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Abstract—The flat-facet model has been implicitly assumed for the structure of the image surface by most
conventional speckle-reduction algorithms. However, this model is rarely found in a real ultrasound (US) image.
To preserve the higher order structures and to capture the spatially variant property of the speckle, a new
adaptive speckle-reduction algorithm, called the symmetrical speckle-reduction filter (SSRF), was developed
based on the slope-facet model. The basic idea of the SSRF was to estimate the uncorrupted signal on the largest
symmetrical slope facet centered at each target pixel. The symmetry constraint ensured the correctness of the
mean value. An empirical speckle model was incorporated to account for the nature of the speckle in US image.
A two-stage despeckling strategy was employed to enhance the statistical reliability of each estimate by forming
a union of a set of symmetrical despeckling windows. The proposed SSRF algorithm was compared with two
filtered-based and one wavelet-based approaches and the experimental results showed that the proposed SSRF
outperformed these three previous approaches in both the synthetic images and the clinical US images tested in
this study. (ming@lotus.mc.ntu.edu.tw) © 2003 World Federation for Ultrasound in Medicine & Biology.
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INTRODUCTION

Ultrasonic speckle is a granular pattern caused by the con-
structive and destructive coherent interference of backscat-
tered echoes from the scatterers smaller than the resolution
size. Because of the tissue-dependent nature and the ran-
dom mottle appearance, the speckle plays dual roles in the
ultrasound (US) image analysis. For some clinical applica-
tions, the speckle serves as a crucial indicator for the diag-
nosis of diseases. For example, a liver with cirrhosis usually
contains a coarser speckle pattern than a noncirrhotic liver
(Yang et al. 1988). Moreover, the different speckle patterns
resulting from different tissues may be utilized for image
segmentation based on the textural approaches (Chen et al.
2000). Nevertheless, for many analysis tasks on the US
images, the speckle basically acts as a noise because it
deteriorates image quality, fine details and edge definition.
It has been shown that the random mottle of the speckle
degrades not only the perceivable resolution by a factor of

five to seven (Kozma and Christensen 1976) but, also, the
discriminability of subtle differences in grey levels (George
et al. 1976).

To alleviate the negative effect of the speckle, two
types of speckle-reduction approaches have been devel-
oped; namely, compounding and filtering. The com-
pounding approaches attempt to eliminate the speckle by
introducing incoherence during image formation (Li and
O’Donnel 1994; Quistgaard 1997). This is usually
achieved by averaging a series of uncorrelated US im-
ages in the spatial or the frequency domain at the expense
of a higher system complexity. These uncorrelated im-
ages may be sampled at different times, from different
views, or with different frequencies for the same target.

Filtering approaches offer a practical alternative for
most clinical applications. Although some filtering ap-
proaches reduce the speckle at a stage between log-
compression and scan conversion (Abd-Elmonien et al.
2002; Thijssen 2003), most speckle-reduction algorithms
estimate and eliminate the speckle solely using the dis-
played US images. This is because most clinical US
image systems do not support any access to the log-
compressed radiofrequency (RF) signals.
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An ultrasonic speckle-reduction algorithm usually
comprises three components (i.e., speckle model, image
model and despeckling strategy). The speckle model
assumed in a speckle-reduction algorithm is the major
component that distinguishes the despeckling processing
from the conventional denoising processing. The speckle
statistics have been correlated mainly with the effective
scatterer density (i.e., the effective number of scatterers
in a resolution cell of the tissue). The speckle is fully
developed and the statistics of the echo envelope are
Rayleigh distributed when the effective scatterer density
is high (e.g., larger than 10) (Tuthill et al. 1988; Wanger
et al. 1983). Except for the mean grey level, the first and
the second order statistical characteristics of the fully-
developed speckle are independent of tissue types (Thi-
jssen and Oosterveld 1990). On the other hand, the
speckle is partially developed and the echo envelope may
be modeled by the K distribution if the scatterer density
is smaller than the Rayleigh limit (Jakeman and Tough
1987; Dutt and Greenleaf 1996).

The fully and the partially developed speckles on the
displayed US images are governed by different distribu-
tions from the echo envelopes as a result of nonlinear
postprocessing, such as log-transformation, interpola-
tion, filtering and so on. The log-compressed fully de-
veloped speckle may be modeled by a double exponen-
tial or Fisher–Tippet density function, whereas the log-
compressed partially-developed speckle may be
approximated as a modified form of double exponential
distribution by using Laguerre polynomials (Dutt and
Greenleaf 1996).

Two other speckle models have also been consid-
ered previously. Jain (1989) presented a general multi-
plicative speckle model for the echo envelope, which
was later adopted by Zong et al. (1998) and Achim et al.
(2001). Loupas et al. (1989) suggested an empirical
speckle model based on the observation that the mean is
proportional to the variance rather than to the SD in a
homogeneous region of US image. Kotropoulos (1994),
Karaman et al. (1995), Hao et al. (1999) and Chen et al.
(2003) have also employed this empirical model in for-
mulating their speckle-reduction algorithms.

The image model characterizes the intensity varia-
tion of adjacent pixels in a displayed US image, which
serves as the basis in the design of the criteria to gather
pixels. Some widely used image models for general
image processing are the flat-facet model, the slope-facet
model and the piecewise-polynomial model (Haralick
and Watson 1981; Koivunen 1995). For speckle reduc-
tion, most previous approaches have implicitly assumed
the flat-facet model. The flat-facet model assumes that
the uncorrupted image is composed of horizontal facets
and the edges between adjacent facets are step edges.

The despeckling strategy, which is the core of a
speckle-reduction algorithm, aims to attain an estimate,
that is as close to the uncorrupted image (i.e., the image
without being corrupted by the speckle) as possible.
Depending on the despeckling strategy, most previous
speckle reduction algorithms may be categorized into
two classes of approaches; namely, filter-based ap-
proaches and wavelet-based approaches. Filter-based ap-
proaches count on the local statistics estimated from the
displayed US image to eliminate the speckle at each
pixel. For each pixel to be despeckled, called the target
pixel, the local statistics are computed from a neighbor-
hood of the target pixel, called the despeckling window.
Generally speaking, the shape of the despeckling win-
dow may be regular or irregular. The shape and the size
of the despeckling window may adaptively vary with the
target pixel subject to specific criteria, or may be fixed
for all target pixels. Some examples of filter-based ap-
proaches are the adaptive-weighted median filter
(AWMF) (Loupas et al. 1989), the signal-adaptive max-
imum likelihood filter (SAMLF) (Kotropoulos 1994), the
adaptive speckle suppression (ASSF) (Karaman et al.
1995), the adaptive speckle reduction filter (ASRF) (Dutt
and Greenleaf 1996) and the 2-D weighted Savitzky–
Golay filter (Chinrungrueng and Suvichakorn 2001).

One common deficiency of the previous filter-based
approaches is the implicit assumption of the flat-facet
image model. Although the flat-facet model allows a
simple and fast despeckling strategy, it is unrealistic
because the assumed horizontal facets and step edges are
rarely found in the displayed US images. In reality, the
ultrasonic image edges generally appear as a composi-
tion of linear or nonlinear ramps with various inclina-
tions, which are due to the inherent point-spread function
of the scanner and the inhomogeneous tissue property.
The despeckling strategies based on the over-simplified
flat facet model tend to distort the structures that are not
linear or those where the local extrems occur.

The wavelet-based approaches decompose a dis-
played US image into multiscale images carrying infor-
mation of different resolutions and attempt to remove the
speckle ingredients separately at each scale. For exam-
ples, Zong et al. (1998) applied wavelet-shrinkage tech-
niques based on multiscale soft thresholding to eliminate
the speckle. Hao et al. (1999) separated the image into
two parts by using the AWMF (Loupas et al. 1989) and
both parts were recombined after despeckling. The
speckle ingredients in each part were removed by using
the wavelet analysis with a multiscale soft thresholding
method modified from the Donoho’s approach (Donoho
1995). Achim et al. (2001) modeled the subband decom-
position of an US image as the alpha-stable distribution
and designed a Bayesian estimator for statistically opti-
mal signal extraction and speckle suppression. Macey
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and Page (2002) performed a standard noise-reduction
technique, median filtering, in the wavelet domain.

One problem of the previous wavelet-based speckle
reduction-algorithms is the lack of a reasonably good
model to characterize the speckle ingredients in each
image resolution. For example, Macey and Page (2002)
simply applied median filtering to remove the speckle
ingredients in the wavelet domain. Zong et al. (1998) and
Hao et al. (1999) used only the empirical thresholding
techniques to eliminate the speckle ingredients in each
resolution, without statistical justification. Although
Achim et al. (2001) showed that the signal components
of the detailed signals at each scale might be modeled by
the symmetrical alpha-stable distribution, the assumption
that the noise was additive after the logarithmic transfor-
mation was not correct, especially in a nonflat area.
Another problem is the inflexibility in adaptively chang-
ing the shape of the window for estimating the statistics
of the signal and the speckle ingredients at each target
pixel. Ideally, the shape of the analysis window should
vary with the target pixel to account for the spatially
variant nature of the speckle.

To preserve the higher order structures and to cap-
ture the spatially/variant property of the speckle, a new
adaptive speckle-reduction algorithm, called the sym-
metrical speckle reduction filter (SSRF), was developed
based on the slope-facet model. The basic idea of the
SSRF was to estimate the uncorrupted signal on the
largest symmetrical slope facet centered at each target
pixel, which was determined by the region-growing tech-
nique. Although the slope-facet model is not the optimal
model to describe the complex structure of US image, it
is a reasonable choice, taking into account the implemen-
tation complexity and the closeness of the model to the
surface profiles of the natural images. The symmetry
constraint imposed on the slope facet ensured the cor-
rectness of the mean value. To find the largest symmet-
rical slope facet for each target pixel, two slope-similar-
ity criteria for region growing were proposed to gather
the pixels with similar slopes. These slope-similarity
criteria were based on the local gradient and the ratio of
the local variance to the mean (Loupas et al. 1989;
Karaman et al. 1995). The local gradient tended to give
a more accurate estimation of the slope, whereas the ratio
of the local variance to the mean was less sensitive to the
noise.

The proposed SSRF was compared with three pre-
vious speckle reduction algorithms, namely, the AWMF
(Loupas et al. 1989), the ASSF (Karaman et al. 1995)
and the Bayesian wavelet approach (Achim et al. 2001).
The performance was evaluated using two types of im-
ages. One was a synthetic image with the simulated
speckles and the other was a clinical US image. The
synthetic image served for exact evaluation of the cor-

rectness of the despeckled images because the uncor-
rupted images were known. The clinical US images were
used only for visual inspection.

MATERIALS AND METHODS

The general approach of the filter-based speckle-
reduction algorithms is to estimate the uncorrupted sig-
nal of a target pixel based on the local statistics of the
despeckling window. By varying the shape and the size
of the despeckling window, the filter-based algorithms
have the great advantage of characterizing the spatially–
variant property of the speckle. Nevertheless, the com-
plex surface of the uncorrupted image demands an image
model more realistic than the flat-facet model that had
been implicitly assumed in the previous filter-based ap-
proaches.

As a filter-based speckle-reduction algorithm, the
proposed SSRF has been designed with four essential
ideas. The first idea was to model the image as a com-
position of the slope facets, rather than the flat facets for
a more accurate estimation. The second idea was to
incorporate the Loupas et al. (1989) empirical speckle
model into the process of identifying the pixels on the
same slope facet to account for the nature of the speckle
in an US image. This empirical model was chosen be-
cause it could be easily generalized to characterize the
speckle on a slope facet and, more importantly, it has
been considered to be an acceptable model in several
speckle-reduction algorithms (Kotropoulos 1994; Kara-
man et al. 1995; Hao et al. 1999; Chen et al. 2003). To
ensure an unbiased estimation, the third idea was to use
adaptive symmetrical despeckling windows, the shape
and the size of which vary with the target pixel. It is easy
to show that, if the despeckling window is not symmet-
rical, the mean value will not be correct, even if it is
noise-free within the despeckling window. To utilize as
much pixel information as possible for a statistically
better estimation, the fourth idea was to use the two-stage
despeckling process to remedy the potential restriction
on finding the maximal possible despeckling window
owing to the symmetry constraint. To describe the SSRF,
the notations used throughout this paper are summarized
as follows:

f(p, q) the intensity of the pixel (p, q) in the
displayed ultrasound image f;

f1(p, q) the intensity of the pixel (p, q) in f1, which
is the image derived after the first-stage
despeckling;

f2(p, q) the intensity of the pixel (p, q) in f2, which
is the final image derived after the sec-
ond-stage despeckling;

s(p, q) the uncorrupted signal portion of the pixel
(p, q);
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Ws1(x, y) the largest symmetrical despeckling win-
dow for each target pixel (x, y) in the first
stage;

Ws2(x, y) the largest symmetrical despeckling win-
dow for each target pixel (x, y) in the
second stage;

Wm(p, q) the (2m � 1) � (2m � 1) window cen-
tered at each pixel (p, q);

E(�(p, q)) the expectation of �( · ) at the pixel (p, q);

E� (�(p, q,W)) �
1

�W�p, q�� �
�i, j��W� p,q�

��i, j�, where W(p,

q) is any specified window centered at the
pixel (p, q) and �W(p, q)� denotes the num-
ber of pixels in W(p, q);

Gm1(p, q) the gradient computed from f using the
window Wm(p, q) for the pixel (p, q) in the
first stage;

Gm2(p, q) the gradient computed from f1 using the
window Wm(p, q) for the pixel (p, q) in the
second stage;

�m� p, q� � E� � f� p, q, Wm��;

�m
2 � p, q� � E� �� f� p, q, Wm� � �m� p, q��2�;

VMm� p, q� � �m
2 � p, q�/�m� p, q�.

The speckle model of Loupas et al. (1989) stated that
the displayed US image might be modeled as:

f� x, y� � s� x, y� � s1/ 2� x, y�n� x, y�, (1)

where n was the random noise. The noise n was
assumed to be Gaussian white, ergodic and indepen-
dent of the uncorrupted image s (Kotropoulos 1994).
The mean and the variance of the noise n were as-
sumed to be 0 and �n

2. This empirical signal-dependent
speckle model was suggested based on the observation
that, for a sufficiently large window (e.g., an 11 � 11
window), the ratio of the variance to the mean was
approximately equal to a constant on a uniform area of
a displayed US image. Based on the Loupas et al.
speckle model, the proposed SSRF may be described
as follows.

The symmetrical speckle reduction filter
Stage 1:

1. Derive the variance-to-mean map, VMm(x, y), by com-
puting the ratio of the variance �m

2 (x, y) to the mean
�m(x, y) of the (2m � 1) � (2m � 1) window
centered at each pixel (x, y). Derive the gradient map,
Gm1(x, y), by using the horizontal and vertical Kirsch
gradient operators (Kirsch 1971).

2. For each target pixel, find the largest despeckling
window by performing region-growing subject to the
symmetry constraint and two similarity criteria (i.e.,
the gradient criterion and the variance-to-mean crite-
rion).

3. Compute the mean of the pixel intensities within the
despeckling window for each target pixel and replace
the intensity of the target pixel by the mean.

Stage 2:

4. Derive the gradient map, Gm2(x, y), by using the
horizontal and vertical Kirsch gradient operators (Kir-
sch 1971).

5. For each target pixel, find the largest despeckling
window by performing region-growing subject to the
gradient criterion only.

6. Compute the mean of the pixel intensities within the
despeckling window for each target pixel and replace
the intensity of the target pixel by the mean.

In both stages, the kernel process of the SSRF was
to determine the largest symmetrical despeckling win-
dow containing the neighboring pixels on the same slope
facet for each target pixel (x, y). The kernel process was
accomplished by using the region-growing scheme sub-
ject to the slope-similarity criteria. For the first stage, the
slope-similarity criteria included the gradient criterion
and the variance-to-mean criterion. More specifically, a
pair of pixels, (xi, yi) and (xj, yj) that were symmetrical
with respect to the target pixel, (x, y), were included in
the despeckling window only if the gradient criterion and
the variance-to-mean criterion were satisfied simulta-
neously. For the second stage, because the speckle noise
had been largely removed and the residual speckle noise
could no longer be described by the Loupas et al. (1989)
speckle model, only the gradient criterion was used as
the slope- similarity criterion. The gradient criterion and
the variance-to-mean criterion were defined as:

1. The gradient criterion for the stage k, k � 1 or 2:

�Gmk� x, y� � Gmk� xi, yj�� � TGk (2)

and

�Gmk� x, y� � Gmk� xj, yj�� � TGk, (3)

2. The variance-to-mean criterion for the stage 1:

�VMm� xi, yi� �
VMm� x, y� � 1 � 	�ci � 1��n

2

ci
� � TVM

(4)

and
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�VMm� xi, yj� �
VMm� x, y� � �1 � 	��cj � 1��n

2

cj

� � TVM, (5)

where 	 � 1/(2m � 1)2, TGk and TVM are predefined
thresholds. ci and cj are two constants satisfying �m(xi,
yi) � ci �m(x, y) and �m(xj, yj) � cj�m(x, y). � n

2 may be
estimated from a uniform area.

For both the gradient Gmk(p, q), k � 1 or 2, and the
variance-to-mean VMm(p, q), the size of Wm(p, q) has
been empirically set to 11 � 11 as a compromise be-
tween the statistical requirement of a constant variance-
to-mean on a uniform area and the desire to have a spatial
resolution that is as high as possible. The gradient Gmk(p,
q), k � 1 or 2, was computed by using the horizontal and
vertical Kirsch gradient operators (Kirsch 1971), which
have been chosen only for their simplicity and variety of
window sizes. One may use any other gradient estimator
to derive a better estimation of the gradient for each
pixel. For an image g, the horizontal and vertical Kirsch
operators of size (2k � 1) � (2k � 1), denoted as �h

k( · )
and �v

k( · ), were defined as:

�h
k� g� p, q�� � E� � g� p � k/ 2, q, Wk

l �� � E� � g� p

� k/ 2, q, Wk
r�� (6)

�v
k� g� p, q�� � E� � g� p, q � k/ 2, Wk

d�� � E� � g� p, q

� k/ 2, Wk
u�� (7)

where Wk
l , Wk

r, Wk
d and Wk

u stood for the left, right, lower
and upper halves of the window Wk(p, q), respectively.
These four subwindows did not contain the pixel (p, q).

The gradient criterion has been devised to ensure
that every pair of pixels, (xi, yi) and (xj, yj), included in
the despeckling window are on the same slope facet as
the target pixel (x, y). On the other hand, the variance-
to-mean criterion has been designed based on the vari-
ance relation between any two pixels, (x, y) and (x�, y�),
on the same slope facet, which may be expressed as

�m
2 � x�, y�� � �m

2 � x, y� � �1 � 	��c

� 1��m� x, y��n
2, (8)

where s(x�, y�) � cs(x, y) and 	 � 1/(2m � 1)2. The
derivation of the variance relation is provided in Appen-
dix 1. Based on the variance relation, it is reasonable to
impose the variance-to-mean criterion to examine
whether or not two pixels are on the same slope facet.

After the largest symmetrical despeckling window

Wsk(x, y), k � 1 or 2, for a target pixel (x, y) had been
obtained in the stage k, the estimate for the target pixel in
this stage was computed by taking the simple average of
the pixel intensities within the window. To examine the
correctness of the estimate, consider the mean value
derived in the first stage for a target pixel (x, y):

f1 � x, y� � E� � f� x, y, Ws1��

� E� �s� x, y, Ws1�� � E� �s1/ 2 � x, y, Ws1�n� x, y, Ws1��

� s� x, y� � E� �s1/ 2� x, y, Ws1�n� x, y, Ws1��

� s� x, y� � 
1 � x, y� (9)

where 
1(x, y) � E� (s1/2(x, y, Ws1)n(x, y, Ws1)) represents
the residual speckle noise at the end of the first stage. It
can be shown that the mean and the variance of 
1 (x, y)
are 0 and s(x, y)�n

2/�Ws1(x, y)�, respectively. Note that
E� (s(x, y, Ws1)) � s(x, y), because all pixels in Ws1 are on
the same slope facet and Ws1 is symmetrical with respect
to (x, y). Similarly, the mean value derived in the second
stage (i.e., the final estimate obtained by the SSRF) for a
target pixel (x, y) can be shown to be:

f2� x, y� � E� � f1 � x, y, Ws2��

� E� �s� x, y, Ws2�� � E� �
1� x, y��

� s� x, y� � 
2 � x, y�

� s� x, y� (10)

where 
2(x, y) � E� (
1(x, y)) represents the residual
speckle noise in the final estimate. It can be shown that
the mean and the variance of 
2(x, y) are 0 and s(x,
y)�n

2/(�Ws1(x, y)��Ws2(x, y)�), respectively. When (�Ws1(x,
y)��Ws2(x, y)�) is sufficiently large, the final estimate for
the target pixel (x, y) will be approximately equal to s(x,
y). Because (�Ws1(x, y)��Ws2(x, y)�) usually ranges from
several 1000s to 10s of 1000s, it suggests that the pro-
posed SSRF produces a reasonable estimate in most
cases.

The large (�Ws1(x, y)��Ws2(x, y)�) may be accredited
to the two-stage despeckling process. From the view-
point of information utilization, the two-stage despeck-
ling process has utilized information much richer than
can be provided by a single despeckling window. As a
matter of fact, the actual number of pixels involved in
computing the final estimate is much larger than the sizes
of both despeckling windows. Moreover, even though
the despeckling windows in both stages must be sym-
metrical, the actual region formed by all pixels involved
in deriving the estimate for each target pixel may be
asymmetrical.
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Comparative performance analysis
For comparative purposes, the proposed SSRF was

compared with three previous speckle reduction algo-
rithms, namely, the AWMF (Loupas et al. 1989), the
ASSF (Karaman et al. 1995) and the Bayesian wavelet
approach (Achim et al. 2001). The AWMF represented
the class of filter-based speckle reduction algorithms
with a filter of fixed shape and size. Let Wa

A(x, y) be the
despeckling window of the target pixel (x, y), the size of
which was (2a � 1) � (2a � 1). Then the weight for the
pixel (i, j) in Wa

A(x, y) was defined as:

wa
A�i, j� � w0 � ���i � x�2 � � j � y�2 VMa� x, y�,

(11)

where w0 was the constant weight for the center pixel of
the despeckling window and � was a scaling constant.
The basic idea of the AWMF was to assign a smaller
weight to a pixel that was farther away from the center of
the despeckling window. Moreover, if the target pixel
was in a fast-varying area like a boundary area, because
VMa(x, y) would be larger than that in a uniform area
with the same local mean, the despeckling window was
expected to have higher weight ratios (i.e., wa

A(x, y)/wa
A(i,

j), @(i, j) � Wa
A(x, y) and (i, j) 	 (x, y)), than those

despeckling windows in a uniform area. It meant that the
AWMF tended to smooth more in the uniform areas and
preserve the intensities of the pixels in the boundary
areas.

The ASSF represented the class of filter-based
speckle-reduction algorithms with a variable shape and
size. Like the proposed SSRF, the ASSF used the region-
growing technique to find the despeckling window for
each target pixel (x, y). A pixel (i, j) was included in the
despeckling window if the pixel (i, j) was connected to
the target pixel (x, y) and satisfied the following similar-
ity criterion:

�VMm�i, j� � VMm� x, y�� � 
�VMm� x, y�� (12)

and

�� x � i�2 � � y � j�2 � Db, (13)

where Db was a constant so that the total number of
pixels in the despeckling window was not greater than
(2m � 1)2. The similarity bound, 
( · ), was defined as:


�VMm� x, y�� � a � b exp� � cVMm� x, y�� (14)

where a, b and c were predefined constants. After the
despeckling window had been found, the estimate for the

target pixel (x, y) was the mean or median of the pixel
intensities in the window. Neighboring pixels with sim-
ilar estimates were further merged if they had sufficient
numbers of pixels in their despeckling windows (refer to
Karaman et al. 1995).

The Bayesian wavelet approach proposed by Achim
et al. (2001) was adopted as a representative of the
wavelet-based approaches. In this approach, the dis-
played US image was first log-transformed and decom-
posed into multiscale images using wavelet transforma-
tion. Each detail coefficient was considered as the sum of
a signal s and a noise �. The signal s was modeled as a
symmetrical alpha-stable (S�S) distribution with a zero
location parameter. The noise � was assumed to be
Gaussian-distributed with a zero mean. The Bayesian
estimates of the signal component ŝ was given by:

ŝ �

�P���� Ps�s�s ds

�P���� Ps�s� ds

(15)

where P�(�) and Ps(s) were the probability density func-
tions (pdfs) of the signal s and the noise �. The charac-
teristic functions of P�(�) and Ps(s) were denoted as
��(�) and �s (�), respectively. The following definition
was made:

�d��� � �s��� · �����, (16)

where

�s��� � exp�
	s����s�, 1 � �s � 2 (17)

����� � exp� �
�2

2
��� 2� . (18)

To derive P�(�) and Ps(s), the parameters �s, 	s and �
were estimated by fitting �d(�) with the Fourier trans-
form of the empirical pdf of the detail coefficients �de

(�)
in a least-squares sense.

Image for performance analysis
To evaluate the performances of the proposed SSRF

and three previous approaches, two types of images were
used in this study; namely, the synthetic images and the
clinical US images. The clinical US images offered the
real image condition to test these four speckle reduction
algorithms. However, because the uncorrupted US im-
ages (i.e., the images without the speckle) were not
known, the clinical US images could only be used for
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qualitative evaluation. On the other hand, because the
synthetic images were generated through simulation, the
quantitative performance analysis of this study was car-
ried out mainly based on the synthetic images.

The synthetic images simulated the displayed US
images composed of hypoechoic structures with sharp
corners, ramp edges with various slopes and log-com-
pressed fully developed speckles. The ramp edges were
created by smoothing the raw synthetic image shown in
Fig. 1a with zero-mean Gaussian functions of different
SDs �g. For convenience, the smoothed raw synthetic
image is abbreviated as SRS image throughout this pa-
per. Figure 1b demonstrates an SRS image with �g �
2.5.

By using the SRS image, the log-compressed fully-
developed speckle was simulated based on the speckle
simulation approach used by Li and O’Donnell (1994).
The speckle was modeled as random walks in the com-
plex plan, each of which stood for the signal received by
the transducer from a scatterer in the resolution volume.
Based on the central limit theory, the real part and the
imaginary part of the summed signal were assumed to be
Gaussian-distributed, and therefore, the amplitude of the
summed signal was Rayleigh-distributed. The scanner
was constructed as a 128-element linear array with 0.25

mm interelement spacing. The central frequency and the
band width were set to 3 MHz and 1 MHz, respectively.
The axial direction was along the vertical axis of the
simulated image. For the axial response, the shape of the
envelope was assumed to be Gaussian. The lateral re-
sponse was the Fourier transform of the aperture func-
tion. The point-spread function of the scanner was as-
sumed to be spatially invariant.

By controlling the intensities of the foreground and
the background, the synthetic images with varieties of
contrast-to-noise ratios (CNRs) were generated to evalu-
ate the performances of these four speckle reduction
algorithms. The CNR was defined as:

CNR �
�gf � gb�

max��f, �b�
, (19)

where �f and �b were the SDs of the speckle in the
foreground and the background areas, excluding the
ramps. gf and gb were the mean intensities of the fore-
ground and the background, respectively.

Performance indices
Speckle reduction is an essential process for two

classes of US image analyses. One is feature-extraction
of the uncorrupted image (e.g., boundary detection of the
object-of- interest) and the other is visual lesion detec-
tion. For the former, speckle reduction aims to attain a
despeckled image as close to the ideal image (i.e., the
uncorrupted image) as possible, to ensure the correctness
of the extracted features. For the latter, speckle reduction
attempts to enhance the visual lesion detectability.

To account for the different emphases of these two
classes, several performance indices have been used pre-
viously, such as the mean-square error (MSE) (Achim et
al. 2001; Abd-Elmonien et al. 2002), the pooled signal-
to-noise ratio (SNR), the pooled CNR (Chen et al. 2003),
the area of the receiver operating characteristic (ROC)
curve for distinguishing the foreground and the back-
ground by thresholding (Rakotomamonjy and Marche
1998), the size preservation of a lesion defined by the
derived boundaries of the object-of-interest (Chen et al.
1996) and so forth. The MSE measures how close the
despeckled image is to the ideal image. Ideally, the
closer the despeckled image is to the ideal image, the
more likely that a correct feature for the object-of-inter-
est may be derived. On the other hand, the last five
indices quantify the lesion detectability based on differ-
ent image properties. It should be noted that, except for
the last one, all these indices provide global measures
(i.e., they are computed based on the information of the
entire image). One shortfall of these global measures is
that they consider all pixels to be equally important when

Fig. 1. (a) The raw synthetic image; (b) smoothed raw synthetic
image with �g � 2.5; (c) the blurred SRS image with �g � 2.5,
which was used as the ideal image for the image shown in (d);
and (d) the synthetic image with the speckle, the CNR of which

was approximately 2.0.
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assessing the image quality. As a result, they may over-
look local information around edges that, may be deci-
sive for lesion detection. For example, it is not unusual
that, even if the overall quality of the entire image is bad,
one can still detect a lesion easily when the image quality
around the lesion boundary is reasonably good. Although
the last index does emphasize the local quality of the
despeckled image around the lesion boundary, it requires
a “gold standard” edge detector for a fair evaluation and
this does not currently exist.

In this study, two performance indices were used to
evaluate these four speckle-reduction algorithms. One
served as the global measure and the other, as the local
measure. The first performance index was the root-mean-
squared (RMS) difference between the ideal image and
the despeckled image. The RMSD is basically the
squared root of the MSE. The RMSD is also closely
related to the SNR and CNRs of the despeckled image.
Conceptually, the ideal image has the best SNR and
CNRs that a speckle reduction algorithm can ever attain,
provided that no operation other than speckle reduction
is performed. As the despeckled image becomes more
similar to the ideal image, which implies a smaller
RMSD the SNR and CNR tend to be higher. Therefore,
the RMSD not only indicates the global similarity be-
tween the ideal image and the despeckled image, but also
carries the measure of overall lesion detectability of the
despeckled image.

Let XSSRF, XAWMF, XASSF and XWavelet denote the
despeckled images obtained by using the SSRF, AWMF,
ASSF and the Bayesian wavelet approaches, respec-
tively. Also, XC denoted the synthetic image with the
speckle. The RMSD of an image XS, S � {SSRF, AWMF,
ASSF, Wavelet, C}, denoted as RMSD(XS), was defined
as:

RMSD�XS� � � 1

MN�
i�1

N �
j�1

M

�XS�i, j� � X0�i, j��2, (20)

where X0 stood for the corresponding ideal image of XS,
XS(i, j), the grey level of the pixel at (i, j) in XS and MN,
the size of the image.

It should be noted that the SRS image was de-
graded, not only by the speckle noise, but also by the
blurring effect caused by the point-spread function of the
scanner. Because the emphasis of this study was on
despeckling, the blurred SRS image (by the point-spread
function of the scanner) was used as the ideal image,
rather than the SRS image itself. The blurred SRS image
was generated in exactly the same way as the synthetic
image with the speckle, except that the speckle noise was
not added. Figure 1c shows the blurred SRS image with

�g � 2.5, which was used as the ideal image for the
synthetic image with the speckle shown in Fig. 1d. The
CNR of Fig. 1d was approximately 2.0.

To remedy the deficiency of the global measure
inherent in the RMSD, the second performance index
considered in this study attempted to provide an assess-
ment of local lesion detectability. The second perfor-
mance index, denoted by LLDI (local lesion detectability
index), was a local version of the global performance
index used by Rakotomamonjy and Marche (1998). In
their work, the range between the maximum and the
minimum of the grey levels of the despeckled image was
divided into 100 levels. By using each of these 100 levels
as a threshold, all pixels in the despeckled image were
labeled as either foreground or background pixels. The
ROC curve was then plotted for the sensitivity and
(1-specificity) computed with these 100 thresholds. The
area under the ROC curve was used as the performance
index for assessment of the speckle-reduction algo-
rithms. To incorporate the notion of the local measure,
the LLDI used only the pixels around the boundaries of
the objects of interest to derive the ROC curve, instead of
using all pixels as used by Rakotomamonjy and Marche
(1998). More specifically, the LLDI was defined as the
area of the ROC curve computed for the pixels on the
ramps around the boundaries of the objects of interest
specified by the ideal image.

RESULTS AND DISCUSSIONS

To evaluate the performances of these four ap-
proaches on various image conditions, 12 sets of images,
each characterized by a representative combination of
(CNR, �g), were employed in this study, where CNR �
{1,3,5} and �g � {0.5,1.5,2.5,3.5}. To reduce the sample
bias in the random process of speckle simulation, each
set of images consisted of five images with the same
(CNR, �g).

The vertical bars in Fig. 2 show the mean RMSDs of
the original images (i.e., the synthetic images with the
speckle and the despeckled images derived by the SSRF)
which are labeled as “Original” and “SSRF” , respec-
tively. In addition, the line curve in Fig. 2, labeled as
(Original-SSRF)/Original, indicates the average reduc-
tion rates for the RMSD achieved by the SSRF, which
were defined as:

�RMSD�XC� � RMSD�XSSRF��

RMSD�XC�
� 100% (21)

where RMSD(Xs) stood for the RMSD of the image Xs.
Similarly, Fig. 3 illustrates the mean LLDIs of the orig-
inal images and the images despeckled by the SSRF, as
well as the average improvements on the LLDIs achieved
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by the SSRF, which were defined as:

�LLDI�XSSRF� � LLDI�XC��

LLDI�XC�
� 100% (22)

where LLDI(Xs) represented the LLDI of the image Xs.
The error bars in both Figs. 2 and 3 denote one SD of the
RMSDs or the LLDIs for each set of images.

Figures 2 and 3 clearly show that the SSRF could
significantly improve the RMSDs and the LLDIs over the
original images for the synthetic images simulated in this
study. Most RMSD reduction rates were higher than 70%
and the improvements on the LLDIs were mostly greater
than 4%. To further validate the significance of the

improvements, for each set of images, the single-tailed
paired-sample t-test was used to test the null hypothesis
that the RMSDs and the LLDIs of the images despeckled
by the SSRF were not better than those of the original
images, respectively. The significance level was set to
5%. The test results showed that the p values for all 24
comparisons (12 for RMSDs and 12 for LLDIs) were
smaller than 0.001. It suggested that all null hypotheses
be rejected and, hence, we concluded that the RMSDs
and the LLDIs achieved by the SSRF were significantly
better than those of the original images at the 5% signif-
icance level for each set of images.

Furthermore, Figs. 2 and 3 indicate that the CNR
was the more influential factor than the �g in determining
the RMSDs and the LLDIs achievable by the proposed
SSRF. As can be seen from Figs. 2 and 3, the mean
RMSDs and LLDIs achieved by the SSRF were roughly
the same for the image sets with the same CNR, whereas
they were improved as the CNR increased. Relative to
the original images, the proposed SSRF tended to
achieve a larger improvement for an image with a
smaller CNR.

In comparison with the AWMF, the ASSF and the
Bayesian wavelet approaches, for the RMSD, the relative
improvements achieved by the SSRF over each of these
three approaches S, S � {AWMF, ASSF, Wavelet}, are
provided in Fig. 4 and those for the LLDI are given in
Fig. 5. For the RMSD, the relative improvement over the
algorithm S, denoted as RI_S in Fig. 4, S � {AWMF,
ASSF, Wavelet}, was defined as:

RI_S �
RMSD�XS� � RMSD�XSSRF�

RMSD�XC� � RMSD�XS�
� 100% (23)

Likewise, for the LLDI, the relative improvement over

Fig. 2. Vertical bars: the mean RMSDs of the original images
and the despeckled images derived by the SSRF, labeled �
“Original” and “SSRF,” respectively. Line curve: the average
reduction rates for the RMSD achieved by the SSRF, labeled �

(Original-SSRF)/Original.

Fig. 3. Vertical bars: the mean LLDIs of the original images and
the despeckled images derived by the SSRF, labeled � “Orig-
inal” and “SSRF” , respectively. Line curve: the average im-
provement rates on the LLDI achieved by the SSRF, labeled �

(SSRD-Original)/Original.

Fig. 4. The improvements made by the SSRF relative to the
RMSDs attained by the AWMF, the ASSF and the Bayesian
wavelet approaches, labeled � AWMF, ASSF and Wavelet,

respectively.
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the algorithm S, denoted as RI_S in Fig. 5, S � {AWMF,
ASSF, Wavelet}, was defined as:

RI_S �
LLDI�XS� � LLDI�XSSRF�

LLDI�XC� � LLDI�XS�
� 100% (24)

The error bars in both Figs. 4 and 5 denote one SD of the
RI_S values for each set of images.

In terms of the RMSD, Fig. 4 depicts that the pro-
posed SSRF outperformed these three previous algo-
rithms for all synthetic images simulated in this study.
This observation was further validated by using the sin-
gle-tailed paired-sample t-tests. The null hypothesis was
that, for each set of images, the RMSDs achieved by the
SSRF were not smaller than those attained by the algo-
rithm S, S � {AWMF, ASSF, Wavelet}. The significance
level was set to 5%. The test results showed that the p
values for all 36 comparisons (12 for each of these three
previous algorithms) were smaller than 0.05. It suggested
that all null hypotheses be rejected and we concluded
that the RMSDs achieved by the SSRF were significantly
better than those obtained by the three previous algo-
rithms at the 5% significance level for each set of images.

Although Fig. 4 shows the superior performance of
the SSRF in terms of the global measure, the RMSD, Fig.
5 reveals that, in terms of the local measure, the LLDI,
the proposed SSRF was also better than its counterparts
in all tested cases but two, that is when using the AWMF
algorithm with (CNR, �g) � (1,1.5) and (1,2.5). To
validate this observation, two kinds of paired-sample
t-tests were carried out. For each of these two exceptions,
that is, (CNR,�g) � (1,1.5) and (1,2.5), the two-tailed
paired-sample t-test was used and the null hypothesis
was that, for each set of images, the LLDIs achieved by
the SSRF and the AWMF were statistically equivalent.

The significance level was set to 5%. Because the p-
values for both cases were larger than 0.1, the null
hypotheses were accepted and we concluded that, for
each set of images, the SSRF and the AWMF were
statistically equivalent in these two cases in terms of the
LLDI. For each of the cases, other than these two excep-
tions, the single-tailed paired-sample t-test was used and
the null hypothesis was that, for each set of images, the
LLDIs achieved by the SSRF were not larger than those
attained by the algorithm S, S � {AWMF, ASSF, Wave-
let}. The significance level was set to 5%. The test results
showed that all p values were smaller than 0.02. It
suggested that the null hypotheses be rejected and we
concluded that, excluding these two exceptions, the LL-
DIs achieved by the SSRF were significantly better than
those obtained by the three previous algorithms at the 5%
significance level for each set of images.

For the simulated synthetic images, the SSRF were
shown to be superior to the AWMF, the ASSF and the
Bayesian wavelet algorithm in terms of the RMSD and
the LLDI. Moreover, for the RMSD, the SSRF tended to
gain more improvement over these three approaches as
the CNR increased and, given a CNR, the improvements
over the AWMF and the ASSF were inclined to decrease
as �g increased. Although the former was mainly due to
the better gradient estimation attainable for a larger CNR,
the latter might be attributed to the fact that, as �g

increased, the edges become flatter and the approxima-
tion error caused by the flat-facet model become smaller.

Among these three previous approaches, the Bayes-
ian wavelet algorithm (Achim et al. 2001) had the worst
performance in terms of both global and local measures.
One possible reason for the worst performance of the
Bayesian wavelet algorithm was the use of a global
threshold for the entire image, which did not take into
account the signal-dependent nature of that the speckle.
Another reason was that the threshold proposed by
Achim and colleagues did not work very well in practice.
In this study, we tried to find a better threshold by
considering all possible integral multiples of the thresh-
olds derived according to the formula proposed in Achim
et al. (2001).

Additionally, the ASSF generally performed better
than the AWMF in terms of the RMSD, but had similar
performance to that of the AWMF in terms of the LLDI.
It was reasonable because the ASSF not only took into
account the speckle statistics, but also enhanced the
quality of averaging operations with the constraints in-
herently imposed by the region-growing technique. Nev-
ertheless, because the conventional region-growing ap-
proach did not work well on a ramp, the local perfor-
mance of the ASSF was not as impressive as its global
performance.

Fig. 5. The improvements made by the SSRF relative to the
LLDIs attained by the AWMF, the ASSF and the Bayesian
wavelet approaches, labeled � AWMF, ASSF and Wavelet,

respectively.
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For a visual comparison of the despeckled images
derived by these four speckle reduction algorithms, Fig.
6 demonstrates the despeckled images for one case of
(CNR, �g) � (1,2.5). Figure 6a and b shows the synthetic
image with the speckle and its ideal image, respectively.
Figure 6c–f presents the despeckled images derived by
the SSRF, the AWMF, the ASSF and the Bayesian
wavelet approaches, respectively. Likewise, Figs. 7 and
8 provide the synthetic images with the speckle, the ideal
images and the despeckled images for (CNR, �g) �
(3,2.5) and (5,2.5), respectively. None of these four al-
gorithms yielded impressive results for (CNR, �g) �

(1,2.5), as shown in Fig. 6. But, the SSRF gave a slightly
smoother despeckled image than its counterparts.

When (CNR, �g) � (3,2.5), the despeckled images
attained by using the SSRF (Fig. 7c) and the ASSF (Fig. 7e)
appeared more pleasing than the other two. Comparing Fig.
7c and e, one may find that the SSRF had preserved the
corners of the objects better than the ASSF, which may be
accredited to the symmetry constraint and the gradient
criterion leading to a more accurate estimate. As CNR
increased to 5, all four algorithms produced reasonably
good despeckled images, as displayed in Fig. 8. Neverthe-
less, the quality of the despeckled image derived by the

Fig. 6. (a) The synthetic image with the speckle, where (CNR,
�g) � (1,2.5); (b) the ideal image of (a); (c) the despeckled
image obtained by using the proposed SSRF; (d) the despeck-
led image obtained by using the AWMF; (e) the despeckled
image obtained by using the ASSF; and (f) the despeckled

image obtained by using the Bayesian wavelet approach.

Fig. 7. (a) The synthetic image with the speckle, where (CNR,
�g) � (3,2.5); (b) the ideal image of (a); (c) the despeckled
image obtained by using the proposed SSRF; (d) the despeck-
led image obtained by using the AWMF; (e) the despeckled
image obtained by using the ASSF; and (f) the despeckled

image obtained by using the Bayesian wavelet approach.
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SSRF was still superior to that of the other three images in
terms of the image smoothness and the corner preservation.

To examine the performance of these four algo-
rithms on the clinical US images, Figure 9a shows a clip
of an image composed of two side-by-side liver US

Fig. 8. (a) The synthetic image with the speckle, where (CNR,
�g) � (5,2.5); (b) The ideal image of (a); (c) The despeckled
image obtained by using the proposed SSRF; (d) The despeck-
led image obtained by using the AWMF; (e) the despeckled
image obtained by using the ASSF; and (f) the despeckled

image obtained by using the Bayesian wavelet approach.

Fig. 9. (a) A clip of an image composed of two side-by-side
liver US images, each with a hemangioma; (b) The despeckled
image obtained by using the proposed SSRF; (c) The despeck-
led image obtained by using the AWMF; (d) The despeckled
image obtained by using the ASSF; and (e) The despeckled

image obtained by using the Bayesian wavelet approach.
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images, each with a hemangioma. The image was cap-
tured from the RGB (Red-Green-Blue) outputs of a
Toshiba SSA-380A clinical US imaging system (Toshiba
Corporation, Tokyo, Japan) through the frame grabber
card, Meteor-II card, made by the Matrox Electronic
System Ltd. (Quebec, Canada). The operating frequency
was 3 MHz. Figure 9b–e presents the despeckled images
derived by using the SSRF, the AWMF, the ASSF and
the Bayesian wavelet approaches, respectively. It is clear
that the despeckled image obtained by the SSRF is much
better than the other three images. More specifically, the
despeckled image obtained by the SSRF not only looks
smoother but, also, reveals more fine details than the

other three images. For instance, the small lumps around
the left hemangioma can be clearly seen in Fig. 9b, but
not in the other three images.

As another example, Fig. 10a demonstrates a clip of
a breast US image with a malignant lesion in the middle
of the upper half. The image was directly stored (using
the system built-in function) from an HDI 3000 US
imaging system (Advanced Technological Laboratory;
Bothell, WA), equipped with a broadband L10-5 linear
electronically focused transducer and cine loop capabil-
ity. Compared to the liver US image given in Fig. 9a, the
breast US image in Fig. 10a was much noisier because of
its larger grain size of the speckle and its worse defined
edges. As in Fig. 9, Fig. 10b–e shows the despeckled
images derived by using the SSRF, the AWMF, the
ASSF and the Bayesian wavelet approaches, respec-
tively. In this case, the SSRF has also attained a better
image than the other three algorithms in terms of the
image smoothness, fine details preservation and the edge
definitions. For example, the patch effect is clearly seen
in the image derived by using the ASSF and the fine
details such as the bright spots in Fig. 10a have been
largely smeared out by the AWMF and the ASSF. The
image derived by using the Bayesian wavelet approach
looked foggy and the boundary of the lesion was hardly
differentiable. Among these four algorithms, the pro-
posed SSRF was the most successful algorithm in re-
moving the speckle within the lesion and the Bayesian
wavelet approach was the worst.

CONCLUSIONS

To account for the complex nature of the ultra-
sonic image surfaces and the signal-dependency of the
speckle, in this paper, we propose a new speckle
reduction algorithm featuring the slope-facet model,
the Loupas et al., (1989) empirical speckle model, the
adaptive symmetric despeckling window and the two-
stage despeckling strategy. The slope-facet model al-
lowed the proposed SSRF to estimate the ideal image
more realistically than the flat-facet model, which had
been implicitly or explicitly assumed by most previous
speckle-reduction algorithms. The Loupas and col-
leagues’ speckle model played an essential role in
identifying the pixels in the same despeckling window
with similar speckle statistics. The adaptive and the
symmetrical properties of the despeckling window
captured the locally variant statistics of the speckle
and ensured the correctness of the mean on a slope
facet, respectively. The two-stage despeckling strategy
was employed to enhance the statistical reliability of
each estimate by forming a union of a set of symmet-
rical despeckling windows, which not only provided a

Fig. 10. (a) A clip of a breast US image with a malignant lesion
in the middle of the upper half; (b) The despeckled image
obtained by using the proposed SSRF; (c) The despeckled
image obtained by using the AWMF; (d) The despeckled image
obtained by using the ASSF; and (e) The despeckled image

obtained by using the Bayesian wavelet approach.
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larger number of pixels for averaging but also practi-
cally relaxed the symmetry constraint.

The proposed SSRF clearly outperformed the
AWMF, the ASSF and the Bayesian wavelet ap-
proaches in both of the synthetic images with the
speckle and the clinical US images tested in this study.
The experimental results showed that the proposed
SSRF was able to reduce more than 70% of the RMSD
and increase more than 4% of the LLDIs of the syn-
thetic images with the speckle. The superiority of the
SSRF compared with the other three was validated by
paired-samples t-tests. Except in two cases, the test
results suggested that the SSRF is better than the other
three approaches in terms of the RMSD and the LLDI
at the 5% significance level. Supported by the superior
performance of the SSRF, it is suggested that the
slope-facet model be used for speckle reduction, in-
stead of the flat-facet model.
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APPENDIX 1

DERIVATION OF THE VARIANCE RELATION

To derive the variance relation, by definition;

�m
2 � x, y� � 	 �

@�i, j��W m� x,y�
� s�i, j� � S1/ 2 �i, j� � 	 �

@�i, j��Wm� x, y�

�s�i, j�

� s1/ 2�i, j�n�i, j��� 2

� 	 �
@�i, j��Wm � x,y�

X�i, j� � 2	 �
@�i, j��Wm� x,y�

Y�i, j� � 	 �
@�i, j��Wm� x,y�

Z�i, j�,

(25)

where

X�i, j� � �s�i, j� � s� x, y��2 (26)

Y�i, j� � � �s�i, j� � s� x, y���s1/ 2 �i, j�n�i, j�

� 	 �
@ � p,q��Wm� x,y�

s1/ 2 � p, q�n� p, q��� . (27)

Z�i, j� � � s1/ 2�i, j�n�i, j� � 	 �
@ � p,q��Wm� x,y�

s1/ 2 � p, q�n� p, q�� 2

.

(28)

By showing that:

lim
m3 �

E��	 �
@�i, j� �Wm� x, y�

Y �i, j�
E�Y�x, y���2��0. (29)
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and

lim
m3 �

E�� 	 �
@�i, j��Wm� x, y�

Z�i, j� � E�Z � x, y��� 2� � 0. (30)

The second and the third terms of the second equality in eqn (25),
	 �@ �i, j��Wm� x, y�Y �i, j� and 	 �@�i, j��Wm�i, j�Z�i, j�, may be considered
equal to E(Y(x, y)) and E(Z(x, y)) respectively, in the mean-squared
sense for the sufficiently large window Wm used in this study. Because
E(Y(x, y)) � 0 and E(Z(x, y)) � (1 
 	)2 s(x, y)�n

2, eqn (25) may be
reduced to:

�m
2 � x, y� � 	� �

@�i, j��Wm � x, y�

�s�i, j� � s� x, y��2� � �1 � 	� s� x, y��n
2.

(31)

From eqn (31), the variance within the m � m window centered at

each pixel (x, y) is composed of two ingredients. One is the variance
contributed by the intensity variation on a slope and the other is due to
the noise variance weighted by the pixel intensity. Because the first
term of eqn (31) is the same for all pixels on the same slope facet,

�m
2 � x�, y�� � 	� �

@ �i, j��Wm� x�,y��

�s�i, j� � s� x�, y���2�
� �1 � 	�2 s� x�, y���n

2 � 	� �
@�i, j��Wm� x�,y��

�s�i, j� � s� x�, y���2�
� �1 � 	� cs� x, y��n

2,

� �m
2 � x, y� � �1 � 	� �c � 1��m � x, y��n

2, (32)

which gives the variance relation. Note that s(x, y) is approximated by
�m (x, y) from the second line to the third line of eqn (32), because
E(�(x, y)) � s(x, y).
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