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Abstract: The dispatch of capacitors on a dis-
tribution feeder in daily system operation is
investigated. The objective is to reach an optimal
capacitor dispatching schedule, based on the fore-
cast hourly loads for the next day, such that the
total feeder loss in a day is minimised. The con-
straints that must be taken into account include
the maximum allowable number of switching
operations in a day for each capacitor, and the
voltage limits on the feeder. An approach based
on dynamic programming is presented to reach
such an optimal schedule. To demonstrate the
effectiveness of the proposed approach, the dis-
patch of capacitors on a distribution feeder within

- the service area of Taipei West District Office of
Taiwan Power Company is investigated. It is con-
cluded that a greater loss reduction can be
achieved by the optimal capacitor dispatch than
by the fixed-schedule dispatch.

List of symbols

(of = the ith capacitor installed on the feeder

S{n) = the status for capacitor C; at hour

P,[S,(n), S,(n), Sa(n), S4(n)] = the feeder loss at hour n
when the status of capacitor C; at hour

nis S{n)

P, = the total feeder loss over the 24-hour
period

v, = voltage at bus j

ymin = lower limit of bus voltage

ymax = upper limit of bus voltage

K; = the maximum allowable number of
switching operations in a day for capa-
citor C;

P = exclusive OR operation

Xy m = the mth capacitor state at stage n

Sim = the total number of switching oper-
ations of capacitor C; up to stage n

X, . = the modified mth state at stage n

m, = the number of states at stage n

X, oprimal = the state along the optimum path

mod = modulo operation

X = the minimum accumulated loss up to
X m
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{X5_1. 4} = the set of all feasible states that can
reach X, ,,
R(X,,_, X, .= the feeder loss of state X, ,,

1 Introduction

Capacitors have been widely employed in distribution
systems to achieve loss reduction and system capacity
release, and to improve the voltage profile on a distribu-
tion feeder [1-17]. In many previous works [1-14], the
capacitor placement problem has been treated as a dis-
tribution planning problem. The purpose is to determine
the optimum number, location and size of shunt capa-
citors on distribution feeders, such that the total saving
from energy loss reduction and capacity release minus
the total cost of the capacitor banks installed is maxi-
mised [2, 10]. The voltage limit on the distribution feeder
is normally considered as a constraint. A number of
approaches such as dynamic programming [2, 7], ana-
lytical [8, 9], nonlinear programming [3-6, 10] and
mixed integer programming [12, 13] have been proposed.

In contrast to the numerous reports on capacitor
placement from the viewpoint of distribution system
planning, work on the real-time control and dispatch of
capacitors in distribution system operation has been
rather limited [2, 7, 15-17]. In most of these works, the
loads of feeder sections were usually assumed to change
in proportion during a day. This may be due to the lack
of real-time data on distribution systems. For example,
the capacitors on distribution feeders of the Taiwan
Power Company are normally switched on and off on a
fixed schedule (capacitors are switched on during the
peak hours from 8 a.m. to 6 p.m.) in daily operation. The
fixed-schedule capacitor-switching strategy is by no
means optimal, as the section loads as well as the total
load of a distribution feeder vary with the hour of the
day, day of the week and season of the year. However,
the method is acceptable when the section load data are
not available to system operators.

With the development of distribution automation [15,
16], feeder section loads can be continuously monitored
and recorded. In addition, the capacitors can be switched
on and off via a remotely controlled switch. With the
availability of section load data and the capability of
operating the capacitor switch in control centres, it is
desirable for system operators to have a more flexible
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capacitor dispatching strategy, so that greater loss
reductions cap be achieved in daily system operation
than via the fixed-scheduile dispatch.

In this paper, a novel approach based on dynamic
programmmg is proposed to help system operators deter-
mine the optimal capacitor dispatch for the next 24 hours
in daily operation. The objective is to minimise feeder
losses while keeping the feeder voltage profile within pre-
specified limits. The number of switchings for each
switchable capacitor bank is limited, based on the practi-
cal consideration of their life expectancies. In the pro-
posed approach, any kind of load pattern in a day can be
considered; provided that the load patterns have been
forecast. This is the main difference between the proposed
approach and previous works on capacitor placement
problems [2], in which proportional loading changes
during the day are assumed.

2 Problem formulation

Consider a distribution feeder with six sections, as shown
in Fig. 1. It is assumed that the total load current of the
feeder I, and section loads I{n), i=1, 2, ..., 6, for the
nth hour (n=1, 2, ..., 24) of the next day are known.
These load currents can be obtained by coaducting
section load forecasting for the 24 hours of the following
day [18, 19].
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Fig. 1 A distribution feeder

A constant current load model is employed for simpli-
city. A more elaborate voltage-sensitive load model [14,
15] may be used if desired. The proposed approach
works equally well for different load models. In addition,
the dispatching period can be extended from 24 hours to
168 hours, or even longer, so long as accurate hourly
load forecasts can be achieved.

As shown in Fig. 1, there are four switchable capa-
citors C, (i = 1, 2, 3, 4), with capacities Q¢c; (i=1,2 3, 4),
on the feeder. It is assumed that each capacitor can be
independently switched by the operators (or eomputers)
at the control centre via communication links. It is noted
that the four capacitors are installed at the same location
in Fig. 1, but the proposed method works equally well
when the capacitors are placed at different locations. The
capacitor dispatch problem is to determine the on/off
schedule of each capacitor within the 24-hour period,
such that the total loss of the feeder can be minimised. As
frequent switchings may reduce the life expectancies of
the switchable capacitor banks, it is assumed that the
maximum number of switching operations for each capa-
citor is limited.

The capacitor dispatch problem can be formulated
mathematically as an optimisation problem. Let S{n)
(i = 1, 2, 3, 4) be the status for capacitor C; at hour n, as
defined below:

S{n) = 1, capacitor C; is on at hour n
S{n) =

434

0, capacitor C,; is off at hour n 1)

The optimisation problem is to determine the optimal
onfoff status S{n) i =1,2,3,4,n=1, 2, ..., 24) for each
capacitor C, at each hour n, such that the total feeder loss
P,,,, over the 24-hour period is minimised subject to
voltage limits and switching number constraints, i.c.

24
minimise P,,,, = ;P'[s‘(")’ 8;(n), S5(n), SuM] (2

subject to V™ < V< V™ j=1,2,...,6 3
24
YSMdSm—-1)<K, i=1,234 @
ax=1

where

P,[S:(n), Sy(n), S3(n), S4(n)] = the feeder loss at hour n
when the status of capacitor C, (i = 1, 2, 3,4) at hour n
is S{n)
¥, = voltage at bus j
M = lower limit of bus voltage
V™ = ypper limit of bus voltage
= the maximum allowable number of switching
operations in a day for capacitor C;
@ = exclusive OR operation [S{n)DS{n—1)=1
when S(m)#Sn—1); SNDS{n—1)=
when Sin) = S{n — 1)]

It is noted that, in eqn. 4, ${0) is the status of capacitor i
at the last hour of the preceding day. It is also noted that
the constant K; must be specified by system operators,
based on their past experience with the effect of capacitor
switchings on the life expectancies of the switchable capa-
citor banks, switching surges, harmonics and any other
practical considerations related to capacitor switchings.
Here, the maximum number of switching operations is
assumed to be the same for each capacitor, ie. K; =
for all i. In current practice, a number of 2 is recom-
mended for K by the operators at the Taiwan Power
Company. In other words, a capacitor which is offline at
the end of the preceding day is allowed to be switched on
at some time during the peak hours of the day, and
switched off at some time during the offpeak period.
However, the optimal value for K is system-dependent.
The effect of the specified X on the resultant total feeder
loss will be examined in Section 4.

3 Optimal capacitor digpatch using dynamic
programming

To reach the optimal capacitor switching schedule S(n)
(=1,234n=1, 2 ..., 24) which satisfies eqns. 2, 3
and 4, a dynamic programming approach can be
employed. In this approach, the study period (1 day) is
divided into N stages (N = 24 here), thus, one stage is
equivalent to one hour. At each stage, all possible system
states are figured out. For the capacitor dispatch
problem, there are 16 possible capacitor states at each
stage. For example, the capacitor states at stage n (n = 1,
2,..., 24) are described as follows:

X m = [Sy(n), S;(n), S5(n), S,(n)]
Sim=0o0rl(i=1,234)
m=12..16 (5

These capacitor states are shown in the state transition
diagram in Fig. 2. The initial state at stage 0 is assumed
to be: X, ;, =(0, 0, 0, 0). In other words, the four capa-
citors are assumed to be all switched off at the end of the
preceding day.
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It is observed from Fig. 2 that, starting from the
source nade X, 1 = (0, 0, 0, 0), we need to traverse and
save (24)?* (~7.9 x 10?®) possibie search paths through
X241
0000

X1,1 X2,1

X24,%

l

stoge0  stoge! stoge2 . . . stoge Né=24)

Fig. 2 State diagram and search paths for the dynamic programming
approach

the system states at 24 stages. Qur purpose is to find one
feasible path that satisfies the constraints described in
eqns. 3 and 4, and gives the least feeder loss P, over the
study period. If we try to solve the problem using the
state diagram and search paths in Fig. 2, we will face the
difficulty of too much computer memory and intensive
computational effort.

The main reason for this is the need to check whether
the constraint on the number of switching operations is
satisfied by a state. To do this, we have to store not only
the state at the current stage, but also its source node at
the preceding stage. In other words, the optimal path
from a state at the current stage to the states at the next
stage will depend on the source node (at the preceding
stage) of that state. Thus, the paths between two states at
two neighbouring stages, as well as the states, must be
stored.

To reduce the computational burden, w¢ propose to
use the modified state diagram and search paths as
shown in Fig. 3. The state at stage n in Fig. 3 is redefined
as follows:

X, m = [S1(n), S5(n), S3(n), Si(n)]
n=12..24 (6
where

S{n) = the total number of switching operations of
capacitor C; up to stage n

It is obvious that the following properties are met by
S{n): '

S{0)=0,i=1,23,4
Sim) —Sin—1D=00r1,i=1,23,4n=1,2,...,24
Sim<n forng<kK

<K forn>K

where K is the maximum number of switching operations
for a capacitor.
It is noted that S{n) in eqn. 6 is related to S{n) in eqn.

5 by the following equations:
Sin) = ‘g 18 — sS4 — i M
S{n) = [S{(n) mod 2] @ S{0) ®
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where Si{n) mod 2 is the remainder of the integer division
of Sin) by 2. i ) ’ ’

X1 X2) XKL XK1 X'2%,1
W 6 ’ e @
x1,2 ‘”“‘s_ x2.2 X24.2
‘6 e e e e e

X'23 X'24,3

>
w
N

2
T
n

X116 X'2,06

LARAN I . .

N

X'2,81
2222 « . . .

-
stage2 stoge K-1 stageK stage N(~24)

Fig. 3  Modified state diagram and search paths for the dynamic pro-
gramming approach

stage0 stage!

The number of the state at stage n is given by
m=m+1* forn<K
=(K+1)* forn=K ©)

Using the modified state diagram in Fig. 3, the optimal
capacitor dispatch schedule can be derived by solving the
following recursive equation:

J(X, )= min ’U(X;—l.x) +RX, 1z, XL W]

Xi-1x
n=12..24 (10)
where

Sf(X,, o) = the minimum accumulated loss up
to X, ., and f(X3, ,) is assumed to
be zero.

{X,_1 x}=the set of all feasible states that
can reach X, . ; the feasibility is
verified by the aforementioned
properties of Syn).

R(X,_, &, X, a) =the feeder loss of state X, ; if
voltage violation is observed in
X;, ., then R(X._, ¢, X, ) is set
to be infinity.

The above equation can be solved by the flow chart in
Fig 4.
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In applying the recursive formula in eqn. 10, the prede-
cessor of a state X, ,, at the nth stage is defined as the
state X, _, y with minimum accumulated feeder loss

1. compute feeder loss Py
for the states at
stage 1

2. compute feeder loss
Py+1 for the states
at stage N+1

E‘E 3. determine the

predecessor state of
each state at stage N+1

yes

4. perform backtracking to
get the optimal capacitor
dispatching schedule

Fig. 4 Flow chart of the proposed dynamic programming algorithm for
reaching the optimal itor dispatching schedul

Sf(X,-1,x) among all the states at the preceding stage
n — 1. The recursive formula begins with n = 1, and ends
with n = 24. When the recursive computations have been
performed for the states at all stages (n = 1, 2, ..., 24), the
state X,4 ,ima With the least accumulated feeder loss
Jx 2‘_,,,‘,_5' among all the states at the 24th stage
(n = 24) is chosen as the optimal state. Backtrack from
this state and locate all its predecessors. The optimal
capacitor dispatching schedule is then defined by these
predecessors and the optimal state,

The proposed algorithm is quite efficient and requires
a limited memory when the number of switchable capa-
citors installed on a feeder and the maximum allowable
number of switching operations in a day for each capa-
citor are within the range for most practical systems.

The computations involved can be divided into three
main parts: feeder loss calculation, predecessor deter-
mination and loss accumulation.

As there are only 16 possible capacitor combinations
for each hour, we need to perform feeder loss computa-
tions 16 x 24 = 384 times. It is noted that the topology
of the feeder and the locations of the capacitors affect
only the time required for feeder loss computations. The
computational complexity of the proposed algorithm
depends mainly on the number of switchable capacitors
installed on the feeders.

To improve the efficiency of predecessor determina-
tion, the states X, _, . at stage n — 1 are ranked accord-
ing to the minimum accumulated losses f(X,_, x) first.
The X, _, g with least f(X,,_, ;) is assigned as the prede-
cessor of the 16 possible X, , that can be reached by
X, -1, x, according to the properties of Syn). If X »m hasa
predecessor already, the predecessor assignment is dis-
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carded. The number of times the predecessor assignment
process needs to be repeated is

K-1 24
16x[2(n+1)‘+ 2(K+1)‘] {1
n=1 n=K

Also, it is observed that, for each state at stage n, we need
to save the loss P, and the accumulated loss P, + P,
+ -+ + P, for that state and its predecessor state at
stage n — 1. Thus, from eqn. 9, the total number of states
that must be stored is

K-1 24
;1(" + )*+ ;x(K + 1)* (12)

If we allow each capacitor to be switched twice at most
(K=2), then the total number of states is
2% + 23 x 3* = 1879.

4q Example

Consider the distribution feeder as shown in Fig. 1. The
line data and capacitor data, compiled from the Taipei
West District Office of the Taiwan Power Company, are
shown in Table 1 and Table 2, respectively. The forecast
section loads for the 24 hours of the next day are given in
Table 3.

Table 1: Line data
Section 1 2 3 4 5 6

Length (km) 1.8 2.8 3.0 1.2 2.2 0.8
Resistance (Q/km) 0.131 0.131 0.131 0.131 0.131 0.0901
Reactance (Q/&m) 0.391 0.391 0.391 0.391 0.391 0.199

Table 2: Capacitor data
Capacitor c, ¢, ¢, C,
Rated capacity (KVAR) 900 600 300 300

Table 3: Forecasted hourly load currents (A)

Hour Total  Sect Secti Secti Secti S S
current 1 2 3 4 5 6
1 2917 417 833 3.33 3.75 6.46 313
2 2375 292 7.08 292 292 5.00 292
3 2438 6.25 6.25 2.50 2n 417 250
4 21.04 542 5.42 2,08 a2m 333 2.08
5 4642 792 10.00 7.92 5.83 5.83 7.92
6 8750 1458 1250 1458 1458 1458 16.67
7 13458 2417 2208 2417 2000 2000 2417
8 18876 2917 27.08 27.08 27.08 2917 29.17
9 21260 3642 3333 3542 3750 3750 3333
10 24250 3833 4250 4042 4042 3833 4250
1 27083 4583 4583 4375 4583 4376 4583
12 21250 3750 3750 3333 3333 3333 37.50
13 26250 4376 4376 4375 4583 4167 4375
14 25500 4250 4250 4250 4250 4250 4250
15 23625 4042 3833 3833 3833 4042 4042
16 21876 3750 3542 3542 3542 3750 3750
17 13625 2583 2167 2167 2375 2167 2167
18 14875 2583 2375 2375 2583 2583 2375
19 15667 2750 2542 2333 2750 2750 2542
20 15626 2500 25.00 25.00 27.08 27.08 27.08
21 16760 3000 2683 30.00 2583 2583 30.00
22 11968 2167 1958 2167 1958 1958 17.50
23 8542 1667 1667 1250 1458 1250 1250

24 4292 7.08 917 7.50 917 5.00 5.00

Based on these data, we can calculate the feeder losses
P, , for each possible capacitor state X, ,, at hour n. If
the capacitors are never used, the capacitor state at each
stage will be always X, , = [S,(n), S,(n), S3(n), S,(m)] =
0,0,0,0)forn = 1,2, ..., 24. The total feeder loss for the
day is 966 kW in this case.
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As shown in Fig. 5, it is observed that the feeder loss is
reduced from 966 kW in a day to 797 kW, if each capa-
citor is allowed to be switched on once in a day. If the
number of switching operations is increased to be 2
(K = 2), the loss will be further reduced to 780 kW. To
examine the effect of the number of capacitor switchings
on feeder losses, cases with more than two switching
operations (K > 2) are also investigated. The results are
depicted in Fig. 6.

It is observed that feeder loss decreases with the
increasing number of switching operations. In addition,
the additional feeder loss reduction that can be achieved
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Fig. 8 The accumulated feeder losses for all capacitors are off
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Fig. 6 The effect of the number of capaci itchings on
feeder losses
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Fig. 7 The optimal capacitor dispatchi hedule for the case of
K=2
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is very insignificant when the maximum number of
switching operations exceeds 3 (K > 3). As frequency
switching operations may decrease the life expectancy of
the capacitor bank, and may cause transient voltages on
the feeder, it seems proper to allow the capacitors to be
switched twice a day at most for the system under study.

The optimal on/off status of each capacitor at each
hour is depicted in Fig. 7 (see also Tables 4 and 5).

As the current practice at the Taiwan Power Company
is to dispatch the capacitors on a fixed-schedule basis, it
is desirable to compare the feeder loss of this fixed-
schedule capacitor dispatch with that of the proposed

Table 4: The optimal P di hi hedule and
feeder losses for the case of allowmg each capacltor to be
switched once (K = 1)

Hour State Modified state Loss
(stage) X, = Xom= P (kW)
n [S1(n). S;(n). [Si(n), S3(n).

53(n). S4(M)]  S5(n), S4(n)]
1 (0,0,0,1) (0,.0,0,1) 1471
2 (0,0,0,1) (0,0,0,1) 0.751
3 (0,0,0,1) (0,0,0 1) 0.944
4 (0.0,01) (0.0,0,1) 0.708
5 0,0,0,1) (0.0,0,1) 2.825
6 0,1.0,1) (0.1.0,1) 8.484
7 (1.1.0,1) (1.1.0, 1) 21.971
8 (1,1.0,1) (1,1.0,1) 33.032
9 (1,1, 0.1) (1.1,0.1) 53.471
10 (1,1,0, 1) (1,1,0,1) 69.925
11 (1,1,0, 1) (1.1.01) 89.363
12 (1,1,0, 1) (1.1,0,1) 54,265
13 (1,1,0,1) (1.1,0,1) 83.784
14 (1.1.0.1) 1,1.0,1) 78.545
15 (1,1,0,1) 1.1,0,1) 66.177
16 (1,1,0,1) 1.1,01) 56.304
17 (1,1,0,1) 1.1,0,1) 22883
18 (1,1,0,1) (1.1.0,1) 26.262
19 (1,1,0,1) (1.1,0, 1) 28.887
20 (1.1,0,1) (1,1,0,1) 27.802
21 (1,1,0,1) (1.1,0.1) 32977
22 (1.1,0,1) (1 1,0.1) 18.449
23 (1,1,0,1) (1,1,0.1) 11.403
24 (1,1,0,1) (1,1,0,1) 6.910
Table 5: The imal i di hi hedule and

feeder losses for the case of allowmg each capncitor to be
switched twice (K = 2)

Hour State Modified state Loss
(stage) X, .= Xy m= P (kW)
n [S4(n), S5(n), [S;(n), S5(n),
Sa(n), S4(m]  S3(n). §4(n)]
1 (0,0,0,1) (0,0,0 1) 1171
2 (0,0,0, 1) (0,0,0,1) 0.751
3 (0.0,0,1) (0.0,0,1) 0.944
4 (0,0,0,1) (0,0,0,1) 0.708
5 0,0,0,1) 0.0,0,1) 2.825
6 0,0,1,1) 0,0.1,1) 8.476
7 0,1,1,1) 0.1,1, 1) 21.661
8 0.1,1,1) 0,1,1,1) 33155
9 (1,1,1,1) (1,1,1,1) 52986
10 1.1.11) (1.1,1, 1) 68623
1" (1.1, 1,1 (1,1,1,1) 87249
12 (1,1.1.1) (1.1,1.1) 53.761
13 1,1.1,1) (1.1,1,1) 81.883
14 L1 (1,1,1,1) 76.868
15 (1.1,11) (1,1.1.1)  66.068
16 (1.1, 1.1) (1,1,1.1) 56.683
17 {(1,0.1,1) (1.2,1, 1) 22,601
18 (1,0,1,1) (1.2,1,1) 26.128
19 (1.0.1, 1) (1,2,1,1) 28.849
20 (1.0.1, 1) (1.2,1,1) 27.733
21 (1,0.1,1) (1,2,1,1) 33112
22 (1,011 (1.211) 17.965
23 0,0.1,1) (2.2,1,1) 9.591
24 (0.0.1,0) (2,2,1,2) 2525
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optimal eapacitor dispatch. Fig. 8 lists the feeder losses of
both the fixed-schedule dispatch and the optimal dis-
patch. It is observed that greater loss reductions can be
achieved by the proposed optimal capacitor dispatch
than by the fixed-schedule capacitor dispatch.
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capacitor dispatch strategy

Flg 8 Compmm of the fuder losses for the ﬁxcd-schedule capacitor

(s F it o v
l-nllupﬂutmmol’thtoqhout&edly
2 = all capcitors are on throughout the day
3 = all capacitors are on from 7 am. to 6 p.m.
4 = all capacitors afe oa from 7 am. to 9 p.m.
$ = all capacitors are on from 8 am. to 5 p.m.
6 = all capacitors are on from 8 am_to 6 p.m.
7 = proposed optimal dispatch (K = 2)

5 Conclusions

An approach based on dynamic programming has been
developed to determine the optimal dispatching schedule
for capacitors on a distribution feeder in daily system
operation. It is found that the total feeder losses in the
study period (24 hours) can be reduced if the capacitors
ate dispatched according to the schedule achieved in this
work. In addition, the proposed approach can yield a dis-
patching schedule that achicves a greater loss reduction
than the fixed-schedule dispatch currently employed by
the operators at the Taiwan Power Company. Another
feature of the proposed method is that the number of
switching operations in a day for each capacitor bank is
limited, owing to the practical consideration of their life
expectancies.

The proposed approach is rather efficient. It takes
about 0.62 s to reach a solution on a VAX-11/8700 mini-
computer. In the present work, only four capacitors are
present on a feeder, and the computational complexity of
the proposed approach depends mainly on the number of
switchable capacitors on the feeder. The topology of the
feeder and the locations of the switchable capacitors
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affect the solution time in computing the losses for the
various states at each stage. If there are a great number
of capacitors on a feeder, some simplifying procedures
must be employed to reduce the storage requirement and
CPU time. This is a feature of the dynamic progmmmmg
approach.

A constant current model is employed here. To obtain
a more accurate feeder loss, more elaborate load models
may be used to replace the constant current model. The
proposed method works equally well for different load
models.
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