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The electrokinetic flow of an electrolyte solution through an ellip-
tical microchannel is studied theoretically. The system under con-
sideration simulates the flow of a fluid, for example, in vein. We
show that, for a constant cross-sectional area, both the electroos-
motic volumetric flow rate and the streaming potential increase
monotonically with an increase in the aspect ratio, and both the to-
tal electric current and the electroviscous effect may exhibit a local
minimum as the aspect ratio varies. Also, for a constant average po-
tential on the channel wall, the difference between the results based
on three kinds of boundary conditions, which include constant
surface charge, constant surface potential, and charge-regulated
surface, is inappreciable if the hydraulic diameter is larger than
1 µm. C© 2002 Elsevier Science (USA)
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I. INTRODUCTION

Electrokinetic phenomena, for example, electrophoresis and
electroosmosis, play an important role in many fields of practical
significance. Although relevant studies are ample in the litera-
ture, available results for electrokinetic flow in a microchannel
are relatively limited, and the topic has drawn the attention of
researchers only recently. This is mainly due to the fact that
the operating parameters, such as friction factor and pressure
gradient, have a strong influence on the behavior of flow field
(compare with the conventional transport theories) in microme-
ter or submicrometer scale vessels. Recent improvement in both
material science and manufacturing technology makes the ap-
plication of fluid flow in a microchannel more versatile and
attractive. Typical examples in this area include microchannel
heat sinks for cooling microchips, microreactors for modifica-
tion and separation of biological cells, flow through filter cakes
and synthetic membranes (which may have capillary pores),
and micro fluid pumps. Apparently, it is highly desirable to a
have a more accurate description of the fundamental character-
istics of the flow system. Burgreen and Nakache (1) analyzed
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the electrokinetic flow in an ultrafine capillary slit by extend-
ing the classic theory, which is limited to the flow in a chan-
nel of large electrokinetic radius or to an interface at low sur-
face potentials. Rice and Whitehead (2) investigated the effect
of electrokinetic radius on the behavior of the electrokinetic
phenomena in a narrow cylindrical capillary under the Debye–
Hückel condition (i.e., low electrical potential). Sørensen and
Koefoed (3) evaluated the electrokinetic phenomenological co-
efficients for capillaries with a circular cross section under the
Debye–Hückel condition at all ratios between pore radius and
Debye length. Bowen and Jenner (4) discussed the electrovis-
cous effects in a charged capillary. A numerical solution for the
Poisson–Boltzmann equation describing the electrical potential
distribution was developed, and they concluded that the mobil-
ity of ions of signs opposite to those on the capillary wall has
a strong dependence on electroviscous effects. Mala et al. (5)
studied theoretically the effect of an electrical double layer on
both liquid flow and heat transfer in the case of a planar slit at
constant temperature under the Debye–Hückel condition. They
conclude that both the volumetric flow rate and the heat trans-
fer capacity will be overestimated if the effect of the electrical
double layer is neglected. Qian et al. (6) proposed a numeri-
cal algorithm to obtain the electrical potential distribution in a
charged capillary filled with arbitrary electrolytes by introduc-
ing a Poisson–Boltzmann integral equation, which was derived
from the physical principles for electrostatic fields and thermo-
dynamic systems. Mala et al. (7) studied experimentally the
effects of an electrical double layer on flow characteristics with
different KCI concentrations in water and different plate materi-
als in the case of a planar slit. A mathematical model, which took
the presence of the electrical double layer into account, was also
developed under the Debye–Hückel condition. They found that
the predicted volumetric flow rates agree well with the measured
data. A two-dimensional problem in which an electrolyte solu-
tion flows through a rectangular microchannel was considered
by Mala et al. (8). Both an analytical result based on the Debye–
Hückel approximation and the corresponding exact numerical
values were presented. They showed that the former might sig-
nificantly overestimate the electrical potential near the channel
wall and in the corner regions. Yang and Li (9, 10) considered
the problem of a pressure-driven flow of an electrolyte solution
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in a rectangular microchannel. A two-dimensional electric field
was solved both numerically (9) and analytically (10) under the
Debye–Hückel condition, and a Green function approach was
adopted to solve the flow field. They showed that the appar-
ent viscosity strongly depends on the electrokinetic diameter,
the ionic concentration, and the zeta potential of the channel
wall. The flow and heat transfer characteristics in rectangular
microchannels with and without consideration of the electroki-
netic effects were theoretically evaluated by Yang et al. (11) and
Mala and Li (12), and Weilin et al. (13) studied experimentally
the characteristics of the flow of deionized water in both mi-
crotubes and trapezoidal silicon microchannels. Their results all
revealed a significant difference in pressure gradient compared
to that predicted by conventional laminar flow theory for smaller
dimension channels. Huisman et al. (14, 15) investigated both
experimentally and theoretically various electrokinetic methods
to characterize ultrafiltration membranes, which contain cylin-
drical pores with a diameter on the order of 10 nm. Ren et al.
(16) examined the electroviscous effects on liquid flow in a rect-
angular microchannel. A comparison between the experimental
data gathered by them and an electrokinetic flow model de-
rived revealed that the presence of an electrical double layer is
the major cause for the significantly higher pressure drop for
pure water and dilute aqueous ionic solutions flowing through
small microchannels. Kemery et al. (17) studied experimentally
the transport behavior induced by an applied electric field in
nanometer-sized channels. Nanoporous polycarbonate nuclear-
track-etched membranes with highly monodispersed pores with
an average diameter of 15 nm were used. Coelho et al. (18) inves-
tigated theoretically the electroosmotic phenomenon in a porous
media; the linearized electrokinetic equations were solved and
various geometries were considered.

The previous discussions reveal that most of the relevant stud-
ies in the literature are limited to some simple geometry or trape-
zoidal cross section. Also, drastic assumptions are made so that
mathematical analysis can be simplified, and an analytical result
can be derived. Unfortunately, the cross section of microchan-
nels used in practice may assume various shapes. Blood cap-
illary and lymphatic microchannels, for instance, will deform
when they experience pressure from surrounding muscle. This
suggests that a geometry more flexible than those assumed previ-
ously should be considered. To this end, a channel with an ellip-
tical cross section seems to be an appropriate choice since it can
simulate various geometries by adjusting its shape parameters.
The present study investigates theoretically the electrokinetic
flow in an elliptical microchannel under three types of surface
conditions. No assumptions are made regarding the thickness
of the double layer and the level of the electrical potential. The
present study extends previous analyses to a more general case
and a more realistic description for biological systems.

II. THEORY
Referring to Fig. 1a, we consider a steady flow of an incom-
pressible a : b electrolyte solution in an elliptical microchannel
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FIG. 1. A schematic representation of the problem considered. (a) 2W , 2H ,
and L are, respectively, the length of the major axis, the length of the minor axis,
and the length of the elliptical microchannel. (b) The computational domain has
cross section �, and its boundary comprises �1, �2, and �3.

with major axis 2W , minor axis 2H , and length L . Suppose
that L is sufficiently large so that the end effect of the flow
phenomenon is negligible. The Cartesian coordinates are cho-
sen with its origin located at the center of the microchannel,
and the flow of liquid is in the z direction. This implies that
both the x and the y components of the fluid velocity V van-
ish. Suppose that the z component of V , Vz , is a function of x
and y, which is expressed as Vz = u(x, y). A uniform electrical
field, Ez with strength Ez = −∂ψ/∂z, and a uniform pressure
gradient, P , with magnitude P = −∂p/∂z, are applied in the
z direction, ψ and p being, respectively, the electrical potential
and the pressure. The dielectric constant and the viscosity of
the liquid phase are denoted by ε and η, respectively, and both
are assumed to be constant. Referring to Fig. 1b, the symmet-
ric nature of the problem suggests that only the quarter domain
of the elliptical cross section, � ∈ [x2/W 2 + y2/H 2 ≤ 1 ∩ x ≥

0 ∩ y ≥ 0], the boundary of which comprises �1, �2, and �3,
needs to be considered.
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II.1. Electrical Field

The electrical potential ψ(x, y, z) comprises that due to the
applied electrical field, −Ezz, and that due to the charged sur-
face, φ(x, y). Suppose that ψ(x, y, z) can be expressed as (19)

ψ(x, y, z) = φ(x, y) − Ezz. [1]

We assume that φ(x, y) can be described by the Poisson equation

∂2φ

∂x2
+ ∂2φ

∂y2
= −ρ

ε
, (x, y) ∈ �, [2]

where ρ is the space charge density. If the concentrations of
ionic species in the solution follow the Boltzmann distribution,
then

ρ = −aC0
a F[exp(bFφ/RT ) − exp(−aFφ/RT )], [3]

where a and b are the valences of cations and anions, respec-
tively, T is the absolute temperature, and R and F are, respec-
tively, the gas constant and the Faraday constant. In the follow-
ing discussions the subscript a (b) represents the properties of
cations (anions) and the superscript 0 denotes the bulk proper-
ties. For instance, if C is the concentration, then C0

a represents
the bulk concentration of cations. Equation [2] can be rewritten
in scaled form as

∂2


∂ X2
+ ∂2


∂Y 2
= K 2G

a + b
, [4]

where 
=Fφ/RT, G= exp(b
)− exp(−a
), X = x/Dh, Y=
y/Dh, and K =k Dh. Dh =π H/

∫ π/2
0

√
1−[1−(H/W )2] sin2 θ dθ

is the hydraulic diameter of the elliptical microchannel (20),
and the Debye–Hückel parameter k is defined by

k =
(

aC0
a (a + b)F2

εRT

)1/2

=
(

2I F2

εRT

)1/2

, [5]

I = a(a + b)C0
a/2 being the ionic strength.

II.2. Boundary Conditions

Two of the boundary conditions associated with Eq. [4] arise
from the symmetric nature of the problem under consideration.
We have

∇
 · n = 0, (x, y) ∈ �1 or �3. [6]

Three types of channel walls are considered: (a) constant surface
potential, (b) constant surface charge density, and (c) charge-
regulated surface. The boundary conditions associated with
Eq. [4] for cases (a) and (b) can be expressed, respectively, as

 = 
0, (x, y) ∈ �2 [7]
T AL.

and

∇
 · n = �, (x, y) ∈ �2. [8]

In these expressions, ∇ is the scaled gradient operator, n is the
unit outer normal vector at boundaries, as shown in Fig. 1b,
� = σ Dh F/εRT , and σ is the surface charge density on �2.
For case (c) we assume that the simple one-site dissociation
reaction below occurs on the channel wall:

AH ⇔ A− + H+. [9]

Let Kd be the dissociation constant defined by

Kd = C�2
A−CH+

C�2
AH

, [10]

where the superscript �2 represents the surface properties on the
channel wall. Suppose that the space distribution of H+ follows
the Boltzmann distribution; that is,

CH+ = C0
H+ exp(−
). [11]

If we let Ns be the sum of the concentration of A− and that of
AH , that is,

Ns = C�2
A− + C�2

AH , [12]

Eqs. [10]–[12] lead to

C�2
A− = Ns

1 + (
C0

H+/Kd
)

exp(−
)
. [13]

The surface charge density σ is given by

σ = −FC�2
A− = −F Ns

1 + (
C0

H+/Kd
)

exp(−
)
. [14]

Therefore, the boundary condition associated with Eq. [4] for
case (c) can be expressed as

∇
 · n = −F2 Ns Dh

εRT
[
1 + (

C0
H+/Kd

)
exp(−
)

] . [15]

II.3. Flow Field

Suppose that the spatial variation of the liquid velocity u(x, y)
can be described by the Navier–Stokes equation (2)

∂2u

∂x2
+ ∂2u

∂y2
= − [−(∂p/∂z) + ρEz]

η
, (x, y) ∈ �. [16]
and a body force term ρEz is included. Equation [16] can be
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rewritten in scaled form as

∂2U

∂ X2
+ ∂2U

∂Y 2
= K 2

[
L

G

a + b
− M

]
, [17]

where U = u/u0, L = εRT Ez/ηFu0, and M = P/ηk2u0, u0

being a reference velocity. The boundary conditions associated
with Eq. [17] are assumed to be

∇U · n = 0, (x, y) ∈ �1 or �3 [18]

U = 0, (x, y) ∈ �2. [19]

Equation [18] arises from the symmetric nature of the problem
under consideration, and Eq. [19] states the no-slip condition on
the channel wall.

II.4. Electrokinetic Phenomenological Coefficients

In a discussion of the flow through a capillary with a circular
cross section Sørensen and Koefoed (3) used the following gen-
eral relation (21) to characterize an electrokinetic phenomenon,

[
Iv

Iq

]
=

[
Lvp Lvψ

Lqp Lqψ

] [
P
Ez

]
, [20]

where Iv and Iq are the volumetric flow rate and the electric
current, respectively. The elements of the square matrix are the
electrokinetic phenomenological coefficients, which are given
by (3)

Lvp = π R4
0

8η
[21]

Lvψ = −2πσ

ηk3
�vψ (k R0) [22]

Lqp = − πσ

2ηk3
�qp(k R0) [23]

Lqψ = 2πσ 2

ηk2
�qψ (k R0) + πθ0 R2

0, [24]

where R0 and θ0 are, respectively, the radius of the capillary
and the specific conductivity. The functions �vψ (x), �qp(x), and
�qψ (x) are defined as (3)

�vψ (x) = x

[
1

2
x

I0(x)

I1(x)
− 1

]
[25]

�qp(x) = x3 −
∫ x

0 y3 I0(y) dy

I1(x)
[26]

1
[ ∫ x y I (y)2 dy

]

�qψ (x) =

I1(x)
x I0(x) − 0 0

I1(x)
. [27]
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In these expressions I0 and I1 are the modified Bessel function of
the first kind with order zero and that of order one, respectively.

Once the electrical field and the flow field are determined by
solving Eqs. [4] and [17] simultaneously subject to the associ-
ated boundary conditions, the following expressions can be used
to calculate Iv and Iq,

Iv = 4
∫
�

u d�, [28]

Iq = 4
∫
�

ρu + [λaCa + λbCb]Ez d�, [29]

where λm is the molar conductivity of ionic species m, m = a, b.
The phenomenological coefficients based on the present ellip-
tical microchannel, L ′

vp, L ′
vψ, L ′

qp, and L ′
qψ , can be calculated

based on Eqs. [20], [28], and [29]. To compare the results ob-
tained with the corresponding circular channel, we define the
following parameters:

α = L ′
vp

Lvp
[30]

β = L ′
vψ

Lvψ

= L ′
qp

Lqp
[31]

γ = L ′
qψ

Lqψ

. [32]

Equation [31] is fulfilled under the reciprocity relation of
Onsager, which is justified by Sørensen and Koefoed (3).

III. RESULTS AND DISCUSSION

The behavior of the system under consideration is examined
through numerical simulation. According to Mala et al. (7), the
zeta potential of a microchannel can be on the order of 200 mV.
The linear size of the microchannels used by Huisman et al.
(14, 15) and Kemery et al. (17) ranged from 0.01 to 0.1 µm,
and that of those used by Mala et al. (7) ranged from 10 to
100µm. The magnitudes of the parameters used in our numerical
simulations are based on these values. The governing equations
are solved by FlexPDE (22) on an IBM PC compatible machine.
The applicability of the software used is justified by comparing
the numerical values obtained with the theoretical result of Rice
and Whitehead (2) in the case of a circular microchannel under
the Debye–Hückel condition. It was shown that

φ

φ0
= I0(kr )

I0(k Dh/2)
[33]

P
(

D2 )
E εφ

[
I (kr )

]

u = z

4η

h

4
− r2 − z 0

η
1 − 0

I0(k Dh/2)
, [34]
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FIG. 2. (a) Variation of both φ/φ0 and u/u0 as a function of scaled radial
variable 2r/Dh in a circular microchannel. Parameters used are Dh = 10−6 m,
I = 10−5 M, a = b = 1, φ0 = −25 mV, u0 = 10−3 m/s, T = 298 K, η = 9 ×
10−4 kg/m/s, ε = 7.0832 × 10−10 C/V/m, P = 107 N/m3, and Ez = 1000 V/m.
(b) Variation of ηa/η as a function of 
0 in the case of a circular microchannel at
k(Dh/2) = 4. Parameters used are a = b = 1, T = 298 K, η = 10−3 kg/m/s,
ε = 7.0832 × 10−10 C/V/m, and λa = λb = 7.03 × 10−3 m2/ohm/mol. Dis-
crete symbols: (a) analytical result of Rice and Whitehead (2); (b) numerical
result of Bowen and Jenner (4); solid lines, present result.

where r and I0 are, respectively, the radial distance and the
modified Bessel function of the first kind of order zero. Figure 2a
illustrates the results based on the present study and those eval-
uated by Eqs. [33] and [34]. The applicability of the numerical
scheme adopted in the case of high surface potentials is also
examined by comparing our results with those of Bowen and
Jenner (4), both are presented in Fig. 2b, which shows the vari-
ation of (ηa/η) as a function of 
0 at a fixed k(Dh/2) in the
case of a circular microchannel. As can be seen from Fig. 2, the
performance of the present study is satisfactory.

III.1. Electrical Potential Distribution

Figure 3 shows the distributions of the scaled electrical po-
tential 
 in domain � under various boundary conditions. To
compare the results based on the three types of electrical bound-

ary conditions on the channel wall, the averaged wall potential,
AL.

FIG. 3. Distribution of scaled potential 
 in the domain � at various
boundary conditions. Parameters used are Dh = 10−7 m, I = 10−5 M, a =
b = 1, H/W = 1/8, ε = 7.0832 × 10−10 C/V/m, T = 298 K, and φav =
−150 mV. (a) Constant surface potential, (b) constant surface charge density,

(c) charge-regulated surface.



h

ELECTROKINETIC FLOW THROUGH

FIG. 4. Variation of scaled potential 
 along the normalized boundaries
�′

1, �
′
2, and �′

3 for the case in Fig. 3. Curve 1, result based on the Debye–
Hückel approximation; Curve 2, constant potential; Curve 3, constant charge
density; curve 4, charge-regulated surface.

φav, defined below remains fixed:

φav = 1

�2

∫
�2

φ d�2. [35]

Note that φav plays the role of the zeta potential. Here, we choose
to work on constant φav since the experimentally measured zeta
potential represents an averaged surface property. Figure 3 re-
veals that the difference in 
 based on various types of boundary
conditions at the center of a microchannel (i.e., at the origin) is
insignificant, but that on the channel wall is appreciable. The
latter is because the curvature of the channel wall is position
dependent. It can be inferred that the difference in 
 based on
various types of boundary conditions on the channel wall dis-
appears as an elliptic channel approaches a circular channel.
The variations of 
 along the scaled boundaries �′

1, �
′
2, and

�′
3, 0 ≤ �′

1 ≤ 1, 1 ≤ �′
2 ≤ 2, and 2 ≤ �′

3 ≤ 3, are presented
in Fig. 4. This figure suggests that the largest difference in 


between various models occurs at the end point of the major
axis; that is, �′

1 = �′
2 = 1. As can be seen from Fig. 4, |
|

in the case of constant charge density is largest near the point
�′

2 = 1 and is smallest near the point �′
2 = 2; these apply to the

result on the channel wall only. The value of 
 in the case of
charge-regulated surface is between that in the case of constant
potential and that in the case of constant charge density. For
comparison, the distribution of 
 based on the Debye–Hückel
approximation in the case of constant potential is also shown in
Fig. 4. Note that |
| is overestimated, which is consistent with
previous results (6, 8).

III.2. Phenomenological Coefficients

Figure 5 shows the variation of parameters α, β, and γ as a

function of the aspect ratio H/W in the case of constant charge
AN ELLIPTICAL MICROCHANNEL 181

FIG. 5. Variation of parameters α (a), β (b), and γ (c) as a function of the
aspect ratio H/W in the case of constant charge density. Solid lines, low charge
density, σ = −1.5 × 10−3 C/m2, I = 10−3 M; dashed lines, high charge den-
sity, σ = −3.0 × 10−3 C/m2, I = 10−5 M. Curve 1, fixed hydraulic diameter;
Curve 2, fixed cross-sectional area; Curve 3, fixed perimeter. Parameters used are
D = 10−6 m, a = b = 1, ε = 7.0832 × 10−10 C/V/m, η = 9 × 10−4 kg/m/s,

T = 298 K, and λa = λb = 1.546 × 10−2 m2/ohm/mol.
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density. Three kinds of constrained situations are considered:
constant hydraulic diameter, constant cross-sectional area, and
constant perimeter, which depend on the material property or
the functional demand of the channel. Note that if H/W = 1, a
microchannel becomes circular. Figure 5 reveals that in the case
of low charge density (solid lines), α, β, and γ all approach unity
as H/W → 1. This is consistent with the result of Sørensen and
Koefoed (3). On the other hand, in the case of high charge density
(dashed lines in Figs. 5b and 5c), both β and γ deviate from unity
as H/W → 1; the degree of deviation for the former is larger
than that for the latter. This is because the result of Sørensen
and Koefoed (3) is based on the Debye–Hückel approximation.
In this case, α is a function of hydrodynamic conditions only,
as suggested by Eq. [21], and is independent of the charged
conditions on the channel wall. Note that β < 1 and γ > 1 as
H/W → 1; that is, the results of Sørensen and Koefoed (3)
overestimate Lvψ , but underestimate Lqψ . Figure 5a indicates
that in the case of fixed hydraulic diameter, α decreases with
the increase in H/W , and in the case of fixed cross-sectional
area and fixed perimeter, α increases with the increase in H/W .
This is because the cross-sectional area of a microchannel de-
creases with the increase in H/W at a fixed hydraulic diameter.
It is apparent that this effect reduces the volumetric flow rate as
H/W increases, and so does α. Another factor we should con-
sider is the effect of wall viscous retardation, which arises from
the no-slip boundary condition and the viscous property of the
liquid phase. If H/W decreases, the channel becomes narrow,
the effect of wall viscous retardation increases, and the flow of
fluid is retarded. Figure 5a (curve 1) suggests that as H/W de-
creases, the effect of wall viscous retardation is weaker than that
of increasing the cross-sectional area. If the cross-sectional area
is fixed, the effect of wall viscous retardation plays the major
role, and therefore α increases with the increase in H/W . If the
perimeter is fixed, the cross-sectional area increases with the in-
crease in H/W and the wall viscous retardation decreases with
the increase in H/W . Therefore α increases with the increase
in H/W . Figure 5a also suggests that, for fixed H/W , the mag-
nitude of α follows the order (fixed hydraulic diameter)>(fixed
cross sectional area)>(fixed perimeter). Figure 5b reveals that
the qualitative behavior of β as H/W varies is similar to that
of α and can be explained by similar reasoning. However, the
value of β for fixed cross-sectional area only slightly increases
with the increase in H/W . This implies that the effect of fluid
flow on the deformation of the electric double layer is compa-
rable to that on wall viscous retardation; these two effects have
an opposite contribution to fluid flow. The qualitative behavior
of γ shown in Fig. 5c is similar to that of α shown in Fig. 5a
except in the case of fixed cross-sectional area, in which γ de-
creases with the increase in H/W . Also, the higher the charge
density the faster the rate of decrease in γ as H/W increases.
This implies that the effect of the deformation of the electric
double layer on the electric current is more significant than that
of wall viscous retardation. The results shown in Fig. 5 indicate

that the cross-sectional area of a microchannel plays a dominant
role in the electrokinetic phenomenon under consideration.
AL.

FIG. 6. Variation of parameters β (a) and γ (b) as a function of the aspect ra-
tio H/W in the case of a constant-cross sectional area. Solid lines, Dh = 10−7 m;
dashed lines Dh = 10−6 m. Curve 1, constant charge density with σ = −3.0 ×
10−3 C/m2. Curve 2, charge-regulated surface with pH 7 and Kd = 10−5 M,
Ns = 1.150 × 10−7 mol/m2 for Dh = 10−6 m and Ns = 1.495 × 10−7 mol/m2

for Dh = 10−6 m. Curve 3, constant potential with φ0 = −143.724 mV for
Dh = 10−7 m and φ0 = −152.585 mV for Dh = 10−7 m. Parameters used are
I = 10−5 M, a = b = 1, ε = 7.0832 × 10−10 C/V/m, η = 9 × 10−4 kg/m/s,
T = 298 K, and λa = λb = 1.546 × 10−2 m2/ohm/mol.

Figure 6 shows the variation of the parameters β and γ as
a function of the aspect ratio H/W in the case of a constant
cross-sectional area under various surface conditions at two
different hydraulic diameters. A cylindrical microchannel (i.e.,
H/W = 1) with a fixed charge density is used as the basis in
the numerical calculations. For example, let us consider the case
when Dh = 10−6 m and σ = −3.0 × 10−3 C/m2. The surface
potential of the corresponding constant surface potential model
is estimated as φ0 = −143.724 mV, and the parameters of the
corresponding charge-regulated surface are evaluated as pH 7,
Kd = 10−5 M, and Ns = 1.150 × 10−7 mol/m2. Then β and γ at

various H/W are based on these values. This figure suggests that
if the hydraulic diameter is large, the results based on different
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surface conditions are essentially the same. On the other hand,
if the hydraulic diameter is small, the difference becomes ap-
preciable, and the smaller the H/W the larger the difference.
Figure 6 reveals that the constant charge density model yields
the largest β and γ , and the constant potential model gives the
smallest β and γ . Also, the deviation of the result of Sørensen
and Koefoed (3) is smaller for β and larger for γ in the case
of smaller hydraulic diameter (i.e., at H/W = 1, β is closer to
unity than γ is).

III.3. Electrokinetic Parameters

The values of α, β, and γ are readily applicable to the esti-
mation of the key components of the present electrokinetic phe-
nomenon, for example, electroosmotic volumetric flow rate, Ivo,
streaming potential, Est, total electric current, Iq, and electrovis-
cous effect. The last component is measured by the ratio Ivr/Ivp,
which is also adopted by Burgreen and Nakache (1), Ivr being
the retarding volumetric flow rate and Ivp the pressure-induced
volumetric flow rate. These components can be evaluated based
on Eq. [20] as

Ivo = βLvψ Ez [36]

Est = − βLqp

γ Lqψ

P [37]

Iq = βLqp P + γ Lqψ Ez [38]

Ivr/Ivp = β2Lvψ Lqp

αγ Lqψ Lvp
. [39]

The behaviors of these components under three kinds of con-
straint as the aspect ratio varies can be inferred easily on the
basis of the variations of α, β, and γ shown in Fig. 5. For exam-
ple, for a fixed cross-sectional area of a microchannel, both the
electroosmotic volumetric flow rate Ivo and the absolute stream-
ing potential |Est| increase monotonically with the increase in
the aspect ratio H/W , as shown in Fig. 7. This can be explained
as follows. As indicated in Fig. 5, β increases with the increase
in H/W but γ varies oppositely, and therefore β/γ increases
with the increase in H/W . According to Eqs. [36] and [37], Ivo

and |Est| are proportional to β and β/γ , respectively, and the
results shown in Fig. 7 are expected.

Figure 8 shows the variation of the total electric current Iq

as a function of the aspect ratio H/W in the case of a constant
cross-sectional area at two levels of wall potential. This figure
reveals that the total electric current may have a local minimum
as H/W varies. According to Eq. [38], the total electric current
is made up of both the applied electrical field and the applied
pressure gradient. Since the proportional coefficients of these
two factors, β and γ , vary oppositely as the aspect ratio varies,
as shown in Fig. 5, the total electric current may have a local
minimum as the aspect ratio varies.
The variation of the ratio Ivr/Ivp as a function of the aspect
ratio H/W in the case of a constant cross-sectional area at
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FIG. 7. Variation of electroosmotic volumetric flow rate Ivo (P = 0, E =
1000 V/m) and absolute streaming potential |Est|(P = 108 N/m3, E = 0) as
a function of the aspect ratio H/W in the case of a constant cross-sectional
area and a constant potential. Parameters used are φ0 = −143.724 mV, Dh =
10−6 m, I = 10−5 M, a = b = 1, T = 298 K, ε = 7.0832 × 10−10 C/V/m,
η = 9 × 10−4 kg/m/s, and λa = λb = 1.546 × 10−2 m2/ohm/mol.

constant charge density is presented in Fig. 9. As mentioned pre-
viously, Ivr/Ivp is a measure for the magnitude of electroviscous
effect. Figure 9 reveals that the qualitative behavior of Ivr/Ivp as
H/W varies depends on the magnitude of the hydraulic diame-
ter. If Dh is large, Ivr/Ivp decreases with the increase in H/W ,
and the inverse is true if it is small. Therefore, Ivr/Ivp may have
a local minimum as H/W varies at a certain hydraulic diame-
ter. This can be explained by Eq. [39]. As indicated in Fig. 5,
both α and β increase with the increase in H/W and γ varies
oppositely; therefore, β2/αγ may have a local extrema, so does
Ivr/Ivp.

FIG. 8. Variation of total electric current Iq as a function of the aspect
ratio H/W in the case of a constant cross-sectional area and constant potential.
Curve 1, φ0 = −20.220 mV and I = 10−3 M, Curve 2, φ0 = −143.724 mV,
and I = 10−5 M. Parameters used are P = 108 N/m3, E = 1000 V/m, Dh =

10−6 m, a = b = 1, ε = 7.0832 × 10−10 C/V/m, η = 9 × 10−4 kg/m/s, T =
298 K, and λa = λb = 1.546 × 10−2 m2/ohm/mol.
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FIG. 9. Variation of Ivr/Ivp as a function of the aspect ratio H/W in the
case of a constant cross-sectional area and a constant charge density. Curve
1, Dh = 10−6 m, curve 2, Dh = 10−7 m. Parameters used are σ = −3.0 ×
10−3 C/m2, I = 10−5 M, a = b = 1, ε = 7.0832 × 10−10 C/V/m, and η = 9 ×
10−4 kg/m/s, T = 298 K, and λa = λb = 1.546 × 10−2 m2/ohm/mol.

IV. CONCLUSION

The electrokinetic phenomenological coefficients for the flow
of an electrolyte solution through an elliptical microchannel
are evaluated. In particular, their variations as a function of
the aspect ratio of the microchannel at constant hydraulic di-
ameter, constant cross-sectional area, or constant perimeter of
the microchannel are investigated. Three types of boundary
conditions on the channel wall are considered, which include
constant surface charge, constant surface potential, and charge-
regulated surface. It is found that the smaller the size of a
microchannel the more apparent the difference between the
results based on these boundary conditions. We show that, as
the aspect ratio varies, the electroosmotic volumetric flow rate,

the streaming potential, the total electric current, and the elec-
AL.

troviscous effect can easily be evaluated through three basic
parameters.
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