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Abstract — Zusammenfassung

A Parallel Algorithm for Solving Special Tridiagonal Systems on Ring Networks. The solution of
special linear, circulant-tridiagonal systems is considered. In this paper, a fast parallel algorithm for
solving the special tridiagonal systems, which includes the skew-symmetric and tridiagonal-Toeplitz
systems, is presented. Employing the diagonally dominant property, our parallel solver does need
only local communications between adjacent processors on a ring network. An error analysis is also
given. On the nCUBE/2E multiprocessors, some experimental results demonstrate the good
performance of our stable parallel solver.

AMS Subject Classifications: 65F05, 15A23
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Ein parelleler Algorithmus zur Losung spezieller Tridiagonalsysteme auf Ring-Netzwerken, Wir
betrachten die Losung einer Klasse von speziellen tridiagonalen Gleichungssystemen, die
schiefsymmetrische und Toplitz-Systeme einschlieBt, und geben einen schnellen, parallelen,
Algorithmus dafiir an. Bei Vorliegen von Djagonal-Dominanz bendtigt unser paralleler Solver nur
Kommunikation zwischen benachbarten Prozessoren auf einem Ring-Netzwerk. Eine Fehleranalyse
wird angegeben. Einige experimentelle Resultate, die auf einem nCUBE/2E Geréit gewonnen
wurden, zeigen das gute Verhalten unseres stabilen, parallelen Solvers.

1. Introduction
Throughout this paper, matrices are represented by uppercase letters, vectors by

bold lowercase letters, and scalars by plain lowercase letters. The superscripts T
correspond to the transpose operation. Consider an n X n linear system

A, x=y, (1)
where
B v B,
a B v
A,=
a B vy
Bz a B
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and | B]>|a + y|. Solving this special linear system arises in many applications,
e.g., numerical methods for differential equations [10], [9], [16], [15]. When
setting B, =B/u(u=10r2), B{ =B/v(v=10r2), a=1vy,and B,=B5=py(p
=0 or 1, if p=1 then it implies u =v =1), Boisvert [1] gave a survey to
describe many fast serial algorithms for solving this class of special tridiagonal
systems. These algorithms are Gaussian elimination [5], cyclic reduction [10],
special LU factorization [16], [11], reversed triangular factorization [6], [7], [8],
[1], and Toeplitz factorization with Sherman—Morrison formula [9]. Recently,
Yan and Chung [17] presented a new algorithm for solving (1) sequentially when
setting =y =B, =B3; and B, = B{ = B. Based on cyclic reduction method by
Golub and Hockney [10], Bondeli and Glander [2] presented a parallel cyclic
reduction for solving (1) when setting a=y=1, B, =B{ =8, and B, =6, =0.

Following the approach in [17], this paper presents a new and fast parallel
algorithm for solving the special tridiagonal system of (1). Employing diagonally
dominant property, our parallel solver does need local communications between
adjacent processors on a ring network. An error analysis for our parallel
algorithm is also given. On the nCUBE /2E multiprocessors, some experimental
results are illustrated to demonstrate the good performance of our stable
parallel solver.

In Section 2 of this paper, we first describe the three-phase parallel solver on
the ring network and the corresponding error analysis. Then, the parallel pseudo
code is given. Section 3 contains performance results on the nCUBE/2E
multiprocessors. Section 4 concludes the paper.

2. The Parallel Algorithm and its Analysis

Our parallel solver consists of three phases called the Toeplitz factorization, the
substitution procedure, and the update procedure, respectively. Suppose that we
have a ring network with p processors. In what follows, we will show how each
phase can be accomplished on the ring network in a highly parallel way.

2.1 Phase 1: Toeplitz factorization

Let

S W
™ <
<

A = S LU, (2)

™ =
£
X
N
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1 a vy
-b 1 a vy
L = - ,and U' = .. , 3)

-b 1 a

which implies that a — yb =B and —ab = «. This implies that b = —a/a and
a=(B+/(B%—4ya))/2. Since we wish the matrices L' and U’ to be diago-
nally dominant, we will select the sign so that the absolute value of a is greater
than max(| «|, |y]). That is, when B> |a + y|, we chose a = (8 + y( B2 — 4ya)) /2,
from which a> (a+ yl+ /(a+ y)? —4dya))/2=(a+ yl+|la—y)/2=
max(Ja), |y)). When B< —|a+ yl, we chose a=(8— (B2~ 4ya))/2,
then a <[-|la+ y|— y(a + v)* = dya)]/2 = (=|la + y| = |a = y)/2
= —max(|al, |yD.

Since one of our choices always makes |a| > max(ja/,|y]), hence the bidiagonal
Toeplitz matrices ' and U’ are diagonally dominant. The computation of a and
b provides the Toeplitz factorization of the matrix 4" (phase 1 in our parallel
solver), which can be done by each processor in O(1) time on the ring network.

2.2 Phase 2: Substitution Procedure

For convenience, suppose 7 is a multiple of the number of processors used, i.e.,

n = pq. Initially, we partition y into p parts and y=G*,y%,...,y?T)7, where
y =P, yH, y(’))T for 1 <i<p. The ith processor first solves Ar =y ;
1<i<p, where 2=z, 2,..., z0")". That is, the ith processor solves. LU

=y’. It can be verified that each processor in the ring network needs about Sq
time to perform the forward and backward substitution procedure for solvmg
LUz =y (second phase in our algorithm) sequent1ally Let w=A,z—
where z = @",27,...,227)" and w = (w,,w,,...,w,)7, then we have

- 1 1 D) _ g
wi=( Bz + yzg Y+ ByzP) — (azd + yz{P) = (B, —a) 2V + B, 2P,
1
= ( B,z + az(p) + Bizl(,p)) - (az‘(]p_)1 + ﬁz;p)) =Bz + (Bl — B)Zép)a
Wig = (@22 + Bz + yz{* V) — (azl | + Bz0) = yz{*D forl<i<p-1
wiq+1 — (azgi) + Bz§i+1) + ,yzg-i—l)) — (azgi-l—l) + ,yzgl'—l-l)) — az;i) + ( B _a)zgi+1)
forl<i<p-1,

w 0,0<i<p—-1,2<j<q-1.

ig+j =
Consequently, it follows that
p—1
Anz‘y=gpen+hpe1 + Z (gieiq+hieiq+l)’ (4)
i=1
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where
g=vz{", b=z + (B-a)z{"V,1<i<p—1, (5)
g, = (B —B)zP + B3z, h,= (B —a)z{) + B, z{". (6)

By (4), the solution of x in (1) will be determined approximately, say, z — p, in
Section 2.3 later, where Ap =g,e, +h,e, + Zf’;ll(g,.eiq +h,e,,,,). To estimate
the bound of || Ax — yl|/llyll, we need the following lemma. Here [lol| denotes the
infinite norm of a vector.

Lemma 1. [4] if

1
L= o s ,lol>|lll; then HL—IYHS
ll lO |lol _]lll

lyll-

Similarly, we have the inequality

1

U=yl < 7———lyll

|u0| - Iull
for the upper bidiagonal matrix
Uy uy
Uy U
U= . - B Iu0|>|u1|.
Uy Uy
Uy

From A’qzi =y, 1 <i<p, Lemma 1, and the above inequality, it gives

Lyl

) 1 . - =104 !
I = (2, 0) ™y =10 (g < o

Slal—lyl(l—lbl)nylns(lal—lyl)(l—!bl)”y” fori<i<p. (7)

2.3 Phase 3: Update Procedure

By (4), in what follows, the solution of x in (1) will be determined approximately
and only local communications between adjacent processors on the ring network
are needed. Then, the bound of |Ax — yl|/llyll will be derived.
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From a—yb=p8 and —ab=a, it derives to a+ Bb+ yb?>=0. If we let
¢ = —vy/a, then we have y+ Bc + ac*=0. Let

pe=(0,:1,0,1, b,...,b%,0,....0)'

and k n—k
T
Q= (0,...,0,0’,...,c,1, 0,...,0)
k n—k

for g<k<n—gq. Here we assume g > max(s,?). In addition, we let p, =
1,b,...,b°74,5%,0,...,00" and q,=(0,...,0,c",c"%,...,c,1)T. Accordingly, it
gives
Apk=(0,...,0,y,B+7b,
k
a-l—Bb—i—'ybz,...,abs_z—i—BbS”l+'ybs,abs_1+,8bs,abS,O,...,O)

n—k

= (0,...,O,y,a, 0,..., —yb”l,abs,O,..‘,O)
k n-—k

Y
=7ve;1tae, + "‘bs(~ Zbek+s + ek+s+1)

=vye,_;tae,+ab’(—ce  tep ), (8)
Aqy

= (0,...,O,yc’,Bc’+ ve' L act+ Bel T 4+ yet T2, L ac? + Be+ vy, ac + B,

k
a,O,...,O)
Nl A St
n—k
= (0,...,0,70’, —ac'*,0,...,0,a, a,(),...,O)
o
k n—-k

a
— ot Z
=c (ek—t—l - ycek—t) +ae,+ae,

=yc'(ee 1 —be, ) tae, +ae,, %)
Apy = (B, +yb,a+ Bb+yb*, ..., ab 2+ b + yb?, ab*!
+Bb*, ab*,0,...,0, B;)"
=( B+ yb)e,— yb**le, + able ., + Bre,
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= 7§e1 + ﬁéen + abs( _ces+1 + es+2)’ (10)
Aq, =(B,,0,...,0,yc", Bc' + vy act + B+ ac?, L, ac?
+Bc+y,ac+ B{)T
= :3261 + 'then—t—l - acH—len—t + (aC + B{)en
= BZel + Y26, + yct(en—t—l - ben—t)’ (11)
where
Y, =ac+ By, Y5 =By + vb.
By (8), (9), (10), and (11) for 1 <i <p — 1, we have
A(u;Pig 1 +0:4,) = (yu; +av,)e,, + (au; + av;)e;, .
+u;ab’( TC€iyss1 T eiq+s+2) + Uiyct(eiq—t—l - beiq-—t)’
(12)
A(uppl + qun) = (Béup + YZUp)en + ('YIZup + ﬁ2up)e1

+u,ab’(—ce,  te.,)+v,yc(e,_,_—be, ).
(13)

Let yu;+av,=g; and au;+ av,=h; for 1 <i<p-—1; Bju,+ Y2V, =8, and
Y34, + Byv, =h,. Therefore, it gives

i vh; — ag;

ui:m Ui=m, 1<i<p-1, (14)
0= vlzh,rﬁzg,:’ 0, = vl’zgp—ﬁéh,j. (15)
Y2Y2— B2 Bz Y2Y2— B2 Ba
Let
p—1
P=(upP1+qun) + ZI (uipiq+1+viqiq)’ (16)
i=

by (12), (13), (14), and (15), we have Ap =g,e, +h e, + LI (ge;, + by, o).
Let x =z — p, then we have the following theorem.

Theorem 2. [4]

A,x—yll , )
___[v”— < 1x_1<-1iaé(p (max(luiab Livye l))

< max(m,|ab’l, n|yc'l, nilab’l, nyctl),
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where
3 Iyl lo + abl +|aal N lyI(lel +18—2al)
" ey —al(lal =y (1) ™ Tay—al(lal— Iy (1 - b))’
. va(Bi—a) = B, B3l +1B,( B+ v, — BY)

m Ivova— B Bl — Iy (1 —-1b)  °
v By B — @)l +1vy( Bi— B) — B} Bl
™ lvs 72 — B, Bal(lal — Iy1) (1 — 1))
2.4 Parallel Psuedo Code

For simplicity, suppose the size of the linear system of (1) (= the size of y in (1)),
n, is much greater than the number of processors, p, used in the ring network,
and #n is a multiple of p. Initially, the » data of y are partitioned into p parts,
i.e., each processor stores n /p data. The processor with address 0 (node — id = 0)
wants to compute Xy, X, ..., X, ,,; the processor with address 1 (node —id =1)
wants to COmpute X, ,,. 1 X5/ p4+25++-> ¥20 /> ad s0 on. In our parallel algo-
rithm, each node performs the following pseudo-code.

/* initially the vector y is stores in x */

/* all the concerning variables are local * /

q<n/p

/* Phase 1: Toeplitz factorization */

if 3>0then a < [B+ /(B%*—4ya)l/2else a <[ B— (B2 —4ya)]l/2 endif
be —a/a;c— ~vy/a;d<1/a

/* Phase 2: Substitution procedure * /

fori=2to qdo x;,=x; +b*x,_; endfor /* forward substitution */

X, = d * X,

fori:==q—1downto 1do x;,=d *x, , +c*x; endfor /* backward substitution
/

/* Phase 3: Update procedure */

if p=1 then

tl-x,; t2-x

else
send x; to node—[(id — 1) mod p]; send x, to node-[(id + 1) mod p]
receive the value from node—[(id — 1) mod p] and store it in t1
receive the value from node—[(id + 1) mod p| and store it in t2
endif
if node—id =p — 1 then
if node—id = 0 then
8 (Bi=B) %+ Byx12 he By x, + (B —a) 12
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Yo axc+ By, B+ b
det = (7,7 = B B2); v = (v + g — Bl ) /dets u = (, +1 — By ¢ g) /det

else
g« yrxpheast,+(B—a)xx;det - axy—a’;
u< (axg—axh)/det
g (Bi—B)xx,+By*t2ih = Brxx, +( By —a)*t2;
Yoo axct By, < Bt vdb
det < (v2v2 = B2 By); v = (v * g — By * h) /det
endif
else
if node—id = 0 then
g y*i2 heaxx,+(B—a)*t2; det < axy—a’;
ve(y+xh—axg)/det
g (Bi—B)rty+Byrx he Byxty +(By—a)*Xy; vy, < axc+ B
v2 < Bt yb
det = (7,7, =B Br)su < (v, xh— By*g)/det
else
gevyrxphearti+(B—a)tx;det—ary—a*;ue— (axg—axh)/det
gey*t2iheaxrx, +(B—a)*12;det —axy—a*;v< (y+*h—axg)/det

endif
endif

t—qg-1;s<q—1;, power < u

for i:=1 to s do x; < x; — power; power < b * power endfor

power « v

fori=0tot—1do x,_;<x,_;-power; power < c*power endfor

3. Experimental Results

The k-dimensional hypercube network, H,, has 2* nodes and k2%~ ! edges,
where two nodes are linked with an edge if and only if their binary strings differ
in one bit. Figure 1 illustrates an H,. Based on the parallel pseudo code
described in Section 2.4 and the embedding method 1o map a ring network into
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the hypercube [13], we have implemented our parallel solver for solving (1) on a
16-node nCUBE /2E multiprocessors.

Our parallel program has been executed on the machine with 1, 2, 4, 8, and 16
processors, respectively, and the nCUBE /2E parallel C source code for solving
(1) is listed in [4]. Five sets of data corresponding to the five cases, namely, the
symmetric Toeplitz tridiagonal case [17], the skew-symmetric Toeplitz tridiago-
nal case [8], the circulant-symmetric Toeplitz tridiagonal case [1], the symmetric
near-Toeplitz tridiagonal case [1], and the circulant-skew-symmetric Toeplitz
case [8], respectively, are taken to demonstrate the performance of our parallel
solver.

In our implementations, we let y;, =rand(), a =1, and 8= 4 for all cases, where
the function ‘rand()’ denotes a random number generator. In the first set of
data, we let y=a=1, B, =B{=B=4, and B, = B, =0, representing the sym-
metric Toeplitz tridiagonal case. In the second set of data, y= —a= —1,
Bi=pB;=B=4, and B,=p;=0, representing the skew-symmetric Toeplitz
tridiagonal case. In the third set of data, y=a=8,=p,=1,and B, ==
=4, representing the circulant-symmetric Toeplitz trigonal case. In the fourth
set of data, y=a=1, B;=B;=8/2=2, and B,=B; =0, representing the
symmetric near-Toeplitz tridiagonal case. In the fifth set of data, y= —a= 8, =
—-B;=1, and B;=B;=pB=4, representing the circulant-skew-symmetric
Toeplitz case.

Since the execution times for all these cases are identical, and the relative
residuals, || Ax —yl|/llyll, are of the same order. In Table 1, we only list the
execution time (7},(?1)), lAx —yli/llyll, and the speedup (Ty(n)/ Tp(n)) for the
first set of data, where n denotes the problem size, T;(n) denotes the time
required when one processor is used, 7,(n) denotes the time required when p
processors are used. In the table, each entry has three values. The first value
shows the execution time, the second value shows the sup-norm of the relative
residual, and the third value denotes the speedup. It is shown that our parallel
solver has good scalability and stability. The relative residual is small (less than
107'%) when each processor processes more than 32 data.

We also reorder the sequence of data communication operations in order to

100 101

o1

wl/ il

Figure 1. An H,
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Table 1. Execution time (Z,,(»), in milliseconds), (I 4x — yl/llyID, and speedup (Ty(n) /T, (1))

ENEEE p=2 | p=4 | p=8 p=1 |

0.751 0.764 0.616 0.560 0.517
64 0 0 23x10710 3.9%x 1076 47%1073
1 0.98 1.22 1.34 1.45
1.445 1.112 0.789 0.625 0.531
128 0 0 0 2.3% 10710 3.9%x10°¢
1 1.30 1.83 2.31 272
2.84 1.836 1.114 0.79 0.648
256 1.4 x 10716 0 0 0 23 %1010
1 1.55 255 359 438
5.687 3232 1.809 1.137 0.821
512 0 1.4 x 10716 0 0 0
1 1.76 3,14 5.00 6.93
11.324 6.051 3.204 1.832 1.138
1024 0 14 x 10716 1.4x 1016 0 0
1 1.87 3.53 6.18 9.95
22.622 11.719 6.051 3222 1.833
2048 0 0 1.4x10"1¢ 0 0
1 1.93 3.74 7.02 12.34

hide the long communication latency. We let each node send its x, to its
neighboring node at the begining of Phase 2, and read the value from another
node in the receiving buffer after it sends its x; to another neighboring node in
Phase 3. However, the experiment shows that the execution time makes no
difference with that of using the original communication sequence. Since either
one of the communication operations sends and receives one double precision
number. The messages are very short. The total communication time of a
message with length L between two nodes is dominated by the start-up time,
which is about 150 ws [14]. This cannot be hidden by sending the message a long
time before receiving it by another processor.

4. Concluding Remarks

The significance of solving special tridiagonal Toeplitz linear systems is due to
its use in many arcas such as using finite difference methods to solve linear
constant-coefficient boundary-value problems and solving uniform B-spline
curve /surface fitting problems. We have presented an efficient parallel algo-
rithm for solving special tridiagonal Toeplitz systems on the ring network.
Employing diagonally dominant property, our parallel solver does need local
communications between adjacent processors on the ring network. An error
analysis has also been provided. The corresponding implementation has been
done on the nCUBE /2E multiprocessors.
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