Filtering method for nonlinear systems with

constraints
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Abstract: A constrained filtering method is proposed to deal with the filtering problems for
nonlinear systems with constraints. The problem is converted to a sequence of recursive
estimation problems in which the system cquations and constraint conditions are treated as
pscudo-measurements. To resolve the singularity problem arising from the constraints, a modified
maximum-likelihood method for nonlinear systems is developed. The simulation results from the
application of the proposed scheme to the target tracking problem shows that the constrained
filtering method can enhance the performance of filter design significantly.

1 Introduction

Constraints naturally arise for complex physical systems.
Those constraints may be inherent, such as the conserva-
tion of energy of a mechanical system, or supplemental,
such as the motion of a vehicle on a surface. To deal with
the filtering problem of a nonlinear system with
constraints, the condition of constraints must be appro-
priately accommodated. While it is necessary to take the
supplemental constraints into consideration in the filter
design to acquire meaningful results, the inclusion of
inherent constraints in the design may enhance the perfor-
mance of the filter. However, singularity problems often
appear in the treatment of the constraint conditions. For
lincar systems, the conditions may be incorporated into the
framework of a singular system or a descriptor system
[1, 2], and the filtering method developed in [3] may be
applied. Since in most applications nonlinearity inevitably
occurs, it is desirable to develop a filtering method for
nonlinear system with constraints. The methodology deve-
loped in this paper provides a solution to suit this need.
The proposed scheme is a recursive estimation method
that deals with system equations, measurement equations,
and constraint conditions simultaneously. Similar to [3],
the idea is to convert the filtering problem into recursive
estimation problems in which both system equations and
constraint conditions are treated as pseudo-measurements.
While the corresponding measurement equations from
the former may be corrupted by the process disturbances,
those from the latter are associated with the zero error
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covariance matrix. Due to the existence of the singular
covariance matrix, the classical maximum likelihood
method needs to be modified. By appropriately choosing
the cost function, the method of the Lagrange multiplier is
applied to derive the equations of the optimal selution.
Since the underlying system is nonlinear, the equations to
be solved are also nonlinear. With properly selected initial
conditions, the Newton—Raphson method is then used io
efficiently obtain the solution. The constrained filtering
method is fulfilled by recursively carrying out the iterative
process.

The treatment of constraint conditions as pseudo-
measurements has been discussed in [4, 5] and [6] to
deal with the constraints rclated to the problems of target
tracking and locating objects by sensors, respectively. In
[4, 5], the constraint of constant speed of the target (an
inherent constraint) is realised by a linearised soft pscudo-
measurement with the inclusion of a random variable such
that the error covariance matrix is net singular. On the
other hand, in [6] the so-called strong (i.e. hard) geometric
constraints of the object (which is a supplemental
constraint) is treated by a sequence of weak constraints
for which the error covariance matrices are also nonsin-
gular. In contrast, the method proposed in this paper
attacks the problem of singularity arising from the
constratnt directly. Both soft and hard constraints can be
simultancously managed by our algorithm. A similar
method has been used in [7] to deal with the hard
constraint arising in the attitude determination problem.

To illustrate the application of the proposcd scheme, the
target tracking problem as discussed in [4, 5] is considered
further in this paper. The target is assumed to move in a
circular orbit with constant speed. The tracking radar can
provide the measurement of the range, the azimuth, and the
elevation of the moving target. The problem may be
formulated in three different forms with the constraints
being treated as inherent, supplemental, and soft, respec-
tively. For all these cases, it is shown that the proposed
method performs bhetter than the plain extended Kalman
filter (EKF) method and the method of EKF with constraint
presented in [4). Additional information on the character-
istics of the system is indeed valuable in the filter design.
Other types of constraint or information such as the flight
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envelope discussed in [8] may exist and other approaches,
such as the particle filter or the projection technique, may
be adopted [9]. The methodology presented here provides
an effective tool to solve the filtering problems with hard or
soft constraints efficiently.

2 Maximum-likelihood method

In this Section, the classical maximum-likelihood method
is first reviewed. However, to deal with the singularity
problem associated with the inclusion of constraint condi-
tions, the method must be modified. The basic idea has
been discussed in [3], and the scheme developed below is
used to tackle the nonlinear problems.

2.1 Maximum likelihood estimate for problems
with nonsingular covariance matrix

Consider an algebraic estimation problem
y=Hx+¢, (M

where x is an unknown #-dimensional vector, y is a p(=#n)-
dimensional measurement vector, H is the p x n matrix
mapping x to y, and ¢ is a zero-mean Gaussian random
veetor with covariance matrix 8. If the matrix 8 is positive-
definite, the problem of finding the maximum likelihood
estimate that maximises the likelihood function of ¢ is
equivalent to the weighted least squares problem, in which
the cost function

e
= — 2
J 2gSf (2}

is minimised subject to the linear constraint (1) with the
measurement y. The problem is readily solved to yield the
maximum likelihood estimate of x as

i=MH'S'HH'S Yy (3)
with error covariance matrix
P=(H'S'H) @

In the previous equations, the notation of pseudo-inverse

[10, 117 has been adopted.

2.2 Maximum likelihood estimate for nonlinear
problems with singular covariance matrix

If now the { p x p) error covariance matrix S is singular, or
positive semi-definite, the cost function defined in (2} is
not well defined, and the classical maximum-likelihood
method discussed above must be modified. Let T be the
full-column-rank (p xr} square root of S such that
S =TT7 where r denotes the rank of S. The error vector
¢ may be then generated by a zero-mean Gaussian random
vector # of dimension » with the identity covariance matrix
I, through a prefilter with transformation matrix T, ie.
¢ =I'y. Furthermore, if the problem is nonlinear, (1) may
be rewritten as

y=hx}+<{=hx)+Tn (&)

The associated maximum-likelihood estimate problem is
now cast to be equivalent to the east squares problem of
minimising

1

J==yn" 6
S (6)

subject to the nonlinear constraint (5) on x and #.
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With the Lagrange multiplier vector 1, the previous
constrained minimisation problem can be solved by finding
the critical condition of the Lagrangian

i 1 \ .
Lin,x, ) =51"n+ 4T (y = h(x) — ) (7)

which gives rise to the constraint condition (5) and the
following equations

n—TTi=0 (8)

Hx)'/. =0 e

where H(x) = dh/dx{x). Substituting the cxpression of i in
(8) into (5), we obtain

hix}+Si=y (10)
The optimal estimate is then obtained by solving the
previous equation and (9) simultaneously for x and 4.

In particular, if the problem is linear, we have h(x)= Hx,
and the equations to be solved become

B LR

After finding the pseudo-inverse of the block matrix
consisting of § and H in the left-hand side of the previous
equation, the maximuim likelihood estimate of x is given by

+
$=10 1][HST 101] [Hy (12)

and the corresponding error covariance matrix P=
Ef(x — %)(x — %)"] can be obtained as

P=—[0 1][HST ﬂ [‘I’] (13)

If the block square matrix is invertible, for which the
condition is given in [3], the pseude-inverse becomes the
true inverse, which occurs when there are no redundant
perfect measurements.

On the other hand, if the problem is nonlinear and a prior
estimate X is given, the set of equations (9) and (10) may
be solved by using the Newton—Raphson iteration methed.
With the prior estimate, we apply the technique discussed
above for linear equation to the linearised equations of (9)
and (10) about x~ in the form of

Hx) 2=0 (14)
Hx x+S8Si=y—hx")+Hx)x" (13)

The initial condition for the Newton-Raphson method is
then given by

Wl [ 8 Hx)] [y-hea)+Hx)x
x| jHT(xD) 0 0
(16)
with the initial error covariance matrix Pg being obtained
from (13) with H being replaced by H(x™).
The iteration to find the solution of (9) and (10) then
proceeds as follows, j=0, 1, 2,...

][4 ~H7(x;)/;

3 R e B
where
H(x) (B%HT(X));,
S H(x;)
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J (J,I‘x/) (18)




Once the iterations converge at (j + 1) step, the maximum-
likelihood estimate X is given by x;,;. The corresponding
covariance matrix for % is derived by performing the
following iterative process:

Pj+} = E[(X w xj+1)(x - XJ'+1)T]
T
=Pj7p1!jfpl.j+P2J

Py, = El(X —X)(x — %) 1= [0 l]u,*[ﬂ(,g)pj]

(19)
and
Py = El(x;y 1 — %)% — X)) (20)
=[0 1
H7(x,),7] Hix)) H(x)7;4] 87
) [ Sy, H(x)  H(x)PH (x) + S+ s;jzjs’"}

x(U?)Tm @)

With the prior estimate being suitably chosen, which is
the case for the constrained filtering method presented in
the next Section, the estimate %X, as well as the error
covariance matrix P, can be obtained within the steps in
the Newton-Raphson iteration. This method shall be
termed the modified maximum-likelihood method for esti-
mation problems.

3 Constrained filtering method

Based on the modified maximum-likelihood method
described in the previous Section, the constrained filtering
method for linear or wnonlincar systems subject to
constraints is constructed in this Section. The design of
the linear filter may be used in the determination of the
prior estimate in the development of the nonlinear filter.

3.1 Filtering method for linear system with
constraints

First, we consider the filter design for linear systems with
constraints. The probiem is to find a filtering algorithm for
a linear discrete dynamical system modelled by

Xpp) = AgXp + Wy (22)
with measurement equation
7 = Cyx; + v (23)

while the state x; is subject to the following linear
constraint condition

L.x;, =0 (24)

The process noise w, and the measurement noise v, are
assumed to be independent zero-mean Gaussian random
processes with covariance matrices Q; and R,, respec-
tively. Starting with the prior estimate %, and the initial
state error covariance matrix Py, at each step of k=0, 1,
2,..., we want to find the estimate %;,.; based on the
previous estimate X, with error covariance matrix Py and
the new measurement z,, ., with the constraint condition
(24} being satisfied.

For linear systems, it can be shown that the state error
vector X, — X; — X, 18 a Gaussian random vector with zero
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mean and covariance matrix Py, which is independent of
w;. In terms of %,, (22) can be expressed as

Ay =X, ~ Ak — Wy (25)

Similar to the idea discussed in [3], the previous equation
and the constraint condition (24) are treated as pseudo-
measurements with covariance matrices AP AL +Q, and
0, respectively. The filtering problem is then formulated as
a set of recursive estimation problems, with each being
modelled by (1) with components

Akik I ‘*Akik — “’k
y=|zn |, H=|Cy | {= Vi41
0 Liy 0
(26)

The covariance matrix for the disturbance ¢ is found to be

APATHQ, 00
S = 0 R, 0 27
0 0 0

which is seen to be a positive-semi-definite matrix. As a
result, the technique described in Section 2.1 is not
applicable. Instead, we should use (12) and {13), with the
substitution of H and S by (26) and (27), respectively, to
obtain the maximum-likelihood estimate X;,,, and the
associated error covariance matrix P .

3.2 Filtering method for nonlinear system with
hard constraints
In the application of the constrained filtering method to
many physical problems, nonlinear effects frequently arise.
The techniques developed in the previous Subsection have
been applied in [12] to solve the estimation problems for
atiitude determination, with linearised dynamical equation
and constraint condition. However, to attack the nonlinear-
ity directly, the method should be extended.

Let the nonlinear system with measurements and
constraints be expressed as

X1 = B (%) + Wy (28)
7 = Op(xe) + vy {29)
0 = L(x) {30)

Analogous to the problem stated in the previous Subsec-
tion, we want to find Xy, Py from the estimate %, with
error covariance matrix Py, and the measurement z,,, at
each step. Again, the state error vector ¥, =x; — X, is used
to assess the difference between f(x;) and f(X,), up to first
order, as

(%) = T1(%) + Fox, (31
where
af, .
£ 0x, X (32)

equation (28) is then approximated as
fu(ke) = x — X — Wy (33)

The previous equation is regarded as a pseudo-measure-
ment equation of x|, with the ‘measurement’ f;(x;) and
the ‘noise’ —F X; — w; having the covariance matrix
FPF] 4 Q.

Moreover, the constraint equation (30) is also treated as
a pseudo-measurement equation, with ‘measurement’ zero
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and no ‘necise’. Equations (33), (29) and (30) can be then
written in the form of (5). with the entities

F(x,) Xgtl
y=1| %y h(xg ) = | Prpi(Xepn) | and
0 L1 (et
—F.x, —w,
Ty= Vit (34
0

The corresponding covariance matrix of the disturbances is

FPF[+Q. 0 0
Spy1 = 0 R 0 (35)
0 0 0

which is again singular. It is thus necessary to invoke the
method discussed in Scction 2.2 to find the maximum-
likelthocod estimate X, and the associated error cova-
riance matrix.

In order to achieve quick convergence in the Newton—
Raphson iterations, the estimate of the linearised system is
first sought. The procedure outlined in Section 3.1 is
applied to linear systems {22), (23) and (24), with

o, N
Ciy1 = aj:l (£, (x;)),

Bt o
Ly = —L(F (%
it = —5 — (%)
(306)
The solution is then used as the prior estimate for the
nonlinear filter. With such a prefilter, the algorithm
proposed here for designing a filter for constrained

problems becomes quite efficient, as demonstrated by the
example of target tracking discussed in the next Section.

A, =F,

3.3 Filtering method for nonlinear system with
soft constraints

For some physical systems, the constraint conditions may
not be exactly in the form of (30). Instead, the system
governed by (28) may be subjected to seft constraints in
the following form:

L(x) =y (37

Here i, denotes the random vectors with zero-mean and
covariance matrix T, representing the slackness of the
constraints, which may come from the physical cendition
or from the approximation of the exact constraints.

To deal with such a soft constraint, we simply replace the
covariance matrix 8;,, in (35) by the following form

FPF +Q, ¢ 0
Sﬂ'+] = 0 Rk+l 0 (38)
0 0 T,y

If Tisy is close to singular, the matrix S;,, is close to
singular as well and the use of the classical maximum-
likelihood method may cause significant errors during the
computation. However, the idea of the modified maxtmum-
likelihood method discussed in Section 2.2 can be applied.
The same procedurc of the filtering method discussed in
the previous Subsection can be adopted to perform filtering
for such problems with soft constraints.

It is seen that the treatments of hard and soft constraints
are esscntially the same in our approach, no matter how
close to singular the covariance matrix Ty is. However, in
using the method of EKF with constraints such as the one
in [4], a sequence of covariance matrices approaching T
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must be invoked, if T, is almost singular. This observation
shows one of the advantages of the methodology proposed
in this paper.

4 Example: target tracking problem with
kinematic constraint

To illustrate the proposed methodology, let us consider the
tracking problem of a target moving with constant speed.
Associated with different modcls, the constraint may be
treated as being either inherent or supplemental. Moreover,
if the speed of the target varies about a constant value, the
constraint beccomes soft. Simulation results show that the
constrained filtering method performs well for all the cases.

4.1 Problem description

Consider a target moving in a circular orbit with a constant
angular rate @. A radar tracker is used to obtain the
measurements of the range, the azimuth, and the elevation
of the target. Let r, v denote the position and the velocity of
the target, respectively. The nonlinear constraint of
constant speed is given by

[v|? = constant = vj (39)

which is of the kinematic type. To describe the motion, we
may choose r, v to form thc state vector x. The state
equation can be modelled as

% = Fx (40)

0 1
e[0 1] a

in which the block matrix @ is formed by the components
of the known angular velocity @ = (w,, w;, w3) as

where

¢ —w o
Q= w; 0 —o (42)
—, 0

It is evident that the condition (39) can be deduced from
equation (40), and hence the constraint is inherent to the
dynamical system.

Let p, ¢, ) denote the range, the azimuth, and the
elevation, respectively, of the target from the radar center.
The measurement equation can be expressed as

,()
¥
D) +v=|¢ | +v= tan™" v (43)
0 tan—! — =
an” )2

where x, ¥, z are the components of r with respect to the
reference frame, with the origin located at the radar and
x-axis, y-axis, z-axis pointing to the north, the east, and
downward, respectively.

With the inclusion of measurement noise v, the problem
is to estimate the position r subject to the kinematic
constraint {39), with both the measurement equation and
the constraint equation being nonlinear. Hence, the
constrained filtering method for nonlinear systems
proposed in the previous Section can be adopted.

Similar problems have been discussed in [4, 5] by
imposing a different but equivalent constraint (excepting
the constant value):

v-a=10 (44)
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where a denotes the acceleration of the target. To accom-
maodate such a constraint, we consider the PVA model by
defining the state vector x“={(r, v, a) which satisfies the
following equation:

XU — FUXII (45)
where
01 0
FF=[0 0 1 . (46)
0 0 O

It is noted that condition (44) cannot be derived from the
state equation (45), and hence the constraint is supple-
mental. With the same measurement equations (43), the
filtering problem associated with such a constraint can
also be solved by using the method discussed in
Section 3.2.

In reality, most targets would never move at a constant
speed, although their motion may reside in a given flight
envelope [8]. Such constraints may be treated as soft
constraints. Here we consider the following condition:

v-a=yp (47)
where the random variable ;1 with covariance T is included

to represent the uncertainty in the physical adherence of
the constraint [5], imposed on the state x“ with dynamics

¥ =F% 4+ G (48)
where
0
G=|0 (49)
I

and the process noise f§ represents the jitter disturbances
with strength Q. With the same radar measurement, the
filtering problem can be solved by using the technique for
soft constraints as developed in Section 3.3.

4.2 Filtering algorithms and simulation results

To apply the method discussed in Section 3 to system (40),
the equation is first discretised as

Xl = ALY, A, = el lF (50

With the corresponding measurement equation and
constraint equations in (29) and (30) being expressed as,
respectively,

7 = D(x) + v, Lixg)=v-v—vj (s1)

the constrained filtering method is now ready to be applied.
By adopting the scenario used in [4, 5], the target is
initially located at (1000, 0, —500) (m) with velocity
(=707, 70.7, 0) {m/s). While maintaining a constant
speed of 100 (m/s) and a constant altitude of 500 (m),
the target manoeuvres in a circular orbit with constant
angular rate 0.2 (rad/s). Furthermore, it is assumed that the
radar tracks the target at 20 Hz with the standard deviation
of the range, azimuth, elevation measurements being 8 (m),
3 (mrad), 3 (mrad), respectively.

From Monte Carlo simulation, the root mean square
errors (RMSE) obtained using the proposed constrained
filtering method are shown in Fig. 1 (dotted line). Twe
other methods were also used to attack the same problem,
the method of plain EKF and that of EKF with constraint
[4]. The latter essentially uses a series of soft constraints in
the form of (47) with decreasing T to relax the rigidity of
the constraint of constant speed. Comparing the dashed
line (plain EKF) and the solid line (EKF with constraint)
also shown in Fig. 1, consideration of the constraint indeed
reduces the estimation errors. Nevertheless, the perfor-
mance of the constrained filtering method (dotted line) is
significantly better than the others.

Similar phenomenon appears in applying the filtering
methods to the tracking problem using the PVA model (45)
with supplemental constraint (44). The corresponding
discrete equation can be shown in the form of (50) by
replacing A; with

Af = len P {52)
With the constraint function

x)=v-a (53)

(i} extended Katman filter
(i) EKF with constraint
{iii} constrained filtering
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Fig. 1 RMSE estimation in P-V model
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(i) EKF
(ii) EKF with constraint
(iii} constrained filtering
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Fig. 2 RMSE estimation in P-V-A model

the constrained filtering method proposed in Section 3.2 is
now apphied. For the same scenario as in the previous case,
the simulation results are shown in Fig. 2, along with the
results of using the other two methods. The method
developed in this paper again outperforms the others.
Now we consider the filtering problem with soft

constraints. The discretisation of (48) is
Xi = AfXE + wy (54)

where

] -
wk=J e~ G Rt (55)

5

and the covariance matrix for the disturbance w; is given by

1, .
Q. = JHI e(fm—f)F“GQGTe('m—TJ(F"JTdT (56)
i

With the same measurement equation and the constraint
function (53), the methed proposed in Section 3.3 is used
to estimate the motion of the target, with the process
noise f being assumed to be zero mean with variance
0.5 (m?/s") in each axis and the slackness covariance
matrix T, being given by 1. Simulation results for this
problem using different methods are shown in Fig. 3. It is
seen that the proposed method is still better than the other
two.

While the idea of treating constraint equation as pseudo-
measurement has been used to deal with the target tracking
problem in {4, 5], the method proposed in this paper is
intrinsically different. For hard constraints, the conditions
can be solved exactly, and for soft constraints, the algo-
rithm works no matter how small the slackness of the
constraint. For the constraint of a flight envelope, the idea
of a particle filter is used in [8] to design an algorithm in
which the stochastically gencrated samples or particles that

{i) EKF
{i) EKF with constraint
(iiiy constrained filtering

- -
~

Y

RMSE in velocity, m/s RMSE in position, m

RMSE in acceleration,
m/s2

Fig. 3 RMSE estimation in P-V-4 model with soft constraint
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are not in the flight envelope are discarded. While the
performance is promising, as shown in [8], the computa-
tion issues make it difficult to implement the algorithm in
real time [13]. Moreover, for the problem of dealing with
either hard or soft constraints discussed in this paper, it is
not conceivable to generate a suitable set of particles
exactly satisfying the constraints to perform the estimation.

5 Conclusion

A constrained filtering methed to tackle the filtering
problems associated with nonlinear systems subject to
constraint has been presented. By treating the system
equations and constraint conditions as pseudo-measure-
ments, and invoking the modified maximum-likelihood
method to overcome the problems of nonlinearity and
singularity, the proposed algorithm can successfully solve
the problem, as illustrated by the cxample of target
tracking. As described in Section !, there are varicus
types of constraints that exist for physical systems.
Irrespective of whether they are inherent or supplemental,
the conditions of constraint or the knowledge of the
system characteristics should be taken into account in
the fiiter design. To accommodate these constraints or
information, linear or nonlinear, hard or soft, the
methodology proposed in this paper provides an effective
scheme to design an optimal filter as an alternative to the
existing ones.
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