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Abstract—This work investigates the effect of neglecting lens distortion in camera calibration, and presents
a theoretical analysis of the calibration accuracy. We derived an approximate upper envelope for the 2D
prediction error, which is a function of a few factors including the number of calibration points, the
observation error of 2D image points, the radial lens distortion coefficient, the image size and resolution.
This error envelope provides a guide line for selecting both a proper camera calibration configuration and
an appropriate camera model while satisfying the desired accuracy. Experimental results from both
computer simulations and real experiments are included in this paper.
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1. INTRODUCTION

To infer 3D objects using two or more images, it is
essential to know the relationship between the 2D
image coordinate system and the 3D object coordinate
system. This relationship can be described by the fol-
lowing two transformations:

(i) Perspective projection of a 3D object point onto
a 2D image point—given an estimate of a 3D object
point and its error covariance, we can predict its projec-
tion (mean and covariance) on the 2D image. This is
useful for reducing the searching space in matching
features between two images, or for hypothesis ver-
ification in scene analysis.

(i) Back projection of a 2D image point to a 3D
ray—given a 2D image point, there is a ray in the 3D
space that the corresponding 3D object point must lie
on. If we have two (or more) views available, an esti-
mate of the 3D point location can be obtained by using
triangulation. This is useful for inferring 3D informa-
tion from 2D image features.

The above 3D-2D relationship can be specified by
a column vector f§, which contains the geometric cam-
era parameters specifying camera orientation and
position, focal length, lens distortion, optical axis mis-
alignment, and pixel size. Determining this 3D-2D
relationship, or equivalently, estimating f, is called
(geometric) camera calibration.

The techniques for camera calibration can be classi-
fied into two categories: one that considers lens distor-
tion,"* " and one that neglects lens distortion."® A
typical linear technique that does not consider lens

* Author to whom correspondence should be addressed.

Accuracy assessment

Error bound

distortion is the one estimating the perspective trans-
formation matrix H.®® The estimated H can be used
directly for forward and backward 3D-2D projection.
If necessary, given the estimated H, the geometric
camera parameters f§ can be easily determined.® "%

The Faig method”) is a good representative for
those considering lens distortion. For methods of this
type, equations are established that relate the camera
parameters to the 3D object coordinates and 2D image
coordinates of the calibration points. Nonlinear opti-
mization techniques is then used to search for camera
parameters with an objective to minimize residual
errors of those equations. One disadvantage of this
kind of method is that a good initial guess is required
to start the nonlinear search.

A few years ago, Tsai proposed an efficient two-
stage technique using the ‘radial alignment constraint’.®
His method involves a direct solution for most of the
calibration parameters and some iterative solution for
the remaining parameters. Some drawbacks of the
Tsai method are pointed out in reference (4). Our
experiences!? also showed that the Tsai method can
be worse than the simple linear method of® if lens
distortion is relatively small.

Recently, Weng showed some experimental results
using a two-step method.™” The first step involves a
closed-form solution based on a distortion-free camera
model, and the second step improves the camera par-
ameters estimated in the first step by taking into ac-
count lens distortion. This method overcomes the ini-
tial guess problem in the nonlinear optimization, and
is more accurate than the Tsai method according to
our experiments.

We have also developed a fast and accurate tech-
nique for calibrating a camera, with lens distortion, by
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solving linear equations.?® Instead of using nonlinear
optimization techniques, the estimation of radial lens
distortion coefficient is transformed into an eigenvalue
problem of an 8 x 8 matrix. This method provides an
efficient and accurate solution for calibrating a practi-
cal camera, and according to our experiment it is more
accurate than the Tsai method.

However, considering lens distortion will not only
complicate the camera calibration procedure, but also
complicate the subsequent on-line processing (though
not formidable) such as feature-point correspondence
(in stereo) and camera re-calibration (in the case of
having a moving camera). Notice that epipolar line is
no longer a straight line if lens distortion is taken into
account. Moreover, when lens distortion is small, if the
noise in the 2D feature extraction is relatively large or
the number of the calibration points is relatively small,
the calibration results based on distortion camera
model can be worse than those based on linear camera
model. The question is then, ‘when should we consider
lens distortion in camera calibration? or ‘when is it
worth all the trouble to consider lens distortion? This
work represents an effort towards the answer of this
question.

2. CAMERA MODEL

Consider the pinhole camera model with lens distor-
tion, as shown in Fig. 1. Let P be an object point in
the 3D space, and r, = (xg, o, Zo)' be its coordinates,
in millimeters, with respect to a fixed object coordinate
system (OCS). Let the camera coordinate system (CCS),
also in millimeters, have its x—y plane parallel to the
image plane (such that x axis is parallel with the
horizontal direction of the image, and y axis is parallel
with the vertical one), with its origin located at the lens
center and its z axis aligned with the optical axis of the
lens (see Fig. 1). Let rc = (xc, Yo, 2c)' be coordinates of
the 3D point P with respect to the CCS. Suppose there

Image Plane
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1s no lens distortion, the corresponding image point of
P on the image plane would be Q (see Fig. 1). However,
due to the effect of lens distortion, the actual image
point is @'. Let s; = (u;, v;)' denote the 2D image co-
ordinates (in pixels), with respect to the computer
image coordinate system (ICS), of the actual image
point Q', where the origin of ICS is set at the center of
the frame memory coordinate [e.g. the origin of the ICS
is set at (256, 256) for a 512 by 512 image].

As shown in Fig. 2, the 3D-2D transformation from
rq to s; can be divided into the following four steps:

2.1. Translation and rotation fromthe OCS to the CCS
The transformation from r, to r- can be expressed as

ryf2 r3ly

Py s Pg t,

RZ 1
Fo=T2F, with TO=[0C f]=

b
T, rg To ty

00 01
(8]
ie.
Xc ry ry r3 i Xo
Ye| _|Ta Ts Te L2l Vo ’ 2
Zc ry rg rg t3i| Zp
1 0O 0 0 11

where tilde (~) denotes homogeneous coordinates,!
t2 =(t, t,t5) is a translation vector, and R2isa 3 x 3
rotation matrix determined by the three Euler angles,
¢, 0, y, rotating about the z, y, z axes sequentially.

2.2. Perspective projection from a 3D object point in
the CCS to a 2D image point on the image plane

Let f be the distance between CCS and ICS plane
as shown in Fig. 1, and referred to as the ‘effective focal
length’. Let sp = (ug,vg)' be the 2D coordinates (in
millimeters) of the undistorted image point Q lying on

Optical Axis
(Perpendicular
to Image Plane)

Lens Center
0CS

Parallel to
Image Plane

Fig 1. Pinhole camera model with lens distortion, where P is a 3D object point, Q and Q' are its undistorted
and distorted image points, respectively. OCS—Object Coordinate System (3D). CCS—Camera Coordinate
System (3D). ICS—Computer Image Coordinate System (2D).
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in pixels in millimeters

Fig. 2. Relation between different transformation matrices.

the image plane. Then, we have
(3a)

Xc Ye
Up = f — Up= f .
Zc Zc

Alternatively, we can express this perspective pro-
jection in the homogeneous coordinates as

10 0 0
§,=HSi. with HS=|0 1 0 0. (3b)
00 1/f 0

2.3. Lens distortion from Q to Q'

For practical reasons as mentioned in Tsai,® we
consider only the first term of the radial lens distortion,
ie.

4

where s¢ = (up vy)', is the coordinates of the distorted
2D image (in millimeters). In this paper, x has the unit

of millimeter ™2,

sp=(1 — xlisgll*)sF,

2.4. Scaling and translation of 2D image coordinates

The transformation from s (in millimeters) to s, (in
pixels) involves: (i) scaling from millimeter to pixels,
and (ii) translation due to misalignment of the sensor
array with the optical axis of the lens. Hence,

16, 0 u,
5 =Ti5: with TE=| 0 1/5, v, |, (5
0 0 1

where ¢, and §, are the horizontal and vertical pixel
spacing (millimeter/pixel), u, and v, are the coordi-
nates (in pixels) of the computer image coordinate
system. For convenience, we will call (ug, v,) the prin-
ciple point, since it is the coordinates of the piercing
point of the principle axis (as well as optical axis).
Using the above notations for camera parameters,
B=[tit;t360y fKd,usv.]". The vertical scaling
factor 4, is not included here because it is a known
parameter when we use a solid state camera—other-

Ap+ Bg+xCq=0.

wise, only the ratios f/d, and f/3, can be determined.
Combining (1), (2), (3) and (4), we have

Xoly + Yots +ZoFy +1

(1= k0®)(u; —up)d, = f (6a)

Xor7 + Yorg + Zotg + 13

Xots + Yors + Zole + 13

(1 — K@*)(v; — vo)d, = (6b)

Xor7 + Yors + 2ore + 13

where ¢ = /82(u; — ug)® + 52(v; = vo)* = |5
Notice that, suppose there is no optical distortion
(ie. k=0 and 2 is an identity operator, see Fig. 2),
the relationship between r, and s, can be expressed as
a linear transformation by combining (1), (2) and (4):

X
wuw] [hy hy hy h|™°

§,=Hfy ie|vyw|=|hs hy h, hy i",
w he hyy hy 11]1°°

Q)

where H= TY HS TC.
Hereafter, for simplicity, we will use u, v, x, y, z to
denote u;, vy, xg, Vo, 2o, respectively.

3. A LINEAR METHOD FOR CAMERA CALIBRATION

Given a set of 3D calibration points and their corre-
sponding 2D image coordinates, the problem is to
estimate f, the parameters of our camera model. In-
stead of estimating f directly, we first estimate the
composite parameters h [as described following equa-
tion (10)], then the composite parameters can be
decomposed into f by methods described in Ganapa-
phy,® Hung'® and Strat.”

From equation (7), the derivation of a linear method
for camera calibration is quite simple [refer to refer-
ences (6), (7) and (9)]. However, to observe the effects
of lens distortion on camera calibration, it is necessary
to derive the linear method in a different way.

Assuming that we have N_,;, pairs of 2D-3D cali-
bration points, from (6a) and (6b) it can be shown that
(see Appendix A)

(8)
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where
M.
X; y;
A= 7
0 0 ’
— : 2Ncalib X 8
B= U
—UX; ’
: 2Necalib X 4
C= (uj_“O)ngxj (uj—“o)QJng (“j—“o)Q}Zj (“j—uo)Q]g
(Uj - UO)Q}xj (Uj - UO)Q?,V,‘ (Uj - Uo)ngzj (Uj - UO)QJ2 ’
L : : : 2Ncaiib X 4
(’1f/5u+r7“0 raf [0, + ey s
P = rof /8, + rglg . P,= rsf/8,+ st . Py= g ’
r3f /04 + rotig ref /0, + 100 £
L 11 /0, + tstg 15f/8, + t3vo I3
and
hy rafts hq
P, h, rg/ts hio
= t,=| . s =P/t = =
Y 4 [Pz]/ 3 : q A/t ro/ts By,
hg g x1 1 1

From the above definition of P,, we have, using
equation (2),

[xj Vi Zj 1]P3=ij’ &)

where z¢; is the z-component of the coordinates of the
jthcalibration point in the camera coordinate system.

Suppose we have a distortionless lens, i.e. k=0,
then equation (8) can be simplified to

Ap+Bg=[A B][”]
q

=[4 B : —b][?]:ezo, (10)
where B’ is the matrix space obtained by removing the
last column of B,b=[---u;v;---]' (ie. [B' : ~b]=B)
andh=[h, hyhysh hshghs hghgh,ohy,]" Notice that
the small error vector, e, in equation (10) is due to the
measurement error of the 3D and 2D coordinates of
the calibration points.

Hence, the parameters to be estimated, h, can be
computed by minimizing the following error function,
lle||?, with respect to h:

lel? = lIAR— b1,

where A=[4 B'].
The optimal solution of (11) is well known to be

A=(A'A)" 1A%, (12)

(11

if there are more than six noncoplanar calibration points.
The estimated composite parameters can be further
decomposed into , when necessary.

4. ACCURACY ASSESSMENT

In this section we will derive an approximate error
envelope for the linear calibration method shown in
Section 3, which does not consider lens distortion. The
effects of both the measurement noise and the model-
ing error (the negligence of lens distortion) are con-
sidered.

The error envelope is based on the following as-
sumptions:

Assumption 1. The 3D positions of the calibration points
are known exactly. In practice, the positions of control
points can be determined with a high accuracy, much
higher than that represented by the size of the back-
projected pixel at the corresponding depth. Further-
more, the 3D position error can always be transformed
to an equivalent 2D measuring error.

Assumption 2. The only source of measurement noise
is the error in estimating the image coordinates of the
calibration points, i.e. the 2D observation noise (in
pixels). In both horizontal and vertical directions, we
assume the 2D observation noise are independent and
identically distributed Gaussian with zero mean and
the variance, ¢°.
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Assumption 3. The depth components of both calibra-
tion and test points, z, can be approximately replaced
by a constant (i.e. the depth of field is small relative to
object distance). This assumption holds in many com-
puter vision applications, since the depth of field for a
practical camera is usually limited to a small range
comparing to the object distance.

4.1. Definition of error measure

To evaluate the accuracy of the camera calibration
for 3D vision application, it is necessary to define
certain kinds of error measure. Consider Fig. 3, O is
the estimated optical center. Q is the observed 2D
image point corresponding to the 3D test point P. Q
is obtained by projecting the 3D test point P onto the
image plane using the estimated camera parameters B.
Because of the estimation error in §, the predicted 2D
image point Q will not be at the same location as the
observed image point Q. By using the estimated cam-
era parameter B, we can also compute the 3D ray,
éQ, by back-projecting a 3D line from 0 through Q
to 3D space. In general, éQ does not pass through the
test point P. Based on the above notations, we can
define two error measures as follows.

(i) the 3D angular error, ie. the angle (in degree)
J POQ.

(i) the 2D prediction error, i.e. the image distance
(in pixels) between the Q and Q.

There is a relationship between the 2D prediction
error and the 3D angular error (see Fig. 3), which can
be approximated by

- o
3D angular error = 2D prediction error x -7,

a

(13)

where d, denotes the average distance from the image
point to the estimated lens center, and J, stands for the
average pixel spacing (see Appendix B).

In the following, we are going to give the intuition
of the error function (11). Hereafter, for convenience,

Front Image
Plane

Y
Estimated
Lens Center

we will use (4,6) to denote the predicted 2D image
coordinates of the 3D calibration point of (x, y, 2), i.e.

. l;,x + ﬁzy—i» f13z+ 714
== = = s (14a)
hox + hioy +hyz+1
and
ﬁEfzsx+f16y+7:7z+ﬁ8 (14b)

h9x+ﬁlo)’+;'uz+ 1

Notice that the error function (11) is equivalent to
the following equation (see Appendix C)

Necalib 5 12
lel* = | AR~ ]2 =Y [(u;—@){?’]

i=1 3

Ny

2
+(vj—ﬁj)2l:tf’] ] (15)
3
where
200 - . “
fC’=h9xj+hloyj+hllzj+1.
3

In equation (15), the 2D prediction error of each
calibration point is weighted by the factor z./t5, which
means that the linear calibration method tends to
minimize the 2D prediction error of those points far
away from the camera. But, from Assumption 3 and
equation (15), we have

Nealib 2
{5 - ()
=1

i I3

(16)

which amounts to say that equation (12) is the optimal
solution that minimizes the 2D prediction error.

4.2. The 2D prediction error as a function of the number
of calibration points and 2D observation noise

Consider the ideal case that both 2D and 3D co-
ordinates are noise free, equation (10) can be written as

Optical Axis

P
(3D Test Point)

|
Y
The 3D Angular Error (in degree)

The 2D Prediction Error (in pixel)

Fig. 3. The error measures used in this paper.



452

=
<
~ ...
[
N
«.

1 o| [P,
0 0 0 0 x; y; z; 1I|P,
+ —utruejxj —uiruejyj —utruejzj —ulruej P3
- Utruejxj - Utruejyj - Ulruejzj - vtruej
=0. 17

Now suppose the observation noise along u-axis
(v-axis) is n,(n,), i.c.

U=ty +n and v=1v,,+Hn, (18)

where (1,ye, Urge) 18 the true image coordinate (noise
free} and (u, v) is the measured one (noisy). Substituting
Uypye and vy, in (18) into (17), we have

-IOOOO[Pl]
0 0 x; y; z; 1P,

Uy Uy Uz U

—Uiy;  —Uzp U

P,

Nyj¥i MujZj Myj P3 =0 (19)

ojXj  Mei¥i MiZj My

Substituting (9) into (19) and dividing (19) by t,, it
follows that

poyiozo 1 P
0 0 0 0 x; y; z; 1
+—ujxj —uiy; Tuzp —U q
—UX o Uy Uiz Y
-
n,zcilts
+ =0. (20
n,izcilts
Comparing equations (10) and (20), we have
NyZcilts ny;
e= — x - Zc/ts (21)
nyizcilts n,;

Using equations (10) and (11), we have

S.-W. SHIH et al.

Ah=b+e=bg, (22)

where b is true value of the noise corrupted vector b.

Ideally, the test points are noise free, and in practice,
both the calibration and the test points are selected
from the same working volume. Thus the 2D predic-
tion error calculated by using the test points can be
approximated by the one using the noise-free version
of the calibration points. Therefore, the following work
is to find the 2D prediction error tested by using the
noise free calibration points. Let us denote the expecta-
tion of the root mean square 2D prediction error as &,
then we have

calib

1 N,
53 = E{ Z [(u(rucj - ﬁj)z + (vlrucj - ﬁj)z] }
Ncalib i=0

By Assumption 3, we have
z 2 Ncalib 5 \2
Ncalib X (i) X 83 ~ E{ Z [(ulruej - ﬁj)z <ZACJ)
l3 j=0 f3
2 fcj 2
+ (vlruej - ﬁj) ? . (24)
3

From equations (22) and (15), equation (24) can be
further simplified as

(23)

2
Z ~
Neai X () x 62 = E[llby — A1 (29)
t;
Since all the measurements in equation (22) are
noise-free, it is obvious that the solution of (22) ob-
tained by pseudo inverse is equal to the true value of
h, and thus it has zero residual error, i.e.

by — Ah=b; — A(A'A)" 'A%,

=b+e—AA'A) AL +e)=0. (26)
From equation (12) and (26), we have
by — AR||>=b+e— AA'A) 'A%|?
= |AA'A) 'A% @7

The expectation of equation (27) is (see Appendix D)

2,2
llo°z¢
—
i3

E|br — Ah|* = (28)

Taking average of the above equation over the N .,
points and dividing it with the constant zZ/t3 [see
equation (25)], we have the expectation of the average
square 2D prediction error

1162

29
N (29)

&

2 (in pixels).

calib
4.3. The modeling error

Suppose the 2D-3D pairs of the calibration points
are noiseless, but the lens we used has certain amount
of lens distortion, i.e. ¥ # 0. And if a linear calibration
method which dose not consider lens distortion is
used, then the deduced 2D prediction error is called
the modeling error. Usually, the 2D prediction error
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has two sources, one is the effect of the measuring
noise, which has been discussed in the previous subsec-
tion. Another is due to the improper modeling of the
camera, which will be dealt with in this subsection.

Notice that the linear calibration method will mini-
mize the 2D prediction error, [see equation (16)],
subject to the distortion free camera model and pro-
viding that the assumption 3 is true. The idea of the
following work is to find an approximate solution that
is close to the optimal solution and convenient for us
to compute its 2D prediction error. The 2D prediction
error of the approximate solution is then used as the
upper envelope, since the optimal solution will always
have a smaller error. When more approximations are
used in the derivation of the approximate solution, the
envelope will be more conservative. Because of that the
approximate solution deviates more from the optimal
solution. The derivation of the upper envelope of the
modeling error is described below.

4.3.1. Find an approximate relation between the esti-
mated composite parameters and the true one. Rewrite
(8) as follows:

Ah=b—x

Since z¢;=[x; y; z; 1]1P; and z¢ = ze, R - &
Zen & Z¢ (see Assumption 3), we have

[ : ]
Zps
(uj - uo)Q}ﬂ
Ah~b—x }
Zp:
(v;— vo)o
l3
L o

z¢ | (u;—ug)ef

~b—«k .
t3 (Uj - UO)QJg

In general, the principle point (u,,v,), i1s negligible
comparing to the image points, (u;, v;), we have (see the
definition of ICS)

(uj— ug)o?
Ahrxb—iE|
ty | (v; —vo)ej
L
Vo2
~b— i€ (u’)QJZ. (31)
ty | (v))e;

453

Now suppose that ¢} can be approximated to a
constant, i.e. g7 * M, for all j, where M is a constant
to be determined later. Substituting the above approx-
imations to (31), yields

Ah (1 — kMzg/t )b, (32)

From (32), we have

By = (1 — KkMze/t)(AA) TAS = (1 — kMzjt )k,
(33)

where A, is an exact solution of equation (30)

4.3.2. Find the relation of the true image point (u,,,.,
Uyrue) and its undistorted image point (u,,, v,4). [Refer to
Fig. 4(a).] Using the estimated parameters h the pre-
dicted image point (&, 6) (in pixels) is defined in equa-
tion (14). Also, if the true parameters A, ,, were used,
then the undistorted image point (u,,, v,,) (in pixels)
will be

(“j - uO)szxj (“j - uo)Q})’j
(Uj - Uo)ngxj (Uj - UO)Q}yj

h h
= X+ 2y+h3z+h4, (342)
hox + hyoy+hyz+ 1
hsx+hgy+hz+h
Vi = AsX T Aoy + ez + 1 8 (34b)
h9x+h,0y+h“z+1
(“j—“o)ngZj (“j—“o)Q,2 53 (30)

(Uj_vo)Q,ng (Uj_Uo)Q,Z t3.

where the subscript ‘ud’, denotes that the coordinate is
undistorted, i.e. to obtain the correct coordinates, one
further step is necessary to compensate the effects of
the lens distortion. From equation (5), we have

—u.)é — )0

sy = [(u o) u:, and s, = [(uud to) u], (35)
(U - v())év (vud - DO)(SU

In practice, ko> « 1 (e.g. k =0.00035mm 2, ¢2,, =

25.80mm?, and ko2, = 0.01). Therefore from equa-
tion (4), it follows that

(ulrue - “o):l 2 l:(uud - uO):'
.
,:(vtrue - UO) /( e ) (Uud - UO)

~(0+ KQZ)[(““" - “°’]. (36)

Uya — Vo)

4.3.3. Find the relation of the predicted 2D image
point (4, ) and its true undistorted image point (g, v,.4)-
[Refer to Fig. 4(a)and (b).] Byequations(14),(33)and
(34), it can be shown that (see Appendix E).

U—u Uyg —
[A O]z(l + KM)I: ‘ ""].
b—vg Uya — Vo
4.3.4. Find the error of the predicted 2D image point
(i1, 0) with respect to its true image point (Uyye, Uypye)-

[Refer to Fig. 4(a) and (b).] By (36) and (37), the error
of the predicted 2D image point, (&, 6), with respect to

(37)
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(e — “o)au
(Verue = Vo)dv

u s r r
[r] < rrle— o [ wcleq roje
["%] > e B 4—‘—'—,"3 Uy = up),
(a) S
o
i F] $.7°°° Sp7 riol r
['j] <+ 7 [ ———H f e 7. ja—2
b oo
(b) neglect x

Fig. 4. (a) This figure shows the relation between the true image point [u,,,,., ;... ] and its undistorted image
point, [t ye Virue]'s When the true parameters are known. (b) The 2D predicted image [4,6] is computed
using the camera parameters estimated using linear calibration method without considering lens distortions.

the corresponding true image point, (t;ye, Uyrye)s IS8

[(u!rue - ﬁ):|
(Ulrue - ﬁ)

1 R 2n
eu~x— [ [ 1?0 — M)*¢*dfde
nR*% o

J[R® 2R*M RPM?|
=K 5 6 (in millimeters)

_ _(u!ruc_uo)—fa_uO)] (41)

L (V1rue — Vo — (0 = vp) Minimize (41) subject to M, we have
[ (g — o) (1 + 10?) — (g — uo)(1 + KM)] M =2R%3, and ¢} =«x?RS/36. (42)
- — 0ol + K0?) = (vg — vo)(1 + kM

:(U"" vo)(1 +x0") = (Pus = vo)1 + kM) Recall that we claim that g7 can be approximated
[ (g — uo)(@* — M) (38) to a constant, which yields equation (33), but in prac-
- | k(1,4 — vo)(0* — M) | tice, this is usually not a good approximation. Besndes

For convenience, we would like to calculate the
mean square 2D prediction error by multiplying both
the errors in two directions by their scale factors, §,,
d,, respectively. Let U and V denote (u,, — u,) and
(. — Vo), respectively. As explained before, xg? « 1.
Hence, from (38), the 2D square error becomes

(ulrue J 2 ‘ |:K(5u U(QZ - M)] ?
3twae =9 11 L0, Vi — M)
= k?0l(0® — M)?, (39)
where 02, =(Ud,)* +(V3,)* and ¢® = ((u—up)3,)* +
((v = 10)8,)* ~ 0
Now, the mean square 2D error is calculated using
the following equations

Umax Pmax

since A is the optimal solution that minimize %, and
(1 + kMzc/t3)hy,. (an approximation) is used to re-
place k& (the optimal solution) to calculate the 2D error,
the obtained results is the upper envelope of the 2D
error (in millimeters).

With the average pixel spacing (see Appendix B), the
2D error envelope can be represented in pixel, which
yields

6

=x*—— (in pixels).
3652 (in pixels)

43)

Many techniques can be used to determine the value
of k, but we recommended to use the method we
proposed in Shih,” since least efforts is needed to
adapt the method described in Section 3 to estimate
K.

£h = — f I K? M)*((US,)
YmaxUmax 4.4. The envelope of total 2D prediction error
+(V3,))dU dv. Assume that the interaction between measurement
1 Hemax Umax 5 noise and modeling error is small. Then, we have the
X - M) ol,dU dV, 40)

f _f Kz(g,f,,
0 o

where £, is the mean square of the modeling error, and
Upmaxs Umax @€ the length, in pixels, of half the maximal
size (in pixels) of the image in either direction (see
Fig. 3). If we integrate the error on the disk whose
radius, R = /(3,4ma)? + (8pUmax)’> €quals to half the
diagonal size of the image sensor, then we will have

UmaxVmax

approximate total mean square 2D prediction error
by combining (29) and (43):

(44)

2 2 2
SEnvelope R EyM + Ex.

Notice that the second term, ¢2, of equation (44) is
an expectation value, which means that the violation
of the approximate upper envelope, &gavetopes 1S POS-
sible.
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5. EXPERIMENTAL RESULTS

In this section, we will show some experimental
results obtained by both computer simulations and
real experiments. In the simulations, we assume the 3D
positions of the calibration points are known exactly,
and the only source of measurement noise is the error
in estimating the image coordinates of the calibration
points, i.e. the 2D observation noise. The reason for
doing so in the simulation is because, for our applica-
tions, it is easier to control the 3D measurement noise
such that it has much smaller effect than the 2D ob-
servation noise has. Let o denote the standard devia-
tion of the 2D observation noise. Unless specified
explicitly, the following parameters are used in the
simulations (most of these parameters are obtained

Ncahb = 60

2D prediction error (in pixels)

-5-4-5-‘2-“615!41)“?;‘

Radial lens distortion coefficient »

Fig. 5. The simulated 2D prediction error.

Ncalib = 60

2D prediction error (in pixels)

g =0
5 A L T T e
mm—l
Radial lens distortion coefficient »

Fig. 6. The predicted error envelope.

from a real experiment using nonlinear calibration
method Weng'¥). The images are of 480 x 512 pixels.
The synthetic camera is assumed to have the effective
focal length of f =25.2847mm and the pixel size of
8, = 0.01566 mm and §, = 0.013 mm in horizontal and
vertical directions, respectively. The radial lens distor-
tion coefficient is 0.00035 mm ~ 2. The extrinsic camera
parameters include three Euler angles, 45.22, 0.95 and
45.52 all in degrees, rotating about z-, y-, z- axis suc-
cessively, and the transition vector (138.82, 136.81,
1811.11)mm. The calibration and test points are se-
lected from a volume having the depth (in the direction
of the optical axis) of 500 mm.

The first experiment observed the effects of both the
2D observation noise and the lens distortion in camera
calibration using distortionless model. Each simulated
data point shown in Fig. 5 is the average of ten random
trials, while the number of calibration points are set to
60 points. As shown by the V-shape curves in Fig. 5,
the 2D prediction error is proportional to the amount
of lens distortion, i.e. &g, o k, as we expected, where
&g, denotes the 2D prediction error evaluated in ex-
periments. Also, it increases as the 2D observation
noise or ¢ increases, i.e. &, oCo. Each curve shown
in Fig. 5, from bottom to top is obtained by using the
2D observation noise having the standard deviation,
0=00, 0.1, 0.2,..., 1.0 pixels, respectively. Figure 6
shows the error envelope obtained by using equation
(44). Although the basic Assumption 3 does not hold
(z-components can vary in the range of 1300-1800 mm),
our error envelope still predicts the actual 2D predic-
tion error quite precisely.

This envelope was tested further by the next experi-
ment. Here, four of the intrinsic parameters were gen-
erated randomly (see Table 1). The calibration and test
points were generated from 20 planes, which were
equally spaced with Z,,.mm. Hence, we were using a
working volume having the depth of 20 x Z,,. mm. On
each plane, we generated N, random points for cali-
bration, which yielded totally Ny, = 20 x N, calibra-
tion points. The reason we set up such a configuration
is to simulate the real equipment we have. Both Z,,
and N in this experiment were also randomly selected
(as shown in Table 1), but the number of test points is
fixed to 200.

Totally, 10,000 trials were simulated. For each ran-
dom trial, the computed 2D prediction error was nor-
malized by its theoretic envelope. Figure 7 shows the
histogram of the normalized error which shows that,
in most trials the 2D prediction error is close to and
less than the theoretic envelope, ie. the normalized
error <1 with high probability. Still, there are some
points which exceed the theoretic envelop. This is
partially because of that &7 is an expectation value, not
an upper bound. Figures 8—14 show the distribution of
the random trials with the normalized 2D prediction
error as vertical axis and the parameter we are inter-
ested in as horizontal axis, where darkness represents
the occurrence frequency of the random trials. Some
parameters do not show strong relation to the predic-
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Table 1. The interval of parameters tested in the second

experiment

Parameters

Interval of the uniform
distribution

Focal length, f
Principle point, u,
Principle point, v,
Lens distortion, k
2D noise, ¢
Distance between

12.5mm ~ 75 mm

—20 pixels ~ + 20 pixels

— 20 pixels ~ + 20 pixels
—0.0005mm ™2 ~ +0.0005mm ™2
0.0 pixel ~ 1.0 pixel

I mm ~ 25mm

successive plane, Z,,

No. of calibration
points on each
plane, N,

1 point ~ 10 points*

* Integer random number.

tion error, which are the effective focal length, f, the
principle point, (1, to), and depth of the working vol-
ume, see Figs 8—11. In Fig. 14, we can see that when
the lens distortion is very small, i.e. || & 0, the effects

—
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Normalized 2D prediction error
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Number of trials (total = 10000)
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—

g. 7. Histogram of the normalized 2D prediction error with

10,000 trials.
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Fig. 8. Distribution of the normalized 2D prediction error
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Fig. 9. Distribution of the normalized 2D prediction error
with respect to ug.
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Fig. 10. Distribution of the normalized 2D prediction error
with respect to v,

Normalized 2D prediction error
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Fig. 11. Distribution of the normalized 2D prediction error
with respect to the depth of the working volume.
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Fig. 12. Distribution of the normalized 2D prediction error
with respect to the standard deviation of the 2D observation
noise.
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Fig. 14. Distribution of the normalized 2D prediction error
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Fig. 15. A typical image of the calibration plate containing
25 calibration points used in the real experiments.

|y

o1l

05
)
S 044 ¢
B W Error envelope for
E e image size : 480 X 512
‘g“ 034 o image size: 355 X 300
*
7 13
2 04
9 024
5 ¢
L
=Y
a
N

o: Experimental Data
05 % % e % b 1o 150 180 802
N..i»: Number of calibration points

Fig. 16. Comparison of the calibration error obtained in the
real experiments with our predicted upper envelope.

of the 2D observation noise dominates, and the
EEavelope 1S More of an error expectation than of an
upper envelope. Therefore, the normalized error varies
in a larger extent. Figures 12 and 13 show that when
the number of calibration points is small or the 2D
observation noise is large, the approximate envelope
tends to be violated. At the beginning we expect that
the smaller the depth of the working volume is (to let
the Assumption 3 be true), the more correct the en-
velope is. But due to the effects of the random 2D
observation noise (recall that we need noncoplanar
points for calibration, and the smaller the depth of the
working volume the more singular the calibration pro-
blem tends to be, since the calibration points tends to
be on the same plane), we do not see this phenomenon
in Fig. 11.

The third experiment tested the envelope by a real
experiment. With a PULNiX TM-745E camera, and
an ITI Series 151 frame grabber, we took 21 images of a
moving calibration plate having 25 calibration points
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on it, which was mounted on a translation stage. One
image was taken each time the translation stage was
moved toward the camera by 25 mm. A typical image
is shown in Fig. 15. Thus we have 21 x 25 = 525 pairs
of 2D-3D coordinates of points. The image coordi-
nates of the center for each circle is estimated, with an
error of about 0.1 pixel. For N ,;, = 10, 20, 30,...,and
200, we randomly chose N_,;, points from the 525
2D-3D pairs to calibrate the camera and used all
remaining points to test the calibrated parameters.
The above random trials were repeated ten times to
obtain ten sets of the 2D prediction error. Figure 16
shows the ten sets of data and two predicted envelopes
based on two different effective image sizes (here
x = 0.00035mm 2, which corresponds to roughly
2-3 pixels of distortion near the four image corners).
Since all the calibration and test points are distributed
in the central part of the image, whose size is roughly
of 355 by 300 pixels (see Fig. 15), the envelope calcu-
lated with this image size is much closer to the experi-
mental results. To use every pixels in the 480 x 512
image, the error envelope will be approximately three
times of the experimental results.

6. CONCLUSIONS

In this paper, we have derived an approximate up-
per envelope for the 2D prediction error. The effects of
both the radial lens distortion and the 2D observation
noise are considered. This envelope was tested by
computer simulations and real experiments which show
that the upper envelope is quite tight, i.e. it is close to
the experimental results and still envelopes almost ail
of them from above. For 3D applications, e.g. stereo
vision, it is of great importance to determine the accu-
racy of 3D position estimation. Knowing the 2D pre-
diction error, the 3D position error can be derived as in
Blostein.!* 2! Thus, the error envelope can be used as a
criterion for deciding whether the linear camera model
is sufficient or not, for a specific application. In the
following, a general guide line is provided for using this
error envelope:

(1) Determine the acceptable 2D prediction error
and 3D angular error. If the specified error envelope
is given as the 3D angular error, then equation (13) is
used to translate it to the 2D prediction error. For
convenience, let us denote this specified 2D error en-
velope as &

(2) Calculate the approximate error envelope, gnyetopes
by equation (44) according to the parameters of the
equipments to be used.

(3) If £5pec > Epnvelope then it is good enough to use
the linear camera model.

(4) If £5pec < EBnvelope then try to reduce ¢, in equa-
tion (44) as much as possible, by making the feature

S.-W. SHIH et al.

extraction more accurate (reduce o) and by increasing
the number of calibration points. Check if this process
brings the theoretic envelope, &gqyeiope, t0 the value
smaller than the specified one, &g,...

(5) If £gnyerope Still cannot meet the requirement after
the reduction of ¢, in step 4), then try to reduce the
effective size of the image to an acceptable level [see
equation (43)].

(6) If the efforts in steps (4) and (5) fail to reduce
EEnveiope SUCh that eg,.c > Epnyeiope, then a nonlinear
camera model should be considered in the camera
calibration procedure as in Faig," Shih,"® Tsai®® and
Weng @

A linear camera model is always the first considera-
tion of engineers. Not only will it simplify the camera
calibration procedure, but it will make the subsequent
processing easier (e.g. eliminating the need of geo-
metric correction). This paper provides a tool for mak-
ing decisions based on the trade-off between accuracy
and efficiency.
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APPENDIX A rof/,+rqv, r,
Rewrite equations (6a) and (6b) as [xyzI1] 5100+ Tyt +[—vx—vy—vz—v] s
ref /3, +rovg to
" r S/, 1/, + t304 I
(1 —wePu—uo)lx v 2 13]°|= [x vy 2 11 /1%
° ro rsf18, "
r
fy 1. f/8, +rg v+ ro)[x y z 1]} ®f=0. (A5)
(A1) o
t
ry raf/9, . >
. rof /o For convenience, let us define the coefficient matrix, A, B
(1— ko) w—ve)[x y z 1] 81 _ [x yz 1] s e and C, for camera calibration and some composite par-
5 ref/9, ameters, Py, P,, Py, p and ¢, as following:
f3 t,1/9, S S S
e e
(A2) o|m om0 0 00
From equation (A1) we have “lo o o0 o X, v oz 1)
s r S A J
, ; [ : : 2
(u—ug)x y z 1] *| —ko*w—u)x y z 1]] © ’ ’
° r o ollx vz 1] ro B=| TWX THY Tz -y
ty t3 TUXG Uy Uz
)8, S
r2f /8, : : : :
= [xvzI1] " A3
ryf/ 9, (A3) C= (uj - “O)Q}xj (uj - uo)Q;;Yj (uj - uo)QJng (“j - uo)Q;2
t f/o, {v;— UO)QJZXJ' {v;— Uo)Q}yi (v;— UO)QJZZj (v;—up)e?
which leads to N : .
rf 18+ raug rof /8, + 104 Ty
r /8, + rug &) p = ryf/0,+ rgug rsf/0, + rgvg rs
raf /8, + rgug g 1= J o P= - Ps= ’
[x yz 1] +[—ux —uy—uz —u] r3f/0, +rou, re /8, + 150, o
r3f /0y + oo Ts 1 f/8,+ tzug 12070, + tv, 3
1 S8, + tyug f3 B
hy rafts hy
ry P h t h
rs ”E[ IJ/‘F | and g=Pyr,=|¥ (o] Mol
+re*(u—ug)lx y z 1] =0. (Ad) P, : ro/ts hyy
10 hg 1 1
i3

Similarly, from (A2) we have

With the definitions of P,, P, and P;, and applying (A4) and
(A5) for all 2D-3D pairs, we have
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x; y;z 1.0 0 0 OffP UK Uy TUZ U g
0 0 0 0 x; y; z; V|| Py] {—vpx; —vpy; —vgz; —v; :
(”j - “o)Q}xj (u;—~ uO)Qngj (u;— uO)QJ;Zj (“j - “0)9} 0

(Uj - UO)Q}xj (v;— Uo)Q}.Vj (v;— vo)Q}Zj (v;— ”o)@,2

with

(A6)

sz = 53(“,' —ug) + 53(”,‘ - vo)z-

Dividing equation (A6) by t; and substituting the defini-
tions of A, B, C, p and q into it, we have

Ap + Bg+xCq=0. (A7)

APPENDIX B

As shown in Fig. B1(a) and (b), the average distance from
the image point to the estimated lens center, d,, and the
average pixel spacing, é,, can be computed through the fol-
lowing equations:

nr 2n
dy=— [ rnydydn=Linjsec(n) + tan(m)l, B
27""'0 0 r

/2 2
8,== | 8(x)da=—[0,In|sec(a,) + tan(a,)|
T o T

+ &, 1In|sec(a,) + tan(a,)|], (B2)

-
S

R= LY (6uumnx)2 + (6uvmlx)29

é d
a,=tan~'{ ), and oz,,stan“(—").
3, S,

APPENDIX C

where

We first show that z¢/ty = hox;+ hyoy; + hyyz; + 1.
By direct computation, since

ry
Ty
2cj=[x; ¥, 2, NPy =Lx; 9, 2, 13}
9
t3
=[x; y; z; 1]gxt3
S 6. —
T a pixel
4, é(a) j
a

Fig. Bl(a). The average pixel spacing.

approximate disk

image
sensor

Fig. B1(b). The average distance to the estimated lens center.

and ¢ =[hy hyy hy, 1], itis easy to see that

?=h9xj+h10yj+hllzj+l7 ((&1))]
3
and thus
5. . N .
%:h,xj+hloy,-+h“zj+l, (7))
3

Now we shall prove that

Ncanv 5. 2 \2
IAk—B)2= ¥ [(u,.—a,y(ﬂ) +(u,—ﬁ,)2(@) ]
=1 f5 £

C3).
By the definition of 4 and 2./f;, we have ©

te; hyx;+hyy, + hyz, +
() (Pt )
f, hox;+ hioy; + hyizj+1

X(ilng‘i’ﬁxo}’j"’ﬁuzj"'l)

=[x; 5210000 —upx; —wy; ~ugzg]
xh—u;

=A,h—b,, (C4)

w.here A,;and b, denote the 2jth row of A and b, respectively.
Similarly, for the v-direction, we have

2,

(ﬁ,—u,)<££3’)=[o 000X y,z 1 —vx;, —vy; ~vz]
xh—v;

=Asjurh—by (€5)

From (C4) and (C5), it is obvious that (C3) holds.

APPENDIX D

Substituting equation (12) into (26), we have

EL Iy — AR|2] = E{|AA'A) ' A'e]|?} = E{¢'A(A'A) At}
(D1
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Since equation (59) is a scalar equation, taking trace opera-
tion of its both sides will not affect the results. Therefore, we
have

E{e'A(A'A) " 'A'e} = E{trace[e'A(A'A) 'Ale]}, (D2)
which yields

E{trace [¢'A(A'A)"'A'e']} = E{trace [A(A'A) " 'A'(ee")] ).
(D3)

From (D3), we have

E{trace [A(A'A)"'A'(ee')]} = trace {A(A'A)"!A“E[ee']}.
(D4)

According to the ii.d. assumption (see Assumption 2), we
have that the covariance matrix, E [ee'], is diagonal with the
same diagonal element, i.e.

o%z2
t3

Efee]l=—"<1 (DS)

Substituting (D3) into (D4), we have

2,2

6%z
trace {A(A'A) "' A E[ee']} = —© trace {A(A'A)” A,
i3
which leads to
2,2 2,2
iz g’z
%trace {(A'A)"IA'A} = istrace {1114}
t3 3
Therefore, we have
11022}

E[ )by — Ak|*] = 12 (D6)
3

APPENDIX E

From equation (14), we have
hyx+hyy+hyz+ by
:ilgx+;lwy+iz1,z+ 1
Recall that from (33)
Byue = (1 — KMzg/13)h,

1 —kMzc/t,
x .
I —kMzg/ty

(E1)

hx h; x (1 —kMzg/ts),

; i=1,2...,11,
we have
hyx +hyy+hyz+h
P 1% 2y 3Z+ Ny (E2)
hox 4+ hyoy +hyz+1—xkMz/t,

Since z¢ = (hgx + hyoy + by z + 1) x t; (see Appendix 3), equa-
tion (E2) can be rewritten as

hyx+hyy+hsz+h, 1
IO A . VY

T hox+hypthaz 4l 1— kM (E3)
In practice kM ~ kR% « 1, thus
dxu,y x(1+xM). (E4)
Similarly, it can be shown that
Do,y x (1 + kM) (ES)

Since kM ~ xR}« 1, and the principle point (ug,v,) is
small comparing to most of the image points, so that (xMug,
KkMu,) is negligible, which yields [from (E4) and (E5)]

U—u -
[ 0:|z(1 + KM)[“"" ""].
6 —vg Yug — Vo

(E6)



