The vortex shedding frequency data were taken for
D/d = 10 and at the position of x/D = 1.2 and y/D = 1. Fig. 21 shows the dimensionless shedding fre-
quency for various Reynolds numbers in the range of 50-140 without the control cylinder and with control
cylinder. The results are compared with the experimental results of Strykowski and Sreenivasan [2] as well
as Wang and Chang [21]. The experimental investigation of Strykowski and Sreenivasan [2] reported that
the critical Reynolds number for the control cylinder to suppress the vortex shedding at the position of
x/D =12 and y/D =1 for D/d = 10 is 80. However the numerical simulations of the present study in-
dicates a little high value of critical Reynolds number of 100. This difference may be attributed to the
differences of the level of disturbance, specific end conditions and 3D effects [2]. As a matter of fact, if the
location of the control cylinder is changed, we will get the vortex shedding, even at Re = 80, as illustrated in
Figs. 17, 19 and 20.
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Fig. 15. Time development of vortex shedding streamlines for flow past a circular cylinder with control cylinder, Re = 80, D/d = 5.

Fig. 22 shows the coefficient of lift calculated for the time 200 s for a control cylinder of size D/d = 4 at
x = 1.53D and for various y-positions. It clearly depicts the effect of the control cylinder in the flow regime
in comparison without control cylinder. The coefficient of lift drastically changes with the position of the
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Fig. 16. Time development of vorticity for flow past a circular cylinder with control cylinder, Re = 80, D/d = 5.

control cylinder. As can be seen in Fig. 22, when the control cylinder is introduced at a depth of 1.72D
(from center line of control cylinder), there is a drastic oscillation in lift coefficient which reduces and
become constant at y = 0.84D position of the control cylinder. If the depth of the control cylinder again
reduced, again there is oscillation in the lift coefficient.
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Fig. 17. Vortex shedding streamlines for flow past a circular cylinder with control cylinder at various depths, ¢t = 200 s, x = 1.53D,
Re=180,D/d = 5.
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Fig. 21. Dimensionless shedding frequency for flow past a circular cylinder without and with control cylinder located at x/D = 1.2,
and y/D =1, D/d = 10.

This numerical study further explains the study of Strykowski and Sreenivasan [2] on the effect of a small
control cylinder in the wake of a main circular cylinder. The temporal vortex shedding streamlines plotted
reveal that the presence of the smaller cylinder reduces the growth rate of the disturbances and its sup-
pression accompanied by the disappearance of the sharp spectral peaks, coincides with negative temporal
growth rates. The presence of the control cylinder alters the stability of the flow and diverts small amount
of fluid into the wake of the main cylinder. The position and size of the control cylinder are very important
factors in the vortex shedding and suppression, for the given Reynolds number of the flow regime.

The reasons for the suppression of vortex shedding by a proper placement of a small control (second)
cylinder in the near wake of the main cylinder are attributed to the redistribution of the vorticity in the
shear layer, the fluid diversion between main and control cylinders to reduce the velocity gradients, as well
as the pressure change between the two cylinders, as pointed out by Strykowsky and Sreenivasan [2]. Figs. 5
and 13 show the vorticity distributions without the control cylinder and with control cylinder, respectively.
The concentrated vorticity in the shear layer behind the main cylinder is smeared and diffused by the proper
placement of the control cylinder. The pressure distribution without the control cylinder and with control
cylinder are shown in comparison in Figs. 4 and 12, respectively. The drastic reduction of pressure in the
wake of main cylinder by the introduction of control cylinder suggests the mechanism for the suppression
of vortex shedding.

6. Concluding remarks

A novel computational model has been developed to solve 2D incompressible viscous flow problems by
the coupling of three-step FEM and BEM and used in the analysis of vortex shedding past circular cyl-
inders at low Reynolds numbers. The model based on unsteady Navier—Stokes equations in primitive
variables, is able to solve the infinite boundary value problems by extracting the boundary effects on a
specified finite computation domain, using the projection method. In the model, the Navier-Stokes
equations are solved using a three-step FEM and the Poisson-type pressure equations are solved using
BEM. By coupling the FEM and BEM, the model is able to handle infinite domain problems efficiently.

The model has been efficiently applied to simulate vortex-shedding flow past a single circular cylinder
and vortex shedding and suppression of flow past two circular cylinders in which one acts as a control
cylinder, at low Reynolds number flow regime. Both the applications gave reasonable and satisfactory
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results comparable with the available experimental and numerical results in literature and show the fea-
sibility and robustness of the present model.
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Numerical simulation of high-Reynolds number flow
around circular cylinders by a three-step FEM-~BEM
model

D. L. Young*!, J. L. Huang and T. I. Eldho

Department of Civil Engineering and Hydrotech Research Institute, National Taiwan University, Taipei, Taiwan, ROC

SUMMARY

An innovative computational model, developed to simulate high-Reynolds number flow past circular
cylinders in two-dimensional incompressible viscous flows in external flow fields is described in this
paper. The model, based on transient Navier—Stokes equations, can solve the infinite boundary value
problems by extracting the boundary effects on a specified finite computational domain, using the
projection method. The pressure is assumed to be zero at infinite boundary and the external flow field
is simulated using a direct boundary element method (BEM) by solving a pressure Poisson equation. A
three-step finite element method (FEM) is used to solve the momentum equations of the flow. The
present model is applied to simulate high-Reynolds number flow past a single circular cylinder and flow
past two cylinders in which one acts as a control cylinder. The simulation results are compared with
experimental data and other numerical models and are found to be feasible and satisfactory. Copyright
© 2001 John Wiley & Sons, Ltd.

KEY WORDS: boundary elements; finite elements; incompressible viscous flow; Navier—Stokes equa-
tions; vortex shedding suppression

1. INTRODUCTION

The vortex shedding phenomena from bluff bodies like circular cylinders are commonly
considered as the main source that causes the flow induced vibrations, noises, and even
collapse of a body in an external flow. The study of the vortex shedding over a circular
cylinder and suppression of fluid forces has received much attention, since practical applica-
tions are expected in various areas of engineering such as high-rise buildings analysis, wind
engineering, aeronautics, etc. The major difficulty in simulating the vortex shedding and fluid
force on the bluff bodies in external flow fields lies in setting the boundary conditions of the
computational domain to simulate the external flow that has infinite domain.

* Correspondence to: Department of Civil Engineering, National Taiwan University, Taipei, Taiwan 10617, ROC.
! E-mail: dlyoung@hy.ntu.edu.tw

Received July 2000
Copyright © 2001 John Wiley & Sons, Ltd. Accepted February 2001



658 D. L. YOUNG, J. L. HUANG AND T. I. ELDHO

Even though a large number of experimental studies have been reported on laminar vortex
shedding flows (for example, Reference [1]) at low Reynolds number, investigations in
unsteady flow field at high Reynolds number are rather limited due to the difficulties involved
in unsteady flow measurements, with rare exceptions such as the works of Cantwell and Coles
[2] and Sakamato and Haniu [3]. Many methods have been developed to suppress vortex
shedding and to reduce the fluid forces over circular cylinders [4]. Recently, Strykowsky and
Sreenivasan [1] reported that vortex shedding can be suppressed by introducing small diameter
control cylinders at a low Reynolds number flow regime, and Sakamato and Haniu [3]
succeeded in reducing the fluid forces acting on a circular cylinder at comparatively large
Reynolds numbers with the introduction of a control cylinder near the main cylinder. The aim
of the present work is the numerical investigation of the flow around a main cylinder and the
reduction of the fluid forces around the main cylinder by introducing a control cylinder at
various positions, using an innovative numerical scheme.

Numerical simulations of vortex shedding flow past bluff bodies have been performed by
many researchers with the use of the finite volume method (FVM), finite difference method
(FDM), finite element method (FEM) or the boundary element method (BEM). Braza et al. 5]
and Franke et al. [6] used the FVM and analyzed the vortex shedding past circular cylinders
and square cylinders in a laminar flow regime. Using FDM, Lecointe and Piquet [7] calculated
the flow around circular cylinders using the stream function—vorticity approach. A Galerkin
FEM has been used by Jackson [8] to study vortex shedding in flow past variously shaped
bodies by solving steady state equations. FEM and BEM have been widely in use for the
solution of various fluid dynamics problems in the last two decades. For the solution of
different forms of Navier—Stokes equations, the use of FEM [9,10] and BEM [11] has been
described by various researches.

In FEM, it is well known that the conventional Galerkin finite element scheme leads to
spurious oscillatory solutions for fluid dynamics problems at high Reynolds numbers. To
overcome such oscillation and numerical dissipation, various upwind schemes have been
successfully presented by researchers. In the finite element approximation, the upwind schemes
have been developed by the use of schemes based on the Petrov—Galerkin [12-14] or the
Taylor—Galerkin methods [15]. Jiang and Kawahara [16] recently developed a three-step finite
element scheme for the unsteady incompressible viscous flows, based on the Taylor—-Galerkin
schemes.

In this paper, a new computational model is presented to solve the high-Reynolds number
flow past bluff bodies in external flow fields. The model, based on transient Navier—Stokes
equations, can solve the infinite boundary value problems by extracting the boundary effects
on a specified finite computational domain, using the projection method [17]. A three-step
FEM is used to solve the momentum equations of the flow. The pressure Poisson equation for
the external flow field is treated by the BEM and then coupled with the three-step FEM
scheme. The feasibility of the developed numerical scheme in the application of high-Reynolds
number flows has been illustrated by applying the model to simulate high-Reynolds number
flow past a single circular cylinder, and flow past two cylinders in which one acts as a control
cylinder. The simulation results are compared with some experimental data and other
numerical models and are found to be feasible and satisfactory.

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2001, 37: 657689
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After presenting the governing equations, the numerical formulation using coupled BEM
and three-step FEM are briefly described. Then the solution procedure and numerical results
for two case studies of high-Reynolds number flow around a single circular cylinder and flow
around two cylinders in which one acts as a control cylinder, are presented and followed by a
few concluding remarks.

2. GOVERNING EQUATIONS

The governing equations of the motion of an incompressible viscous fluid flow can be
expressed by the Navier—Stokes equations and continuity equation and written in Cartesian
tensor notation as follows:

Ou;

6—xf_

0 (1)

Cu; u; oy, 1 dp 0%y,

J

ot ox

J

+/i (2)

= ——=—+vV

p Ox; 0x; 0x;

where u,, i=1,2, are two components of the velocity vector in the x-, y-directions, p is
pressure, v is kinematic viscosity, ¢ is time, p is mass density, f; = pg/; are body forces in the
x-, y-directions, g is gravitational acceleration and /, are direction cosines in the x- and
y-directions. Using the following dimensionless forms of the variables:

x*=x/D, y*=y/D, u*=ufu,, v*=v[uy, 1*=1u/D, p*=p|puj 3

where D is a characteristic length and u, is a characteristic velocity. Now Equations (1) and (2)
can be written as

ou¥
—=0 4
ox¥ 4
ouf wrour  op* 1 Q% l;
or* ' ax* — Ox¥ Redxtoxt Fr?

)

where Re = u,D/v is the Reynolds number and Fr = u,/(gD)"? is the Froude number. Drop-
ping the asterisk from the dimensionless variables in the following equations for brevity and
putting the body force terms into the pressure field for neglecting the free surface effects, the
non-dimensionalized governing equations for (1) and (2) can be written as

Qu;

8—%_

(6)
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8ﬁu,«+uj 6u,: _ﬁg__}_i( o%u, > 7

ot ox; ¢x; Re \0x,dx;

Generally used boundary conditions are the prescribed velocities
U=y, V=1, (8)

and the non-slip boundary conditions. At the initial time, some known values of velocities and
pressure can be prescribed as initial conditions.

As far as external flows are concerned, the outer boundaries are located at the infinity. In
numerical computations, due to the limitations of computational facilities, it is assumed that
the computational domain is limited to the finite region. In the present analysis we assume that

V=0 ©)

is valid out of the finite computational domain. As a consequence, only the inflow boundary
condition is needed as the boundary requirement of the computational domain. A sample
computational domain for the type of problem that will be considered in the present study is
shown in Figure 1 with boundary conditions. The boundary condition of the fixed body in the
flow is set as a no-slip boundary.
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Figure 1. Computational domain and boundary conditions for a typical problem.
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3. NUMERICAL FORMULATION

As mentioned earlier, in the present model, a coupled three-step FEM—-BEM approach is used
in the solution of the governing differential equations. In this section, the numerical formula-
tion is briefly described.

3.1. Three-step FEM formulation for momentum equations

In the present model, the mass-momentum Navier—Stokes equations are approximated using
an explicit three-step FEM based on a Taylor series expansion in time [16]. From Taylor’s
series, a function 4 in time can be represented as

_ oh(t) Ar?3°h(t) Ar’ 0h(r)
h(t+At)—h(l)+Al——a—t—+2 a2 6 3

+ O(Ar%) (10)

Approximating Equation (10) up to third-order accuracy, the three-step formulation can be
written as

A i 4 AL 2RQ)
h<t+?>-h(t)+3 Py (1)
Ar E@h(z+Az/3)
h<t+-2—>-.h(t)+ I (12)
Oh(t + At/2)

h(t+ At) = h(t) + At (13)

ot

When Equations (11)—(13) are discretized using the standard Galerkin FEM and the resulting
finite element equations are solved using the Jacobian iteration, the three-step FEM is
obtained [16]. This method has all the advantages of the Taylor—Galerkin method and is stable
while solving the convective transport equations.

From the above scheme, using a projection method of the Navier—Stokes equations [17], one
can convert Equation (7) in the following steps:

Step 1
up e —yr oup dp" 1
i i __gn i _V2 n 14
At/3 “ dx;, 0x; Re " (14)
Step 2
u”*‘/z—u’.’ o aur_r+l/3 apn 1
RS Y e o VE B . ____VZ n+1/3 15
At2 W Tay ok Re (15)
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Step 3

u¥* —u” our*tlz 1
i L _u(z+l,/21__+_vzu?+1/2 16
At 4 ox. Re ( )

/

where u} is the apparent velocity. Combining the continuity equation (6) and taking the
gradient of Equation (16), the pressure Poisson equation is derived to correct the velocity
equation as

1 [ou¥
2,n+1 _ ~ [t 17
v (5 @

Now the present velocity can be derived as

n+1
u§’+1=u§‘—At———6p (18)
0x;

Spatial discretization of Equations (14)-(16) are performed by the standard Galerkin method
using four-point bilinear elements [9]. The resulting finite element equations can be expressed
as

For step 1
artin—gn — 1 N, [ou”
M,+t— L= — A%37 — B p? — — S 4" — ds 19
1T A3 o1 T Bl T R St +L0Re(6n> (19)
For step 2
ﬁr_x+1/2_ﬁr; . 1 N. 612”*”3
M, L1 An+ 1B+ l3 __popn G gn+1/3 i ds 20
i AL o P Re V1M +L9Re< on ) (20)
For step 3
i — il 1 N; (éar+1?
M. J J —A'~I»+1/2*"1+1/2-—~—S~”~1+1/2 .t ds 21
vy i Re > +L9Re< p ) @D
Equations (18) can be discretized as
M+t = Mg* — AtBpi+! (22)

where

M, = L N,N, dQ
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ON,
A%=| N, u”—-—’) dQ
’ L ( * oxy

. ON.
A= [ 2o
o  0x

ON,; 0N,
S.=1 [ —Z221}do
Y L <5xk axk)

in which N, and N, are the shape functions and arrows stand for the two components
associated with the x- and y-directions.

After assembling the system and applying the boundary conditions, the system of equations
are solved using the Jacobian iterative scheme.

3.2. BEM formulation for pressure Poisson equation

Consider the Poisson type pressure equation in p and u}, Equation (17)

1 [ou?
Vp=—|—L]=
P ( ax,) b (23)

with pressure boundary conditions as

F=py onT,  §==° onl, 24)

where # is the unit outward normal vector. In the present model, an iterative scheme is used
such that the velocity u* is known in the current iteration and time step from the previous step
by solving the Navier—Stokes equations.

A weighting function p* can now be introduced such that it has continuous first derivatives
within the domain. The following weighted residual statement can now be written:

J (V’p — b)p* dQ=J (9 —Pp* dF—J (p—p)g* dr (25)
o) r2 ri

where ¢ = dp/dn and g* = dp*/on.
Let p* be the fundamental solution of the Laplace equation in two dimensions, represented
as p* = — In r/(27), where r is the distance from the collocation point (k) to other field points

(i) given as

r=/0o—x) + =) (26)
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Now applying Green’s second identity theorem to Equation (25) and using the standard
boundary element procedure [18], we can get the boundary integral equation as

Q

CL-p,-+J pg* dI’ +f bp* dQ = j gp* dI' 27)
r T

where C; is the Green’s constant which can be calculated by surrounding the boundary point
i by a small circle of radius ¢ and taking each term in Equation (27) in the limit as ¢—0.
Generally, C, can be represented as §/(2x) where 0 is the internal angle at point i in radians.

In Equation (27), we have boundary integrals and domain integrals. In the present model,
the domain integration is carried out by subdividing the domain into a series of internal cells,
on each of which a numerical integration is performed. Here, linear elements are used for the
boundary discretization and two-dimensional isoparametric quadrilateral cells are used for the
internal discretization. The details of the element properties, shape functions, coordinate
transformation and numerical integration used here are described in Brebbia et al. [18] which
is not repeated here.

If the domain is discretized into M internal cells, then the domain integral can be written as

M [ NI
D,‘=J bp* dQ =} [ > Wk(bp*)k:|Qe (28)

e=1 =1

where the integral has been approximated by a summation over different cells (e varies from
I to M), w, are the Gauss integration weights, the function (bp*), needs to be evaluated at
Integration points k on each cell (k varies from 1 to NI, where NI is the total number of
integration points on each cell) and Q, is the area of cell e. The term D; is the result of the
numerical integration and is different for each position i of the boundary nodes.

Assuming that the boundary of the domain is discretized into NE linear elements with N
nodes, Equation (27) can be discretized and written in matrix form as

N N
Jj=1

j=1

Combining the effect of the constant term C with the H matrix, we can write the matrix system
as

Hp+ D= Gq (30)

In Equation (30), the boundary conditions are introduced and the known values are taken
to the right-hand side to form a system of linear equations of the form

Ab=F 31)
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where b is a vector of unknown boundary values of p and ¢, and F is a known vector.
Equation (31) is solved using Gauss elimination scheme and all the boundary values will be
then known. Once this is done, it is possible to calculate internal values of p or its derivatives.
The values of p are calculated at any internal point using the Equation (27) that can be written
in condensed form as

p,:f gp* dI' —J pg* dI’ —J bp* dQ (32)
Ir r Q

The same discretization is used for the boundary integrals, that is

N N
pPi= Z Gijqj— Z Hijpj—Di (33)
. Py

Jj=1

where 7 is an internal point.

The main advantage of using BEM in the solution of the pressure Poisson equation is the
effectiveness of BEM to deal with infinite domain problems. Here, only the boundary
conditions of pressure on the finite computational domain are known which is used to solve
the infinite domain problem.

4. COMPUTATIONAL PROCEDURE

As mentioned earlier, here an iterative scheme is used in the solution of the Navier—Stokes
equations. In most of the incompressible viscous flow problems solved using Navier—Stokes
equations, the most natural boundary conditions arise when the velocity is prescribed all over
the boundaries of the problem. As shown in Figure 1, the boundary condition of the fixed
body in the flow is set as non-slip boundary. The computational procedure adopted here
includes the following iterative steps:

For the time step n=1,

1. Assume at infinite domain, pressure p=0 and solve the pressure Laplace equation
(Equation (9)) outside the computational domain and the pressure Poisson equation
(Equation (17)) inside the computational domain together and get the pressure boundary
conditions on the boundaries of the computational domain.

2. Solution of the Navier—Stokes equations using three-step FEM and projection method.
e Solve for the unknown apparent velocity values (Equation (16)).

e Calculate the pressure distribution for the current time step from the pressure Poisson
equation (17) using BEM.
e Determine the new velocity values by solving Equation (18).

3. Check for convergence of the velocity and pressure components in the present iteration, for

example

lpi+' —pk

P

luk+l _ kl
<0.0001 and ——"—W‘—'*LSO.OOOI
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If convergence criterion is satisfied, then proceed to the next step, otherwise go to step I.

4. In the successive time step, use the velocity and pressure components from the previous

time step as initial conditions and the new boundary flow conditions and use the iterative

procedure, steps 1-3. The procedure is repeated until the prescribed time step is reached.

The coefficient of drag and the coefficient of lift on the solid body are found from the
following equations

F, F
Co=7——. C=1— (34)
P o2
5 Pl 3 pu,D
Fy= § psh, ds — § T, ds (35)
F = é; pi ds + E§ T, ds (36)

where u, is the fluid velocity, F is the drag force, p is the mass density, D is the characteristic
dimension, F is the lift force, 7, is the shear force acting on the body, p, is the pressure acting
on the body, and n, and »n, are the direction cosines in the x- and y-coordinates respectively.

5. MODEL APPLICATIONS

The proposed three-step FEM-BEM model has been applied on two test problems to
verify the accuracy and feasibility of the model. The present model has been used to
simulate the high-Reynolds number flow past a cylinder, and also in the case of suppres-
sion of fluid forces on two circular cylinders in which one acts as a control cylinder, in the
range of Reynolds number 65000 to 107.

5.1. High-Reynolds number flow past a single circular cylinder

Even though a large number of experimental and numerical studies have been reported on
the flow across a fixed circular cylinder in the laminar flow regime [1,5,8,15,19], only a few
studies have been reported on the high-Reynolds number flow across a circular cylinder
[2,3,13,14]. Here, the present three-step FEM-BEM model has been applied for the simula-
tion of high-Reynolds number flow past a fixed circular cylinder and the results are com-
pared with the available experimental and numerical results. The present model was tested
by simulating flow past a circular cylinder at a large range of Reynolds numbers of
Re = 65000, 10° and 107. Figure 1 shows the computational domain with boundary condi-
tions (in this case, no control cylinder). It is 20 units long (cylinder diameter is unity) and
14 units wide approximately.
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Four different meshes are used in the analysis depending on the Reynolds number. The
meshes used are: mesh A, with 5568 elements and 5750 nodes; mesh B, with 4056 elements and
4186 nodes; mesh C, with 5784 elements and 5914 nodes (size of element near to the cylinder
is 0.00875); mesh D, with 5784 elements and 5914 nodes (size of element near to the cylinder
is 0.00027). A zoomed view of the typical mesh near to the cylinder (mesh D) is shown in
Figure 2. The domain of computation was wide enough to encompass the range of the vortex
shedding and fluid forces. The boundary conditions were chosen as u = 1, v = 0 at the inlet and
a non-slip boundary u=0, v=0 on the cylinder surface. The model was run in unsteady
condition.

Initially, a simulation has been performed at a high Reynolds number of 65000. For this
simulation, mesh B described earlier is used and a time step of 0.02 is used. The velocity,
pressure and vorticity are estimated at time ¢ = 200. Figure 3(a) shows the velocity field and
Figure 3(b) shows the pressure field for the Reynolds number 65000 at z = 200. The vorticity
distribution around the cylinder is depicted in Figure 3(c). Figure 3(d) shows the streamlines
for the circular cylinder. The time evolution of the coefficients of drag and lift are plotted in
Figures 4 and 5 respectively. Further analysis has been carried out for flow at Re = 10° and
107. For the simulation with Re = 10%, mesh C described earlier is used and a time step of
0.0001 is adopted. For the simulation with Re = 107, mesh D described earlier is used and a
time step of 0.00001 is used. Figure 6(a)—(c) shows the pressure field, vorticity distribution and

Figure 2. Zoomed view of the mesh for the computational domain—case 1.

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2001; 37: 657-689



668 D. L. YOUNG, J. L. HUANG AND T. 1. ELDHO

0.5

020
0404 ~—
080
»
0804
|~

-1.00

'1.20’ T T T T T \1 " T T 1
b) -120 -1.00 080 -060 040 -020 000 020 040 060 080 1. 120

Figure 3. (a) Velocity field for flow around a circular cylinder, Re = 6.5 x 10*, ¢ = 200. (b) Pressure field

for flow around a circular cylinder, Re = 6.5 x 10%, r = 200. (c) Vorticity distribution for flow around a

circular cylinder, Re = 6.5 x 10*, t = 200. (d) Streamline distribution for flow around a circular cylinder,
Re =6.5 x 10, r=200.
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Figure 3 (Continued)
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Figure 4. Time behavior of drag coefficient for flow across a circular cylinder, Re = 6.5 x 10°.
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Figure 5. Time behavior of lift coefficient for flow across a circular cylinder, Re = 6.5 x 10

streamlines respectively for the Reynolds number 10° at time = 22. Figure 7(a)—(c) shows
the pressure field, vorticity distribution and streamlines respectively for the Reynolds num-
ber 107 at time 7 = 0.4. These figures clearly show the effect of increase in Reynolds number
in the flow regime and the applicability of the present model to simulate flow past a
circular cylinder at very high Reynolds numbers.

Figure 8 shows the variation of the coefficient of drag with respect to Reynolds numbers
for various meshes mentioned earlier. The results are compared with the experimental
results of Cantwell and Coles [2] and numerical results of Kakuda and Tosaka [13], Kondo
[14], Tamura and Kuwahara [20] and Chang [21]. The results from the present model are
generally in fairly good agreement with the other model results. The vortex shedding and
fluid forces analysis in the case of the single circular cylinder is used further in the fluid
force suppression analysis in the next case study by introducing a control cylinder.

For very high-Reynolds number flows past a smooth boundary such as a cylinder, the
flow becomes a very interesting and challenging one, namely, the triple-deck like phenom-
ena, as discussed by Stevertson [22] for flat plates and by Smith et al. [23] for smooth
humps. There are three distinct decks (if we consider a cross section through the center of
the cylinder), the inviscid irrotational upper deck, the inviscid rotational middle deck and
the viscous rotational low deck [22]. Physically, the flow phenomena in the three decks
could be analyzed by solving the potential, Euler and Navier—Stokes equations respectively.
As pointed out by Smith er al. [23], the distinction between these three decks are rather
difficult in reality. However, by using the Navier—Stokes equations solver of the present
study, it is possible to observe the triple-deck like phenomena around a cylinder at very
high Reynolds number. Combining Figures 6 and 7 for Re=10° to 107, especially the
vorticity distributions of Figures 6(b) and 7(b), and streamlines of Figures 6(c) and 7(c), the
middle and lower decks are almost confined to the boundary of the cylinder, leaving the
upper deck behaving like a potential flow.
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Figure 6. (a) Pressure field for flow around a circular cylinder, Re = 108, ¢ = 22. (b) Vorticity distribution
for flow around a circular cylinder, Re = 10%, t = 22. (c) Streamline distribution for flow around a circular
cylinder, Re = 10%, 1 =22.

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2001; 37: 657-689



672 D. L. YOUNG, J. L. HUANG AND T. I. ELDHO

195 -1.00 050 0.00 050 1.00 150

(©

Figure 6 (Continued)

5.2. Suppression of flow past a circular cylinder with a control cylinder at high Reynolds
numbers

In this case study, the model is applied to investigate the effect of a control cylinder in the
vicinity of a main circular cylinder in a uniform flow field, which suppresses the fluid forces
by the main circular cylinder. Recently, Sakamoto and Haniu [3] showed experimentally
that the vortex shedding behind a circular cylinder can be suppressed at high Reynolds
numbers using an appropriately placed small control cylinder. In this case study, the vortex
alteration and suppression are investigated numerically using the three-step FEM-BEM
mode] at a high Reynolds number of 65000.

Here, the same problem described in previous case study (Section 5.1) is used but a small
circular cylinder (of size d/D = 0.06, where D is the diameter of the main cylinder and d is
the diameter of the control cylinder) is placed at various positions, and its effects on the
fluid forces on the main cylinder are numerically analyzed. A sample of zoomed discretiza-
tion near the circular cylinders with the main cylinder and control cylinder is shown in
Figure 9. The domain is discretized using 4060 elements and 4193 nodes. Figure 10 shows
the definition of the coordinate system used in the present study. The control cylinder is
placed at a position of G/d =2 (refer to Figure 10) above the middle centerline of the main
cylinder with « angles (0°-180°) and its effect on the fluid flow at an interval of 15° is
investigated. The diameter of the control cylinder and the G/d position are chosen accord-
ing to the values used by Sakamoto and Hainu [3].
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Initially, the effect of the control cylinder placed at 30° is analyzed. The velocity, pressure
and vorticity of the main cylinder in the presence of the control cylinder are estimated at time
t =200 (At =0.02). Figure 11(a) shows the velocity field and Figure 11(b) depicts the pressure
field at time ¢ = 200. The vorticity distribution around the cylinder is depicted in Figure 11(c).
Figure 11(d) shows the streamlines for the circular cylinder. These figures show the salient
features of the effect of the control cylinder in the flow regime of the main circular cylinder in
comparison with the flow field described in the first case (Section 5.1). From these figures, it
can be easily observed that there is a significant change in the vortex shedding and fluid forces
due to the influence of the control cylinder.

To investigate the effects of various positions of the control cylinder on the vortex shedding
for the selected size of the control cylinder and G/d = 2, numerical analyses have been carried
out by placing the control cylinder at various positions. Figure 12(a)—(d) shows the velocity
field, pressure distribution, vorticity distribution and streamlines for a 45° position of the
control cylinder at time ¢ = 70 (Ar=0.005). Figure 13 illustrates the pressure distribution for
a 90° position of the cylinder at time ¢ = 100 (At = 0.01). Figure 14(a)—(d) exhibits the velocity
field, pressure distribution, vorticity distribution and stream lines for a 120° position of the
control cylinder at time ¢ = 100 (At = 0.01), and Figure 15 shows the pressure distribution for

0.501

0.004

-0.504

-1 ?({‘
()

Figure 7. (a) Pressure field for flow around a circular cylinder, Re = 107, t = 0.4. (b) Vorticity distribu-
tion for flow around a circular cylinder, Re = 107, ¢ = 0.4. (c) Streamline distribution for flow around a
circular cylinder, Re =107, 1 =0.4.
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Figure 7 (Continued)
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Figure 8. Drag coefficient variation with reference to Reynolds number.

a 150° position of the control cylinder at time ¢= 100 (Az=0.01). It is very clear that the
vortex-shedding pattern considerably changes with the variation in the position of the control
cylinder.

The method of quantifying the changes in fluid forces occurring due to the introduction of
the control cylinder in the wake is by monitoring the drag and lift forces on the main cylinder.
Figure 16 shows the ratio of coefficient of drag (C,.) due to the control cylinder to the drag
coefficient (Cy,) without the control cylinder for various positions of the control cylinder.
Figure 17 shows the ratio of the root mean square (r.m.s.) value of the coefficient of lift (Ciy.)
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Figure 9. Zoomed view of the mesh for the computational domain—case 2.
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Figure 10. Definition sketch and coordinate position of the main and control cylinders.
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Figure 11. (a) Velocity field for flow around a circular cylinder with control cylinder, Re = 6.5 x 10%,

¢ =200, a = 30°. (b) Pressure field for flow around a circular cylinder with control cylinder, Re = 6.5 x

104, 1 =200, « = 30°. (c) Vorticity distribution for flow around a circular cylinder with control cylinder,

Re = 6.5 x 10*, 1=200, «=30°. (d) Streamline distribution for flow around a circular cylinder with
control cylinder, Re = 6.5 x 10%, t =200, « = 30°.
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Figure 11 (Continued)
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Figure 12. (a) Velocity field for flow around a circular cylinder with control cylinder, Re = 6.5 x 10%,

t =70, @ = 45°. (b) Pressure field for flow around a circular cylinder with control cylinder, Re = 6.5 x 10%,

t=70, «=45° (c) Vorticity distribution for flow around a circular cylinder with control cylinder,

Re=6.5x10* t=70, a=45° (d) Streamline distribution for flow around a circular cylinder with
control cylinder, Re = 6.5 x 10%, t =70, a = 45°.
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Figure 13. Pressure field for flow around a circular cylinder with control cylinder, Re=6.5 x 10%,
t =100, « =90°.

due to the control cylinder to the lift coefficient (Cy,) without the control cylinder for the
various positions of the control cylinder. The results are compared with the experimental
results of Sakamoto and Haniu [3] as well as Chang [19]. The experimental investigation of
Sakamoto and Haniu [3] reported that the critical position for the control cylinder to suppress
the fluid forces is near 60° and near 120°. However, the numerical simulations of the present
study indicate a slightly different value of near 50° and near 120°. This difference may be
attributed to the differences of the level of disturbance, specific end conditions and three-
dimensional effects.

Figures 18 and 19 show respectively the coefficients of drag and lift calculated with reference
to the various positions of the control cylinder. Figure 20 displays the corresponding power
spectrum of the fluctuating drag coefficient for various positions of the control cylinder. These
figures clearly depict the effect of the control cylinder in the flow regime in comparison to the
case without the control cylinder. The coefficients of drag and lift drastically change with the
position of the control cylinder. As is obvious, large reductions in the time-averaged drag is
due to the displacement of the separation points, which are very conspicuous in the cases of
o =45° and 120°.
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Figure 14. (a) Velocity field for flow around a circular cylinder with control cylinder, Re =6.5 x 10%,

t =100, o = 120°. (b) Pressure field for flow around a circular cylinder with control cylinder, Re = 6.5 x

104, ¢ =100, « = 120°. (c) Vorticity distribution for flow around a circular cylinder with control cylinder,

Re=6.5x 10% t=100, a« = 120°. (d) Streamline distribution for flow around a circular cylinder with
control cylinder, Re =6.5 x 10%, t =100, a = 120°.
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Figure 15. Pressure field for flow around a circular cylinder with control cylinder, Re = 6.5 x 104
t =100, « =150°.
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Figure 16. Comparison of the ratio of drag coefficient of cylinder with and without control cylinder for
various a angles.
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Figure 19. Lift coefficient of cylinder with and without control cylinder for various a angles.

This numerical study further explains the study of Sakamato and Haniu [3] on the effects
of a small control cylinder, in the wake of a main circular cylinder at a high Reynolds
number. The pressure fields and vorticity distributions plotted reveal that the presence of
the smaller cylinder reduces the growth rate of the disturbances and its suppression accom-
panied by the disappearance of the sharp spectral peaks, coincides with negative temporal
growth rates. The presence of the control cylinder alters the stability of the flow and diverts
small amounts of fluid into the wake of the main cylinder. The position and size of the
control cylinder are very important factors in the vortex shedding and suppression, for the
given Reynolds number of the flow regime [3], even though in the present analysis the
effect of the size of the control cylinder is not considered.

The reasons for the suppression of fluid forces by the proper placement of a small
control cylinder in the near wake of the main cylinder, are attributed to the redistribution
of the vorticity in the shear layer, the fluid diversion between main and control cylinders to
reduce the velocity gradients, as well as the pressure change between the two cylinders, as
pointed out by Sakamoto and Haniu [3]. Figures 3(c), 12(c) (at 45°) and 14(c) (at 120°)
respectively show the vorticity distributions without the control cylinder and with the
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Figure 20. Power spectrum of fluctuating drag coefficient of cylinder with and without control cylinder
for various « angles.

control cylinder at Re=65000. The concentrated vorticity in the shear layer behind the
main cylinder is smeared and diffused by the proper placement of the control cylinder. The
suppression of vortex shedding as a consequence will reduce the magnitudes of the drag
and lift forces as well as the oscillating frequencies. The pressure distributions without the
control cylinder and with the control cylinder are shown for comparison in Figures 3(b),
12(b) (at 45°) and 14(b) (at 120°) respectively. The drastic reduction of pressure in the wake
of the main cylinder by the introduction of the control cylinder suggests the mechanism for
the suppression of vortex shedding and fluid forces.

6. CONCLUDING REMARKS

In this paper a novel computational model is presented to solve high-Reynolds number
incompressible viscous flow problems. In the model, the transient Navier—Stokes equations
in primitive variables are solved by a three-step FEM using a projection method, and the
Poisson type pressure equations are solved using BEM. By coupling the three-step FEM
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and BEM, the model is able to handle infinite domain problems efficiently. The infinite
boundary value problems are solved by extracting the boundary effects on a specified finite
computational domain using the projection method.

The present model is applied to simulate high-Reynolds number flow past a single circu-
lar cylinder, and flow past two cylinders in which one acts as a control cylinder. The
simulation results are compared with some experimental data and other numerical models
and found to be feasible and satisfactory. Even though two-dimensional problems are
presented here, the model can be easily extended to three-dimensional problems and also
turbulence models can be incorporated.
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A coupled BEM and arbitrary Lagrangian—Eulerian FEM
model for the solution of two-dimensional laminar flows
in external flow fields
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SUMMARY

This paper describes a new computational model developed to solve two-dimensional incompressible
viscous flow problems in external flow fields. The model based on the Navier-Stokes equations in
primitive variables is able to solve the infinite boundary value problems by extracting the boundary
effects on a specified finite computational domain, using the pressure projection method. The external
flow field is simulated using the boundary element method by solving a pressure Poisson equation that
assumes the pressure as zero at the infinite boundary. The momentum equation of the flow motion is
solved using the three-step finite element method. The arbitrary Lagrangian-Eulerian method is incorpo-
rated into the model, to solve the moving boundary problems. The present model is applied to simulate
various external flow problems like flow across circular cylinder, acceleration and deceleration of the
circular cylinder moving in a still fluid and vibration of the circular cylinder induced by the vortex
shedding. The simulation results are found to be very reasonable and satisfactory. Copyright © 2001
John Wiley & Sons, Ltd.

KEY WORDS: Navier-Stokes equations; external flow; arbitrary Lagrangian—Eulerian method; boundary
elements; finite elements

1. INTRODUCTION

The two-dimensional laminar viscous flow problems in external flow fields have been the
focus of numerous investigations. These studies have been motivated by the desire to under-
stand the fundamental physics of such flows as well as their practical importance in various
industries. The phenomena of external flow problems are visible everywhere around our
living environments such as: the variation of flow field arisen by the wind across the high-
rise building, the drag force induced by driving car accelerating in the wind and also the
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ocean current interaction with the offshore structures. The major difficulty in simulating these
flows lies in setting the boundary conditions of the computational domain to simulate the
external flow that has infinite domain. There are three typical boundary conditions namely
inflow, outflow and two-side virtual boundaries. The inflow boundary is the forced flow into
the computational domain. As far as the outflow boundary is concemed, the flow phenomenon
in the downstream affected by the wake shall be taken into account.

With the advent of very powerful computers, numerical methods like finite differences
(FDM), finite elements (FEM) and boundary elements (BEM) have become widely used
to investigate fluid flow problems [1]. The numerical simulation of unsteady incompressible
Navier—Stokes equations using FDM has been reported in numerous studies (for example,
Jordan and Fromm [2] using ADI method). Braza et al. [3] used a second-order finite-volume
method and analysed the dynamical characteristics of the pressure and velocity fields of the
unsteady, incompressible laminar flows. For the last two decades, FEM and BEM have been
used widely for the solution of various fluid dynamics problems. The theoretical potentials of
FEM [4, 5] and BEM [6] have been adequately exposed for the solution of different forms of
the Navier—Stokes equations by various researchers.

Various forms of finite-element formulations are available in literature for the solution of
incompressible viscous flows. As the most commonly used Galerkin formulation is not able to
cope with the convective effects efficiently, other forms like Petrov—Galerkin formulation [7]
and Taylor—Galerkin [8] schemes were developed. Based on Taylor—Galerkin schemes, Jiang
and Kawahara [9] recently developed a three-step finite-element scheme for the unsteady
incompressible viscous flows. Different forms of boundary element method like direct BEM,
indirect BEM [6] and dual reciprocity BEM [10] are in use for the solution of fluid-dynamics
problems. In the present study, a coupled BEM-FEM scheme, in combination with other
techniques is used for the solution of incompressible viscous flows.

The use of Lagrangian and Eulerian methods in combination with various numerical meth-
ods, are prominent in various applications of fluid dynamics problems. As Lagrangian method
does not handle satisfactorily the material distortions and Eulerian method has got drawback in
handling convective effect [11], combinations of Lagrangian—Eulerian methods with different
modifications are in common use. One of the most efficient Lagrangian—Eulerian methods in
practice is arbitrary Lagrangian—Eulerian (ALE) technique, based on the arbitrary movement
of the reference frame, which is continuously rezoned in order to allow a precise description
of moving interfaces. ALE technique was first developed in FDM by Hirt ez al. [12] among
others and then in FEM by Hughes er al. [13].

In the present study, a new computational procedure is developed to solve the incom-
pressible viscous flow problems in external flow fields. The model is based on the pressure
projection method of the Navier-Stokes equations in primitive variables. A three-step explicit
FEM is used to solve the momentum equation of the flow domain. The pressure Poisson
equation for the external flow field is treated by the boundary element method. The arbi-
trary Lagrangian-Eulerian scheme is employed to deal with the moving boundary, such as the
motion of an impulsively moving circular cylinder in a viscous fluid.

Using the present model, by coupling of BEM and three-step FEM and by using ALE
scheme for the moving boundary, a variety of external flow problems such as flow over
an immersed body, movement of a body in a still fluid and other fluid structure interaction
problems can be solved. Use of BEM for the solution of the pressure Poisson equation helps
to handle the infinite domain of the external flow problem from a finite discrete domain
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efficiently, as the fundamental solutions used in the BEM formulations automatically satisfy
the conditions at infinity. The use of three-step FEM for the solution of the Navier—Stokes
equations helps to deal with the convective effects efficiently. By the implementation of the
ALE concept, moving boundary problems are effectively handled in the model.

Different external flow problems are simulated using the present model. The feasibility and
accuracy of the developed numerical scheme has been verified, by comparing with other nu-
merical schemes available in literature. After presenting the governing equations, the numerical
formulation using coupled BEM and arbitrary Lagrangian—Eulerian FEM are briefly described.
Then the solution procedure and numerical results for various two-dimensional laminar flow
problems in external flow field are described, followed by a few concluding remarks.

2. GOVERNING EQUATIONS AND METHODOLOGY

2.1. Fluid flow equations

The basic equations describing laminar incompressible flow in two dimensions are the Navier—
Stokes equations. They may be expressed in non-dimensional form as [14]:

Continuity
0u Ov
T ay 0 (1)
Momentum
ou Ou du_ dp 1 (Pu  Fu
"a—t+u5;+li'a—y-— Ex“l’kz(w'{"a—}ﬁ) (2)
o v, dw_ dp 1 (Pv v
Frarn--arw(F ) @
where the following non-dimensional variables are defined:
x=x*/D, y=y*/D, u=u"juy, v=0"/uy @)
t=t'uy/D, p=p*/pud, Re=uyD/v

The * denotes a dimensional variable, u is the velocity in the x-direction and v is the velocity
in the y-direction, p is the pressure, v is the kinematic viscosity, ¢ is the time, p is the mass
density, Re is the Reynolds number, D is characteristic length used to normalize the variables
and uy is the uniform velocity of the flow field.

For the solution of transient external flow problems, appropriate initial and boundary con-
ditions should be prescribed. The initial conditions for the Navier—Stokes problem consist of
specifying the values of velocity at the initial time:

u(x’y,0)=170(x,)’) v(x,y,0)=1')0(x,y) (5)
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Figure 1. Computational domain and boundary conditions.

As shown in Figure 1, for the external flow problem considered in the present study, non-slip
boundary conditions are imposed on the solid wall surface, that is,

u=0 v=0 (6)
At the inlet plane of the finite-flow domain, a uniform-flow profile was fixed as
u=U v=0 (7)

On the other boundaries of the finite domain, no flow boundary or a fixed flow gradient can
be assumed which is not essential in the present model.

As far as external flows are concerned, the outer boundaries are located at the infinity and
the pressure at infinity is assumed to be zero. In numerical computations, due to the limitations
of computational facilities, it is assumed that the computational domain is limited to the finite
region. Outside the finite region, we assume that flow is uniform (constant velocity), continuity
equation is valid, convective acceleration can be neglected and the pressure gradient in the
flow direction as zero [15]. Hence we assume that

Vip=0 (8)

is valid out of the finite computational domain where the fluid is assumed undisturbed. As
a consequence, it is found to automatically satisfies the radiation boundary condition and
hence only the inflow boundary condition is needed as the boundary requirement of the
computational domain. In the present model, outflow boundary conditions are not neces-
sary to be specified, as it will be automatically satisfied by the estimated pressure gradient.
A sample computational domain for the type of problems that will be considered in the present
study is shown in Figure 1, with boundary conditions.
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2.2. Arbitrary Lagrangian—FEulerian description

The arbitrary Lagrangian—Eulerian scheme, originally developed by Hughes et al. [13], de-
scribes the fundamental kinematical relations derived by defining three domains in space
called, the spatial domain, the material domain and the referential domain, and mapping be-
tween the domains. The spatial domain, regarded as generally in motion because of the moving
interface to the adjoining structures, is the domain on which the fluid mechanics problem is
considered. The material domain is the domain occupied at time ¢ =0 by the material particles
which occupy the spatial domain at ¢ and is considered in motion. The referential domain is
the image of spatial domain at ¢ under prescribed mapping and is considered as fixed always.
If the spatial domain coincides with the referential domain, then the description is Eulerian
scheme. Similarly, if the material domain coincides with the spatial domain, the description
is Lagrangian scheme.

In ALE, let Q(X;,t) represents the material domain (Lagrangian), £(x;,t) represents the
spatial domain (Eulerian) and §2(&;,t) represents the referential domain. Then the Lagrangian—
Eulerian mapping can be described by x; =x;(X;, ) and the Eulerian-referential mapping can be
described by x; =x;(&;,t). Consider a physical property f(x;,t) expressed in a spatial domain.
Then owing to arbitrary Lagrangian-Eulerian scheme described by Hughes er al. [13] and
Huerta and Liu [11], we can write the time derivative of f as

_I f

of i)
E(/Yiat) &—E(fi,t) 3 +Cia(xi,f) %)

¢; is the convective velocity described as

Ci=Uu; — 17,' (10)
where u; is the material velocity and #; is the mesh velocity. In the Eulerian description, the
mesh velocity #; =0, and in the Lagrangian description, &; = u;.

From the above-described ALE scheme, we can rewrite the governing equations (1)—(3)
as

du v

5);4——67-—0 (1)
Ou . Ou Ou _ dp 1 (u  Pu
E¢,+(“‘“)$+(”’”)E“"E’LE(E?J“@TZ) 12)
dv L v dp 1 (v
aj("‘“)a*(”‘")a—y"‘a‘y*“ﬁ(a;ffm) (13)

where i@, 7 are the mesh velocities in the x- and y-directions.

The boundary condition of the fixed body in the flow is set as no-slip boundary. Depending
on the ALE description employed, the boundary of the moving body is specified as the velocity
of flow equal to that of the body.

2.3. Fluid and solid interaction

The de-coupled method is used for the computation of the fluid and solid interaction. First the
flow conditions are solved and then the force on the solid is calculated, which is produced
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by the flow, so that the solid moving information can be obtained. Then the solid position,
mesh velocity and flow boundary condition at the next time step are estimated. This recursive
procedure is used in the present model.

For the structural model, the motion of a rigid circular cylinder mounted on an elastic
dashpot-spring system is considered as an example. The governing equation of motion of the
rigid-body structure can be written in a matrix form as [16]

mib) + ¢y + kyd; = f; (14)

where J;,0; and 0; are the vectors of nodal displacement, velocity and acceleration components
in the x; direction defined at the centre of gravity, f; is the concentrated force components
in the x;-direction, mj; is the mass matrix, c;j is the damping matrix and k;; is the stiffness
matrix. The displacement of the rigid body is included in the solution procedure, using de-
couple method.

The coefficient of drag and the coefficient of lift on the solid body and the Strauhal number
S; are found from the following equations:

Fy F, fD
C =—, =—, =
T 1/2p2D G 1/2pu2D S Uy (15)
Fy= fpsnyds—?{rsnxds (16)
F,= fpsnxds—}-?{rsnyds (17)
s S

where ug is the characteristic fluid velocity, Fy is the drag force, p is the mass density, D is
the characteristic dimension, F, is the lift force, f is the frequency of the oscillation, 7, is
the shear force acting on the body and p; is the pressure acting on the body.

3. NUMERICAL FORMULATION

As mentioned earlier, in the present model, a coupled BEM-FEM approach is used in the
solution of the governing differential equations and the moving boundaries in the problem are
treated with the arbitrary Lagrangian—Eulerian (ALE) scheme. In this section, the numerical
formulation is briefly described.

3.1. ALE mesh velocity

While using the ALE concept in FEM, spatial domain is the moving mesh and referential
domain is the reference state of moving mesh. In the present study, the boundaries (Ip) of the
finite discrete domain (see Figure 1) are assumed to be fixed in space and hence the mesh
velocity @#;=0 on Ip. On the moving interface I;, due to non-slip condition, the velocity
component («;) should be equal to the mesh velocity i;. Hence it seems to be natural that
i1; decays to zero with distance from the body. In the present model, we have used a simple
linear function of the distance from I} for the mesh velocity #; as proposed by Nomura and
Hughes [16]. Suppose that a node K outside the rigid body moves as if it is located in the
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Figure 2. Mesh for the computational domain.

rigid body. Let &% and u* represent the imaginary displacements and velocities of K. Now
the mesh displacements and velocities of the node can be expressed as

Sk-:ikék, ﬁfc___llku:c (18)

where A* (0 < A* < 1) is an assigned constant coefficient to each node. In the case studies
presented in Section 5, each node in the deformable region of the mesh is located on a straight
line in the radial direction from the center of a circular cylinder (see Figure 2). Hence Ai*
is linearly distributed from 1 (on the cylinder surface) to 0 (on the outer boundary of the
deformable region).

3.2. Three-step FEM formulation for Navier—Stokes equations

In the present model, the mass—momentum Navier—Stokes equations are approximated using
an explicit three-step finite-element method based on a Taylor series expansion in time [9].
From Taylor’s series, a function f in time can be represented as
af(t) A3 f(t) AP Ff(t)
f(t+At)“f(t)+At +T o —6— o
Approximating Equation (19) up to thlrd—order accuracy, the three-step formulation can be
written as

f(Hg) f()+Ataf(t) (H__A_t> _fo+ Ataf(t+At/3)

+ 0 (Ar%) (19)

3 ot
(20)

ft+ A0 =f(l)+Ath_'gTA_t/2_)

The Equations (20) are equivalent to Equation (19) and the method is referred to as three-step
Taylor—Galerkin FEM. The standard Galerkin FEM can be used to obtain the finite-element

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 51:1053-1077



1060 D. L. YOUNG, J. T. CHANG AND T. I. ELDHO

equation. This method has all the advantages of Taylor—Galerkin method such as third-order
accuracy and the uniform CFL condition of numerical stability [9].

Applying the above procedure to the Navier—Stokes equations and using a pressure projec-
tion method [17-19], the three-step scheme can be obtained in two phases. In the first phase,
the viscous and convective terms are obtained and in the second phase, the pressure terms
are derived. In the first phase, from Equations (12) and (13), the following equations are
obtained.

Step I
w3 7 o 2
T E R e B )a R AL @D
o3 v "1
A [(u o ] TR @
Step 2:
e e B A AL )
VY nt13 _ ony O w13 _ o OUTRTOp” 2yn+1/3
B T I T A
Step 3:
x _on L durt\2 +172 1
* _ o a n+1/ 2 611"“/2 1

where u* and v* are the apparent velocities in which the pressure gradients are included, and
the velocities in the present time step can be derived as

n+1

W =y Ata%x 27)
n+1

= ot Atal;v (28)

Spatial discretization of Equations (21)—(26) are performed by the standard Galerkin method
using four-point bilinear elements [20]. The resulting finite element equations can be expressed

as:
For step 1,
n+1/3 n n
A PR / 1 (o 29
Mj At/3 - AUuJ B’Jpl' ReS‘lu.7+ mMRe on ds ( )
R 1
Ml.j_f.wz_A;;. Dyp! - S,,u"+/ % ( )dS (30)
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For step 2,
n+1/2—u; 3
Y mp oo Lo / N; (ou"* 31
Myj————r AT —A;;"w; " = By pj ReS"uf + . Re . ds (31)
U;H/z -y n+1/3_pt1/3 1 n+1/3 N; [ovt1A
Mj—ft./—z— = —Aij Uj —D,‘jpj - R—e'S,JU] +/ I_Q— ( on )dS (32)
For step 3
ul —uj w2, ez 1 2 N; 3“"“/2
Mj ]At L = A’J uj ESUuJ R_ (33)
/TR Y S | n+12 N; 5U"+1/2
My~ == =45 Y~ peSyy Re (34)
Equations (27) and (28) can be discretized as
M,-juj'.’+1 =Myu; — AtB,ij"+1 35)
My = Mo} — AtDy ™! (36)
where
n 2 ON; ON;
M‘J~AMMdQ AU—_‘/‘—;M(NkukE +NkUn ay)dﬂ
aN; N, ON; ON; . ON; ON;
= Q s,=/ (L%
B,= /N, 40 D= /N a9 S /Q(axaﬁa ay)dﬂ

in which N; and N; are the shape functions.

After assembling the system and applying the initial and boundary conditions described in
Equations (5)—(7), the system of equations is solved using the Jacobi iterations. In Jacobi
iteration we initially assume some values for unknown variables and solve the lincar system
of equations iteratively using the values from the previous iteration. If a linear system of
equations of the form MX =R is to be solved, the system is transformed as

MX*' =R - (M - M)X* 37

where M is the consistent coefficient matrix, X is the unknown vector, R is the known vector,
k is the iteration number and M is a lumped matrix. Generally, three iterations can achieve
satisfactory accuracy [9]. More details of the Jacobi iteration can be found in most of the
standard text books on numerical methods (e.g. Baker and Pepper [21]) which is not repeated
here.

Before calculating the velocity in the present time step using Equations (27) and (28), the
pressure and its derivatives are to be solved, in the second phase. Combining the continuity
Equation (11) and taking gradient of Equations (25) and (26), the following pressure Poisson
equation is derived to correct the velocity equation as,

1 /ou* oOv*
2 n+l il il
VP e ( & T ay) (38)
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In the present model, the pressure Poisson equation is solved using the BEM formulation,
given in the following section using the boundary conditions derived from the solution of
Equation (8) on the infinite domain from the finite discrete domain. The boundary conditions
for the solid surface are obtained from Equations (27) and (28) for a fixed body. As obvious,
the second phase being necessarily implicit obtained from the first phase and hence an iterative
procedure is necessary between the solutions of u"*!, v"*! and p"*!.

3.3. BEM formulation for pressure Poisson equation

Consider the Poisson type pressure equation in p, u* and v* (Equation (38)),
1 [ouw Ov*
2y — — — — =
Vp—At<5x+6y) b (39)
with pressure boundary conditions as

p=p oD 7=2° mp (40)
where n is the unit outward normal vector. In the present model, an iterative scheme is used
such that the velocity u* and v* are known in the current iteration and time step from the
previous step by solving Equations (33) and (34).

Let p* be the fundamental solution of the Laplace equation in two dimensions, represented
as p*=(—Inr)/2n. From Green’s theorem, the boundary integral equation for Equation (39)
can be written as [22]

C,~p,-+/pq*dI‘+/bp"sz/qp"dI‘ 41
r Q r

where C; is the Green’s constant, g =0p/0n, gq* =0p*/0n and r is the distance from the
collocation point (k) to other field point (i) defined as

r=v(a —x 2+ — yi)? (42)

In Equation (41), we have boundary integrals and domain integrals. In the present model, the
domain integration is carried out by subdividing the domain into a series of internal cells,
on each of which a numerical integration is performed. Here linear elements are used for
the boundary discretization and two-dimensional isoparametric quadrilateral cells are used for
the internal discretization. The details of the element properties, shape functions, co-ordinate
transformation and numerical integration used here are described in Brebbia et al. [22] which
is not repeated here.

If the domain is discretized into M internal cells, then the domain integral can be written as,

M NI
Di= [ bpra0=5 [ kzwk(bp*)k] Q. (43)
e= =1

where the integral has been approximated by a summation over different cells (e varies from
1 to M), w; are the Gauss integration weights, the function (bp*), needs to be evaluated at
integration points k on each cell (k varies from 1 to N/, where NI is the total number of
integration points on each cell) and €2, is the area of cell e. The term D; is the result of the
numerical integration and is different for each position i of the boundary nodes.

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 51:1053-1077



A COUPLED BEM AND ARBITRARY LAGRANGIAN-EULERIAN FEM MODEL 1063

Assuming that the boundary of the domain is discretized into NE linear elements with N
nodes, Equation (41) can be discretized and written in matrix form as,

N N
Cipi+ ZlHijpi +D; =ZlGijqj (44)
i= i=

Combining the effect of the constant term C with the A matrix, we can write the system of
matrix as

Hp+D=Gq (45)

In Equation (45), the boundary conditions are introduced and the known values are taken
to the right-hand side to form a system of linear equations, which are solved using Gauss
elimination scheme to find the boundary unknowns. Once this is done, it is possible to calculate
internal values of p or its derivatives from Equation (41).

It should be noted that the same BEM formulation without any domain integral given
above (Equation (41)) is valid for the solution of the Laplace equation given in Equation (8).
Equation (8) is solved for the infinite domain using the same discretization from the discrete
finite domain.

The main advantage of using BEM in the solution of the pressure Poisson equation, is the
effectiveness of BEM to deal with the infinite domain of the external flow problem from a
finite discrete domain. Here only the boundary condition of pressure on the finite computational
domain is known which is used to solve the infinite domain problem. Other numerical methods
like FDM or FEM cannot be used to solve the pressure Poisson equation in infinite domain
from a finite discrete domain as efficiently as BEM. In BEM, the fundamental solutions used
in the formulations automatically satisfy the conditions at infinity and hence very efficient to
solve the infinite domain problem from the finite discrete domain [22].

4. SOLUTION PROCEDURE

As mentioned earlier, here an iterative scheme is used in the solution of the Navier-Stokes
equations. In most of the incompressible viscous flow problems solved using Navier—Stokes
equations, the most natural boundary condition arises when the velocity is prescribed all over
the boundaries of the problem. As shown in Figure 1, the boundary condition of the body
in the flow is set as non-slip boundary. Based on the ALE description, the boundary of the
moving body is specified as the velocity of flow equal to that of the body. The normal pressure
gradient is assumed equal to zero because of the influence of acceleration of the body has
been estimated by the mesh velocity. The computational procedure adopted here includes the
following iterative steps:

For the time step n=1:

(1) Assume at infinite domain, pressure p=0 and solve the pressure Laplace equation
(Equation (8)) outside the computational domain and pressure Poisson equation (Equation
(38)) inside the computational domain and then get the pressure boundary conditions on
the boundaries of the computational domain. These equations are solved simultaneously by
utilizing the compatibility and equilibrium conditions of continuity of pressure and flux at the
common boundary as described in Brebbia et al. [22].
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(2) Solution of the Navier-Stokes equations using three-step FEM and pressure projection
method.

e Solve for the unknown apparent velocity values (Equations (25) and (26)).

e Calculate the pressure distribution for the current time step from the pressure Poisson
equation (Equation (38)) using BEM or FEM.

e Determine the new velocity values by solving Equations (27) and (28).

(3) Check for convergence of the velocity and pressure components in the present iteration,
for example,

up ., —u;
L’Lfl___"_l. < 0.001
n
|uj|
If convergence criterion is satisfied, then proceed to the next step, otherwise go to step 1.

(4) From de-couple method, calculate the force on the solid and obtain the solid moving
information.

e Estimate the solid position (for moving solid case) and apply the ALE to get the mesh
velocity and the new flow boundary conditions.

(5) In the successive time step, use the velocity and pressure components from the previous
time step as initial conditions and the new flow boundary conditions and use the iterative
procedure, steps 1-4. The procedure is repeated until the prescribed time step is reached.

Detailed numerical investigations showed that the present model with the three-step FEM
for the momentum equations is more stable than other FEM schemes like two-step scheme
or Lax—Wendroff schemes due to the third-order accuracy and uniform CFL condition of
the scheme. Various numerical experiments on two-dimensional incompressible viscous flow
problem showed that the model is stable for 0 < C, <1 (C,=Courant number = ut/Ax)
and hence a large time step can be used. A detailed stability analysis for the three-step FEM
scheme, used in the present study can be found in Jiang and Kawahara [9].

Here it should be noted that, the solution of the pressure Poisson Equation (38) using
BEM includes domain integrals. While finding out the internal pressure distribution using
BEM with a fine mesh, we have to solve a large system of equations. This would increase
the computational costs, as the system matrices are fully populated. Numerical investigations
showed that the computing efficiency could be considerably increased by solving the boundary
pressure values on the computational domain using the BEM while the FEM is used to get
the internal pressure values. Both the system matrices of BEM and FEM are coupled using
the compatibility and equilibrium conditions as described in Brebbia et al. [22].

5. MODEL APPLICATIONS

The developed BEM-FEM model has been applied on three test problems to verify the ac-
curacy and feasibility of the model. The present model has been used to simulate various
external flow problems like flow across circular cylinder, acceleration and deceleration of a
moving circular cylinder in still fluid and vibration of the circular cylinder induced by the
vortex shedding.
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Table 1. Comparison of numerical results for the flow across
a circular cylinder.

Re Grid Ca St Author
100 13530 1.28 0.16 Braza et al. [3]
1852 1.76 0.18 Gresho er al. [23]
826 1.33 0.163 Li ez al. [24)
3564 1.29 0.168 Present
1802 1.25 0.165 Present
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Figure 3. Velocity field for flow across a circular cylinder, Re =100.

5.1. Flow across a fixed circular cylinder

A large number of experimental and numerical studies have been carried out on the vortex
shedding flow that is produced by the flow across a fixed cylinder [3, 23, 24]. The flow
across a cylinder phenomenon has been simulated here to compare the results with the existing
studies. The present model was tested by simulating flow past a circular cylinder for Re = 100.
Figure 1 shows the computational domain with boundary conditions. It was 20 units long
(cylinder diameter is unit) and 14 units wide approximately. The discretization of the domain
using 3416 elements and 3564 nodes is shown in Figure 2. The domain of computation
was wide enough to encompass the range of the vortex shedding. A time step of 0.025 (non-
dimensional) is used in the computation. The boundary conditions were chosen as u=1, v=0
at the inlet and a non-slip boundary =0, v=0 on the cylinder surface.

The model was run in unsteady condition and the coefficient of drag and Strauhal number,
were calculated using the Equation (15). Table I shows a comparison of the coefficient of drag
and Strauhal number at Re = 100, between the results of Braza et al. [3], Gresho et al. [23] and
Li et al. [24]). Good agreement is observed between the results. Figure 3 shows the velocity
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Figure 4. Pressure field for flow across a circular cylinder, Re = 100.
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Figure 5. Vorticity distribution for flow across a circular cylinder, Re = 100.

field and Figure 4 shows the pressure field for the Reynolds number 100 at time equal to
107.5. The vorticity distribution around the cylinder is depicted in Figure 5. Figure 6 shows
the streamlines for the circular cylinder for Re =100. These figures show the salient features
of the flow across the cylinder problem. As the above figures depict, the numerical simulation

with the present model have rendered very reasonable and satisfactory results
with the previous numerical studies [3, 23, 24].
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yi0 OM

Figure 6. Streamline distribution for flow across a circular cylinder, Re = 100.

5.2. Flow across a moving circular cylinder

In this case study, the model is applied to simulate the motion of a circular cylinder, men-
tioned in the first case study (Section 5.1), with a unit diameter in still infinite fluid of unit
density. The cylinder is setting into motion impulsively, from the rest to a constant accelera-
tion and finally to a constant velocity. The velocity of the moving cylinder is then equal to the
mesh velocity in the ALE description. In the present analysis Reynolds number is assumed to
be 1000. The computational domain is discretized with 3416 elements and 3564 nodes (as in
Figure 2). Three cases of accelerations, a=2.5,5.0 and 10.0 (non-dimensional) are considered
and a time step of 0.025 is used in the simulation.

The time evolution of the drag force with various accelerations is shown in Figure 7. The
drag forces are dependent on the magnitude of the acceleration. For example, for the case
a=10.0, the drag force for the moving cylinder in the first time step is equal to 7.856 which
is very close to the value 7.854, derived from the added mass concept of the ideal flow
theory. This value is reached independently on the time interval chosen. Figure 8 shows that
the magnitude of 7.856 is obtained for the first time step, for all the three different time steps
of 0.005, 0.01 and 0.025. Therefore, it can be concluded that for the impulsive motion of an
accelerating cylinder in a viscous fluid, the drag force imposed on the cylinder can be treated
as in the case of ideal fluid, at the moment of impulsive acceleration.

Figures 9, 10, 11, and 12 illustrate the local velocity field, vorticity distribution, pressure
field and streamlines, respectively, at the first time step of the accelerated moment. After
stopping the acceleration impulsively and maintaining at a constant velocity with zero accel-
eration, the drag force drops immediately for all three cases, as seeing from Figure 7. The
drag forces vary for all three cases depending on the final constant velocity. Then finally
the three cases are decelerated impulsively to the same constant velocity. The drag force for
all three cases asymptotically approaches the value of 0.393, as predicted by using the drag
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Figure 7. Time evolution of drag force with various accelerations for moving
circular cylinder problem, Re = 1000.

coefficient as a function of Reynolds number for a smooth circular cylinder from the viscous
flow theory [25]. As comparing with drag force due to the added mass, the drag force for a
uniformly moving cylinder experiences 55 of that of the uniform acceleration of a=10.0. The
corresponding distributions of local velocity field and pressure distribution at the time step
for the decelerated moment are shown in Figures 13 and 14, respectively.

From Figure 10, it is vivid to see that the vorticity is generated and confined around the
moving cylinder only. Due to the confinement of vorticity around the cylinder, as well as the
low values of drag coefficient for high Reynolds number flow for uniformly moving cylinder,
it can be concluded to a first approximation that the viscosity plays only a minor role in the
impulsive motion of a moving circular cylinder in a viscous flow.

5.3. Oscillation of a spring supported circular cylinder in a uniform flow

The developed computational model is used to study the vortex-induced cross-flow oscillations
of a circular cylinder mounted on an elastic spring in a water channel [16]. Figure 15 shows
the problem set up, boundary conditions and material properties of the system. The domain
is discretized using 1802 nodes and 1704 elements. Only vibration in the cross-flow direction
is allowed. The other two degrees of freedom in other directions are fixed. In low Reynolds
number (to the range of 100) flow regime, the wake behind the circular cylinder will be fully
laminar. The lock-in phenomenon, in similar studies has been investigated experimentally by
Anagnostopoulos and Bearman [26] and numerically by Nomura {27].

In the present study, three cases of flow regimes with Reynolds numbers, Re =100, 106
and 110 were simulated, which represent before, near and after lock-in scenarios respectively.
The natural frequency of the cylinder-spring system is found to be 7.0165Hz. If we use the
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Figure 8. Variation of drag force with different time steps for moving circular
cylinder problem, Re =1000,a = 10.
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Figure 9. Local-velocity field for accelerated circular cylinder problem, Re = 1000.
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Figure 10. Vorticity distribution for accelerated circular cylinder problem, Re = 1000.
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Figure 11. Pressure field for accelerated circular cylinder problem, Re = 1000.

Roshko’s [28] experimental formula to estimate the shedding frequency for Re =100, 106 and
110, the corresponding shedding frequencies are 6.92, 7.021 and 7.08 Hz respectively. It was
found that in the case of Re=106, the flow corresponds to the resonance of shedding and
natural frequency or near the frequency locking. Figures 1618 show the evolution of the
non-dimensional displacement with time for Re =100, 106 and 110, respectively.
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< v oa N ' ! ‘ ‘ : - . i
-“\‘ 1t ] 2 . . . . .
TRk o 0! ! ‘ i . ) . .
NN e e e e o
LSRN N N I, ‘ ‘ ° ) . . .
NN Seoe e o o oL
NN Se o o - - . L.
S e - - - - - -
L <~
- - e e e e e
y/O - - -~ - - e e e .
0k - -~ - - e e . -
b - - - -~ ~ - - - oL
S ~ < < Lo
- - . . N~ o~ - - - - - -
R N ~ ~ -~ - -
AR V] N N ~ - -~ .
be ¢ 2+ 4 N Ay -~ - -~ -
N A S RN N . .
i
e s 42 { v A} . . - .
(I
. e e Ly o Y [} . . . .
o VN NOTTE e e
S e UL WY L3 W VAN S od alr bt (/R AL ST
-2 -t 0 2 3

x/0

Figure 13. Local-velocity field for decelerated circular cylinder problem, Re = 1000.

As can be seen in Figure 17 for Re =106, the amplitude is increasing conspicuously with
time and the frequency of its driving force is approximated to the natural frequency. The lock-
in mechanism is well known as the synchronization of the cylinder motion and the vortex
shedding over a certain range of free stream velocity around the resonant velocity. As far as
the free-stream velocity is lower or higher than that of the lock-in, the beat phenomenon is
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Figure 14. Pressure field for decelerated circular cylinder problem, Re = 1000.
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Figure 15. Transverse oscillation of a circular cylinder-spring system in a uniform flow field.

observed, which is accompanied by considerably small amplitude than that of the lock-in. As
can be seen in Figure 16 for Re = 100, before the lock-in case, the small amplitude is limited
to a certain region of the beat oscillation. After the frequency locking, the beat phenomenon
reappears, as shown in Figure 18, for Re =110. Studies of Anagnostopoulos and Bearman
[26] and Nomura [27] suggest the lock-in region in the range of Re= 106—115. However the
present study renders a narrower range of the lock-in mechanism. The small differences with
the previous studies are probably due to the different meshes adopted for the studies and the
difference in the approaches to model the infinite domain.

Figure 19 shows the local velocity field and Figure 20 shows the vorticity distribution for
the Reynolds number 106 at time equal to 1000. The pressure field around the oscillating
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Figure 17. Evolution of non-dimensional displacement with time, Re= 106.

cylinder is depicted in Figure 21. Figure 22 shows the streamlines for the oscillation of
the circular cylindcr——spring system for Re=106. These figures show the salient features of
the lock-in phenomenon as the free stream approaches the resonant velocity. As the above
figures depict, the numerical simulations with the present model have rendered very reasonable

and satisfactory results n comparison with the previous experimental and numerical studies
26, 271.
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Figure 19. Local-velocity field for oscillation of circular cylinder-spring system in a
uniform flow, Re =106.

6. CONCLUDING REMARKS

A new computational model has been developed to solve two-dimensional incompressible vis-
cous flow problems by the coupling of arbitrary Lagrangian-Eulerian FEM and BEM. The
model based on the Navier—Stokes equations in primitive variables is able to solve the infinite
boundary-value problems by extracting the boundary effects on a specified finite computation
domain, using the pressure projection method. In the model, the Navier-Stokes equations are
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Figure 20. Vorticity distribution for oscillation of circular cylinder—spring system in a
uniform flow, Re = 106.
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Figure 21. Pressure field for oscillation of circular cylinder—spring system in a uniform flow, Re =106.
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Figure 22. Streamlines for oscillation of circular cylinder-spring system in a uniform flow, Re =106.

solved using a three-step FEM and the Poisson type pressure equations are solved using BEM.
By coupling the FEM and BEM, the model is able to handle infinite-domain problems effi-
ciently. The arbitrary Lagrangian—Eulerian method is used to incorporate the moving boundary
problems. The model has been efficiently applied to solve various external flow problems such
as flow across a cylinder, acceleration and deceleration of a moving circular cylinder in a still
fluid and the vibration of the circular cylinder induced by the vortex shedding. All the ap-
plications gave reasonable and satisfactory results and show the feasibility and accuracy of
the present model in dealing with external flow problems with infinite domain and moving
boundaries.
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Abstract

In this paper, an Eulerian—Lagrangian boundary element method (ELBEM) is proposed by the combination of the Eulerian-Lagrangian
method and boundary element method for the solution of advection-diffusion problems. Based on the concept of Eulerian—Lagrangian
method (ELM), the formulation of ELBEM and its associated fundamental solution is obtained for the advection—diffusion equation.
Combining ELM and BEM makes it easier to handle the variable velocity field. The ELBEM model performs well for both advection-
dominated and diffusion-dominated flow fields. To verify the feasibility and accuracy of the ELBEM, the model is applied to different case
studies of advection—diffusion problems and the analytical solutions are compared. Fairly accurate results are obtained in all the case studies
for the entire range of Peclet numbers, from very small to infinite with less oscillations, numerical dispersion and diffusion problems. © 2000

Elsevier Science Ltd. All rights reserved.

Keywords: Eulerian—Lagrangian method; BEM; Advection-diffusion problem

1. Introduction

In general, the advection—diffusion equations are solved
using numerical models based on the finite difference
method (FDM), finite element method (FEM) and boundary
element methods (BEM). Developments of numerical
models based on these methods have shown that numerical
diffusion and dispersion are the two major problems of
concern. Popular methods like the upwind FDM [1,2] and
upwind FEM [3,4] work well only for problems in which the
diffusion effect dominates. In general, the high-order
upwind schemes produce numerical oscillations in the
results, while the lower-order upwind schemes cannot
avoid the numerical diffusion. To improve stability, Ikeuchi
et al. [5] used a high-order finite element to establish a stable
transport model. However, the resulting stability criteria
required very high-order finite elements, as the Peclet
number is increased.

The Eulerian—Lagrangian method (ELM) is a widely
used scheme for transport modeling. It is a combination of
the Eulerian method, in which the equation is solved on
a fixed grid in space, and Lagrangian method that
utilizes either a deforming grid or a fixed grid in

* Corresponding author. Tel./fax: +886-2-2362-6114.
E-mail address: dlyoung@hy.ntu.edu.tw (D.L. Young).

deforming coordinates. The (ELM) combines aspects
of both approaches: so as to merge the simplicity of a
fixed Eulerian grid with the computational power of the
Lagrangian method [6]. In the transport model using
ELM, the advection part is solved by the Lagrangian
method that can be computed independently at each
time step by the method of characteristics applied to a
grid fixed domain. The remaining diffusion part can be
solved by FEM [6-9] or FDM [10,11], on a separate
grid. The influence of the advection is projected from
one grid to another by local interpolation. The sharp
front of the concentration is easier to trace since the
system matrix becomes symmetric and diagonal. Never-
theless, numerical smearing is still observed especially
for the diffusion-dominated low Peclet number
problems.

In recent years, BEM has been used successfully to
analyze various types of potential, diffusion and solid
mechanics problems. Besides the forementioned domain-
type FDM and FEM transport models, the BEM has been
applied in recent times for the analysis of transport phenom-
ena. In the earlier works of transport modeling using BEM
[12-15], only the constant velocity distribution is permitted.
To avoid this limitation and extend the applicability of
BEM, Taigbenu and Liggett [16], Tanaka et al. [17], treated
the convection term as an inhomogeneous source to

0955-7997/00/$ - see front matter © 2000 Elsevier Science Ltd. All rights reserved.

PII: S0955-7997(00)00026-6
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consider velocity fields that are more general. Numerical
experiments showed that, with large Peclet numbers the
relative error became exponential and the efficiency of
BEM reduced, as in other domain type formulations [17].

Ikeuchi and Sakakihara [18] and Okamoto [19] presented
a transformed BEM without inhomogeneous sources.
Although the model has been found to be stable and accu-
rate for all tested Peclet numbers, the velocity profile is
required to satisfy the transform conditions of the trans-
formed boundary element model. Based on the concept of
time splitting or fractional steps method, Kakuda and
Tosaka [20] and Sakakihara [21] proposed the BEM models
for advection—diffusion and viscous fluid flows. Arbitrary
velocity profiles were allowed for these models. Numerical
dispersion has occurred for the simulated examples of the
time splitting method, and the finite difference formulation
was needed for the fractional step method.

In the present study, an ELBEM is proposed. Based on
the concept of ELM, the formulation of ELBEM and its
associated fundamental solution has been obtained for an
advection—diffusion equation. The ELBEM is capable of
handling the variable velocity field. The ELBEM performed
well for both the advection- and diffusion-dominated flow
fields. The interpolation procedure for the ELM computa-
tion of the convection part has been replaced by a more
accurate BEM interior point evaluation, and hence the inter-

polation error is avoided. Compared to other numerical
methods, some of the advantages of the ELBEM model
include: less numerical diffusion and dispersion problems,
direct flux solution at boundaries, and easiness in discretiza-
tion and data preparation. The numerical examples provided
verify the accuracy and feasibility of ELBEM models.

2. Governing equation and boundary conditions

The general governing equation for transport phenomena
describing the unsteady convection—diffusion problem can

‘be expressed as [22]:

9C L ave=+KViC+ Q, in 2

ot S

where {2 is the flow domain with a boundary I', a(%,1) =
+(u, v, w) a given velocity field, C is the pollutant concen-
tration or temperature or salinity, X is the diffusivity, Q; is
the source or sink term of concentration and ¢ is the time.

For convection—diffusion problems, the initial and
boundary conditions should be prescribed. The initial condi-
tion, usually a prescribed concentration, is described
throughout the domain at some initial time as

C=C(® inf2, t=0 @
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Two common types of boundary conditions prescribed are

C=C,t)onl, 0<¢ 3)

aC
q= —Ka + (#C)-n = q,(f) on Fq, o<t C))]

where g is the normal flux, —K(dC/dn) is the diffusive flux
and the (2C)-xi is the convective flux.

3. Numerical formulation

Owing to the Eulerian-Lagrangian concept, the compu-
tational domain is now chosen along the characteristic
domain, as shown in Fig. 1, and the convection diffusion
equation is rewritten by a hydrodynamic derivative within
this new domain as

%f— =KV3C + Q, in g )

where the hydrodynamic derivative is defined as

D ]
_— = — 4
Dr o v ©

The initial and boundary conditions are now defined as,

C= C,(f) in QE’ t=0 (7)

C=C,t) onI7, 0<¢ ®
aC

q=—K—a-;=+q,,(t) onlp, 0<t 9

where {2 is the characteristic domain with a boundary
I'g(=TI'7 U Ip).

Now, using Green’s second identity, the boundary inte-
gral equations can be derived on the characteristic domain
as,

(% 1)C(E 1) = J o Ot RO 1) A0
E

tk
- I I é(.i,', tk; f, t)q(.f, t) dFE dr
thk—1 JTIg

tk
+ J J (%, 1 %, )C(X, 1) AT g dr
k-1 JrIg

tk
+ f j o 1o, QL 1) A dt
thk—1 0
(10)

in which «a is the Cauchy principal value, k is the current
time step, ¥; is the position vector of base point, % is any field
point and ¢,§ are the flux terms defined in the following

equations:
_ aC
q(x,t)=—Ka—n (1
o aC
gx,1n = —KEI (12)

The associated fundamental solution C satisfying the
source varying formally adjoint operator of the governing
Eq. (5) can be derived from the following equation.

D¢ A

o KV2C = &x — 5)8t — 1) (13)
Now, the fundamental solutions can be derived for the 1D,
2D and 3D problems [23,24],

CER x, 1) = [ exp[—r2/4K(t — zk)]]

(14)

where r = |% — %;| is the Cartesian distance between the
base point and any field point. For 1D, 2D and 3D problems,
n is equal to 1, 2 and 3, respectively.

The integral Eq. (10) implies that the boundary conditions
and initial condition are treated as a continuous distribution
of the impulse, acting on the domain surface. The first term
on the right-hand side of the integral Eq. (10), which is in
the form of a volume integral, represents the initial influ-
ence. The second and third terms of the right-hand side,
which are in the form of boundary integrals, express the
responses of the boundary conditions. The last integral
term is the sink or source effect.

As shown in Fig. 1, for each time step #, the computa-
tional domain {2 coincides with the physical domain {2
only at t = #;, and the boundary conditions and initial condi-
tion are given on the physical boundary I', and the physical
domain {2 of time step ¢ = t,_;. However, the boundary and
initial values are required to be imposed in the integral terms
of Eq. (10) on the computational characteristics boundary
Iz (I'TUT ), and the domain {2z of time step ¢ =1,_,.
Without using the traditional backward-tracking interpola-
tion procedure, a forward-tracking method is used to eval-
uate the prescribed boundary condition and the last time step
solutions for the characteristic domain in this study. Thus,
since the important information of the flow field can be
transferred from the last time step, the error arising from
the interpolation procedure can be reduced. The region of
the characteristic domain is determined by the method of
characteristics as

1
[ATK(t — 1,))"?

dx

=+ 15
dr “ (1)
-ik-—l =fk — g-dt (16)

The fractional step technique or the Runge—Kutta scheme
could be used to improve the accuracy of the integration
with respect to the time domain.
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Fig. 2. Concentration profile for every 10 time steps: comparison of
ELBEM and exact solutions, Example 1.

The boundary element approach [24] is used to solve the
boundary integral Eq. (10) and its associated boundary and
initial conditions. Constant, linear or quadratic shape func-

tions [24] can be used to discretize the temporal and spatial
domain as

D.L. Young et al. / Engineering Analysis with Boundary Elements 24 (2000) 449-457

N
Cx1) =D G(HCE,0) att=nonTrandy  (19)

=1

N
q(i, tk) = Z Gj(i)q(fp 4) att = t, on FT and FQ (20)
=

M
C, tk) = ZH[(.E)C(}I, tk) atf_ |y =t =1t 0n rr and FQ
=1

@1

where G;(%) and H/(X) are the space interpolation functions
defined over the boundary and the domain, respectively, N is
the number of the boundary nodes and M is the number of
nodes of discretization for the volume integral. The use of
constant elements for the temporal domain allows the analy-
tical integration of time in Eq. (10) [24].

In integral Eq. (10), after approaching the base point to
the boundary nodes on {25 at r =1¢,, and imposing the
boundary conditions and initial conditions, a simultaneous
equation system can be written in a matrix form as,

[Alnxei {Cloim + [Blnxr2{q} 20 = {RH.S}py (22)

in which L, + L, = N. The element matrices [A] and [B] are
defined as

"
Ay = .[xk— i .[FQ §(%;; 1 %, G;(X) dl g dr;

X = ' = ’k "
CEH=FOCEL)  FO=1, B, =— I . Jn C(Ei, 1 %, G;(®) ATy dt (23)
atf =t=gfonlyand Iy a7 !
In Eq. (22), {R.H.S} represents the known values after the
g%, 1) = F(t)q(x, 1) Fo) =1, application of the initial cogditions, bou.ndar.y conditions
and the effect of source or sinks. If the time interval used
atfy st=gnonlrand Iy (18) is the same, the elements included in the matrices [A] and
5.00 3
; eoo000 fxoct
3 ELBEM
3.00 3
3
1.00 -‘-
SR
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Fig. 3. Concentration gradient profile for every 10 time steps: comparison of ELBEM and exact solutions, Example 1.
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Fig. 4. Concentration distribution for an unbounded domain with M = 200 for various time steps, Example 2.

[B] will not be changed for every time step. Only the right-
hand side vector {R.H.S} should be evaluated for each time
step due to the changes of the time dependent boundary
conditions and the integration of the previous time step
solutions. More details of the element properties, interpola-
tion functions, time integration and equation system forma-
tion used in this paper are described in Brebbia et al. [24],
therefore it is not repeated here.

4. Numerical examples

The following numerical examples are analyzed to verify
the accuracy of the proposed ELBEM model, and show the
advantages of the model for the unbounded domain problem
and the forward-tracking procedure for evaluating the last
time step solution on the characteristic domain. Numerical
examples are presented for 1D, 2D and 3D advection—diffu-
sion problems.

4.1. Example 1

The first numerical example is a 1D pure diffusion
problem. The domain considered is a bounded domain
x € [0,1]. The diffusivity K = 1.0, time step &t = 0.001
and 81 constant elements are used for the volume discreti-
zation. The initial distribution is given by,

C(x, 0) = sin(mx) (24)

For 100 time step simulations, the time histories of the
concentration distributions are compared with the exact

solution,
C(x, 1) = sin (mx) Exp (—Kw%t) (25)

Fig. 2 shows the concentration distribution and Fig. 3 shows
the concentration gradient for a time step interval of 10, in
comparison with the analytical solutions. Good agreement
is observed between the ELBEM solution and the exact
solution.

4.2. Example 2

Here, the ELBEM is used to solve the 1D advection—
diffusion problem with an unbounded domain. A uniform
distribution of concentration with unit magnitude is given
between x € [—1,1] as the initial condition. The boundary
condition is placed at the x — = oo, the diffusivity K = 1,
the Courant number Cr = 0.5 and 200 constant elements are
used for the volume discretization. The time histories of the
concentration are compared with the exact solutions,

Cx, 1) = ~derf 2 DY ol et | RO
HU=° ZKJ' 2Kt =

1 1—-x 1+x ,
{erf(ZKJ')+erf(—2Kﬁ)} -1<x <1
1 1+x —-1+4+x N
i{eff( m;) ‘“f(z—wr)} ©=h

X=x+ut (26)

ll
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Fig. 5. Concentration distribution for an unbounded domain with M = 100 for various time steps (with forward-tracking), Example 2.

Fig. 4 shows the concentration distribution in comparison
with the exact solution, and a good agreement is observed
between the solutions. Numerical experiments carried out
with various discretizations (M = 50, 100 and 200) showed
that, the accuracy of the solution decreases with a coarse

mesh. In order to achieve good accuracy for coarse mesh, a
forward-tracking procedure is proposed to simulate the
advection effects. Fig. 5 shows the concentration distribu-
tion in comparison with the exact solution for M = 100,
using the forward-tracking procedure. Reasonably good

1.001
3 —— Exact
i A ELBEM(Mesh 20x20)
- se ® ELBEM (Mesh 40x40)
0.7 -
w "
Q.50 P~
0.25 |-
o'oo L 1. 1 1 l - 1 1 L l 1 ’ 3 1 1 1 1 1 b e ) S
0.00 0.25 0.50 0.75 1.00
X-axis

Fig. 6. Concentration profile for Example 3

: comparison of ELBEM and the exact solution.
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Fig. 7. Concentration distribution at # = 2 for a rotating cone: comparison of ELBEM and the exact solution, Example 4.

agreement is observed for the coarse mesh with the forward-
tracking technique. This problem shows the feasibility of
ELBEM for the unbounded domain and the exterior
problem.

4.3. Example 3

Here, we consider an advection—diffusion problem in the
2D domain. The problem is a bounded rectangular domain.
The initial concentration is assumed to be zero. A boundary
condition with sin(my) concentration profile is imposed on
the boundary (0,y), and zero concentration is assumed on all
other boundaries. The diffusivity is assumed to be unity and
a time step of 0.01 is used (dimensionless). The 2D ELBEM
simulates the flow field with constant u = u,, v =0 till
steady state is achieved. Two types of domain discretiza-
tions are used with meshes (20 X 20) and (40 X 40). The
computations are carried out for Peclet numbers of 0.0,
0.1, 0.5, 1.0 and 5 (with various flow velocities ). For all
the Peclet numbers, very stable and comparable results with
analytical solutions are obtained. Here we present the results
for Peclet number 5. Fig. 6 shows the concentration along
(x,0.5) at steady state and compared with the exact solution
for Peclet number 5. A good agreement is observed between
the solutions, especially for the finer mesh. This case study
shows the effectiveness of the ELBEM model for the 2D
advection—diffusion problems and also shows the mesh
sensitivity.

4.4. Example 4

Here, we consider a pure advection problem (the Peclet

number is infinite) in a 2D domain. This example is the
classic rotating cone problem [25,26]. In order to compare
the ELBEM solution for the 2D hyperbolic case, we
followed the precedent and placed a ‘concentration cone’
in a pure rotation velocity field [25,26]. The exact solution is
simply a solid body rotation of the initial field. The radius of
the cone is four grid units (4Ax) and the grid employs
40 % 40 uniform square elements. The (prescribed) velocity
field is one of pure (solid body) rotation, u = —(y —
Yo), v=(x —xg) and physical diffusion is absent. As
described in Pironneau [25], initially a normal distribution
of concentration is assumed and the concentration on the
boundaries is assumed to be zero. After a cycle, the rotating
cone is moves back to the initial position. The results from
this pure advection problem at various time periods are
found and compared with the results of Pironneau [25]
and Orszag [26]. Fig. 7 shows the concentration distribution
at time 7 = 2 in comparison with the analytical solution
(25,26]. The ELBEM solution is in good agreement with the
exact solution and proves the feasibility of the model for
pure advection problems.

4.5. Example 5

In this example, a 3D diffusion problem is solved using
the ELBEM model, and the results are compared with the
derived exact solutions. Here, a unit cubic domain with a
unit concentration on one side and zero concentration on the
opposite side is considered for analysis. The concentration
flux is assumed to be zero on all other faces. Initially, zero
concentration is assumed throughout the domain. A mesh of
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Fig. 8. Concentration distribution for various time steps: comparison of ELBEM and the exact solution, Example 5.

6 X 6 X 6 has been used for discretization. Here, the diffu-
sivity coefficient is assumed as unity. Fig. 8 shows the
concentration variation for various time steps in comparison
with the derived exact solution and the ELBEM solutions
for the diffusion case (no advection), at the center of the
domain (x =0.5, y=0.5 and z=0.5). The results show a
good agreement with the exact solutions and demonstrate
the 3D capability of the model. A further detailed verifica-
tion of the presented ELBEM model for the 3D advection—
diffusion problems with analytical solutions and other
numerical models are described in Young et al. [27,28].

In the present study, we have described most problems
with a constant velocity field. However, the present ELBEM
model could easily handle the variable velocity field as
described in Young et al. [27,28] and the model performs
well for both the advection- and diffusion-dominated flow
fields. Even though domain integration is necessary for
transport simulation, it retains all the advantages of the
BEM including lesser numerical dispersion and diffusion
problems compared to other domain-oriented numerical
techniques. The presented numerical examples in 1D, 2D
and 3D show the applicability of ELBEM for the entire
range of Peclet numbers from very small to infinity, with
less oscillations and numerical smearing.

5. Concluding remarks

An Eulerian-Lagrangian boundary element method
(ELBEM) is developed by the combination of the

Eulerian—Lagrangian method and BEM. With ELBEM, it
is easy to handle the variable velocity field, and the model
performs well for both the advection- and diffusion-
dominated flow fields. The interpolation procedure for the
Eulerian—-Lagrangian computation of the advection part has
been improved by the process of BEM interior point evalua-
tion. Even though domain integration is necessary, the
ELBEM model has got all the advantages of the BEM
including less numerical diffusion and dispersion problems.
The simulations of various numerical examples presented in
1D, 2D and 3D demonstrated the accuracy and feasibility of
ELBEM model. The numerical dispersion caused by the
backward tracking of the characteristics is improved by
the forward tracking and suitable interpolation techniques
shall be imposed to improve the computations.
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Abstract

In the numerical solution of three-dimensional boundary value problems, the matrix size can be so large that it is beyond a computer’s
capacity to solve it. To overcome this difficulty, an iterative dual reciprocity boundary element method (DRBEM) is developed to solve
Poisson’s equation without the need of assembling a matrix. The DRBEM procedure requires that the right hand side of Poisson’s equation be
approximated by a radial basis function interpolation. In the iterative solution, it is found that only compactly supported, positive definite
radial basis functions lead to converged results. © 2000 Elsevier Science Ltd. All rights reserved.

Keywords: Boundary element method; Dual reciprocity boundary element method; Radial basis function; Iterative method; Poisson’s equation

1. Introduction

In the numerical solution of complex three-dimensional
problems, a large number of discrete unknowns are required
to accurately represent the geometry and the solution varia-
tion. When the matrix representing the linear or nonlinear
system of equations is assembled, its size can be so large
such that it poses difficulty for the computer to store it in the
random access memory and to solve it by elimination.
Consequently, the matrix size becomes the limiting factor
that defines the largest problem a given computer can
solve.

In the finite difference method (FDM), the need for
assembling a solution matrix can be circumvented by
using the so-called relaxation technique pioneered by
Southwell [1,2]). To apply this technique, an initial trial
solution is assigned to a solution grid. The discrete values
at each node is corrected in an iterative manner, until
convergence is achieved. No matrix or matrix solution is
needed. Because of this advantage, large size fluid dynamic
problems are typically solved by the finite difference
method, not by the finite element method (FEM). It appears
that this iterative solution idea can be extended to the
boundary element method (BEM).

A search in the literature finds a number of BEM solu-
tions that utilize iterative techniques [3-7]. However,
matrices were assembled in those implementations. Iterative

* Corresponding author. Tel.: +1-302-831-2442; fax: +1-302-831-3640.
E-mail address: cheng@chaos.ce.udel.edu (A.H.-D. Cheng).

techniques were used only to invert the matrices. These
methods do not meet our definition.

Iterative BEMs that do not assemble solution matrices do
exist. To our knowledge, the first such attempt was made by
Cahan, et al. [8] for solving Laplace’s equation based on the
direct BEM formulation. Later, an improved version
was presented by Cahan and Lafe [9]. An iterative
BEM based on the indirect formulation was devised
for solving the governing equations of stochastic bound-
ary value problems [10,11]. In those stochastic
problems, not only the mean, but also the covariances
are obtained. For a boundary geometry discretized into
N nodes, the number of unknown covariances is N°. The
matrix, if assembled, would be of the size N*x N2
These unusually large sizes have necessitated the use
of an iterative technique.

In this paper, we shall revisit the iterative BEM with the
goal of solving Poisson’s equation. The inhomogeneous
right-hand side is treated by the dual reciprocity boundary
element method (DRBEM) [12]. The underlying reason for
the current practice is to construct an efficient algorithm to
solve three-dimensional fluid dynamics problems
governed by Navier—Stokes equations. By a velocity—
vorticity formulation and a time-marching scheme,
Navier—Stokes equations can be transformed into a
number of Poisson’s and Helmholtz-type equations. The
iterative DRBEM can then be implemented for these
equations. In this paper, however, only two-dimensional
Poisson’s equations are solved as a demonstration of the

methodology.

0955-7997/00/3 - see front matter © 2000 Elsevier Science Lid. All rights reserved.
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As a part of the DRBEM solution process, the right
hand side of Poisson’s equation is approximated by an
interpolation  using radial basis functions. The
coefficients of the interpolation are determined by
collocation. Iterative methods are developed to avoid
the assemblage of matrices. However, it is discovered
that when conventional radial basis functions are used,
none of the iterative methods tested converges. In fact,
only the recently derived compactly supported, positive
definite radial basis functions [13] can achieve conver-
gence. These and other findings are reported in  this
paper.

2. Formulation of DRBEM

The governing equation investigated is Poisson’s
equation,

Vi(x) = f(x) )

In a DRBEM formulation, the right-hand side of Eq. (1) is
interpolated using a combination of monomials and radial
basis functions: [14]

f@ = apr) + S Bipix) @
i=1 =1

where ¢(r) is a radial basis function, r; = ||x; — x]| is the
Euclidean distance between a field point x and the ith collo-
cation point X;, p,(x) is a multi-variate monomial, ¢; and B;
are coefficients to be determined by collocation and
constraint equations, n, is the number of collocation
nodes, and n, is the number of monomial terms needed
to support the convergence and stability of the approx-
imation scheme [14]. The collocation nodes are distrib-
uted in the interior as well as on the boundary, hence
their number is relatively large. o; and B; need to be
solved from Eq. (2) prior to the implementation of the
BEM. In addition, we need to find the particular solu-
tions of the following Poisson’s equations using the
radial and monomial basis functions as the right hand
side:

Vi = o(r) (3)

Vi=ps i=1,...,n, (4)

The analytical expressions for s and g; can be found in
the literature [14,15], hence is not repeated here. We shall
return to more details of the RBF in Section 4.

Given a radial-basis-function interpolation, a ‘boundary-
only’ integral equation that solves Poisson’s Eq. (1) can be

found as [12]

c(x)H(x) = C(X)[ Z a(x — x;) + ZB:“L’(X)]
i=1 i=1

_| 0 & ddx—x; 3g:(x)

+J o ")[ 0 20 e Zﬁ‘ 8n(x)]
3G(x — x) < <

-t - WYX — X)) — iqi d

I [4»00 3 adtx=x) ;qu] x

©)

where x is the base point, y € I'is a field point, x; € {2isa
collocation point, I" denotes the solution boundary, and
the solution domain, ¢ is a geometric factor equal to 0, 1/2,
or 1, depending on the location of x, » is the outward normal
direction of I', and G is the free-space Green’s function
given by

Inr

=T ©
for two-dimensional problems, with r = |y — x||. We note
that the second integral in Eq. (§) is strongly (Cauchy)
singular when x € I, due to the presence of the kernel
8G/dn. The integration is performed in the Cauchy principal
value sense and is denoted by

We observe that Eq. (5) is in a natural form for an itera-
tion procedure. Similar to the relaxation method, we can
assign a set of initial trial values to all boundary nodes.
We then apply Eq. (5) by placing the base point on a bound-
ary node where ¢ is an unknown. Performing the integra-
tion and summation according to the right hand side of Eq.
(5), we obtain an updated value of ¢ at that node. We then
move on to the next node and repeat the procedure.

In a mixed boundary value problem, there exist nodes on
which d¢/on, instead of ¢, is the unknown. To have a
formula for this situation, the dual integral equation
approach [16] is taken. Eq. (5) can be differentiated at a
boundary point x € I" in the direction of boundary normal
n. The resultant equation is a hypersingular equation
containing Hadamard finite part integrals denoted by % :

0H(x) < dY(x — 9g;(X)
W3 = (X)[; o=t () ZBz 6n(x)]

G —X)| 3dx) _ <& Yy — X)) 3g:(x)
+f o [ G0 2% e ZB‘ ) ]

X))~ > B,-q.-(x)] dx
i=1

)

The pair of integral Egs. (5) and (7), can be alternately
used in Neumann and Dirichlet type boundary conditions to
update the missing boundary values. The process continues
until convergence is reached.

[ G —x - B
ﬁ;r ————Gn(x) an(x) [¢(X) ; oyl x
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The hypersingular Eq. (7), however, adds to the complex-
ity of the solution. The hypersingularity needs to be regu-
larized before its finite part can be evaluated. Several
techniques exist [16]. In this paper we choose to avoid
this issue by using only the Cauchy singular Eq. (5). To
overcome the difficulty of solving mixed boundary value
problems, the iterative scheme suggested by Cahan and
Lafe [9] is adopted. Details of the method are presented in
the next section.

3. Iterative scheme

To devise a scheme that uses only Eq. (5), we seek its
discretized form, which can be expressed as follows:

N N
S apdt - Sbudi=c,  j=1..N ®)
k=1 k=1

where ¢k is the discrete value of ¢ at node k, d>f, is the
discrete value of d¢/on at node k, coefficients ay, bj, and
c; are constants obtained by integration over the elements.
Given either a Dirichlet or a Neumann type condition, we
can extract the corresponding unknown variable d¢/dn and
@, respectively, to form the following iterative formulae

) 1 N N .
$h=gol ot D ad = > budh|, i ¢ isgiven
i k=1 k=1
k#j

€))

/ 1 : kv T I
¥=—lc¢- Z a4y — ijkd)ﬁ , if ¢, is given
% k=1 =1
kj

(10)

Hence the pair of Egs. (9) and (10) forms the basis of an
iterative scheme. Particularly, a procedure similar to the
Gauss—Seidel scheme, in which an updated datum is imme-
diately put into use in the evaluation of next datum, can be
applied.

The above equations differ from a typical FDM relaxation
formula in that the solution at a given node is dependent on
values on all nodes of the boundary, not just a few neighbor-
ing nodes. An advantage of this property is that in the
summation of Egs. (9) and (10) half of the data are already
correct, supplied by the known boundary conditions. This
allows zero initial trial values be assigned to all the
unknowns. The first correction can already bring the solu-
tion into a reasonable range of the true solution. Hence a
stable scheme is expected.

In a standard BEM, Egs. (9) and (10) are assembled into a
matrix system

[A]l{x} = {b} (1D

where [A] is an N XN matrix. In the current iterative

scheme, [A] is not assembled. Its elements are calculated
on the fly and immediately discarded. Hence only column
matrices of size N are needed. We also notice that all quan-
tities under the summation signs in Egs. (5) and (6) are
known quantities that do not change from iteration to itera-
tion. These parts are computed only once and stored in an
array of size N.

The need for regenerating elements in the coefficient
matrix over and over is a major disadvantage of the iterative
method as the cost of numerical integration can be high.
This problem is alleviated by the use of low-order elements,
over which exact integration is available. For the current
implementation, constant elements and their exact integra-
tions are used. Hence the cost of integration is minimized.

4. Radial basis functions

The theoretical basis of radial basis function (RBF) and
its application in DRBEM have been well explored by
Golberg, Chen, and co-workers in a series of articles. See,
for example, Golberg et al. [14] for a recent review. There
exist a number of RBFs, such as the conical, spline, Gaus-
sian, and multiquadric types. The conical type is given by

2n—1
o =r"",

The polyharmonic spline functions typically give better
performance (17] and are given by

n=123,.. (12)

qp(r):rzn In r, n= 1,2,3,... (13)

The case n =1 is known as the thin-plate spline. As
indicated in Eq. (2), these RBFs need to be supplemented
by a monomial family

pi = {l,x,y,xz,yz,xy,x3,...} (14)

to ensure proper convergence and stability of the scheme.
Take for example, for the thin-plate spline r* In r, terms up
to linear order, {1,x,y}, need to be included. For higher
order splines P Inr, terms up to nth order must be
incorporated.

The interpolation of the function f(x) in Eq. (2) is accom-
plished by solving a set of collocation equations

Zai‘P(rij) + ZB[P:‘(XJ) =f(x;), j=12..,n (15)
i=1 i=1

where r; = |[x; = x|, n, is the number of collocation nodes,
and n, is the number of monomial terms needed. To deter-
mine the additional coefficients associated with the mono-
mial terms, the following constraint equations are imposed:

ny
> apix) =0, forj=1,2,....,n, (16)
i=1

Egs. (15) and (16) form a linear system of n, + n, equa-
tions, solving for the n, + n, unknowns, o and f3;. As
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2

Fig. 1. The right hand side of Poisson’s Eq. (23).

mentioned above, the number of monomial terms needed is
dependent on the order of the RBF.

In an iterative scheme, the matrix corresponding to the
linear systems (15) and (16) is not assembled. The matrix
elements given as ¢(ry), 1, x;, y;, etc. are instantly generated.
Because of their simple form, the computation time is
minimal.

Several standard iterative techniques, such as the Gauss—
Seidel method and the conjugate gradient method, have
been employed to perform the iteration. However, to our
surprise, none of the iterative schemes worked! Replacing
the RBF from spline types to conical types makes no differ-
ence. For the Gauss—Seidel method, a check of convergence
condition shows that the spectral radius is greater than 1,
hence the solution diverges as expected. For the conjugate
gradient method, a check of the matrices shows that they are
not positive definite. Convergence is not guaranteed.

Indeed, as commented by Chen, et al. [18] all of the
above-mentioned RBFs are globally defined. The resulting
interpolation matrix is dense and can be highly ill-condi-
tioned, especially for a large number of interpolation points.
This can cause serious stability problems. It was suggested
[19] that the difficulty can be overcome by the use of a
compactly supported, positive definite RBF (CS-PD-RBF)
[13].

CS-PD-RBFs became available only recently. It was
demonstrated by Wendland [13] that for a given dimension
d and smoothness C*, a positive definite radial basis func-
tion in the form of a univariate polynomial of minimal
degree always exists, and is unique within a constant factor.
Results were given for d = 1,3,5. For the current two-
dimensional problems, we choose two of the CS-PD-RBFs

(13,18]: ford=3and k=0

5

2 ,
l1— =], forO0=r=

qo(r)( a) ori=r=a (a7
0, forr > a

andford=3and k=1

4
(1— L) <1+ ﬂ) for0=r=aqa
o(r) a a

0, forr > a.

(18)

Although d = 3 is used in the above, the corresponding
CS-PD-RBF is valid for any lower dimension, which is a
consequence of positive definiteness. Hence they are valid
for the current two-dimensional problems. In the above, a is .
an influence radius beyond which the function is truncated
to zero. The influence radius controls the density of the
matrix. If a is larger than the largest span of the domain,
the matrix is fully populated. If a is smaller than the smallest
distance between two collocation nodes, the matrix becomes
diagonal. A proper a value should fall between these two
limits.

The interpolation equation for CS-PD-RBF is given by

0= el (19)
i=1

As compared to Eq. (15), we notice that polynomial terms
are not needed for the CS-PD-RBF, for its positive
definiteness. The coefficients ¢; are determined from the
collocation equations

n,

Z o p(ry) = f(X;), ji=12,..,n, (20)
=1

The implementation of an iterative scheme solving the
above system will be discussed in Section 5.

For the purpose of DRBEM implementation, the particu-
lar solution satisfying Eq. (3) with the CS-PD-RBF as the
right hand side is needed. This has been found by Chen, et
al. [18] The particular solution corresponding to Eq. (17) is

2 3 4
r 2r
—_———t — forO0=r=<a
4 9a 164’
p=1 ", (1)
13a° + a | (r) ‘ >
iz 5 n 2) orr > a.

In the second line of the above equation, we have
corrected an error that exists (see Table 2 in Ref. [18]).
For Eq. (18), the corresponding particular solution is

r? 5rt ar 5r8 ar’

- 955 for0=r=a
a

—_— = e 4 — _
4 8a- 54° 124°
529a2+iln(r) for r >

5880 14 \a/)’ a

(22)
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2

Fig. 2. The solution of Poisson’s Eq. (23).

5. Example

To test the algorithm, an example with a known exact
solution is investigated [15]. The problem is governed by
the following Poisson’s equation

7517 mX Trx 3wy Smy
VZ — - . 0 » M
¢ A4 sin < sin ~—~ sin e sin e
T2 X Twx . 3wy . Smy
+ = - i il
T cos 3 cos —— sin —= sin —
157 | @wx . Tmx 31y Sty
+ = Blliosd i halild
2 sin 3 sin 2 cos 7 cos " (23)

in the domain of 1 = x < 2 and 1 = y =< 2. The right hand
side function is plotted in Fig. 1. We observe that it has a
relatively large variability. Eq. (23) is subject to the bound-
ary conditions

1 ™™ Trx
1= -+ sin ™ gin X
dx, 1) 3 sin c sin 7
1 . 3wy . S5wy
l,y) = ———= sin — sin —=
&1,y) Wi 2 2
. (24)
Hx,2) = —sin 16{ sin _:_x
V3 3Ty Sty
2.9y = = Y3 6in 3 u 2™
d(2,y) > sin 7 sin 2
The exact solution of this problems is
7
¢ =sin ™ sin 2% sin 27 gin 27 25)

6 4 4 4

which is plotted as Fig. 2.
The first step of solving this boundary value problem by

DRBEM is to approximate the right hand side by a RBF
interpolation. A uniform grid of 11 X 11 is laid over the
domain for collocation. For the iterative solution of the
linear system (20), a subroutine linbcg found in Numerical
Recipes [20], based on the iterative bi-conjugate gradient
method, is used. The subroutine requires a user-supplied
matrix in compacted form. Since the present method does
not assemble a matrix, the subroutine needs to be modified.
This is easily accomplished by changing a few lines in the
subroutine atimes, which performs matrix multiplication,
called by subroutine lincbg.

The iterative method requires an initialization of the solu-
tion. By noticing that the diagonal terms of the CS-PD-RBF
collocation matrix are all equal to unity, we can simply
assign the initial trial values as

a; = f(x), i=12,..,n (26)

For the influence radius, two cases are chosen: a = 0.5
and 1.5, which cover about 35 and 100% of the maximum
linear dimension of the solution domain, respectively. The
first-order CS-PD-RBF defined in Eq. (17) is adopted. The
solution converges rapidly. For the case of a = 0.5, it takes
8 iterations for the solution to converge to a relative toler-
ance of 1072, and 17 iterations to a tolerance of 10™*. The
iterative scheme is highly efficient.

To investigate the effect of the influence radius and the
order of CS-PD-RBF on the rate of convergence, cases are
run with different combinations of these factors. The result
is presented in Fig. 3. The two lower curves correspond to
the first-order CS-PD-RBF defined in Eq. (17). It shows that
the use of a larger influence radius that produces a full
matrix only slightly increases the number of iterations.
The upper two curves correspond to the second-order CS-
PD-RBF defined in Eq. (18). The number of iterations has
significantly increased, particularly for the larger influence
radius case.

We next investigate the effect of the number of nodes, i.e.
the size of the system, on the convergence rate. The results
presented so far are based on an 11 X 11 mesh. We now vary
the mesh size. The first-order CS-PD-RBF with the influ-
ence radius 0.5 is used in these cases. The tolerance is fixed
at 107>, Fig. 4 plots the number of iterations versus the
number of collocation nodes in log—log scale. The result
indicates a relation

iteration number ~ node number'” 27

This convergence rate is the same as the successive-over-
relaxation (SOR) method of the FDM [20].

The accuracy of the approximation is examined next. We
plot in Fig. 5 the relative error, defined as the error normal-
ized by the maximum absolute value of the solution, using
the 11 X 11 grid and the first-order CS-PD-RBF with a =
0.5. The maximum error is found to be 2.8%, located near
the corner (2,2). If we use the second-order CS-PD-RBF, the
accuracy is only slightly improved, with a maximum
error of —2.5%. If the influence radius for the first-order
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Fig. 3. Iterations needed for solution convergence as a function of tolerance, for different order CS-PD-RBFs and different scaling factors.

CS-PD-RBF is increased to a = 1.5, we also see very little
improvement, with a maximum error of 2.5% observed.
Judging from the performance of accuracy and efficiency,
the first-order CS-PD-RBF with a = 0.5 will be used in the
BEM solution below.

To compare the accuracy of the CS-PD-RBF with other
RBFs, the same function on the right hand side of Eq. (23)
was approximated by the thin-plate spline RBF using the
same 11 X 11 collocation nodes. Fig. 6 shows the relative
error. We observe that the thin-plate spline RBF, which
gives an maximum error of 1.7%, performs better. The
same case is also tested for the first-order conical RBF.
The maximum error is around 2.6%, comparable to the

CS-PD-RBF case. We should comment, however, that
both the spline and the conical RBF collocations diverge
in the iterative procedure, and have to be obtained by matrix
elimination.

The next step is to find the BEM solution using the itera-
tive procedure described in Section 3. The solution bound-
ary is subdivided into 40 constant elements (nodes) with 10
on each side. The 11 X 11 collocation mesh is used for RBF
interpolation. Fig. 7 plot the relative error of the solution.
The maximum error is found to be 2%.

It is of interest to examine the rate of convergence of the
iterative DRBEM under different element sizes and accu-
racy requirements. The problem is solved using four

100 ——— ——

10

Number of Iterations

1 " PSS |

ke . MU T S e Y

10 100

1000 1000

Nurrber of Gollocation Nodes

Fig. 4. Number of iterations as a function of the number of collocation nodes.
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Fig. 5. Relative error of a first-order CS-PD-RBF interpolation. Thick contour lines mark zero error.

different meshes, involving 20, 40, 80, and 160 constant
elements. A relative tolerance is defined as

solution at iteration € — solution at iteration € + 1
tol = max

solution at iteration €
(28)

Fig. 8 plots the number of iterations needed for the solu-
tion to converge to a specified tolerance versus the number
of nodes, in log—log scale. We observe the relation

iteration number ~ node number™* 29)

This rate of convergence is better than that of the Gauss—
Seidel iterative scheme used in FDM, which has a rate
proportional to the first power of the node number. It is
however, worse than the SOR scheme, which converges at
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the rate of 1/2 power. We note that the current scheme is not
accelerated, hence is equivalent to a Gauss—Seidel scheme.
Acceleration should further improve the efficiency of the
scheme. Furthermore, we should note that the comparison
of efficiency with FDM is made with node number, not
mesh size. As the linear dimension of the element size
decreases, the node number for the BEM increases linearly
for two dimensional problems. For the FDM, the node
number increases by a power of 2. Hence the BEM should
be highly competitive in solving large size problems.

Fig. 9 presents the number of iterations versus tolerance,
in semi-log scale. The relation is roughly a straight line,
suggesting

iteration number ~ log (tol) (30)
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Fig. 7. Relative error of the boundary element solution. Thick contour lines mark zero error.

This behavior is the same as the Gauss—Seidel and the dimensional problem is solved in the current effort,
SOR schemes. the findings clearly indicate that the iterative DRBEM
is a promising technique for solving large-size three-

dimensional problems. This part of study, particularly

6. Conclusions relating to the solution of Navier—Stokes equations, is

underway.
We have conducted a preliminary study in which an itera-
tive DRBEM is constructed to solve problems governed by
Poisson’s equations. In the application of DRBEM, there are
two linear systems to be solved — one involves the RBF Acknowledgements
interpolation of the right hand side of the Poisson’s equa-

tion, and the other concerns the boundary integral equation The work reported herein is supported by the
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OF A CIRCULAR CYLINDER
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Abstract

This paper describes an. innovative computational model developed to solve two-dimensional
incompressible viscous flow problems in external flow fields. The model based on the Navier-Stokes
equations in primitive variables is able to solve the infinite boundary value problems by extracting the
boundary effects on a specified finite computational domain, using the pressure projection method. The
external flow field is simulated using the boundary element method by solving a pressure Poisson
equation that assumes the pressure as zero at the infinite boundary. The momentum equation of the
flow motion is solved using the three-step finite element method. The arbitrary Lagrangian-Eulerian
(ALE) method is incorporated into the model, to solve the moving boundary problems. For illustration
of the present numerical code, a vortex-induced cross-flow oscillations of a circular cylinder mounted
on an elastic dashpot-spring system is considered. The phenomena of the beat, lock-in, and resonance
are revealed in the Reynolds number range between 100 and 110, which are much narrower than the
previous results by experimental and numerical studies.

Keywords : Navier-Stokes equations, external flow, arbitrary Lagrangian-Eulerian method, boundary
elements, finite elements, vortex-induced oscillations

Introduction

Wind-structure interaction is always an interesting subject in the wind engineering
from both the academic as well as the industrial points of views. The flow-induced
vibration by vortex shedding is vital to the safety design of elastic structures, such as
high-rise buildings, bridges in particular (Blevins, 1990). For example, the response
characteristic of vortex-induced oscillations of bluff cylinders has drawn a lot of
experimental and computational investigations in the literature. In the experimental
studies, vortex-excited cross-flow vibrations of a circular cylinder mounted elastically
in a water or air channel have been conducted by Griffin and Ramberg (1982),
Anagnostopoulos and Bearman (1992), among others. As far as numerical modeling
is concerned, Anagnostopoulos (1989) used the finite element technique to solve the
unsteady two-dimensional Navier-Stokes equations, while Nomura (1993) adopted
the arbitrary Lagrangian-Eulerian (ALE) finite element formulation to incorporate the
interface conditions on the moving boundary of the fluid-structure system. Cheng and
Liu (2000) studied the effects of after body shape on flow around prismatic cylinders,
and Cheng et al. (2001) extended to flow past a rotationally oscillating cylinder to
investigate the characteristics of the intensive vortex shedding, the look-on frequency,
and coalescence process.
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In this study, we will develop an innovative computational procedure to solve the
nonlinear interaction between a two-dimensional viscous incompressible fluid flow
and motion of a rigid circular cylinder mounted-on an elastic spring. This is a good
case study for the simulation of the beat, lock-in and resonance phenomena. Lock-in
mechanism is well known as the synchronization of the cylinder motion and the
vortex shedding over a certain range of free stream velocities around the resonant
frequency of the cylinder-spring system. The fluid-induced vibration is characterized
by the natural frequency of the cylinder-spring system and Strouhal number of the
fluids. The beat phenomenon is observed at a free stream velocity lower or higher
than that of the lock-in and is accompanied by considerably small amplitudes than
that of the lock-in. To simulate the ‘beat’, ‘lock-in’, and ‘resonance’ phenomena, a
yeries of calculations over the Reynolds number range between 100 and 110 were
curried out. The numerical code is based on the ALE finite element and boundary
clement approaches, which enable us to treat the infinite boundary effects coming
tfrom the finite computational domain with the consideration of moving boundary.
The experimental results by Anagnostopoulos and Bearman (1992) as well as the
wumerical computations by Nomura (1993) are used for comparison. A more
sensitivity of the range of lock-in is revealed at the present study, as compared with
the previous works.

Wind-Structure Model
The motion of an incompressible viscous fluid flow is governed by the following

ALE description of the Navier-Stokes equations and continuity equation in a
non-dimensional form:

Qu;
3%, M
2
Pty (i) P T TH @)
ot Ix Jx;, Re Ix0x;

where t = time; x,= Cartesian coordinates , p = pressure , u;, = velocity components
in the x,-direction, u;=mesh velocity in the x,-direction , Re = Reynolds number
=U,D/v,U, =characteristic velocity , D = characteristic length , v = kinematic
viscosity.

For the structural model, the motion of a rigid circular cylinder mounted on an elastic
dashpot-spring system is considered. The governing equations of motion of the rigid
body are written as

m, 8+, 8,+k,8, =/, 3)

where &, =displacement components in the x,-direction defined at the center of
gravity , f,= concentrated force components in the x, -direction, m, = mass matrix ,

¢, = damping matrix , k, = stiffness matrix .
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In the external flow field, its outer boundary is situated at the infinity. Limitation of
our resource of the computer capacity, forces us to assume a finite computational
domain to replace the infinite domain problem. Depending on our computational
method, two assumptions are introduced, i.e., the pressure equals to zero on the
infinite boundary and V?p= 0 is satisfied out of the finite computational domain.
Therefore, only inflow boundary condition is needed for the boundary requirement of
the computational domain. The computational domain and the boundary conditions
are shown in Figure 1. The boundary condition of the fixed body in the flow is set as
no-slip boundary and the normal pressure gradient is equal to zero. Depending on the
ALE description, the boundary of the moving body is specified as the velocity of flow
equal to that of the body. The normal pressure gradient is assumed equal to zero
because the mesh velocity has estimated the influence of the acceleration of the body.

The numerical method of the

primitive variables to solve the LTI .
incompressible viscous fluid flow el v'pa0 .

was developed. Based on the / ~
projection method (Chorin, 1967) / ‘\‘
three-step explicit method is used in P Computational domain '
the time direction, while the finite '/ é » Y
element method is employed for | ey | »° \
space (Chung and Kawahara, 1993). ! = e ':
As far as the pressure Poisson |\ ol L'._) ;
equation is concerned, the boundary \ ’ Tl(* Y ;
element method is used to solve the \ B K

boundary pressure values on the AN ’

computational domain, while the N Vpeo .

finite element method is used to get S -

the internal pressure values because @~ =0 ~T=------7

it can increase the computing

efficiency. The algorithms are given

below. Fig. 1 Computational domain and boundary
conditions

Three-step explicit method based on the Taylor series expansion in time can be

written as follows:

At At gy
ra+ = s+ 5220 @D
a4 A F(+al3)
fe+ = s+ S HEAD (42)
fe+an= o+ o TCAD 43)

By using equation (2) into equation (4), we obtain the parabolic equations (5), 6), (7
of velocity. Combining continuity equation (1) and taking the gradient of (7), the

pressure Poisson equation is derived to correct the velocity. The procedures are stated
as follows:
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Step 1
u,""/] __un ., , aun 5 n 1 0—,2 n
T S vy ©)
/ X, e dx dx,
Step 2
a2 on nelf3 n 2. nelf3
”_'__“_'_z_(u;*‘/3_l71")au_'__aL+_l_a_'i'_. (6)
At axl ax, Reaxlaxl
Step 3
u“ _u‘n " o aum»l/l 1 al n+1f2
=~ - i) B — 2 0
At Ox, Re Jx,0x,
Step 4
52pn+l B __1_?_& (8)
axjaxl At Oy,
Step S
n+l
u™ =u - Ar a”x ©9)

All of the above step equations except the equation (8) are discretized by using
standard Galerkin finite element method via the four points bilinear element. The
resulting form of the consistent mass matrix is solved by the Jacobian iteration
method. The equation (8) is solved by the standard boundary element method for the
boundary and the finite element method for the domain (refer Young and Chang,
1995 and Young et al., 2001 for details).

Numerical Simulations

The computational model is used to study the vortex induced cross-flow oscillations
of a circular cylinder mounted on an elastic spring in a water channel. The 'lock-in’
phenomenon over the Reynolds number range of 106~126 has been investigated
experimentally by Anagnostopoulous and Bearman (1992), as well as numerically
over the Reynolds number range of 100~130 by Nomura (1993). At such lower
Reynolds number, the wake behind the circular cylinder is fully laminar. Figure 2
shows the material properties of the fluid, the parameters and boundary conditions of
cylinder-spring system. Only vibrations in the cross-flow direction are allowed. The
other two degrees of freedom in other directions are fixed.

Three cases of Reynolds number (Re=100, 106, 110) were simulated in this



investigation, which

7.0165 Hz. However,

represent before,
near 'and after ]
"lock-1n scenarios — «=5790.0 ¢/s
respectively. The — c=0.3250 ¢/3
natural frequency of u-u }—
the cylinder-spring v=00 {] me2.979 ¢
is found to be -
system 1s fou 0=0.16-cm
—
a—
]
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if we used the

Roshko (1995) p =0.9982 g/cm’
experimental u =0.01002 ¢/S/cm
formula to estimate

the shedding Fig. 2 Transverse oscillation of a circular

frequency for Re=100,

cylinder-spring system in a uniform flow

106 and 110, the

corresponding shedding frequencies are 6.92Hz, 7.021Hz, and 7.08Hz, respectively.
We found that the case of Re = 106 corresponds to the resonance of the shedding and
natural frequency or near the locking frequency. As shown in Figure 4, the amplitude
is increasing conspicuously with time and frequency of its driving force is
approximated to the natural frequency. The 'lock-in' mechanism is well known as the
synchronization of the cylinder motion and the vortex shedding over a certain range
of free stream velocity around the resonant velocity. As far as the free stream velocity
is lower or higher than that of the lock-in’, the 'beat' phenomenon is observed, which
is accompanied by considerably small amplitudes than that of the ‘lock-in’. Before

the ‘lock-in’ case, the time
history of displacement is -
depicted in Figure 3 for Re
= 100. The small amplitude

is limited to a certain - -

region of the ‘beat’

oscillation.  After  the -

frequency locking, the ! : CEpeem + 5

‘beat’ phenomenon appears

again as shown in Figure 5
for Re=110.

According to the
experimental studies by
Anagnostopoulos and
Bearman (1992), they

]
IRERERERERE

n w 3 ~ - s
o

observed that the range
of the lock-in region lies
within Re=106~115,
while Re=103 is below
the lock-in region; and Re = 135 is above the lock-in region. Similar results were also
confimed by the numerical simulation as performed by Nomura (1993). However,
the present study renders a narrower range of the lock-in mechanism, as compared to

the previous investigators.

Fig. 3 Evolution with time of non-dimensional
displacement, Re=100
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Comparing with these
results, we conjecture
that some differences
may lie in our simulation
methods and procedures; -
such as (a) our numerical
model is more stable
than others; (b) the
meshes of  adjacent
cylinder are not fine
enough, so that we can
not estimate the accurate
shear force; (c) the
procedures of simulation
have differences, we
independently simulate -
the different Re number - toes

flow field that the Fig. 4 Evolution with time of non-dimensional
cylinder is fixed in the
beginning, but
Nomura’s procedure (1993) is continuously to simulate the case that firstly simulates
Re = 100 , then raises the Re

displacement, Re=106

number to 110 , 120,130,
and (d) our numerical -
simulation is in the infinite
domain as far as treatment of
pressure boundary condition - -
is concerned. Figure 6
displays the distribution of
the structure of the local ! : S = 0

velocity vector, pressure,

streamlines, as well as the
vorticity for the oscillation -
of a circular cylinder-spring
system in a uniform flow of
Re = 106 at time equal to

1000. These figures show =
the salient features of the -
lock-in phenorhenon as the — e

free stream approaches the

resonant velocity. Fig. 5 Evolution with time of non-dimensional

displacement, Re=110
Conclusions

The present numerical method is applied to simulate the flow across a circular
cylinder, which is mounted on an elastic spring in the perpendicular direction of the
main flow in the infinite domain. This is a typical problem for some flow-induced
vibration studies, such as the “lock-in” or the “beat” phenomenon. The numerical
simulations have rendered very reasonable and satisfactory results, as compared to
those obtained by experimental or other numerical investigations, as far as the studies
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of ‘beat’, ‘lock-in’, and ’resonance’ phenomena are concerned. This method may be
extended to deal with the more complicated wind-structure interaction programs.

.
.

3
.
»
.

Fig. 6 Oscillation of circular cylinder-spring system in uniform flow,
Re=106,t=1000,(a) local velocity vector . (b) pressure, (c) streamline,
(d) vorticity
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ABSTRACT

The non-singular boundary integral equation for the Laplace (Poisson) equation , the
Biot-Savart law and the velocity-vorticity formulation will be used to solve the typical problem ,
such as the 2D Stokes flow in a square cavity and a circular cavity . The Stokes flow problems
can be considered as a subproblem of the Navier-Stokes flow problems , in which the non-linear
convective terms are very small or neglected . The results will be presented and compared with
the exact solutions and those of other numerical methods .
Key Words : the non-singular boundary integral equation, the Laplace (Poisson) equation, the

Biot-Savart law, the velocity-vorticity formulation,

INTROCUCTION

In computational mechanics field , several numerical methods are utilized , such as the Fimite
Difference Method (FDM) , Finite Element Method (FEM) , Boundary Element Method (BEM) , and so
on . With the development of the equipments of computers , these numerical methods are widely
developed and used by researchers , scientists and engineers .

In BEM , only the boundary should be discretized and the domain integration is not required . In two
dimensional problems in particular , only the contour integration is considered , and the flux term is
obtained directly . These advantages make BEM more suitable for solving some engineering problems .
Although the field of computational science was developed widely and quickly , there still exist some
problems in these numerical methods . The errors in FDM , the storage of huge data in FEM , the
singularities in BEM , and so on still confused many researchers .

Boundary integral equation method is a powerful technique for the solution of boundary value
problems . Originally the singularities in boundary integral equation method should be evaluated in a very
careful way . It needs huge numerical calculations in general . One general way of treating the
non-singular boundary integral equation is to consider the singular points which are still on the boundary
but the singular behavior is removed by a mathematical technique via the Gauss flux theorem and other
analytic scheme . The non-singular boundary equation method in this paper belongs to this method .

The viscous incompressible flow is governed by the Navier-Stokes equations . There are three general

415
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formulations for numerical analysis of the viscous flow which is governed by the Navier-Stokes
equations . They are the primitive variable approach , the vorticity-stream function approach and the
velocity-vorticity approach . The primitive variable approach and the vorticity-stream function approach
have been investigated by many researchers such as Anderson et al. (1984)[1] . The velocity-vorticity also
has been implemented in numerical calculations by many researchers like Giannatasio and Napolitano
(1996)[2] . The most advantage of the velocity-vorticity formulation is to separate the kinematic and
kinetic aspects of the fluid flow from the pressure computation .

The Stokes flow problem is a subproblem of the Navier-Stokes flow problems . The non-linear
convective terms are very small or neglected . The governing equations of the Stokes flow are changed to
a linear equation system of the Laplace equation and the Poisson equation . According to the Biot-Savart
law , the governing equations are transformed to the Laplace equation and the velocity field can be
determined by the vortivity field . Liang (2000)[3] used the BEM and the Biot-Savart Law to simulate the

Stokes flow in a circular cavity and a square cavity .

MATHEMATICAL MODELS
1.Derivation of the Velocity-Vorticity Formulation
The non-dimensional Navier-Stokes equations which are the governing equations for incompressible

Newtonian fluid can be written as

%+(ﬁ0V)ﬁ=—Vp+RLeV2ﬁ 1]
where # is the velocity vector. p is the pressure. Re isthe Reynolds number and ¢ is the time .
Another governing equation is the continuity equation .
Veii=0 (2)
The vorticity vector can be expressed as
@ =V xii 3)
By taking the curl of both sides of eq(l) and using eq(2) and eq(3) , we can obtain the vorticity
transport equation as

0d . o = .1 s

—ét—+(u0V)co=(a)0V)u+-l—{;Vw @

By taking the curl of eq(3) and using eq(2) , we can get a vector form of the poisson equation for
velocity .

Vii=-Vx& %)

For two-dimensional problems , the governing equations , eq(4) and eq(5) , can be written as

oo, 02,00 _1 g, 6)
ot Ox oy e

ow
Viu=-—— (7)

%y
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vy =22 8
o ®
When the Reynolds number approach to zero , the flow field is the so-called Stokes flow . The eq(6)

will become the form of the Laplace equation .
Vo =0 )

2.The Biot-Savart Law
In 1820 , the French scientist Jean-Baptiste Biot and Fe’lix Savart derived the Biot-Savart Law based
on experiments . By the Biot-Savart law and the principle of superposition , the poisson equation , eq(7)

and eq(8) , can be simplified .

u ) = -—@ Yi—JY
R e o ©

() = [[= %X dQ (1)

5 27 (5, - %) + (v, - »)

u=u, +u, (12)
V=V, +v, (13)
Vu, =0 (14)
Vv, =0 (15)

where u, and v, are the particular solutions of eq(7) and eq(8) . u, and v, are the

14

homogeneous solutions of eq(7) and eq(8) . @ is the vorticity in a small area which is centered at

(x.y) .

Eq(10) and eq(11) can be discretized as

N —m. =Y.
2 ! (i6)

) Yi—Y; ‘
(up),- % 2 (xi_xj)z+(y,.—yj)zaj

N e R s A

J-1
izj

3.The Formulation of the Non-Singular Boundary Integral Equation for the Laplace Equation
The vorticity transport equation in the Stokes flow is the Laplace equation. If we want to find the
solutions of this kind of problems by boundary integral equation method , we need to derive the
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non-singular boundary integral equation first . It is well known that the implementation needs to involve

the Green’s second identity as ,
% _ )
‘g—gVv? = —=-g—dr 18
LI(/Vggf)iDﬂangan (i8)
where f(¥) and g(%) are scalar functions and also continuous in domain D which is covered by

smooth boundary I" . The normal vector 7 points outwards the domain D .
The Green’s function G(J'c', 5c") indicates the potential at the field point X induced by the base point

X' | satisfies the following governing equation in domain D .
VG = -8(¥-%) (19)
In two dimensional domain , the fundamental solution of the Laplace equation G(5c', J'c") can be

written as
G(E, #)=—tIn(r) (20)
2
in which 7 of the above equations is the distances between field point X and base point X' .
= JGw=F + 0 @1

Replacing g()'c') in eq(18) by physical quantity ¢ , and [ (55) by fundamental solution

G(¥, ') ,we obtain
[6vs-e5°0o=f(o %4 @2

Finally the boundary integral equation for the Laplace equation can be expressed as

o6) - 6 ) o) 2 o) )

' 3

The coefficient s(J'r') is equal to % when X is on the smooth boundary . The coefficient &(¥) is

equalto 1 when X isinside the domain,and O when X is outside the domain .
The eq(23) then can be written as

s(f)¢(f)+§[¢(5c")—¢( “')+§¢

% ar(z)

xu

- f(a¢(‘§') _ a¢(f) a(f'))Gdr(-'v) O¢(x )&0.( X;dr(x (24)

on, on, ox)

where o(¥) and o(¥') are the source functions at ¥ and X' .
The source function satisfies a homogeneous boundary integral equation and the derivation can be

referenced in Jason and Symm [4] . The source function can be found by
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o

0=[|o)2% - ot0)

r

oG
L5

}ds (25)

The source function cannot be determined uniquely and needs to give a fixed value at some points on

the surface . By using the iterative method , one obtains

() = o (%) f[a"’ )98 _ o () 2 }ds 26)

T Z 3

The Gauss Flux theorem in potential theory will reduce the normal derivative type singularities in
integral equations . The Gauss Flux theorem can be written as

~o(%) = § 2L ar(z) (27)

The concept of equipotential function @e should be introduced to solve the singular kernel of
In(r) . The @, can be defined by
®, = §o(¥)Gdr (%) (28)
r

D,
By substituting €q(27) and eq(28) into eq(24) , the eq(24) will become

is a constant in the interior of an equipotential surface .

= .9G (= o(%) 84(%) o(¥) -, 09(%) @,
N oG A _ Gar(z' 29
flte)- AN 2 () - §| 25 220 A8 e 248 2o o)
The eq(29) is the Non-Singular Boundary Integral Equation for the Laplace equation . The numerical
singularities will be eliminated when 7 approach to zero .

NUMERICAL RESULTS
The first test problem is the 2-D circular cavity . The velocity v, =1 and v, =0 on upper half side

and v, =v, =0 on the others are imposed . The radius R is equal to 10 .Figure 1 illustrates the
geometry of the circular cavity . Figure 2 , 3 and 4 are the distributions of vorticity (@) and velocity (u )
and (v) . The numerical solutions are symmetric and the same with those of Liang(2000)[3] and
Lu(2000)[5] .The no-slip boundary condition and the viscosity induce the velocity gradient near the
boundaries . According to the principle of superposition , figure 3 is the combination of the particular
solution and the homogeneous solution in eq(7). Figure 4 is the combination of the particular solution and
the homogeneous solution in eq(8). Figure 5 is the profile of velocity component (#) along x =0 and
figure 6 is the profile of velocity component (v) along y =0 . The numerical solutions with 80 , 160
and 400 boundary nodes are compared with the exact solution which is derived by Hwu et al [6] . The
direction of velocity along the upper surface is counterclockwise . So that the motion of the Stokes flow
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in a circular cavity is counterclockwise . The velocity component (% ) is negative on the upper half side
and positive in the other half side . It means that the fluid moves to the left in the upper half side and to
the right in the other side is equal by continuity .

Figure 7 is the geometry of the square cavity . Figure 8 is the distributions of vorticity (@ ).According
to figure 8 , the distributions of vorticity are symmetric . The distributions of vorticity and velocity are the
same with those of Lo(2000)[7] which is computed by FEM . The singularities which are on the upper
two corners can be found in Figure 8 . This kind of singularity is due to the discontinuous boundary
conditions of u velocity . Figure 9 is the profile of velocity component % along x =0.5. The motion
of fluid in a square cavity is clockwise . The profile of velocity component u# along x=0.5 is

compared with those of Burggraf [8] .

CONCLUSIONS

The numerical solutions of the Stokes flow in a square cavity are almost identical in comparing with
those by other numerical methods , and comparing with analytic solutions for a circular cavity . Both
circular and square cavities show the efficiency of the non-singular boundary integral equation and the
reliability of the velocity-vorticity formulation . It also demonstrates that the Biot-Savart law can be used
together with the principle of superposition .The fact that the vorticity induces the velocity is obviously

confirmed .
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Fig3 Velocity u contour for a circular cavity
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Fig5 Comparison of u velocity profiles along x =0 at different mesh for a circular cavity
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Abstract

In the numerical solution of three-dimensional boundary value problems, the
large matrix size can pose memory and computational problems. To overcome
this difficulty, an iterative dual reciprocity boundary element method is
developed to solve Poisson’s equation without the need of assembling a matrix.
The compactly supported, positive-definite radial basis functions are used to
approximate the right hand side of Poisson’s equation. Suitable iterative method
is then used to solve both the radial basis function collocation matrix and the
linear system of the BEM.

1 Introduction

In the numerical solution of complex three-dimensional problems, a large
number of discrete unknowns are required to accurately represent the geometry
and the solution variation. A large memory may be required to store the matrix,
which can become the limiting factor that the largest problem can be solved by a
given computer. In this paper we continue the development of an iterative
boundary element method (BEM) that does not assemble the matrix. In this case,
the largest matrix size is not N x N, but N x 1. In particular, we develop the
method to work with the dual reciprocity boundary element method (DRBEM)
for the solution of Poisson’s equation in three dimensions.

Literature survey finds a number of BEM solutions that utilize iterative
techniques [1-6]. However, matrices were assembled in these implementations.
The iterative BEM that does not assemble the matrix, resembling the relaxation
technique used in the finite difference method, was pioneered by Cahan et al. [7]
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for solving Laplace’s equation based on the direct BEM formulation. An
improved version was presented by Cahan and Lafe [8]. An iterative BEM based
on the indirect formulation was devised to solve the goveming equations of
stochastic boundary value problems [9, 10]. Recently, the iterative method was
applied to the DRBEM for the solution of Poisson’s equation [11] and the Stokes
flow equations {12]. In the iterative DRBEM solution, there are two iterative
procedures involved: one related to the boundary integral equation, and the other
with the radial basis function collocation.

The above efforts, however, are limited to the solution of two-
dimensional problems. In present paper, we extend the work in Cheng et al. [11]
to solve three-dimensional problems.

2 DRBEM

The governing equation to be solved is the 3D Poisson’s equation

VIO(3) = b(%) M
with boundary conditions

O=d. on[; %—T—:qr on [, 2)

To derive the DRBEM formula, we split the solution into two parts: the
homogenous solution and the particular solution:

O(x) =D, (X) + D, (%) 3
where the particular solution @ ,(X) satisfies
V20, (%) = b(Z) @)
without boundary condition, and the homogenous solution ®,(X) satisfies
Vi, () =0 )
with the boundary conditions
O, =0, -®, onl; %:qr— anp on I, (6)

Using the standard BEM for Laplace operator, the homogeneous solution can be
solved from the boundary integral equation:

2y o= 09,(Z) - 0G(Z - X) =
o®,(%) = rj[c;(z Doty D 1D 7
where c is the solid angle at X and
1
CZ-0)=—=-— G7) (8)

is the fundamental solution of Laplacian operator in 3D.
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To find the particular solution, we first approximate the right hand side
of (1) by a radial basis function (RBF) interpolation:

ia,f(r,) = b(x) %

i=l
where f(r) is a radial basis function, r, = [i’, -.i:'l is the radial distance between
the center of the RBF %, and the field point X, n, is the number of terms of the
approximation, and @, are coefficients to be determined from collocation. The
collocation nodes typically coincide with the centers of the RBF and are
distributed in the interior as well as on the boundary. By collocating at the n,
points, a linear system is formed that can be used to solve for the a ’s.

If we find the particular solution of f(r)
V2F(r)= f(r) (10)

in close form, the particular solution of (4) can be approximated as

®,(%) =Y aF(r) an

i=l
This then defines the boundary conditions in (6). Equation (7) can now be
discretized using a standard BEM procedure to produce a linear equation system

as
(H]){®} =[G]{o®/on} (12)

We note, however, the matrices H and G are written here only symbolically. In
the iterative solution, these two matrices are not assembled.

3 Radial Basis Functions

The theoretical basis of radial basis function (RBF) and its application in
DRBEM has been well explored by Golberg, Chen and collaborators in a series
of articles; see, for example, Golberg et al. [13] for a recent review. There exist a
number of RBFs, such as the conical, spline, Gaussian, and multiquadric types.
The collocation matrix, however, is often ill conditioned, particularly for large
system of equations. In our previous studies {11, 12], we find that iterative
schemes failed to converge for the collocation matrices based on the above-
mentioned conventional RBFs. In fact, only the compactly supported, positive-
definite RBF (CS-PD-RBF) developed by Wendland [14] gives convergent
result. Hence only this type of RBF will be used in the iterative DRBEM
solution.

For the current three-dimensional problems, we choose the following
CS-PD-RBF:
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-5, r<a
a

f(r)= (13)

0, r>a

where a is the influence radius, beyond which the function is truncated to zero.
The influence radius controls the density of the matrix. If a is larger than the
largest span of the domain, the matrix is fully populated; if a is smaller than the
smallest distance between two collocation nodes, the matrix becomes diagonal. A
proper value of a should fall between these two limits. In this study, various
influence radii are tested. The corresponding convergence efficiency will be
shown later.

For the purpose of DRBEM implementation, the particular solution F(r)
as defined in (10) is needed. It has been found by Chen, et al [15]:
r?(10a* —10ar +3ar?)
60a’ ’

r<a

F=| , (14)
a a

—=-—, r>a

12 30r°

4 Iterative schemes

There are two parts of iteration solution involved. The first part is the BEM part
based on (12), resulting from the discretization of (7). The second part is the RBF
collocation matrix, expressed as
[4){X} = (B} (15)
The iterative scheme for the BEM equations has been described in detail
elsewhere [11, 12], and will not be repeated here. Only the iterative solution of
the RBF system is discussed.
Depending on the property of matrix [4], various iterative schemes,
such as the Gauss-Seidel scheme and conjugate gradient method, can be used.

The Gauss-Seidel method is based on the following iterative formula:
-l

B _ < ()
—-2a,x 0 = 2 x4
_ J=l J=i+}

a;

k
xl( )

(16)

The sufficient and necessary condition for the convergence of matrix 4 is that the
spectrum radius must be less than one. It is shown that the scheme will converge
if

oy

Joi1%u
This condition is easy to check since only a simple operation is involved.

The conjugate gradient method requires that the system matrix 4 be
positive-definite. Since the collocation matrix based on CS-PD-RBF has been
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> n

(1,1,1)

Figure 1: Geometry of the test problem

proven to be positive-definite, this method can be adopted. The conjugate
gradient method is based on the following formula:

M = 1% vy e, x4V 4 b, (18)
=l
where v is some selected positive real number that makes the spectrum radius of
matrix (/-vA) less than unity. This criteria is equivalent to saying that the
matrix A is positive definite. The method will be convergent more efficiently if
larger value of v is used. But there exists some upper bound criteria for v.

S Illustrated examples

To test the feasibility of the scheme, two examples with known exact solutions
are investigated.

Exl:
Governing equation:
Vib=x+2+z> in 0<x<1l, 0<y<l 0<z<l (19)
with B.C.
: 2 1, ., 2 2zt
O0,y,2)=y +—l—2—; d>(1,y,z)=3-+y +l—2, ®(x,0,z)=?-+ﬁ, (20)
0(x,l,z)=%+l+%; Q(x,y,0)=—x6i+y’; ®(x,y,l)=x—6’-+y’+l—l2-
The exact solution is
®(x,y, z)=-'f-+y’ +_z_‘_ 21
6 12

Ex2:
Same as example 1, except that the boundary conditions are changed to mixed
type:
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Figure 2: Exact solution profiles (Left: Profile I. Middle: Profile
II. Right: Profile III)

4 3 4
I ox0,0=2+1;

12 s 12 (22)
x3 z* X , z*
0(1,1,2)=—6‘+1+'1—2'i °(x.y.0)=?+y ; -5"—(-".}%1)=T

4
®0,y,2)=y* +—; ®(l,y,z)=%+yz+

12°

The exact solution is also the same.

The computational domain is shown in Figurel, and the solution
profiles are shown in Figure 2, where profile I is the contour at x = 0.5, profile II
at y = 0.5, and profile III at z = 0.5. Since the geometry is a simple cube, we
adopt a uniform computational mesh. That means if the mesh size is 11x11x11,
there are 11x11x11 collocation points and 6x10x10 boundary elements.

In the RBF iteration, we adopted the conjugate gradient method using
all zero values as the initial guess, and the tolerance condition is defined as

Max| Xnew, — Xold,| < 0.00001 23)

where Xold,’s are the unknown variables before updating, and Xnew,’s are after

updating. Here, we use an arbitrarily chosen value 0.00001 as a convergence
criterion. In practical problems, it should be chosen as a function of
dimensionless variables. For example, we should choose 0.00001 times the
Reynolds number in the solution of incompressible fluid flow.

NENENE NE-
m ANTINTN I N T Tv T I N T I
0.00 40.00 80.00 120.00 160.00
NE NE
xée\/ 73 l 7N T l T f‘l
0.00 100.00 200.00 300.00
W T X )
0.00 100.00 200.00 300.00 400.00 500.00
ya
%" TN r T I T N ]
0.00 200.00 400.00 600.00
N
1 T
0.00 200.00 400.00 600.00 800.00

Figure 3: Spectrum distributions for a = 0.8, 1.2, 1.6, 2.0, 2.4, respectively.
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Figure 4: Number of iteration for various mesh sizes and different compact
radius.

The step coefficient of the conjugate gradient method v in (18) is set to
be the reciprocal of the maximum eigenvalue of the system matrix. In a practical
problem, this value can be initially set to a small number, and changed to
progressively larger ones to be more efficient, unless it diverges. A fixed value
can be used if the matrix structure is unchanged. The matrix spectra
corresponding to a=0.8,1.2,1.6, 2.0, 2.4 are depicted in Figure 3. In the figures,
it is observed that these matrices are all positive definite as expected, and the
maximum eigenvalue increases as the compact radius increases. It is known that
a matrix with larger maximum eigenvalue results in a smaller step coefficient, v,
and this smaller step coefficient will result in a larger number of iterations.

Figure 4 shows the relation among iteration number, mesh size, and
compact radius in log-log scale. The relation shows

[number of nodes] o« [number of iterations) (24)

It is clear from the figure that either larger number of collocation nodes or
smaller value of compact radius will result in a larger number of iterations. From
Figures 3 and 4, we find that there is a tradeoff between the efficiency and the
accuracy by using various compact radii.

After approximating the right hand side of the Poisson equation, we
need to solve the lincar equation system (12), resulting from the integral
equation. For different boundary conditions, the matrix structure will be
different. Numerical experiments are needed to investigate the convergence. Two
examples, respectively corresponding to boundary conditions (20) and (22), are
tested. Although no mathematical proof is attempted, numerical experiments
show that the iterative schemes are feasible for various mixed type boundary
conditions. In our numerical experiments, the accelerated Gauss-Seidel method is
adopted. We use 1.1 as the acceleration coefficient. The selection of 1.1 is
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Figure 5: Number of iteration for various mesh sizes

somewhat arbitrary as larger values are possible and will result in a more
convergence, until it diverges. Also, (23) is used as the tolerance criterion.

In Figure 5, the relation between the number of iterations and the
number of nodes is shown for the two problems with different boundary
conditions. Equation (17) has been checked to ensure the convergence of the
scheme. The figure shows that the two examples exhibit very similar
convergence behavior.

For checking the accuracy of the schemes, we define the relative error in
percentage as

numericabolution — exact solutxonx 100 (25)

Max of exact solution

The relative error on profiles I, II and III are plotted in Figures 6 and 7,
respectively for example 1 and 2. In the figures, the bold lines mark the zero
contours. For example 2, we find some relatively large errors near the corners
where the two types of boundary conditions meet, due to the inexact treatment of
corner nodes. They are nevertheless within 0.1% error. Otherwise, the overall
accuracy is excellent.

Figure 6: Percentage relative error for example one (Left: Profile I.
Middle: Profile II. Right: Profile IIT)
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Figure 7: Percentage relative error for example two (Left: Profile I. Middle:
Profile II. Right: Profile III)

6 Conclusions

We have conducted a preliminary study in which an iterative DRBEM is
constructed to solve problems governed by 3-D Poisson’s equations. In the
application of DRBEM, there are two linear systems to be solved: one involves
the RBF interpolation of the right hand side of the Poisson’s equation, and the
other concerns the boundary integral equation solution. For both systems, they
are solved by iterative schemes that do not assemble matrices. In the case of the
collocation system for the RBF interpolation, it is found that only the compactly
supported, positive-definite radial basis functions lead to converged results. The
accuracy and the convergence rate are also investigated. The result shows that the
iterative DRBEM is a promising technique for solving large-size three-
dimensional problems. Our goal is the apply the technique to solve large-scale
engineering problems such as Navier-Stokes equations in fluid mechanics using
the vorticity-velocity formulation.
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Abstract

This paper describes a combination of the dual reciprocity method (DRM) and the method of
fundamental solution (MFS) as a meshless BEM (DRM-MFS) to solve steady three-dimensional
Stokes flow problems by the velocity-vorticity formulation, where the DRM is based on the compactly
supported, positive definite radial basis function. In the velocity-vorticity formulation, both of the
Laplace type vorticity equations and the Poisson type velocity equations are solved by DRM-MFS.
Here a typical cubic cavity flow is presented. Furthermore, this paper provides a preliminary work for
applications to the three-dimensional Navier-Stokes equations.

Keywords: Velocity-vorticity formulation, Stokes flow, meshless, boundary element method,
radial basis function, dual reciprocity method, method of fundamental solution

1. Introduction

In the past years, there has been an increasing interest in the idea of meshless numerical methods
for solving partial differential equations (PDEs). Generally speaking, such methods can be divided into
two types. The first one is the so-called DRM-MFS, which combines the dual reciprocity method and
the method of fundamental solution, and the second one is the so-called Kansa’s method [1]. In this
paper, we will adopt the DRM-MFS method to solve the 3D Stokes flow problems.

The dual reciprocity method (DRM) was introduced by Nardini and Brebbia to approximate the
particular solution of the equation in their 1982 pioneer work [2]. Since then, many ideas of meshless
numerical methods have been tried based on the radial basis functions (RBFs). Furthermore, the
method of fundamental solution (MFS) is used to approximate the homogenous solution of the
equation. More details about MFS can be found in the excellent review papers [3,4]. The meshless
BEM, which combines the DRM and MFS, has been used to solve many PDEs in different areas
successfully [1,3,5,6]. In the paper, we use the DRM-MFS to solve the three-dimensional Stokes flow
problems.



There are three well-known formulations for the solution of the incompressible Navier-Stokes
equations in terms of: primitive variables of pressure and velocity, velocity-stream function and
velocity-vorticity. The first two formulations have been thoroughly investigated by various researchers
for two and three-dimensional problems by using various numerical methods such as finite difference
methods (FDM) (7], finite element methods (FEM) [8], and boundary element methods (BEM) [9]. The
third formulation in terms of velocity and vorticity also has been explained in the last decade in two
and three dimensions using various numerical schemes [10-12,16).

Stokes flow problems can be considered as a subset of the Navier-Stokes flow problems, in
which the nonlinear convective terms are very small, thus neglected. For the solution of steady Stokes
flows using the velocity-vorticity formulation, the governing equations have been written as a system
of Laplace and Poisson-type equations for the components the vorticity and velocity fields, respectively.
The main advantage of this formulation is the numerical separation of the kinematic and kinetic aspects
of the fluid flow.

In this paper, a numerical experiment of steady Stokes flow in a cubic cavity is investigated by
using DRM-MFS. For further application to the three dimensional Navier-Stokes equations, this paper
really provides a preliminary work. The advantage of mesh free can be used for large-scale industrial
problems. The disadvantages of full matrix can be circumvented by using compactly-support RBFs and

some iterative schemes which could result in an iterative scheme without the assembling of matrix[13].

2. Governing Equations

The governing equations of steady Stokes flow for the velocity-vorticity formulation can be

derived from the Navier-Stokes equations and written as:

V% =0

in Q (1a)~(1b)
Viii=-Vx@
g=U o T ¢))

where @i = U is the velocity vector, @ is the vorticity vector, U is the known boundary velocity,

and ) as well as I are the domain and boundary, respectively. The vorticity vector @ can be

expressed as:

®=Vxi €))
In equation (1), they are the Laplace and Poisson equations and can be solved by DRM-MFS to

be described below.

3. Numerical Formulation

The governing equations (1) to be solved is of the type:
V(%) = K(X) ©)



where I is the boundary of the problem. We decompose the solution into

D(X) = 0, (D) + P, (%) (5)
where the particular solution, @ ,(X), satisfies

VIO (%)= KX) (6)
and the homogenous solution, @, (X), satisfies

V*®,(%) =0 and D,(0)=BAX)-D,(X) on T (7)

The particular solution corresponding to equation (6) can be approximation by the DRM. Let the
right hand side of the Poisson’s equation take the form

D a; f(r;) = K(%;) ®
=1

where f(r) is a radial basis function, r; = l‘?‘ -X il is the radial distance between a field point

X ; and the i-th collocation point X,-, and n; is the number of collocation nodes. The collocation

nodes are typically distributed in the interior as well as on the boundary. And ; are the collocation
coefficients to be determined. If we let the function values be equal at 11, collocation points, we result
in a linear system with 11, unknowns, Q;, and 1, equations, which can be solved if the system is

nonsingular. After & ’s have been solved, we can find the particular solution which is of the form:
a

@,(%) =Y o F(r) ©
=

where F(r) is the inverse Laplacian of the radial basis function f(r),ie. V>F(r)= f(r).
For the current three-dimensional problems, we choose the following CS-PD-RBF:
r
(1-=)* r<a
a

f(r) = , 10y
0 r>a

This has been found by Chen, et al [5]. The particular solution corresponding to equation (10) is

r’(10a® -10ar +3ar?)
60a* r<a
F(r)=
) a> a° r>a ab

12 30r
Furthermore, the homogeneous solution corresponding to equation (7) can be solved by the MFS.

Let the homogeneous solution to be the linear combination of the fundamental solution of the Laplace
operator, i.e.:




Iy
2 Bi8(5) = @y(X,) a2
i=l
I . . - =
where g(r) = - is the fundamental solution of the Laplace operator, I; = le -X j' is the
nr

distance between a field point frj and the i-th source point X;, and my, is the number of source

nodes. The source nodes are typically distributed in small distance away from the boundary to avoid
the coincidence of X; and X; to avoid the singularity. And f3; are the coefficients to be determined.
If we let the function values be equal at m, boundary points, we result in a linear system with m,
unknowns, f ;» and 1, equations, which can be solved if the system is nonsingular. After B ;'8
have been solved, we can find the homogeneous solution.

After the homogeneous solution @, and the particular solution ¢ p have been solved, we can

apply the superposition principle (equation (5)) to get the solution.
4. Solution procedures

As mentioned earlier, an iterative scheme is used in the solution of the velocity and vorticity
equations. The computational procedure adopted here includes the following iterative steps:

1. Solve the homogeneous velocity equation (1b) with the know boundary velocity condition.
(Laplace equation)

2. Get the vorticity at boundary by @ = V x

3. Solve the vorticity equation (1a) with the boundary condition in step 2.

4. Solve the velocity equation (1b) with the know boundary, where the source term is the
derivative of the vorticity components got from step 3.

5. Repeat 2~4 until solutions are convergent

5. Results and conclusions

The three-dimensional cubic cavity flow has the

configuration shown in the diagram, where a uniform velocity H |

drives the top face to the right. Using the method described y/lz';l__ o
above, we can get the following results. The figures are the Py ’

velocity field in the plane of x=0.5, y=0.5, and z=0.5, p s

x\/

respectively. Also, the vorticity components at x=0.5, y=0.5

and z=0.5 are shown below. The result is compared to other



paper [16] and shows satisfactory accuracy.
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Fig 1: velocity and vorticity distributions of a cubic cavity flow
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SUMMARY

This paper describes the use of dual reciprocity boundary element method (DRBEM)
for the solution of incompressible viscous flow problems using velocity-vorticity variables.
The model involves the solution of vorticity transport equation for vorticity whose
solenoidal vorticity components are obtained by solving Poisson equations involving the
velocity and vorticity components. Both the Poisson equations and the vorticity transport
equation are solved iteratively using DRBEM and combined to determine the velocity and
vorticity vectors. Here the results of 2dimensional Navier- Stokes problems with low
Reynolds number in a typical cavity flow are obtained and compared with other models.
The DRBEM model has been found to be satisfactory.

KEY WORDS
Navier- Stokes equations, velocity-vorticity, dual reciprocity boundary element method

1.INTRODUCTION

For the solution of incompressible viscous flow problems, the velocity-vorticity form of
Navier-Stokes equations has been established as an effective formulation. The main
advantage of this formulation includes the numerical separation of the kinematic and kinetic
aspects of the fluid flow from the pressure computation, which is determined afterwards
from the known velocity and vorticity fields. Boundary Element Method (BEM) has been
established as a powerful numerical tool in the solution of various fluid flow problems
(Power and Wrobel, 1995). The main advantages of BEM are: reduction in computational
dimensions, easiness in discretization and data preparation and direct solution to flux term
at the boundaries. The major problems in using the general BEM techniques to solve the
incompressible viscous flows are the difficulties in dealing with the convective and time
dependent terms unless internal cells are defined (Brebbia et al. 1984).

Dual reciprocity boundary element method (DRBEM) employs a fundamental solution
corresponding to a simpler equation and treat the remaining terms, through a procedure
which involve a series expansion using global approximating functions and the applications
of the reciprocity principle (Partridge et. al,1992) so that a boundary only solution is
possible.

To solve the incompressible viscous flow problems, here DRBEM is used. In the
DRBEM solution of Navier-Stokes equations, the fundamental solution of Laplace
equation is used. The vorticity boundary conditions are got by the DRBEM solution of the
Poisson equations. An iterative scheme is used to solve the system of equations after the
numerical discretization by DRBEM. The feasibility of the DRBEM model has been
demonstrated using the mode! problem of flow in a driven square cavity.

2. GOVERNING EQUATIONS



For two-dimensional incompressible viscous flow problems, if (u,v) are the velocity
vectors (7 )and ? is the comresponding vorticity, the governing Navier- Stokes equations
in the velocity- vorticity formulation can be written as:

2 TV =V M

Re
V2u=-—w; V2v=—w— (2)
dy ax

The vorticity vector @ can be expressed as, @ =V x u - A solution is sought in the
domain satisfying the initial conditions,7 =i7,, @ =V xi7, at initial time and the boundary
conditions,7 =#.;®@ (VXxi)|.att>0.

The solution of vorticity-transport equation (1), in combination with the velocity Poisson
equations (2), with reference to initial and boundary conditions, gives the velocity and
vorticity distribution all over the domain at the concerned time step.

3. NUMERICAL FORMULATION
3.1. DRBEM Formulation of Velocity Poisson Equations
Consider the Poisson type velocity equation in » and ?, say

2, =2 (3)
Viu 3 b

with velocity boundary conditions as, y =#%,0nT,;q du,/0n onT,, where n is the unit
outward normal vector. Here, an iterative algorithm is used such that the right hand side of
equation (3) is known fromthe previous step by solving (1).

Solution to equation (3) can be expressed as the sum of the solution of a homogeneous
Laplace equation (i ) and a particular solution () as, u % u, such that, V>4 =5.
The DRBEM proposes the use of a series of particular solution #; instead of a single # .
The number of #; used is equal to the total number (N+L, N= boundary nodes, L=
internal nodes) of nodes in the problem. Following approximation of b is then proposed,

N+L N+L

b = Za,- fi= Z%VZ u;
= =

4)
where the a, - are a set of initially unknown coefficients and the ) are approximating

function which is geometrically dependent. Using (4) in (3) gives,
N+L

Viu Do, (Vi)

j=l
(5)
The procedure for developing the boundary element method for the Laplace aquation
(Brebbia et al.,1984) will now be applied. Equation (5) can be multiplied by the
fundamental solution u* (for 2-D problems u*=In r/(2p), where r is the distance from the
collocation point (k) to other field points (i)) and integrating over the domain producing,
[ Viwyurdn = A:Z::aj [ (Vii)usda
(6)
Applying Green’s second identity, (Brebbia et al. 1984) produces the following integral
equation for each source node i,

Cou+ [ q*udl - [u*gdl = Sa,lca, + fa*a,dr - [ u*g,ar )
j=1



(7)

where C; is the Green’s constant, g, = 9u; /dn and q*= gu*/gn . Note that equation
(7) involves no domain integrals. The source term b in (3) has been substituted by
equivalent boundary integrals. After introducing the interpolation functions and integrating
over each boundary element, the above equation can be written in the discretized matrix
form as:

N N N+l N N
Ciu, + sz“k - Z Gudi = zaj(ci“‘u + sziﬁﬁkj - z Gudy )
k=t k=1 =1 k=1

j=t

®)
Applying to all boundary nodes using a collocation technique, and each of the vector
u ; and ¢ ; is considered to be one column of the matrices U anqd @ respectively,
equation (8) can be expressed in matrix form as,
Hu-Gg=(HU -GQ)x
&)
Equation (9) is the basis for the application of the DRBEM and involves discretization of
the boundary only. Internal nodes may be defined in the number and the location desired
by the user. From equation (3), taking the value of b at (N+L) points and expressing in a
matrix fom, 4 = F ¢: @ = F~' » , Where each column of F consists of vectorsj;-
containing the values of the function f; at the (N+L) collocation points. Thus the right hand
side vector of (9) is a known vector. Applying the boundary conditions to (9) gives a linear
system of equations which are solved using Gauss elimination scheme to get the boundary
unknowns. After finding the boundary unknowns, the internal values can be found from
equation (9).

The particular solution #, its normal derivative and the corresponding approximating
function f used in DRBEM analysis are limited by the formulation except that the resulting 7
matrix, should be non-singular. Here the f function used is: f =1+ 472 +.. +r™.

Correspondingly,

.ot rmt? . dox ) 1 r r"

“EE Tttt (m+2) +(m +2);q =(r‘$+r’ 5{:— )[3*?*"* m+3) (19
Other than the boundary only solution, the main advantage of using DRBEM in the

solution of the velocity Posson equations is the exact determination of the vorticity

boundary conditions which are obtained as the velocity normal derivative from the solution

of (9) together with the no-slip boundary conditions.

3.2. DRBEM Formulation of Vorticity Transport Equation
Consider the advection-diffusion type vorticity transport equation (1),

V2w =R'(Ea(:)—+u_.v w)=R, b(x,y,0,1)

(11)
As mentioned earlier, an iterative procedure is used to solve equation (11). In the current
iteration it will be assumed that the values of (u, v) are known from the previous iteration.
The fundamental solution of Laplace equation is used in the solution (11). Appropriate
boundary conditions? orq ( g ,) and initial conditions should be prescribed.

As in section 3.1, using the DRBEM, solution to equation (11) can be expressed as the
sum of the solution of a homogeneous Laplace equation @ and a particular solutiong) as,
® @ & suchthat, v2¢ =p.The DRBEM proposes the use of a series of N+L



particular solution ¢ ;. Following approximation of b is then proposed,

N+l
b = ,2. a f
12)
where the ¢ are a set of initially unknown coefficients and the f,are approximating
function. As explained in section 3.1, we can finally write equation (12) as:
Viae =R,N2Lal. (Viad,)
(13)

Similar to the procedure in section 3.1, using the 2D fundamental solution of Laplace
equation In r/(2p), using the BEM procedure and after the boundary discretization and
integration, the final system of equations in matrix form is obtained as:

Hwo-Gg=R, (Hd-GQ)a

(14)

Similar in section 3.1, b= qor ¢ =F"'pandputting s-_ Fg-GQ F and
substituting for b, equation (14) can be written as:

ow Jw ow
HO)"Gq—S[R'(T-f-u?-i- Va—y-)]

(15)
Setting, w=F 8 or B =F .Differentiating ? with respect to x and y,

_ﬂ —_F. -t ——a-l- =—FL -1
ox  ox Fre; ay dy Fro
(16)

Therefore equation (15) can be written as,

dw oF OoF _,wJ

Ha)-—Gq—R,S|:$+(
17

Putting @ =90w/dt; E =u dF / dx +v 9F/ 9y , we can write equation (17) as,
Hwo-Gg=R,Slo'+EF 0]

(18)
Now substituting, A = RSEF';N= _st,wecanwrite the final system as:

ug- V—a—;

No + (H Yo = q
(19)
Using a two level time integration for ? and q and a difference scheme for @
w=(1-—6,,)a)"+B,m"';q=(l-—9,)q"+9,q"';m'=l—'(m"’"-w")
(20)

where?, and?, are weighting factors which position the values of u and q , respectively,
between time levels m and m+1. Substituting (20) into (19) gives:

(%Jr 8,(H —M))w"‘" -68,G¢"™' = [%-(1-9,)(;{ - M)]m"‘ +(1-6,)Gq"

(21) The right hand side of (21) is known at time (m+1)?t, since it involves values which
have been specified as initial conditions or calculated previously. Upon imposing the
boundary conditions at time (m+1)? t, we can form a linear system, which are solved using
the Gauss elimination scheme to find the unknown function values initially over the

boundary and then at the internal nodes considered. The approximating functions ¥’ given



in section 3.1 and corresponding particular solutions and derivatives given in equation (10)
are used here also. Here an iterative scheme is used and the derivatives of the vorticity ?
in x- and y- direction are determined using (16) before the velocity Poisson equations are
solved.

4. MODEL RESULTS AND DISCUSSIONS

The proposed DRBEM model has been applied on the classical ‘driven flow in a square
cavity’ problem for which many numerical model results are available in literature. Present
model results are compared with a series solution, FDM, FEM and BEM models in 2-D.

The model problem consists of a square cavity with a moving top lid with constant
velocity, totally filled with an incompressible viscous fluid. The flow inside the cavity is
initially at rest. No slip and impermeability conditions were imposed on all walls, with the
velocity at the upper wall set equal to unity. Due to the computational limitations (we used
an IBM Pentium II PC with 64 MB RAM), the present analysis is limited to a maximum of
computational mesh points of 21x21 (on the boundary and internal nodes). One analysis is
presented here, for a Reynolds number of 100.

Figures 1 and 2 show the u and v velocity profiles along the vertical and horizontal
centerlines of the cavity, respectively. The velocity variations are compared with a series
solution of Burgraff (1966), FDM solution of Ghia et al. (1982), FEM solution of Young
and Lin (1986) and BEM solution of Young et al. (2000). The results mostly agree with all
the model results, considering the coarse nature of the mesh used in the present analysis.
Figure 3 shows the vorticity distribution along the domain and Fig. 4 shows the velocity
vector field.
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Fig. 1. u velocity profile along vertical centerline for Re=100

0.40
T —h=— Young et al. (2000)
T ~@— DRSEM
020 — —~4— Ghiaaal (1982
4 —— Young and Lin(1986)
> 0.00 =g
.
020 —1
040 1 I T I T I L] ! L)




Fig. 2. v+ velocity profile along horizontal centerline for Re=100

DRBEM has been proved to be a feasible method to solve advective-diffusion equation
like vorticity transport equation. The necessary vorticity boundary conditions are
determined by the DRBEM solution of the velocity Poisson equations together with the
no-slip boundary conditions. Hence the present model in which the velocity Poisson
equations and vorticity transport equation are solved using DRBEM, and the iterative
scheme combining both models provides the best way to treat the velocity-vorticity
formulation for two-dimensional incompressible viscous flow problems.
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Fig. 3. Vorticity distribution for Re=100
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Fig. 4. Profile of the flow vectors for Re=100

5. CONCLUDING REMARKS

Here a dual reciprocity boundary element method for solving the velocity-vorticity
Navier-Stokes equations is presented. The Poisson type velocity equations and the
vorticity transport equation are solved using DRBEM. The vorticity boundary conditions



for the solution of vorticity transport equation are exactly obtained from the DRBEM
solution of velocity Poisson equations. The use of DRBEM enables one to have a
boundary only solution for the problem. Here the results of 2D Navier-Stokes problems
with low Reynolds number in a typical square cavity are presented. A comparison with
other models demonstrates the feasibility of the DRBEM model.
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Introduction

Since its introduction in 1982 by Nardini and Brebbia [1], the dual reciprocity
boundary element method (DRBEM) has been applied to a wide range of engineering
problems involving linear and nonlinear partial differential operators [2]. To eliminate
the domain integration, an ad-hoc trial basis (1 4+ ) was used to approximate the
body force term.

A decade later, Golberg and Chen (3] pointed out that the basis r is but a special
case in the larger family of the so-called radial basis functions (RBFs) [4]. Several
variations of the RBFs, such as the higher order conical types, the polyharmonic
splines, the multiquadrics, and the Gaussians, have been introduced [5]. Some of the
functions have been carefully tested in the DRBEM procedure [6].

All of the above-mentioned RBF's are globally defined. The resulting interpolation
matrix is dense and can be highly ill conditioned, especially for a large number of
interpolation points. This can cause serious stability problems. As a remedy, the
compactly supported, positive definite radial basis functions (CS-PD-RBFs) have
been derived (7] and implemented in DRBEM ([8]. It was further demonstrated that in
an iterative solution scheme, only the matrices based on CS-PD-RBF led to converged
results. All other matrices diverged [9].

Not only radial bases, but also polynomials can be used as interpolants. Atkinson
in 1985 [10] used harmonic polynomials as interpolants for the solution of Poisson’s
equation. Cheng, et al. [11] introduced the complete set monomial bases for the
DRBEM. The collocation system, however, was ill-conditioned. Singular value de-
composition had to be employed to solve the linear system. To overcome the diffi-
culty, recently the Chebyshev polynomials, the optimal polynomials for interpolation,
were revived. The scheme was found to be stable and highly accurate when used in
conjunction with the method of fundamental solutions [12].

Initially, the DRBEM was developed for the Navier operator in elasticity [1].
Later applications were focused mainly on the Laplacian operator. Only recently the
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capability of the DRBEM was expanded to include Helmholtz-type [13, 14] and poly-
harmonic [15] operators. Particularly, the ability to treat Helmholtz-type operators
opened the gateway for solving transient problems by way of time differencing.

For the extension to new operators and new basis functions, particular solutions of
the operators corresponding to the various basis functions need to be found. Take for
example, the elasticity operator. Traditionally, 1 + r has been used as the trial base.
Bridges and Wrobel in 1996 [16] and Partridge and Sensale in 1997 [17] extended
the DRBEM capability for solving elasticity problems in 2-D to include the use of
augmented thin-plate spline. Further extension to higher order splines in both 2-D
and 3-D problems was accomplished by Cheng, et al. [18] for elasticity as well as
for thermoelasticity. However, work still needs to be completed for the CS-PD-RBF
and the polynomial bases. In this paper, we report some recently derived results as
another step towards the completion of the work.

DRBEM

A brief derivation of the DRBEM is given below. We assume that a governing
equation can be arranged into the following form

L{u} =f (x, u, —gg—;,uz, .. ) (1)

where L is a linear operator whose boundary integral equation is available. For
simplicity, we shall assume that an iterative method is used for the right hand side
such that it contains only known values, f = f(x). The dependent variable u can be
decomposed into a particular solution u, and a complementary solution u,:

U= up + U (2)

The complementary part satisfies the homogeneous governing equation, hence can be
solved from the boundary integral equation without a domain integral

Ue = /F[GN{uc} -u.N{G}] dx (3)

where G is the fundamental solution, and N is the operator corresponding to the
generalized normal derivative. Assuming that the particular solution can be found
explicitly, we can substitute (2) into (3) to obtain a “boundary-only” formulation
solving for u, despite the presence of an inhomogeneous right hand side:

u—up=/F[GN{u—up}—(u—up)N{G}l dx (@)

Particular Solutions

We assume that the function f can be approximated as

3w, ©

i=]
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where @, are basis functions, and q; are coefficients to be determined from collocation.
If we can find the particular solution 1, governed by

L{:} = ¢ (6)
then u, is explicitly found as
Up Z o4, (7)
i=1

Hence the success of the DRBEM hinges on our ability to find %, corresponding to
the various operators and the assorted radial and polynomial basis functions.

Test Functions
A few of the test functions are listed below.
Polyharmonic splines

¢ = r*lnr; n=12,...; inR?
@ = rl n=1,2,...; inR? (8)

CS-PD-RBFs, for d =3 and k =0 [7]

2
g0=(1—3) . inR®and R® 9)
a/+
andford=3and k=1
_ T\4 r\ . o 3
go—(l—a)+(1+a), in R* and R (10)
Monomials
© = ziyY i,7=0,1,2,...; inR?
o = zW 4,7,k=0,1,2,...; inR3 (11)
Chebyshev polynomials
o = Ti(z)T(y); ,j=0,1,2,...; inR?
¢ = Ti(@)Ti(y)7Tk(2); 45,k=01,2...; inR’ (12)

where T;(z) is the Chebyshev polynomial of degree 1.
Some New Results

Here we present some new results. Assume that L = V2 and ¢ is given by the
monomials in (11). Hence the particular solution of

Vi =ziyP2* i,5,k=0,1,2,...; inR® (13)



The particular solution is even longer. It, however, can be generated by the computer
without much effort:

5232z 16z7z 8z%z 16z''z 642832

—_ —_ - _ 9 3,2 —4 5,2
v 2 21 63 " 693~ Isois "0V ETATYE
16z7y%z 64z2%y*z 256x'l1y’z 3 4 2z ytz
-2 Syt 22 4 ”
+ 7 + 63 1155 0’y z+ 162"y 2 7
64$9y4z+ 103 23 4z5z3+ 16$7z3+ 16x923+ 128z 23
63 3 3 21 189 3465
80z%y? 23 s o 3 64z7y?2%  128z%y%2%  80z3yt2t
I R e S A
2 7,4 53
__.32 zs y4 23 + iﬁ.z_fy—i (19)

Fortran code of these expressions can be automatically generated using the Mathe-
matica program.

Example

As a demonstration, we solve the following problem
Viy = 2e"7V (20)
defined in the domain [—1,1] x [—1,1] in R?, with the Dirichlet boundary condition
u=¢e""Y+e"cosy (21)

A 5x5 grid is used for the Chebyshev polynomial interpolation of the right hand side of
(20). The method of fundamental solutions (MFS) is used to solve the boundary value
problem, and 32 source points are used. The numerical result, when compared with
the exact solution, is accurate up to 5 to 6 decimal places. When the interpolation
grid of the Chebyshev polynomials is increased to 8 x 8, the accuracy of the numerical
solution is up to 10 to 11 decimal places. The performance is excellent.
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