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ABSTRACT

Recently two kinds of reduction techniques which aimed at saving training time
for SVM problems with nonlinear kernels were proposed. Instead of solving the stan-
dard SVM formulation, these methods explicitly alter the SVM formulation, and so-
lutions for them are used to classify data. The first approach, reduced support vector
machine (RSVM) [21], preselects a subset of data as support vectors and solves a
smaller optimization problem. The second approach [11] uses imcomplete Cholesky
factorization (ICF) to obtain a low-rank approximation of the kernel matrix. There-
fore, an easier optimization problem is obtained. We find that several issues of their
practical uses have not been fully discussed yet. For example, we do not know if
they possess comparable generalization ability as the standard SVM. In addition,
we would like to see for how large problems they outperform SVM on training time.
In this thesis we show that the formulation of each technique is already in a form
of linear SVM and discuss several suitable implementations. Experiments indicate
that in general the test accuracy of both techniques is a little lower than that of the
standard SVM. In addition, for problems with up to tens of thousands of data, if the
percentage of support vectors is not high, existing implementations for SVM is quite
competitive on the training time. Thus, the two techniques will be mainly useful
for either larger problems or those with many support vectors. Experiments in this
thesis also serve as comparisons of (1) different implementations for linear SVM; (2)
standard SVM using linear and quadratic cost functions; and (3) two ICF algorithms
for positive definite dense matrices.
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CHAPTER I

Introduction

The support vector machine (SVM) is a new and promising technique for data
classification and regression. After the recent development, it has become an im-
portant topic in machine learning and pattern recognition. Not only it has a better
theoretical foundation, practical comparisons have also shown that it is competitive
with existing methods such as neural networks and decision trees (e.g. [20, 3, 9]).

Existing surveys and books on SVM are, for example, [7, 47, 48, 4, 41, 8]. The
number of applications of SVM is dramatically increasing, for example, object recog-
nition [36], combustion engine detection [39], function estimation [44], text catego-
rization [18], chaotic system [31], handwritten digit recognition [29], and database
marketing [1].

Unfortunately, there are some difficulties when one tries to scale up SVM to large
data sets. First, training time increases dramatically with the size of the training
data set; second, memory requirements may increase quadratically with data; third,
prediction time is scaled up with the number of support vectors. A number of
researchers have studied these issues and developed possible solutions. In this thesis
we concentrate on methods which reduce the memory requirement by modifying the

SVM formulations. We propose various implementations for these methods. Our



experiments shows that these methods slightly downgrade the testing accuracy, and
some implementations show time speedup in addition to memory saving. Therefore,
these methods will be mainly useful when we get trouble in solving traditional SVM
with insufficient memory or time resources.

This thesis is structured as follows. In Chapter II, we briefly introduce the con-
cepts of SVM. In Chapter III, we introduce the reduced support vector machines
(RSVM) [21] by outlining the key modifications from standard SVM to RSVM. In
Chapter IV, we detail the SSVM method used in [21], and apply four more tech-
niques, the Least Square SVM (LS-SVM) [45], the Lagrangian SVM (LSVM) [28],
and the decomposition method to solve the RSVM problem. Numerical experiments
and comparisons are presented in Chapter V. The first part of this thesis is based
on the paper [25].

In Chapter VI, we introduce the other reduction technique: the incomplete
Cholesky factorization (ICF) kernel approximation [11]. There we compare the for-
mulation, implementation, and performance with the original SVM and RSVM. Fi-

nally, we have some discussions and conclusions in Chapter VII.



CHAPTER 11

Basic Concepts of SVM

The SVM technique was first developed by Vapnik [48] and his group in former
AT&T Bell Laboratories. The original idea of SVM is to use a linear separating
hyperplane to separate training data in two classes. Given training vectors x;,i =

1,...,1 of length n, and a vector y defined as follows

1 if x; in class 1,
Yi =

—1 if x; in class 2,
the support vector technique tries to find the separating hyperplane with the largest
margin between two classes, measured along a line perpendicular to the hyperplane.
For example, in Figure 2.1, two classes could be fully separated by a dotted line
wlz +b = 0. We would like to decide the line with the largest margin. In other
words, intuitively we think that the distance between two classes of training data
should be as large as possible. That means we want to find a line with parameters w

and b such that the distance between w”z + b = +1 is maximized. As the distance

between w’z +b = +1 is 2/||w|| and maximizing 2/||w|| is equivalent to minimizing
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Figure 2.1: Separating hyperplane

wlw/2, we have the following problem:
. I 7
e
yi(wha; +0) > 1,i=1,...,1 (2.1)

The constraint y;(w”z; + b) > 1 means

wle; +b>1 ify =1,

wle; +b< -1 ify, =—1.

That is, data in the class 1 must be on the upper half space of w'z + b = 0 while
data in the other class must be on the left-hand side. Note that the reason of
maximizing the distance between w? z +b = £1 is based on Vapnik’s Structural Risk
Minimization [48].

However, practically problems may not be linearly separable where an example is
in Figure 2.2. SVM uses two methods to handle this difficulty [2, 7]: First, it allows

training errors. Second, SVM non-linearly transforms the original input space into



Figure 2.2: An example which is not linearly separable

a higher dimensional feature space by a function ¢:

!
. L 7
min - cww +C ;éi (2.2)
yi(w'o(z;) +b) > 1§, (2.3)
&>0,i=1,...,1L (2.4)

A penalty term C 22:1 &; is added to the objective function and training errors are
allowed. That is, constraints (2.3) allow that training data may not be on the correct
side of the separating hyperplane w”z 4+ b = 0 while we minimize the training error
22:1 & in the objective function. Hence if the penalty parameter C' is large enough
and the data is linearly separable, problem (2.2) reduces to (2.1) as all &; go to zero
[22].

Occasionally another kind of penalty term C' 22:1 &2 is used instead. An advan-
tage is that the nonnegativity constraint (2.4) is redundant in this case. That is, any

optimal solution for the following minimization problem will satisfy (2.4):

l
- L 7 2
min - Jw'w +C ;1 3 (2.5)

Mwwwggmzl—gizLqu (2.6)



For the generalized problems, that training data x is mapped into a vector in a

higher (possibly infinite) dimensional space:

¢(x) = (¢1(2), P2(), .. ).

Hence (2.5) (and also (2.2)) can be a problem in an infinite dimensional space
which is not easy to solve. Currently the main procedure is to solve a dual formulation

of (2.5). It needs a closed form of K(z;,x;) = ¢(x;)T¢(x;) which is usually called
the kernel function. Some popular kernels are, for example, RBF kernel: e~ llwi—=;|?

and polynomial kernel: (zz;/v+§)?, where v, §, and d are parameters. Here is the

dual formulation:

1 1
mo’}n §aT(Q + %)a —e’a (2.7)

subject to  yTa =0,

OSOZZ‘, ’izl,...,l,

where e is the vector of all ones, () is an [ by [ positive semi-definite matrix, Q;; =
Yiy; K (i, ).
After the dual problem is solved, w is constructed by « and training vectors. The

decision function is written as

F(x) = sign(w” ¢(x) + b). (2.8)

In other words, for a test vector x, if w? ¢(x) +b > 0, we classify it to be in the class
1. Otherwise, we think it is in the second class. Only some of z;,7 = 1,...,[ are
used to construct w and b and they are important data called support vectors. In

general, the number of support vectors is not large. Therefore we can say SVM is



used to find important data (support vectors) from training data.

For large-scale problems, the difficulty of solving SVM problems results from the
fully dense matrix @) (arising in the dual problem (2.7)), which cannot be saved in
the main memory. Thus traditional optimization algorithms like Newton or Quasi-
Newton cannot be directly used. Currently one major method is the decomposition
method (for example, [34, 37, 17]) which solves a sequence of smaller-sized problems
so the memory difficulty is avoided. However, for huge problems with many support
vectors, the decomposition method still suffers from slow convergence. As a result,
we survey two types of reduction techniques. Both of them reduce the size of the
kernel matrix to any acceptable size, and then there exists suitable algorithms (some
are exact solution for linear systems, while others are iterative approximations) to

solve the reduced problem.



CHAPTER III

The RSVM Method

Recently [21] proposed to restrict the number of support vectors by solving the
reduced support vector machines (RSVM). The main characteristic of this method
is to reduce the matrix @) from [ X [ to [ x m, where m is the size of a randomly
selected subset of training data considered as support vectors. The smaller matrix
can be stored in memory, so optimization algorithms such as Newton method can be
applied directly.

Here we outline the key modifications from standard SVM to RSVM. They started

from adding an additional term 5?/2 to the objective function of (2.5):

!
: L7 2 2
min a(w w+b )+C;§i (3.1)
subject to  yi(w’ ¢(x;) +b) > 1 — &, (3.2)

The dual form becomes a simpler bound-constrained problem:

1 I
main éaT(Q + 50 +yyHa —ela
subject to  0<a;, i=1,...,1L (3.3)

The approach of adding b*/2 and then obtaining a bounded dual was proposed in

[12] and [27]. This is equivalent to adding a constant feature to the training data and



finding a separating hyperplane passing through the origin. Numerical experiments
in [16] show that the accuracy does not vary much when /2 is added.
It is known that, at the optimal solution, w is a linear combination of training

data:
w = izlyiai¢(xi). (3.4)
If we substitute w into (3.1), using
yaw ¢(z;) = Zl;yiyjaj¢(xj)T¢(xi)
= ZZ:QM%‘ = (Qa);, and (3.5)
P
o = 3y
P
= i a;(Qa); = o’ Qa, (3.6)
im1

we obtain a new optimization problem:

a7b7£

I
min %(aTQa + b6+ C ; &2

subject to Qo +by > e —&. (3.7)

Though (3.7) is different from (3.3), the dual problem, we can show that for any
optimal « of (3.7), the corresponding w defined by (3.4) is also an optimal solution of
(3.1), so we can solve (3.7) instead of (3.3). The details are in Appendix A. Actually
such reformulation of (3.1) to (3.7) also appeared in [35].

The idea of RSVM is to reduce the number of support vectors. It is achieved by



10

randomly selecting a subset of m samples for constructing w:
w= Z yicu (), (3.8)
i€R
where R contains indices of this subset. Substituting (3.8) into (3.2), we can get a

similar problem as (3.7), with the number of major variables (i.e. «) reduced to m:

l

1
{3,}% §(dTQRR@ +0*) +C ; &

subject to  Q.pa+by > e —¢, (3.9)

where @ is the collection of all «;,7 € R. Note that now m is the size of R. We use
Q. r to represent the sub-matrix of columns corresponding R. Thus, there are still
[ constraints, and hence solving RSVM is not close to directly solving smaller SVM
problems with m training data, for the formulation of the latter (changing [ to m in
(3.7)) has only m constraints.

Following the generalized SVM by Mangasarian [26], [21] simplified the term
%dTQRRd to %de so RSVM solves

I
: Lor o 2
min 5(04 a+b)+0;21£i

subject to Q. rax+by >e—¢. (3.10)

Later on we will address more about this simplification.

The idea of using (3.8) is similar to the Radial Basis Function (RBF) networks
[32] which either select a subset of training data or generate some “centers” in order
to construct a decision function. RBF networks directly start from a form similar to
(3.8) and the regularization term used is @’ @ /2. If the inequality (3.10) is replaced by
an equality, (3.10) is in a form of the RBF networks. There are already comparisons

between SVM and RBF networks. For example, [42] shows that SVM performs



11

better as RBF network uses less information. Therefore, we are curious whether
similar scenarios apply to SVM and RSVM, which will be one of the main aims of

this thesis.



CHAPTER IV

Different Implementations for RSVM

In [21], the authors used Smooth SVM (SSVM) to solve RSVM, which basically
approximates the original problem by an unconstrained problem. However, we ob-
serve that (3.10) is already in the primal form of the original linear SVM. Therefore,
existing methods which focus on solving linear SVM can be applied here. To see this,

suppose R contains indices {ji,...,Jm}, in the following we point out the relation

between (3.1) and (3.10):

SVM RSVM
n m
w «

T [YiQijy s - - - 7yin'jm]T

Therefore, if we consider [y1Qijy, - - -, YmQijn]* s @ = 1,..., [ as training data, then the
number of attributes is m and (&, b) are coefficients of the separating hyperplane.
In other words, it is like that we are training a linear SVM with [ data. For linear
SVM the number of features is usually much smaller than the number of data so
there are methods which possess this property. However, for nonlinear SVM where

the dimensionality of the feature space is large, such methods may not be applicable

so usually the dual problem is considered. Now we choose m < [ so we are safe to

12
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apply methods which were originally mainly suitable for linear SVM.

In Section 4.1 we will discuss the SSVM originally used in [21] while in Sections
4.2- 4.4, we consider three methods which were suitable for linear SVM: Least Square
SVM (LS-SVM) [45], Lagrangian SVM (LSVM) [28], and the decomposition method
for linear SVM.

Before describing different implementations, for the sake of convenience, with

following substitution

we consider a simpler form:

1
. Loy 2
min —aa+C :

subject to Q& > e —£. (4.1)

4.1 Using SSVM to implement RSVM

Define ()4 = max(+,0), and apply the property that whenever &; > 0, the ith con-
straint (4.1) must be active, then the constrained problem (4.1) can be transformed

to an unconstrained one:
1 l ~
min 55?52 +C ;((e —Qa))> (4.2)

If the objective function is differentiable (or twice differentiable), we can use
general methods (for example, Newton method, quasi-Newton method, etc.) to
find an optimal solution. Unfortunately ((e — Qa);)4 is not differentiable so SSVM

approximates the function (¢), by

Ps(t) =t + B log(1 + exp(—/3t)),
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where [ is called the smoothing parameter. When [ approaches to infinity, Ps(t)
converges to (t).

We observe that if C' is large, sometimes huge objective values of (4.2) may cause
numerical difficulties. For example, if a method for solving (4.2) uses the absolute
difference on objective values of two successive iterations as the stopping criterion,
the large objective values may cause very long iterations before reaching a specified

tolerance. Hence, we divide the objective function by C"

l
min (a) = %&T& + 37 Pafe — Qi (4.3)

We solve (4.3) by a Newton’s method implemented in the software TRON [23], which
uses both the information of the first derivative (gradient) and the second derivative
(Hessian).

While [21] did not give the explicit form of the gradient and the Hessian, we list

them here as a reference. By defining

V = exp(—f(e — 0a)),

then

V(@) = —207 (diag(Ps(c — OF))diag(e + v) e + éa and  (4.4)
V?£(@) = 20" diag(e +v) (1 + fding(v)ding(Pole — QA+ =, (45)

where diag(v) is a diagonal matrix with elements of v on the diagonal. Details on
deriving them can be found in Appendix B.

TRON was originally designed for large sparse problems. Now the Hessian is
dense so we use the modification in [16] to solve (4.3). As a Newton’s method is
used, TRON possesses the property of quadratic convergence.

Time complexity analysis: Now the Hessian is m by m so the Newton’s
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method takes O(m?) operations in each iteration for inverting or factorizing the
Hessian. However, in order to obtain the Hessian, in (4.5), we need more operations:

O(Im?). Hence O(Im?) is complexity of each iteration.

4.2 Using Least-Square SVM to implement RSVM

Least-square SVM (LS-SVM), first introduced in [45], can solve linear SVM ef-
ficiently. It changes the inequality constraints to equalities, and solve the resulting
linear system. Taking (3.1) as an example, they change the primal inequalities (3.2)
to y;(wl¢(x;) +b) = 1 — & and remove constraints & > 0. Thus substituting ¢ into

the objective function we get an unconstrained problem:

l
min %@Fw+¥)+0§:ﬂ—ywﬂ¢@0+@f (4.6)

w,b —
Of course changing inequalities into equalities may affect the meaning of separating
hyperplanes though this is not the topic we would like to discuss here.

For linear SVM (i.e. z; instead of ¢(z;) is used), we can solve (4.6) directly by a
linear system of (n + 1) variables where n is the number of attributes as well as the
length of w. For nonlinear SVM where n > [, we must substitute w =, y;0,;¢(z;)
into (4.6) and solve a linear system with variables o and b. Thus, when [ is large, the
same problem of conventional SVM formulations occur: the [ x [ matrix cannot be
placed in memory, so it is not easy to solve a large dense linear system. As a result,
LS-SVM so far is more suitable for linear SVM problems.

Following the same procedure, here we change the inequality (4.1) to an equality

Qd =e—¢, (4.7)

and substitute ¢ into (4.1). Similar to the case of SSVM, we divide the objective
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function by C' and get an unconstrained problem where « is the only variable:

l
min  f(@) = —a a+ Z e —Qa)? (4.8)
With
1 -
fla) = 20~ a+al Q Qa 2¢TQa + ele,
we minimize f by finding the solution of % =0,0=1,...,m:
1

552 + QQTQ& — 2@Te =0,

@G+ 5e)a=0" (1.9

a positive definite linear system of size m. As m < [, (4.9) is small enough. Thus
we can use direct methods such as Gaussian elimination or Cholesky factorization to
efficiently solve it.

Time complexity analysis: The cost of Gaussian elimination, O(m?), is less
than that for computing the matrix multiplication @T@ which costs O(Im?). Hence

the total time complexity is O(Im?).

4.3 Using Lagrangian SVM to implement RSVM

Here we discuss Lagrangian SVM (LSVM) [28], another technique to solve SVM
problems. LSVM is an iterative algorithm which solves the dual form (3.3). Define
H=Q+ 55+ yy”, then the Karush-Kuhn-Tucker (KKT) optimality conditions of

(3.3) are

Ha—e>0,a >0,

(Ha —e)la = 0.
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Again we denote max(-, 0) by (-)+. The authors of [28] use the following identity

between any two vectors a and b:
a>0,b>0,a"b=0<a=(a—pb),V3 >0, (4.10)
so the optimality conditions is equivalent to
Hao—e=(Ha—e— fa), VG > 0. (4.11)

Thus, an optimal « is a solution of the fixed-point equation and they apply the

following iterative scheme:
oM = H e+ (Ho* — e — Ba),). (4.12)
[28] showed that LSVM algorithm is linearly convergent if 3 is chosen so that

2
O<ﬁ<5.

Though in each iteration, we must invert the [ x [ dense matrix H, for linear
SVMs, the Sherman-Morrison-Woodbury (SMW) identity can be used. But it can-
not be applied to nonlinear kernels where the input vectors are mapped into high
(maybe infinite) dimensional spaces. Thus, LSVM method so far is not practical for
large-scale problems using nonlinear kernels. An earlier comparison with LIBSVM,
a decomposition method for standard SVM, is in [14], which shows that LSVM is
slower when using nonlinear kernels.

We have mentioned earlier that RSVM is equivalent to a linear SVM problem,

so the Lagrangian SVM algorithm can be used here. First we write down the dual
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form of (4.1):

1 ~ ~ I
min 5ézT(QQT + 550 = eTa
subject to  0<a;, i=1,...,L (4.13)
Let
H=(Q0" + )
= 50"

Lagrangian SVM solves

&M = H et (Hak —e) - pat),)

~~ I
= H e+ ((QQ + 55 — ADE* —e),),
Here H~! is calculated using the SMW identity:
H = (o + Q0" = 2001~ Qo + 7 Q)"
2C 2C '

In order to get &, now the primal variable, we apply the relationship (3.4):

a=qQ7a.

Time complexity analysis: The generation and then inversion of the m x m
matrix (55 + Q7Q) costs O(Im?), where the main task is the matrix multiplication.
This can be done before all iterations. Then in each iteration, the main cost is
several matrix-vector multiplications which costs O(lm) operations. So the total
time complexity is (#iterations) x O(Im) + O(Im?). Compared with SSVM, LSVM

method seems need more iterations since it guarantees only linear convergence.
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4.4 Using decomposition methods to implement RSVM

Originally the decomposition method [34, 17, 37] was proposed to handle the
nonlinear SVM whose kernel matrices are fully dense and cannot be stored. It is
an iterative process where in each iteration the index set of variables is separated
to two sets B and N, where B is the working set. Then in that iteration variables
corresponding to N are fixed while a sub-problem on variables corresponding to B
is minimized.

If ¢ < [ is the size of the working set B and further techniques such as caching
and shrinking are not used, in each iteration ¢ columns of the kernel matrix are used
for calculating QAc«, where @ is the kernel matrix and A« is a vector with at most

¢ nonzero modifications of one iteration. Therefore, the total complexity is
#iterations x O(lgn),

where n is the number of attributes and we assume each kernel evaluation costs O(n).
However, for linear SVM, @ is in a form of X X7 and X, an [ x n matrix, contains
all [ training data. Thus,

QAa = X(XTAa) (4.14)

costs only O(nq) + O(In) = O(In) operations.

Therefore, for large problems where caching recently used @);; is not very useful,
in each iteration, using (4.14) can be ¢ times faster than the regular decomposition
method. This trick has been implemented in, for example, SV M"%" [17] and BSVM
(version 2.03 and after) [16]. Of course the selection of ¢ is still an issue. It should
be larger than those usually used for nonlinear SVM but also cannot be too large.

Otherwise solving the sub-problem which has ¢ variables may cost more than O(In)
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for (4.14).
For RSVM, since m < [, we consider RSVM as a linear SVM and apply a
decomposition method to solve its dual. However, we consider the formulation with

linear cost function €'Y, & so instead of (4.13), the dual problem is

1
min §@TQQT@ —ela
subject to 0< & <C,i=1,...,l. (4.15)

The reason is that we will use the software BSVM which solves (4.15) but not (4.13).
4.5 Stopping criteria

In order to compare the performance of different methods, we should use compa-
rable stopping criteria for them. However, so many differences among these methods
prohibit us from finding precisely equivalent stopping criteria for all methods. Still
we try to use reasonable criteria which will be described below in detail.

In the next Chapter we will use LIBSVM as the representative for solving the
regular nonlinear SVM so we first explain its stopping criterion. LIBSVM is a de-
composition method which solves the dual form of the standard SVM with a linear

cost function:

1
min  f(a) = éozTQa —ela (4.16)
subject to yTa=0,
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It is shown in [6] that if C' > 0, the KKT condition of (4.16) is equivalent to

m(a) = max( max —Vf(«a);, max Vf(a))

Oéi<C,yi:1 a,>0,yi:—1
o . o N | |
< min{ _min  Vf(a), min —Vf(a))= M) (4.17)

For practical implementation, a tolerance € is set, and the stopping criterion can

be

m(a) < M(a) + ¢, (4.18)

where we choose € = 0.001.

To compare the performance of using linear and quadratic cost functions, we also
modify LIBSVM to solve (2.7). It is easy to see that a similar stopping criterion
can be used. Another decomposition software BSVM is used for solving RSVM as
described in Section 4.4. It also has a similar stopping criterion.

The LSVM method, another implementation for RSVM, solves problems in the

dual form (4.13). Hence we can use a similar stopping criterion: Now

V(@) = Q@7 + )i e

The KKT condition of (4.13) shows that if

min Vf(&); > max V f(&);,

a; >0

then & is an optimal solution. Thus, an stopping criterion with a tolerance e can be

max V f(&) <minVf(a) +e. (4.19)

&; >0

We also set € = 0.001 here.
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For the SSVM, we simply employ the original stopping criterion of TRON:
IV f(@*)]l2 < eV F(@")]l2, (4.20)

where f(a) is defined in (4.3), a' is the initial solution, &* is the current solution,
and e = 107°.
Note that for LS-SVM implementation, we use direct methods to solve the linear

system, and therefore no stopping criterion is needed.



CHAPTER V

Experiments on RSVM

In this chapter we conduct experiments on some commonly used problems. At
first we extend RSVM to multi-class problems. Several methods have been proposed
for SVM multi-class classification. A common way is to consider a set of binary
SVM problems, while some authors also proposed methods that consider all classes
at once. These methods in general can also be applied to RSVM.

There have been some comparisons of methods for multi-class SVM. In [15] we
compare different decomposition implementations. Results indicate that diffenent
strategies for multi-class SVM achieve similar testing accuracy, but the one-against-
one method performs faster in practice. The comparison in [46] for LS-SVM also
prefers the one-against-one method. So we use it for our implementation here. Sup-
pose there are k classes of data, this method constructs k(k — 1)/2 classifiers where
each one trains data from two classes. In classification we use a voting strategy: each
binary classification is considered to be a voting where votes can be cast for all data
points x - in the end point is designated to be in a class with maximum number of

votes.

23
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5.1 Problems and settings

We choose large multi-class datasets from the Statlog collection: dna, satimage,
letter, and shuttle [30]. We also consider mnist [19], an important benchmark for
handwritten digit recognition. The problem ijcnnl is from the first problem of [JCNN
challenge 2001 [38]. Note that we use the winner’s transformation of raw data [5].
The last one, protein, is a data set for protein secondary structure prediction [49].
Except problems dna, ijcnnl, and protein whose data values are already in a small
range, we scale all training data to be in [—1,1]. Then test data, available for all
problems, are adjusted to [—1, 1] accordingly. Note that for problem mnist, it takes
too much training time if the whole 60,000 training samples are used, so we consider
the training and testing data together (i.e. 70,000 samples) and then cut the first 30%
for training and test the remaining 70%. Also note that for the problem satimage,
there is one missing class. That is, in the original application there is one more class
but in the data set no examples are with this class. We give problem statistics in
Table 5.1. Some problems with a large number of attributes may be very sparse. For

example, for each instance of protein, only 17 of the 357 attributes are nonzero.

Table 5.1: Problem statistics

Problem | #training data | #testing data | #class | #attribute
dna 2000 1300 3 180
satimage 4435 2000 6 36
letter 15000 5000 26 16
shuttle 43500 14500 7 9
mnist 21000 49000 10 780
ijcnnl 49990 45495 2 22
protein 17766 6621 3 357

We compare four implementations of RSVM discussed in Chapter IV with two

implementations of regular SVM: linear and quadratic cost functions (i.e., (2.2) and
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(2.5)). For regular SVM with the linear cost function, we use the software LIBSVM
which implements a simple decomposition method. We can easily modify LIBSVM
for using the quadratic cost function, which we will refer to as LIBSVM-q in the rest
of this thesis. However, we will not use it to solve RSVM as LIBSVM implements an
SMO type algorithm where the size of the working set is restricted to two. In Section
4.4 we have shown that larger working sets should be used when using decomposition
methods for linear SVM.

The computational experiments for this section were done on a Pentium III-1000
with 1024MB RAM using the gcc compiler. For three of the four RSVM methods
(SSVM, LS-SVM, and LSVM), the main computational work are some basic matrix
operations so we use ATLAS to optimize the performance [50]. This is very crucial as
otherwise a direct implementation of these matrix operations can at least double or
triple the computational time. For decomposition methods where the kernel matrix
cannot be fully stored we allocate 500MB memory as the cache for storing recently
used kernel elements. Furthermore, LIBSVM, LIBSVM-q, and BSVM all use a shrink-
ing technique so if most variables are finally at bounds, it solves smaller problems by
considering only free variables. Details on the shrinking technique are in [6, Section
4).

Next we discuss the selection of parameters in different implementations. It is of
course a tricky issue on selecting m, the size of the subset of RSVM. This depends
on practical situations such as how large the problem is. Here in most cases we fix
m to be 10% of the training data, which was also considered in [21]. For multi-class
problems, we cannot use the same m for all binary problems as the data set may be
highly unbalanced. Hence we choose m to be 10% of the size of each binary problem

so a smaller binary problem use a smaller m. In addition, for problems shuttle, ijcnnl,
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and protein, binary problems may be too large for training. Thus, we set m = 200 for
these large binary problems. This is similar to how [21] deals with large problems.
Once the size is determined, for all four implementations, we select the same subset
for each binary RSVM problem. Note that n < m for most problems we consider,
so the time of kernel evaluations is O(Imn) which is much less than that of each
implementations for RSVM.

We need to decide some additional parameters prior to experiments. For SSVM
method, the smoothing parameter 3 is set to 5 because the performance is almost
the same for § > 5. For LSVM method, we set § = % which is the same as that
in [28]. We do not conduct cross validation for selecting them as otherwise there are
too many parameters. For BSVM which is used to solve linear SVM arising from
RSVM, we use all default settings. In particular, the size of the working set is 10.

The most important criterion for evaluating the performance of these methods
is their accuracy rate. However, it is unfair to use only one parameter set and
then compare these methods. Practically for any method we have to find the best
parameters by performing the model selection. This is conducted on the training
data where the test data are assumed unknown. Then the best parameter set is
used for constructing the model for future testing. To reduce the search space of
parameter sets, here we consider only the RBF kernel K(z;,z;) = e‘V”xi_xﬂ'”Q, SO
the parameters left for decision are kernel parameter v and cost parameter C'. In
addition, for multi-class problems we consider that C' and v of all k(k — 1)/2 binary
problems via the one-against-one approach are the same.

For each problem, we estimate the generalized accuracy using different v =
(24,2322 ...,2710 and C = [2!2,211 210 272] Therefore, for each problem

we try 15 x 15 = 225 combinations. For each pair of (C,~), the validation perfor-
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mance is measured by training 70% of the training set and testing the other 30% of
the training set. Then we train the whole training set using the pair of (C,~) that
achieves the best validation rate and predict the test set. The resulting accuracy is
presented in the “rate” columns of Table 5.2. Note that if several (C,~) have the
same accuracy in the validation stage, we apply all of them to the test data and re-
port the highest rate. If there are several parameters resulting in the highest testing

rate, we report the one with the minimal training time.

5.2 Results

Table 5.2 shows the result of comparing LIBSVM, LIBSVM-q, and the four RSVM
implementations. We present the optimal parameters (C,~y) and the corresponding
accuracy rates. It can be seen that optimal parameters (C, ) are in various ranges
for different implementations so it is essential to test so many parameter sets. We
observe that LIBSVM and LIBSVM-q have very similar accuracy. This does not
contradict the current understanding in SVM area as we have not seen any report
which shows one has higher accuracy than the other. Except ijcnnl, the difference of
the four RSVM implementations is also small. This is reasonable as essentially they
solve (3.10) with minor modifications.

For all problems, LIBSVM and LIBSVM-q perform better than RSVM implemen-
tations. We can expect this because for RSVM the support vectors are randomly
chosen in advance, therefore we cannot ensure that the support vectors are impor-
tant representatives of the training data. This seems imply that if problems are not
too large, we would like to stick on the original SVM formulation. We think this
situation is like the comparison between RBF networks and SVM [42] where as RBF

networks select only several centers, it may not extract enough information.
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In general the optimal C' of RSVM is much larger than that of the regular SVM.
As RSVM is indeed a linear SVM with a lot more data than the number of attributes,
it tends to need a larger C' so that data can be correctly separated. How this property
affects its model selection remains to be investigated.

We also observe that the accuracy of LS-SVM is a little lower than SSVM and
LSVM. In particular, for problem ijcnnl the difference is quite large. Note that ijcnnl
is an unbalanced problem where 90% of the data have the same label. Thus the 91.7%
accuracy by LS-SVM is quite poor. We suspect that the change of inequalities to

equalities for LS-SVM may not be suitable for some problems.
Table 5.2: A comparison on RSVM: testing accuracy

SVM RSVM

LIBSVM LIBSVM-q SSVM LS-SVM LSVM Decomposition
ProblemC',v rate (C,y rate [C,y rate [C,y rate (C,y rate (C,y rate

dna 24276 95.44722,27% 95.447212271092.83324 2-6 92.3272°,2=7 93.0022°2~6 92.327
satimage24,2°  91.3 2320 919 p22-1 898 2'12,273 89.9 P22-1 90 PM 2"t 90

letter 2422 979812521  97.881211 271 959 212272 95.14R'12 271 95.42R12271 92.76
shuttle 211,23 99.924p11 23 99.938212.24 99.781212 24 99 581210 23 99.81421%2 24  99.772
mnist  2627° 97.75327.27° 97.75327,276 96.8332%,276 96.482%,275 96.5782'2,275 96.129
ijecnnl P21 987612020  98.6922!2,273 95.94922.27291.6762'2,273 96.813R'2,2~1 96.11
protein 21273  69.97121,273 69.79321,27% 65.95722,276 66.244R°,275 65.957211,276 66.138

Table 5.3: A comparison on RSVM: number of support vectors

SVM RSVM
LIBSVM | LIBSVM-q | SSVM | LS-SVM | LSVM | Decomposition
Problem| #SV #SV (all same)
dna 973 1130 372
satimage| 1611 1822 1826
letter 8931 8055 13928
shuttle 285 652 4982
mnist 8333 8364 12874
ijennl 4555 9766 200
protein 14770 16192 596

In Table 5.3 we report the number of “unique” support vectors for each method.
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Table 5.4: A comparison on RSVM: training time and testing time (in seconds)

SVM RSVM
LIBSVM LIBSVM-q SSVM | LS-SVM | LSVM | Decomposition
Problemitraining testing (training testing {training ftraining fraining ftraining testing
dna 7.09 4.65 .5 5.39 j.04 2.69 23.4 7.59 1.52
satimagel6.21  9.04 |19.04 10.21 [23.77  [11.59 141.17 ©43.75 114

letter 230 89.563 (140.14 75.24 [193.39 [71.06 1846.12 H446.04  149.77
shuttle [113 2.11  [221.04 3.96 p76.1  [150.59 3080.56 ©62.62  74.82
mnist  |1265.67 4475.541273.29 4470.951464.63 939.76 1346.28 [1913.86 7836.99
ijjcnnl  [492.53 264.58 2791.5 572.58 p7.87  [19.42 436.46 [16152.54 6.36
protein [1875.9 687.9 [9862.25 808.68 84.21  (64.6 129.47 R33.35 35

We say “unique” support vectors because for the one-against-one approach, one
training data may be a support vector of different binary classifiers. Hence, we report
only the number of training data which corresponds to at least one support vector of
a binary problem. Note that as we specified, all four RSVM implementations have
the same number of support vectors.

For letter and mnist the RSVM approach has a large number of support vectors.
A reason is that subsets selected for all binary problems are quite different. This is
unlike standard SVM where important vectors may appear in different binary prob-
lems so the number of unique support vectors is not that large. An alternative way
for RSVM may be to select a subset of all data first and then for each binary problem
support vectors are elements in this subset which belong to the two corresponding
classes. This will reduce the testing time as [15] has discussed that if the number of
classes is not huge, it is proportional to the number of unique support vectors. On
the contrary, training time will not be affected much as the size of binary problems
is still similar.

Though the best parameters are different, roughly we can see LIBSVM-q requires
more support vectors than LIBSVM. This is consistent with the common understand-

ing that the quadratic cost function leads to more data with small nonzero &;. For
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protein, LIBSVM and LIBSVM-q both require many training data as support vectors.
Indeed most of them are “free” support vectors (i.e. corresponding dual variables «;
not at the upper bound). Such cases are very difficult for decomposition methods
and their training time will be discussed later.

We report the training time and testing time in Table 5.4. For four RSVM
implementations, we find their testing time is quite close so we post only that of the
decomposition implementation. Note that here we report only the time for solving the
optimal model. Except the LS-SVM implementation for RSVM which solves a linear
equation for each parameter set, the training time of all other approaches depend
on parameters. In other words, their number of iterations may vary for different
parameter sets. Thus, results here cannot directly imply which method is faster as
the total training time depends on the model selection strategy. However, generally
we can see for problems with up to tens of thousands of data, the decomposition
method for the traditional SVM is still competitive. Therefore, RSVM will be mainly
useful for larger problems. In addition, RSVM possesses more advantage on solving
large binary problems as for multi-class data sets we can afford to use decomposition
methods to solve several smaller binary problems.

Table 5.4 also indicates that the training time of decomposition methods for SVM
strongly depends on the number of support vectors. For the problem ijcnnl, compared
to the standard LIBSVM the number of support vectors using LIBSVM-q is doubled
and then the training time is a lot more. This has been known in the literature
as starting from the zero vector as the initial solution, the smaller the number of
support vectors (i.e. nonzero elements at an optimal solution) is, the fewer variables
may need to be updated in the decomposition iterations. As discussed earlier, protein

is a very challenging case for LIBSVM and LIBSVM-q due to the high percentage of
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training data as support vectors. For such problem RSVM is a promising alternate
as using very few data as support vectors, the computational time is largely reduced
and the accuracy does not suffer much.

Among the four RSVM implementations, LS-SVM method is the fastest in the
training stage. This is obvious as its cost is just that of one iteration of the SSVM
method. Therefore, from the training time of both implementations we can roughly
see the number of iterations of the SSVM method. As expected, the Newton’s method
converges quickly, usually in less than 10 iterations. On the other hand, LSVM which
is cheaper for each iteration, needs hundreds of iterations. For quite a few problems
it is the slowest.

We observe that for ijcnnl and protein the testing time of RSVM is much less than
that of traditional SVM. On the other hand, for mnist the behavior reverses. We have
mensioned how the testing time grows with the number of support vectors during
the comparison of support vectors. As a result, for ijcnnl and protein we reduce the
number of support vectors to a few hundreds, so the testing time is extremely little;
for mnist our selection strategy results in a large number of support vectors in toto,
so the testing time is huge.

It is interesting to see that the decomposition method, not originally designed
for linear SVM, performs well on some problems. However, it is not very stable as
for some difficult cases, the number of training iterations is prohibitive. Actually, we
observe that for problem ijcnnl, the number of nonzero dual variables & is extremely
large (more than 20000). For such situation, it is very hard for the decomposition

implementation to solve the linear SVM dual problem.
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5.3 Some modifications on RSVM and their performances

In this section, two types of modifications are applied to the original RSVM for-
mulation. The first is about the regularization term. Remember we mentioned in
Chapter ITI that following the generalized SVM the authors of [21] replace $a” Qrrav

in (3.9) by 2a”a and solve (3.10). So far we only see that for the LSVM implemen-

%
tation, if without doing so we may have troubles to obtain and use the dual problem.
For SSVM and LS-SVM, %@TQRR@ can be kept and the same methods can still be
applied. As the change leads to the loss of the property on maximizing the margin,
we are interested in whether the performance (testing accuracy) is worsen or not.

Without changing the 1a”Qrra term in (4.8), LS-SVM formulation is
1 : ~
min f(@) = 550" Qrrd + ;(e — Qa);? (5.1)
Thus we will solve a different linear system:
AT A 1 ~ _ T
(Q Q + %QRR)CY = Q €. (52)

(4.9) is a positive definite linear system because I/2C' is positive definite. However,
(5.2) does not share this property, since in some cases, Q rg/2C' is only positive semi-
definite. An example when using the RBF kernel is that some training data are at the
same point (e.g. dna in our experiments). Therefore, Cholesky factorization which
we used to solve (4.9) can fail in solving (5.2). Thus, LU factorization is used. This
change affects little to the training time according to the time complexity analysis in
Section 3.2. A comparison on the testing accuracy between solving (4.9) and (5.2) is
in Table 5.5. We can see that their accuracy is very similar. Therefore, we conclude
that the use of a simpler quadratic term in RSVM is basically fine.

The second modification is changing the random selection of support vectors.
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Table 5.5: A comparison on modified versions of RSVM: testing accuracy

LS-SVM Decomposition

(4.9) (5.2) S K.;+(4.9) | ICF+(4.9) (4.15) loosen+(4.15)
Problem|C, ~y rate (C,y rate [C,y rate (C,~ rate (C,y rate [C,y  rate
dna 2% 276 92.3272%, 2719 93.08622,275 92.833 23,278 91.7372% 276 92.3272'1,27°89.713
satimage2'2,273 89.9 28,273 89.7 211,273 88.45 R3,271 90.352'1, 271 90 212,20 90.2
letter 212,272 95.14212 273 94.62212, 271 94.38 212,272 96.02[2'2,27! 92.76[212,20 96.44
shuttle 212,24 9958127 24  99.7 23,23 91.572[212,2¢ 99.6972'2,2¢ 99.772R'2 2¢ 99.814
mnist 22,276 96.48127, 276 96.4842'2,277 95.043 27,275 96.5712'2, 275 96.1292'2,27°97.025
ijcnnl  272,27291.676272,27990.96223, 271 91.738 272,27192.082212, 271 96.11[219,27192.322

The random selection is efficient as it costs O(Imn) time where n is the number of

attributes in the training vector. However, we suspect that a more careful selection

might improve the testing accuracy. We try several heuristics to select a subset of

training data which we consider more important as support vectors, and then use the

LS-SVM implememtation to solve the reduced problem. They are listed as follows:

1. For each column of K, we calculate the sum of all entries in that column. Then

we take the m vectors corresponding to the columns with larger sums. Since

RBF kernel is used, all entries are positive, and so are the sums. We think

columns with larger sums might be more important. The main work for this

strategy is to obtain all entries of K, which costs O(I?n) time. This selection

strategy is denoted as “>_ K.,;” in Table 5.5.

. Conducting incomplete Cholesky factorization with symmetric pivoting on K

(This will be detailed in Chapter VI), and the first m pivoted indices are used

for selecting support vectors. This is a by-product of a factorization process

for K. We use an algorithm to perform imcomplete Cholesky factorization in

O(Im?) time, and denote it as “ICF” strategy in Table 5.5.

3. Train the original SVM using conventional decomposition methods with a very
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loose stopping tolerance (here BSVM with € = 0.1 is used). BSVM solves a
problem of the form (4.15), and those dual variables equal to C' are called
bounded dual variables. Since they are nonzero, the corresponding training
data are all support vectors, but a notable property states that all misclassified
training data are included in these support vectors. For RSVM case where
only a few support vectors are selected, if we select all these bounded support
vectors, we find that RSVM is severely affected by these points and constructs
a bad model. Thus, we mainly select the free support vectors (corresponding
to dual variables not equal to C) of BSVM. If there are less than m free
support vectors, we randomly select other training data, including bounded
support vectors. We find that loosing the stopping tolerance reduces not much
of the training time for BSVM so overall this strategy is slower than BSVM
with default tolerance. However, from this strategy we can see whether an
approximated solution of decomposition methods can help to select support

vectors of RSVM. We denote it as “loosen” strategy in Table 5.5.

The result is also shown in Table 5.5. For some problems, “pivot” and “loosen”
improve the training accuracy very little. “ Y K., ” in general does not improve
the accuracy, and for shuttle the result is poor. Compared with Table 5.2, all im-
provements do not make RSVM competable with the original SVM, so we suggest

the original simple and fast random selection.



CHAPTER VI

ICF Approximated Kernel Representation for
SVM

As we have mentioned before, the difficulty for solving the quadratic programming
problem (2.7) is the dense matrix ), which is so large that we can neither store it in
memory nor efficiently compute its inverse. RSVM has circumvented this problem by
modifying the problem so only some columns of () are used during the optimization.
This is an example of approximating the large dense () by its sub-matrix, and there
exists other approximations. For example, a greedy approximation [43] approximates
@ by an [ x m basis matrix which is linear combinations of some columns of (). Their
algorithms, like RSVM, involve random selections as well. Here, we study another
technique which approximates @ by its incomplete Cholesky factorization (ICF).
This idea was proposed in [11, Section 4], and in this chapter we will detail the

concept and implementation for this kind of reduction, and compare it with RSVM.

6.1 Incomplete Cholesky factorization (ICF)

Linear systems can be solved in two popular schemes: direct methods such as the
Gaussian elimination, and iterative methods, which approximate the actual solution

by repeatedly solving simpler problems. The conjugate gradient method (CG) is

35
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one major approach of iterative methods, but a problem of CG is that it sometimes
converges very slowly. A modern approach suggested in the survey [10] is the pre-
conditioned CG method. When solving the linear system Qx = b for x, the first
step of this approach is obtaining a preconditioner V' from (). Then we use CG to
solve the system (V1QV 1)y = V~1b for y, and finally solve VT2 =y for z. If the
preconditioner V' is chosen well, CG converges fast and the linear system is solved
efficiently. If () is symmetric positive definite, a perfect choice is the Cholesky fac-
torization satisfying Q = VV7, which transforms () to the identity matrix. However,
obtaining the Cholesky factorization is usually as hard as solving the linear system.
We then search for V which can be obtained more easily and V'V approximates
Q. Such a matrix V' is called the incomplete Cholesky factorization (ICF). ICF has
been a general way for obtaining preconditioners, especially for solving sparse linear
systems. However, in this Chapter we will focus on the use of ICF for handling
problems involving dense matrices.

Currently most ICF methods are modifications on traditional Cholesky factoriza-
tion algorithms. The modifications may be, for example, discarding too small entires
of @) or use fast but inaccurate operations in ICF algorithms. Based on different
orders of loops and indexes, there are several versions of Cholesky factorization [33,
Appendix]. However, since we do not store the dense matrix but calculate each ele-
ment during the factorization, only some special forms are usable. For example, we
consider the popular outer product form [13, Section 10.3.2], which is based on the

following formula:

(6.1)



37

In the beginning, the left-hand side is the whole matrix ). The vector [KL_&]
is the leftmost column of V', and the same procedure is recursively applied to the
sub-matrix B — %

In each iteration of the Cholesky factorization procedure, since we are not able to
store B (it can be as large as Q)), B — % is also not stored. This means that we must
delay the operation of subtracting % until the respective column is considered. In
other words, if v is the jth column, elements of the jth column of ) are not computed
until the jth step. The jth column of V' is computed by using the 1st to (j — 1)st
columns of V.

For the ICF, each column of V' can also be computed by this strategy. In the

next section we will consider two of such ICF methods.

6.2 ICF algorithms

The first method discussed here is proposed in [24], which examines all entries of
@, but in each step only the largest m elements of v are stored as a column of V.
When we compute the later v’s, we use the previous stored columns of V' for updating
them. [24] showed that in practice, the time complexity of this algorithm is O(Im?).
The memory requirement is O(Im) so it can be pre-allocated conveniently. This
situation is similar to that of RSVM. Since v is not wholly stored as a column of V',
the updating is not exact. Therefore, after a number of steps, negative diagonals may
occur. That is, in (6.1) the entry « is negative. The process cannot continue since we
must take the square root of a. When this algorithm encounters such a problem, it
adds (1 to @) and restarts itself. If unfortunately the same problem occurs again, 3
is iteratively increased. We observe that for some problems, 3 becomes so large that

the resulting () is dominated by (1. Then the ICF may not be a good approximation
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of Cholesky factorization.

forj=1:m

/* begin{symmetric pivoting} */

fori=j:1
Gii = Qi
fork=1:5-1
Gii— =G},
end{for k}
end{for i}

Find ¢* = argmax;—;.,Gj;.
Gja1 = Qi
Swap G 1.5 and G 1.5.
/* end{symmetric pivoting} */
fork=1:5-1
Gj11;— = Gip1kGiik
end{for k}
Gij =\/Gij
Gjt115/ = Gijj
end{for j}

Algorithm VI.1: Column-wise ICF with symmetric pivoting

The second algorithm is proposed in [11, Section 4], which is an early stopping
version of the Cholesky factorization. It stops generating the columns of the Cholesky
factorization when the trace of the remaining submatrix B is smaller than a stopping
tolerance. In each step, the updating procedure is exactly the same as the Cholesky
factorization, so it inherits the good property that negative diagonals never occur.
Moreover, while [24] does not perform pivoting, [11] implements symmetric pivoting

to improve numerical stability. This is done by swapping the column and row with



39

the largest diagonal to current column and row. Here instead of checking the trace
of the remaining submatrix, we stop the algorithm after m columns are generated.
This also results in looking O(Im) entries of (), which is also the same as RSVM. We
put the modified procedure in Algorithm VI.1. Each iteration consists of symmetric
pivoting and one column update, and both cost O(lm) time. Hence, the total time

complexity is O(Im?).
6.3 Using ICF in SVM

In [11] the authors proposed to use interior point method (IPM) to solve the SVM
dual problem (4.16) with a low rank kernel matrix (). The need for a low rank kernel
matrix results from the most time-consuming operation on every step of IPM, that
is, calculating (D + Q)™ 'u where D is a diagonal matrix and u is some vector. If we
already have the low rank representation Q = VV7 where V is an [ X m matrix with
m < [, the calculation is efficient. Actually we have introduced one approach, the
SMW identity (4.3), which can invert (D+VV7T) in O(Im?) time. Another approach
is detailed in [11, Section 3.2] with the same order of time.

We observe that if linear kernel is used, for example Q = diag(y)X X*diag(y) in
(4.16), then V' = diag(y)X is a low-rank matrix, as long as X has more rows than
columns. That is, in SVM input, the number of training data vectors [ is more than
the number of attributes n. However, for other situations, such as using the RBF
kernel, () has full rank, so the low rank representation of () does not exist. Such
problem is overcome in [11, Section 4] by introducing the ICF approximation. A
low rank ICF VV7 is obtained, then @ = V' VT substitutes Q in the IPM procedure.
The resulting optimal dual solution & is considered as an approximate solution of the

l

original dual and is used to construct w = Z Yia;(x;). Also, the decision function
i=1
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is the same as the original SVM (compared with (3.4) and (2.8)). Note that every x;
corresponding to nonzero &; is saved as the support vectors. This is different from
RSVM as the latter fixes the support vectors in advance. Consequently, for the ICF
approximation method, it is interesting to see whether the support vectors will be
sparse or not.

Here we show that except IPM, other methods which focus on solving linear SVM
are possible to solve the SVM problem with an ICF kernel representation. We change

the kernel matrix @ in the dual problem (4.15) to its ICF Q = VV'T:

1
min §dT(VVT +yyl)a —ela

subject to 0< &, <C,i=1,...,L (6.2)

We observe that (6.2) is already in the dual form of a linear SVM with more data
points than attributes. Therefore, all methods suitable for the dual problem of linear

SVM can be applied without modification.

6.4 Implementations

We have described several techniques for solving linear SVM problems in Chapter
IV. The solvers focusing on the dual form (LSVM and decomposition) can be im-
mediately applied for (6.2). Here we construct the two ICF described in Section 6.2,
then respectively solve the linear SVM problem (6.2) by the decomposition method.
We denote them by ICFSVM in our experiments. The total time complexity for
ICFSVM is O(Im?) + #iterations x O(Im).

We want to see whether we can use the implementations for linear SVM in the
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primal form. Clearly the primal form of (6.2) can be considered as a linear SVM:

!
1
min —a'a+C P
i 5AE 006

subject to  Va >e—¢,

£€>0. (6.3)

Although solving (6.3) is as easy as solving a linear SVM problem, we have
difficulties on explaining the solution. (6.3) is a linear SVM problem with “virtual”
data points which are the rows of V. The solution « is the normal vector of the
hyperplane which separates the “virtual” data points. That is, for optimal value of
& we have @ = Y. &;V; ., so &; actually represents the weight of V; ., which is very
different from ¢(z;). Thus in the prediction stage, since we do not know how to
transform the test data into the “virtual” space, the separating hyperplane is not
usable. To conclude, we find it impossible to make use of the solution of the primal
problem (6.3). Therefore, we do not apply those implementations (SSVM, LS-SVM)
which solve the primal form of SVM.

An inference from this observation is about one concluding remark made in [11]
which believes that the set of nonzero dual variables (support vectors) obtained by
ICFSVM is (almost) the same as the set obtained by solving standard SVM dual
form. From the earlier discussion, we doubt this assertion since the resulting nonzero
dual variables in (6.2) are only meaningful in constructing the separating hyperplane
of the “virtual” data points in (6.3) , and we can hardly believe that the actual w
will be better constructed by the linear combinations of ¢(x;), where each z; is the
training vector corresponding to a nonzero &;. We also conduct some experiments
on this issue in the following section.

An additional implementation is combining the ICFSVM technique with RSVM.
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Some information from the ICF process can be used to select the support vectors for
RSVM procedure. Here we use the data corresponding to the m chosen columns in
Algorithm VI.1 as the support vectors, and then follow the regular RSVM routines.
Experimental results using LS-SVM implementation have been shown in Table 5.5.

It has similar accuracy with other RSVM modifications discussed in Section 5.3.

6.5 Experiments and results

We use the same target problems as RSVM experiments, with the same settings
mentioned in Chapter V. In particular, here m controls the number of entries of the
ICF matrix V, and it is selected in the same way as for RSVM: in most cases m is
set to be 10% of the training data. However, since the number of dual variables is
still [, the number of support vectors are not the same as RSVM; instead, it depends
on the sparsity of the solution.

We compare five methods:

1. LIBSVM, the standard decomposition method for nonlinear SVM
2. Decomposition implementation for RSVM

3. ICFSVM using the first ICF algorithm (denoted as [24])

4. ICFSVM using the second ICF algorithm (denoted as (VI.1))

5. Re-training on the support vectors after 4.

To reduce the search space of parameter sets, here we consider only the RBF kernel
K(z;,x;) = e‘V”xi_xﬂ'”Q, so the parameters left for decision are kernel parameter ~y
and cost parameter C'. For all methods, we conduct model selection on the training

data where the test data are assumed unknown. For each problem, we estimate the
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generalized accuracy using different v = [24,23,22 ... 2710 and C = [2!2, 211,210,

..,272]. Therefore, for each problem we try 15 x 15 = 225 combinations. For each
pair of (C, ), the validation performance is measured by training 70% of the training
set and testing the other 30% of the training set. The best parameter set is used
for constructing the model for future testing. In addition, for multi-class problems
we consider that C' and 7 of all k(k — 1)/2 binary problems via the one-against-one
approach are the same.

Table 6.1 shows the testing accuracy of all methods. ICFSVM using the second
ICF algorithm achieves the highest rate. However, the best rate is similar to RSVM,
so for moderate-sized training set ICFSVM is also not recommended. We also note
that the optimal C' parameter for ICFSVM is smaller than that of RSVM. This nice
property helps the decomposition implementation since it is more stable for normal
parameters, especially for moderately small C’s. In addition, it is easier to apply
different model selection techniques on ICFSVM than RSVM: many of them can
work only on the region where C' and ~ are not too small or too large.

In Table 6.2 we report the number of “unique” support vectors at the optimal
model of each method. We observe that the result of ICFSVM using the second
algorithm is similar to that of the original SVM. Hence, we can say that such a
method also gains the SVM property that support vectors are often sparse. The
number of support vectors for RSVM is decided in advance, and is not similar to
other techniques.

We report the training time and testing time for solving the optimal model in
Table 6.3. Since ICFSVM has to perform ICF, an extra work before solving (6.2),
the training time may be more than RSVM whose main work is solving (4.15), a

QP similar to (6.2). Moreover, from the table we see that for some problems solving
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Table 6.1: A comparison on ICFSVM: testing accuracy

SVM RSVM ICFSVM (decomposition implementation)
LIBSVM Decomposition [24] (VL1) (VL.1)+retrain
Problem|C, ~y rate (C,vy rate |C,y rate  (C,vy rate  (C,vy rate
dna 21 276 95.447 2°,276 92.327 271, 277 66.273 20,277 92917 [22,27% 87.436
satimagel24,20  91.3 12'1,271 90 2—1 2l 872 6 27% 892 Pl 2l 7265
letter 24,22 97.98 2122719276 22,22  96.66 %272 96.16 9,22 94.06
shuttle 211,23 99.924 212,24 99.772 271, 2% 944 292* 99.862 % 27! 94.331
mnist  [26,27° 97.753 212,275 96.129 N/A N/A  RY,277 96.045 R!,27° 95.259
ijcnnl  PRL 21 98.76 R!2,27196.11 [272,271990.185 2,27° 92.274 27220 91.711
protein 21,273 69.97 P! 276 66.138 N/A N/A R71,27665.398 272,27565.926

N/A: training time too large to apply the model selection

Table 6.2: A comparison on ICFSVM: number of support vectors

SVM RSVM ICFSVM

LIBSVM | Decomposition | [24] [ (VL1) [ (VLI)+retrain
Problem| #SV
dna 973 372 1688 1389 1588
satimage 1611 1826 | 4022 1187 1507
letter 8931 13928 | 12844 | 5390 8953
shuttle 285 4982 | 43026 308 3714
mnist 8333 12874 | N/A | 5295 5938
ijcnnl 4555 200 | 49485 4507 8731
protein 14770 596 | N/A | 15049 15512

N/A: training time too large to apply the model selection

Table 6.3: A comparison on ICEFSVM: training time and ICF time (in seconds)

SVM RSVM ICFSVM

LIBSVM | Decomposition [24] (VIL1) (VI.1)4retrain
Problem| training training training ICF training ICF  [training ICF
dna 7.09 7.59 440.41  427.18 9.62 545 B33.77  5.52
satimage 16.21 43.75 558.23 467.48 {849  28.37 [61.59  28.32
letter 230 446.04 3565.31 2857.95 U84.59 2224 63541 221.93
shuttle 113 562.62 70207.76 13948.141251.17 1184.631811.6 1265.51
mnist 1265.67 1913.86 N/A N/A  2585.13 2021.642565.08 1866.9
ijcnnl 492.53 16152.54 21059.3 4680.63 p463.8 103.97 [L579.73 102.52
protein 1875.9 833.35 N/A N/A 21753 92.52 [3462.57 110.54

N/A: training time too large to apply the model selection
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ICF occupies most of the training time. However, for the best model the training
time of ICFSVM may not be more than RSVM. This is due to that ICFSVM has
the best model at smaller C'. Now they both use dcomposition methods which can
be very slow if C' is large (see discussions in [15]). Thus, if proper model selection
techniques are used, the overall training time of ICFSVM can be competitive with
that of RSVM. In addition, if in the model selection process, a line search procedure
is need by fixing other parameters and varing C', we only have to do ICF once. This
may be another advantage of ICFSVM. However, we have mentioned that RSVM
can be solved through both primal and dual forms. So in this aspect, it is more
flexible and efficient if only a single parameter set is considered.

The performance for re-training the support vectors obtained by ICFSVM is
generally worse than the original ICFSVM. Moreover, the optimal parameters for all
problems are quite different. This indicates that ICFSVM actually finds another set
of support vectors, and re-training on this set will lead to quite different model.

The result for the first ICF method is even strange. Although for some problems
it is comparable with other methods, for other problems we find the performance
extremely bad, which shows that the trained model is quite far from the original
SVM model. Moreover, we cannot provide the result for mnist and protein due
to the huge training time for each model. The reason is that for these problems,
the resulting ICF is not close to the kernel matrix, and we have the details in the
discussion of this algorithm. As a consequence of the discussion, we can explain
for the huge training time: the frequent restarting of the ICF process wastes much
time. Moreover, as the identity matrix instead of the kernel matrix dominates the
approximated problem, we find that many training models with different parameters

are alike. That is, the optimal model are less sensitive for parameters C' and ~.



CHAPTER VII

Discussions and Conclusions

In this thesis we first discuss four multi-class implementations for RSVM and
compared them with two decomposition methods based on LIBSVM. Experiments
indicate that in general the test accuracy of RSVM is a little worse than that of
the standard SVM. Though RSVM keeps similar constraints as the primal form of
SVM, restricting support vectors from a randomly selected subset still downgrades
the performance. Moreover, we show that it is hard to improve the performance by
changing the selection strategy. For the training time which is the main motivation
of RSVM we show that based on the current implementation techniques, RSVM will
be faster than regular SVM on large problems or some difficult cases with many
support vectors. Therefore, for median-sized problems, standard SVM should be
used but for large problems, as RSVM can effectively restrict the number of support
vectors, it can be an appealing alternate. Regarding the implementation of RSVM,
least-square SVM (LS-SVM) is the fastest among the four methods compared here
though its accuracy is a little lower. Thus, for very large problems it is appropriate
to try this implementation first.

We then discuss the implementations for applying ICF approximated kernel to

SVM problem. Experiments show that the testing accuracy is also a little lower
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than that of traditional SVM. Compared with RSVM, we avoid the random selec-
tion of support vectors by the ICF strategy, but the approximation does not seem
good enough for generating good models as SVM. Moreover, though RSVM and
ICFSVM both can be implemented by linear SVM solvers, ICFSVM is restricted to
those solvers focusing on the dual form. For those solvers focusing on the primal
form, we explain why their solutions cannot be used for generating ICFSVM models.
However, the optimal penalty parameter of ICFSVM is smaller than that of RSVM,
which is usually a merit for model selection strategies. Also, we collect the set of
support vectors obtained by ICFSVM, and then use SVM solvers to train on the
set. Experimental results shows this extra work will downgrade the testing accuracy

more.
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APPENDIX A

The Relation between (3.7) and (3.1)

The derivation from (3.5) and (3.6) to (3.7) shows only that if (w*,b*,£*) and
a* are primal and dual optimal solutions, respectively, then (a*, b*, £*) is feasible for
(3.7). Hence, before using (3.7) in practice we want to make sure that any optimal
(e, &, b) of (3.7) can construct an optimal w for the primal problem (3.1).

It is easy to see this. By using w = ). vi0;0(x;), (w, b, &) is feasible for (3.1).

Since we have shown that (o, b*,£*) is feasible for (3.7),
! l
*\T % %\ 2 *\ 2
S (W) w" + () +C;(5i)

l
= @)Qa" + () + O Y (&

v

l
1 T 2 2
o Qa+b +C§i:1:€i

!
1
= éwTw+b2+CZ§i2.

i=1

Thus, (w, b, £) is optimal for the primal.
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APPENDIX B

Derivations of (4.4) and (4.5)

In order to simplify the complex Ps(e — Q&) term, we define the vector

v = exp(—fBe — Qa)),

and then
Ps(e — Qa) = (e — Qa) + B log(1 + v).

The differentiations of v and Py are:

Finally we obtain the gradient and Hessian of f:

(B.1)
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k=1

where 0;; is defined as

v1 0

If we define diag(v) = l _ ] for vector v with dimension d, we obtain a more
0 Vg

clear matrix form:
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