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Abstract

The method of ineirumemal variablet (IVs) has been developed historically and
used extensively in econometrics for estimating the structural parameters in statisti-
cal models where some regressors are correlated with the model's error. Thus, as
discussed by Bowden and Turkington (1984, pp. 3-10), the IV estimation method has
four important applications: (1) the error-in-variable problem, (2) the self-selection
problem, (3) the simultaneous equations model, and (4) the time series problem. In
this study, we generalize the current [V method for linear and nonlinear equations to
allow the structural equations to be in a generalized linear model (GL ) form so that
the response variables of those equations can be different kinds of measurements
such as continuous, binary, and count. However, when the structural equation is of
a GL form, some additional difficulties arise for the IV method because the link
funciion of a GL makes the mean of the response variable nonlinear in regression
coefficients and the variance funciion of the response variable in a GL usually de-
pends on its mean. Thus, in general, the IV estimator for a GL equation derived
by minimizing a quadratic form like the one defined for a linear or nonlinear equation
(see, e.g., Amemiya 198 , p. 246, Eq. (8.1.2)) would be inconsistent. However, by
applying the theory of estimating functions (Godambe and Kale 1991, ec. 1. , pp.
9-10, Desmond 1991, p. 140, and cCullagh 1991, ec. 11.3, esp., Eq. (3.2), pp.
269-271), we develop a general IV methodology for GL s, which has an applicability
especially in the measurement error problem and the simultaneous-equations bias of
GL s. The statistical properties of our IV estimator are examined. The simulation
studies show promising results when it is applied to estimate the structural parame-
ters in our generalized factor analysis and generalized path analysis (or generalized

simultaneous equations model).

Keywords:
Error-in-variable problem, easurement error problem, Factor analysis, imultaneous

equations model, tructural equation model, Nonlinear model, Discrete response.
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specification

Let i index observations, i =1, 2,
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2. Logistic Reg "ession Model:



Infe ence

As discussed in Dobson (1990, Chap. , pp. 49-66), the key to the statistical inference
for GL sis the sampling distribution of the score vector U ([3), which is asymptotically
multivariate normal based on the ceniral limi iheorem (CLT). Then, the inference on

the regression coefficients (3 is based on the first-order Taylor expansion of U ([3) for

~

B.




efinition

The method of ineirumemal variablet (IVs) has been developed historically and used
extensively in econometrics for estimating the structural parameters in statistical mod-
els where the regressor is correlated with the error term. For easy computation, let

the "convergence in probability” (i.e., =~ ) be denoted by "plim” hereinafter.

1. The IV Estimators for a Limear Equation:
A linear equation is specified as
Y =XB+

where Y is an n x 1 vector of response variables, X is an n x p matrix of covariates,

B is a p < 1 vector of parameters, and is an n x 1 vector of errors. uppose that

. 10\ _
plim (HX )—O

so that th
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2. 'he IV Estimators for a Nonlinear Equation:

Next, a nonlinear equation can be specified as
Y =f(X;B)+ .

One way to generalize the |V estimators from linear equations to nonlinear ones is to
replace (Y —X[3) by (Y—f(X; B)) in the minimization of the corresponding quadratic
form. Thus, given an instrument Z for X, a consistent |V estimator ﬁlv is the value

of B that minimizes the following quadratic form

S:(B|IW) =



As
ha

. The e o -In-va1able p "oblem.
2. The self-selection p -oblem.

3. The simultaneous equations model.
4. The time se “ies p “oblem.

We are particularly interested in the first and third ones.
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2 .roblem: IV for GLMs*

In this study, we generalize the current [V method for linear and nonlinear equations
to allow the structural equations to be in a generalized linear model (GL ) form so
that the response variables of such equations can be various kinds of measurements

such as continuous, binary, or counts.

2.1 Problem

However, when the structural equation is of a GL form, some additional difficulties

arise for the IV method because
1. the link funciion of a GL makes it "nonlinear” and

2. the variance funciion of the response variable in a GL usually depends on its

mean.

Thus, in general, the IV estimator for a GL equation derived by minimizing a
quadratic form like the one defined for a linear or nonlinear equation (see, e.g.,

Amemiya 198 , p. 246, Eq. (8.1.2)) would be inconsistent.

2.2  Solution
Yet, by applying
1. the minimizaiion approach of the IV method and

2. the theory of etiimaiing funciione for GL s (Godambe and Kale 1991, ec. 1.
pp. 9-10 and cCullagh 1991, p. 269, Eq. (3.2)),

we develop a general |V for GL s toward a general IV methodology, which has an
applicability especially in the error-in-variable problem and the simultaneous equations
of GL s.
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3 Lstimation: The IRIV Algorithm

By modifying the iterative reweighted |least squares (IRL ) algorithm, we develop the

neraiive reweighied inteirumemal variablee (IRIV) algorithm for GL s.

3.1
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Then, the ecore funciion is

UR) = XTg'(W ARV A [AT(Y — 1(B))] -

Notice that the "-1” can not be directly applied to the matrixes AT, V, and A inside
the ”( )" since A is not a square matrix.

It can be shown that the mean of U is
E(U)=0
and the variance of U, called the informaiion, is
Var(U) = EU?) =—-EU)
where
ou

= I
and the elements of the informaiion mairix 1 are

U/

I = Var(U(B)) = X'g'(WAAVA)TATG ()X

On the other hand,

—EQU) = -E (XTg'(u)—lA(ATv A)—IAT% AT(y — u(B))| )
—E (% XTg/ (W) ARTY A1 [AT(y — u(B))})

_ 10 -1 _1,7OH

= XTg' (W 'AATV A) ATﬁ

= X'g'(W'AATVA) AT (W)X
= XTw*X
where
W* =g'(n)"AATVA) AT ()
Thus, we have shown

I = Var(U(B)) = —E()
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If the Newion-Rapheon meihod is used to obtain the_LEs_E_of_[;,_then_ai_the mth

iteration,
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Then,

~(m—1)

[ (mfl)B

Finally, assuming that 3 and p

+U(m71) — XTW*(mfl)Z(mfl).

11
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3.2 Remarks

We find that "the IRL algorithm can be used to linearize GL s” and suggest to use it

as a tool in developing the estimation method for more complicated statistical models

with responses of a mixed type. Three remarks are made in this regard.

1. At each iteration indexed by (m), the IRL algorithm takes a special transforma-

tion on the original response variable Y; to obtain a pgeudo-response variable
Z;, no matter what type of Y; is, to modify the property of the original response

variable such that the original GL

g() = x;B

becomes a linear regression model

7

E 2] =xpt

until the convergence of [§ In the linear regression case, the IRL algorithm

reduces to the usual weighied leati equares (WL ) procedure.

. Then, instead of writing specific computing programs for a variety of GL s
according to their likelihood functions to obtain LEs, one can just apply one
single unified IRL algorithm for all GL s. ee, for example, the PROC _ENMOD

in the SAS for Windowe and the glm{anetion in the S-PLUS for Windowze.

ost importantly, the derived linear regression model for the pseudo-response
variable Z; at the /a¢i iteration of the IRL algorithm provides an "equivalent”
linear regression model for the original GL in the sense that they have the

same values of the regression coefficients.

Our IRIV algorithm shares the same properties as the IRL algorithm for GL s.
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4 Lxample: The GFA Model

The statistical properties of our IV estimator are examined in the following simulation
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4.2 Specification

A GFA model is of the following form

Ox,(Hx,) = AuFi+ApF+--

gX2(|“lX2) = )\21F1+)\22F

+ AlmFm

14



Notice that this method is the same as that of Carroll and tefanski (1994). ee
Carroll and tefanski (1994) and Carroll, Ruppert, and tefanski (199 ) for the

technical details.
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3. The Instu

e Step
the |
whic
varia
estim
whic

e Step I: e predicted values of Y, and Y3, Y 2 and Y3, as

using the ordinary linear model (L ).

e Step 2: Treat the pseudo-response variables Z;’s derived from the indica-
tor variables Y,’s in the IRL algorithm of GL as observed continuous
indicator variables to obtain the updated estimates of the factor loadings
Ay = [1, A2, A3]T using the IRL algorithm through the following formula,

and iterate Z;, and Ay until Ay converge:

e~ . B -1
Ny, = [Ag, )\Q]T = [Y1Tg/(U)71Y1|3(Y1F|€3V Y1|3)71Y1T39/(|-1) 1Y1} x
Y1Tg/(U)_1YA1|3(?1T3V ?1\3)71?{{39/(“)_122, where V. =Var(Yy)

~ o~ ~ _ -1
Ny, = Nao, N3]T = [Y1Tg/(u)_1Y1|2(Y1|T2V Y1|2)_1Y1\T29,(H) 1Y1} x
Y () YoV hY Vi) Y Re' (W) 'Z;, where V = Var(Y;).

4. The Naive Estimato :

For the purpose of comparison, we also compute the naive estimates osz and
X; by directly fitting the GL s with the proxy of the latent variable F to the data,

which are also taken as the initial values of the 1V2 method.



Dcc

4.4

4.4. etup

Recall that the previously specified one-factor three-indicator GFA model is

Y, = o4+1-F+ 5y1
|Oglt(|J.2) = 0Oy + )\QF
log(Ms) = a3+ AsF

where |, and Y3 are the meane of the indicator variables Y, and Y3, the commonly
used "logit” and "log” link functions are chosen for p; and ps;, dy, is the measurement
error of the indicator variable Y;, and the latent variable F is a continuous variable
measured by three indicator variables Y, Y,, and Y; of a mixed type — cominuous,

binary, and counit — respectively.
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In the following simulations, the sample size (n) is 1000 and the number of

repetition (m) is 00. We follow the following steps to generate the simulated data.

1. Firstly, we set the true parameter values.

(a) For simplicity, we set all the intercepts t
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4.4.2 Result
The simulation results are listed in Table 4. We find the following interesting results.
1. The naive estimator always seriously underestimates the true values of (X, A3).

2. General speaking, the E -CFA, IV1, and IV2 estimators perform well for an
"identity” or a "log” link function.

3. For logistic link,
(a) E -CFA estimator performs well except when the true values of A, = 1.25:
|X2 — N\o| =]1.4022 — 1.25| = 0.1522.

(b) IV1 estimator performs well except when the true values of A, = 1.0 and
1.25:

e A\, =1.0: |1.2453 — 1.0] = 0.2453
e A\, =1.25: |12.2607 — 1.25| = 1.0107

(c) IV2 estimator performs well except when the true values of A\, = 0.25:
A2 — Ao = [0.1882 — 0.25| = 0.0618.
Among them, E -CFA estimator always has a larger variance.

4. When the values of A, and A; are different such as (0.5,1.0) and (1.0, 0.5), the

performance of IV1 has a larger bias.

. In all these values of (A2, A3), IV2 always has |less bias and smaller variance
except when (A, A3) = (0.25,0.25),

e A, = 0.25: |0.1882 — 0.25] = 0.0618

e A3 = 0.25: |0.1830 — 0.25] = 0.067
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