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Abstract

Green’s functions for isotropic materials in the two-dimensional problem for elastic bimaterials with perfectly bonded
interface are reexamined in the present study. Although the Green’s function for an isotropic elastic bimaterial subjected
to a line force or a line dislocation has been discussed by many authors, the physical meaning and the structure of the
solution are not clear. In this investigation, the Green’s function for an elastic bimaterial is shown to consist of eight
Green'’s functions for a homogeneous infinite plane. One of the novel features is that Green’s functions for bimaterials
can be expressed directly by knowing Green’s functions for the infinite plane. If the applied load is located in material 1,
the solution for the half-plane of material 1 is constructed with the help of five Green’s functions corresponding to the
infinite plane. However, the solution for the half-plane of material 2 only consists of three Green’s functions for the
infinite plane. One of the five Green’s functions of material 1 and all the three Green’s functions of material 2 have their
singularities located in the half-plane where the load is applied, and the other four image singularities of material 1 are
located outside the half-plane at the same distance from the interface as that of the applied load. The nature and
magnitude of the image singularities for both materials are presented explicitly from the principle of superposition, and
classified according to different loads. It is known that for the problem of anisotropic bimaterials subjected to con-
centrated forces and dislocations, the image singularities are simply concentrated forces and dislocations with the stress
singularity of order O(1/r). However, higher orders (O(1/#?) and O(1/3)) of stress singularities are found to exist in this
study for isotropic bimaterials. The highest order of the stress singularity is O(1/#?) for the image singularities of material
1, and is O(1/7?) for material 2. Using the present solution, Green’s functions associated with the problems of elastic
half-plane with free and rigidly fixed boundaries, for homogeneous isotropic elastic solid, are obtained as special cases.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The importance of Green’s functions in constructing solutions to boundary value problems has been well
recognized. Thus, the fundamental solutions involving Green’s functions of half-plane and bimaterial have
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been obtained by many different methods. Green’s function for two-dimensional deformations of an an-
isotropic elastic half-space subjected to a line force and/or a line dislocation inside the half-space has been
considered by Willis (1970), Barnett and Lothe (1974), Suo (1990) and Qu and Li (1991). In the earlier study
of Green’s function for the half-space with a traction-free boundary condition, the solution is constructed
from Green’s function for the infinite space by adding a distribution of forces on the half-space surface so
that the net surface traction vanishes. With this approach, the solution is not explicit and the final result
requires an integration of the distributed forces on the surface. Some progress in constructing Green’s
function has been made by Hwu and Yen (1991) and Ting (1992).

The method of image is a technique that uses the superposition of known solution to construct the
solution to other complicated problems. The point where the applied force is located is called “object”
point, and the point situated on the opposite side of the global axes with respect to the object point is
referred to as “image” point. In the theory of linear elasticity, the two-dimensional isotropic anti-plane
problems can be solved by a superposition of some simple image singularities over the plane. Similar
methods can also be applied to the two-dimensional anisotropic plane and anti-plane problems, see for
instance Ting (1996). The image singularities of Green’s functions for anisotropic elastic half-plane and
bimaterials were discussed in detail by Ting (1992). When an anisotropic half-plane is subjected to a
concentrated force or dislocation within the bimaterial, the image singularities are simply forces and dis-
locations. In general, the locations of image singularities of Green’s functions for an anisotropic half-plane
are different, and depend on the anisotropic elastic constants. There are at most nine image points located
at different positions, which are generally not at equidistant points in relation to the object point. As is well
known for the isotropic half-plane, which is the degenerate case of anisotropic materials, the image sin-
gularities are not merely concentrated forces and dislocations (Ma and Lin, 2001). Higher order image
singularities (i.e. double force, double moment etc.) may exist for the isotopic material, and the nine image
points coalesce into a single point which is at an equidistant location with respect to the object point. The
object in this paper is to find the image singularities existing at the image points for isotropic bimaterials,
and to provide physical meanings of the Green’s function.

There is an interesting group of solutions for the infinite space of linear isotropic elastic materials,
which are referred to as the nuclei of strain solutions. The solutions of many interesting problems may be
derived in terms of combinations of these nuclei or by a process of superposition of nuclei. The fun-
damental solution for the three-dimensional deformation of an infinite isotropic elastic body subjected
to a point force is well known as the Kelvin solution. By the differentiation of this solution, a family
of additional nuclei can be constructed, such as the double force, and the double force with moment.
Mindlin’s (1936) results for a point force in the interior of an elastic half-space are based on the con-
sideration of nuclei of strain. Such solutions may be termed as half-space nuclei of strain. However, some
of the nuclei of strain have the form of a line extending from a fixed distance to infinity with constant or
variable magnitude. There have been several investigations and applications on this subject following
Mindlin’s study. Mindlin and Cheng (1950) provided many basic solutions for the nuclei of strain in the
half-space solid. The case of an elastic half-space with a fixed boundary has been considered by Phan-
Thien (1983) using Mindlin’s approach. Green’s function for the axisymmetric problem of a bimaterial
elastic solid has been investigated by Hasegawa et al. (1992). The fundamental solutions for point forces
in the interior of one of two elastic half-spaces joined by a sliding contact interface was given by Dundurs
and Hetenyi (1965). Vijayakumar and Cormack (1987a,b) presented a general approach to derive Green’s
function for three-dimensional bimaterial elastic media with bonded and sliding interfaces by dividing the
nuclei into independent classes, and by representing the displacements and stresses produced by these
nuclei within the framework of matrix-vector operations. Further developments were made by Carvalho
and Curran (1992) who obtained the two-dimensional Green’s functions for plane strain in elastic iso-
tropic bimaterials by reducing the three-dimensional nuclei of strain through an integral procedure. The
complete solution for the stresses produced by the application of a concentrated force in the interior of an
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elastic bimaterial was obtained by Ma and Huang (1996), using the transient wave analysis and taking
appropriate limits.

This paper investigates Green’s functions for a concentrated force or a dislocation in the interior of an
isotropic elastic bimaterial for both plane strain and plane stress cases. The aim of this paper is to study
the Green’s function of a bimaterial and to discuss in detail the structure of singularities on the image
point. There are eight kinds of image singularity in a half-plane problem involving applied force and
dislocation, namely single force, single dislocation, double force without moment, double force with
moment, center of extension, center of shear, double center of expansion, and double moment, as dis-
cussed by Ma and Lin (2001). It is interesting to note that a dislocation is one of the image singularities
for a traction free half-plane subjected to concentrated forces, and a concentrated force is one of the
image singularities for a rigidly fixed half-plane subjected to dislocations. This paper extends the results
for the half-plane problem obtained by Ma and Lin (2001) to the more general bimaterial case. It is found
that besides the above mentioned image singularities for the half-plane problem, there are three new
image singularities arising in the bimaterial problem, namely concentrated moment, center of dilatation
and center of expansion. Since all the solutions of higher order image singularities (i.e. double force,
double moment etc.) can be constructed by the differentiation of the solutions for force and dislocation,
Green’s functions for a bimaterial are determined entirely from the solutions of force and dislocation in
the infinite plane.

2. Green’s functions and image singularities for bimaterials
2.1. General formulation

Consider a two-dimensional isotropic bimaterial with a straight perfectly bonded interface at y = 0. Fig. la
shows two dissimilar elastic solids with shear modulus y; and Poisson’s ratio v; (i = 1,2) subjected to a
concentrated force or dislocation applied at y = 4 in material 1. Let material 1 (i = 1) and material 2 (i = 2)
occupy the half-plane y > 0 and y <0, respectively.

For the two-dimensional in-plane problem, the stresses ¢;; and displacements «; only depend on x and y.
The equations of equilibrium can be written as

Ojxx + Ojyy = 07 ] =X, (21)

where the comma denotes partial differentiation. The stress functions ¢; (Ting, 1996) are introduced such
that

0, 09,

—a—y, O'jy—a. (22)

O =
Then the equations of equilibrium are automatically satisfied and ¢; are determined by satisfying the
compatibility equation and boundary conditions. It is sufficient therefore to determine the stress functions
¢;, since the stresses can then be obtained from (2.2). With the usual approach of the method of image, the
problem of bimaterials is reduced to two independent infinite plane problems, involving materials 1 and 2,
the only necessary constrain being that Green’s functions for the two infinite planes must satisfy the in-
terface continuity conditions. Then the complete Green’s functions for the stress functions and displace-
ments for materials 1 and 2 can be obtained by considering the following two problems: (i) an infinite plane
of material 1 subjected to applied singularities at the object point y = 4, and image singularities at the image
point y = —h, see Fig. 1b; (ii) an infinite plane of material 2 subjected to image singularities at the image
point y = h, see Fig. lc. The solutions to the stress functions and displacements can be expressed by the
principle of superposition as
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Fig. 1. (a) An elastic isotropic bimaterial subjected to a concentrated force and dislocation. (b) The image and object points for
material 1. (c) The image point for material 2.

¢l =@+, W =uwtu,  j=x, (23)
for material 1 and

for material 2, where u; are the in-plane displacements. The superscripts “o0” and “i” denote the force or
dislocation which acts at the object and image point of the infinite plane, respectively. The force or dis-
location systems acting at the object and image points are referred to as the applied singularities and the
image singularities, respectively. The image points of materials 1 and 2 are evidently different, and are
always located at the same distance from the interface for isotropic materials. It should be noted that the
image point for material 2 is the same as the object point for material 1. The first term on the right-hand
side of (2.3) represents Green’s function for an infinite plane with a concentrated force or a dislocation
applied at the object point. The second term is the disturbed solution which is added at the image point to
satisfy the continuity conditions at the interface. Hence, Green’s function for material 1 includes the applied
singularities and image singularities on the object and image points of the infinite plane. However, Green’s
function for material 2 only includes image singularities at the image point of the infinite plane. The
structure and magnitude of the image singularities for the half-planes of material 1 and 2 with different
applied singularities will be discussed in detail in this paper. We begin with the simple case of a vertical
concentrated force, for which the solution will be discussed in the following section.

2.2. Image singularities of bimaterials subjected to a vertical concentrated force f,

A set of Cartesian coordinates is introduced at the interface of a bimaterial, where the x-axis is taken
along the interface. A vertical concentrated force of magnitude f, is applied at the point x = 0, y = A, in the
positive y-direction in the material 1. The continuity conditions for traction and displacement along the
interface are

¢, (x,0) = $7(x,0),  ,(x,0) = ¢}(x,0),
ul(x,0) = ui(x, 0), u;(x, 0) = ui(x, 0).

X

(2.5)

The superscripts “1”” and ““2” indicate materials 1 and 2, respectively. It is convenient to use stress functions
to solve the problem rather than the stresses themselves. We will explain in some detail the construction of
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the result for the image singularities of materials 1 and 2. The fundamental solutions for the stress functions
and displacements of an infinite plane of material 1, subjected to a vertical force of magnitude f, at the
object point x = 0, y = A, (reduced from the solution given by Ting (1996) for the anisotropic case, p. 247),
are

2+ (y—h)

b =n A=k 5

¢x_n(1+k1) x2+(y—h)2+ 7 Iny/x*+ (¥ h)]a

b Itk y—h  x(y—h)

%_n0+h) 2 ﬂ+@—m4’ (2.6)
ul = Sy x(y —h)

o 2muy (Lt k) 2+ (v — k)Y

1 _ Sy (y_h)z 2

where

3 —4y;, for plane strain

s — 3 - i [ =
ki —vl, for plane stress’ i=12
1 —+ V;

Because of the two special functions In() and tan~!() appearing in Eq. (2.6), it is necessary to add another
solution to establish the interface continuity, so that terms involving In( ) and tan~!() for material 1 become
identical to those for material 2 along y = 0. The only way to achieve this is to apply image singularities
that have the same special functions as indicated in Eq. (2.6). Hence the solution to image singularities for
material 1 is considered as follows:

+h)?
o=t g (),
x>+ (y+h)
h h
¢y =~ 1W7+)2+(A1—231)tan‘1)i,
x>+ (y+h) x
1| /1—k h h 27)
M’IC:; < _ lAl—ZBl)tan_1y+ —Al X(y+ ) 5 |
2 2 x X+ (y+h)
1 (y + h)* 14k s
ul,:— _ <+ | B — A lnx2+ +h .
2 1x2+(y+h)2 : 4 ( b+ hy)

It is worth noting that the expression in (2.7) have the general form for the solution corresponding to a
vertical force of magnitude f, at x = 0, y = —h, as well as to a dislocation with horizontal Burger’s vector
b, at x =0, y = —h. The unknown coefficients 4; and 4, will be determined later.

In order to satisfy the continuity condition at the interface, we must apply a similar type of solution to
the image singularity at the image point for material 2. This solution may be expressed as
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¢2:A2M+len(x2+(y—h)2)
L |
—h) L y—h
SIS et ) BRI !
% 2x2+(y—h)2+( ’ 2) tan x 08
2.8
1 1— _ _
I/li:— ( k2A2—232> tanfly h_A2 x(y h) R
24y 2 x X2+ (y—h)
1 (y —h)’ 1+ k 2
e T (B - TR I 4 (v —
YT 2x2+(}’—h)2+(2 g4 )Inbe b=

where 4, and B, are unknown coefficients.
Setting y = 0, and substituting (2.6)—(2.8) into (2.5), and collecting the terms involving In() and tan~!()

along the interface, four equations for four unknown constants 4, 4,, B; and B, are obtained as follows:

(I-k)fy _
B +4n(1 + k) =B
(4, — 2B)) — I gy,
27 (2.9)
1 1 -k 11—k :
) (50
1 1+ ki ki f, 1 ( 1 +k )
— (B ——2 gy ) - (B2 4.
2#1( b4 1) by (T+k) 2, \70 4 77
The linear system of Eq. (2.9) are solved to obtain 4;, B, 4> and B, explicitly as follows:
. (lfl))k] o (k] — 1)(k102+k2)+2k10(1 7k2)
(k) (T ok TN T (T k) (T k) (0 + k) (2.10)
) (1 — klkz)l) ’
Sys

A = s B =
? n(v—i—kz)fy T an(v+ k)1 + vky)
where v = p1,/, is the ratio of the two shear moduli. The remaining terms, which give rise to discontinuities

along the interface, are

s £ "
1 y
:A —
& P R a4k R
h 1 xh
1:_A X y
b= e ke R 2.11)
A _ A xh Iy xh '
x_2.“1 x2 4+ )2 2nu1(1+k1)x2+h2’
A R 5 W

u}’:2—,u,x2+h2+2n,u1(1—|—k1)x2—|—h2’

for material 1, and
h? xh
2 2
Gi=hap h=hae 1o
—A, xh A4, K (2.12)
uz :72 uz _ 2
Y 2u, X2+ Y 2u, X2+ R
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for material 2. Now, 4, and 4, are known values as indicated in (2.10). The stresses functions expressed in
(2.11) and (2.12) have the 1/7* and 1/7* types of stress singularities, where r is the radial distance from the
image point. Thus, another suitable fundamental solutions with the stress singularity 1/7* are chosen to
superpose at the image points of material 1 and 2. The proposed solutions are

y+h ; xX*(y+h)

¢, = :
2tk @A)
x(y + h)* X
d);:‘]l 5 DAL 53— h > 2
x>+ @+h)) x>+ +h)
1 1+ k x x(y + h)’? @13)
ui:7 <Il+ 1J1> 2—J1 > 2.2 |
2 4 24+ (y+h) (2 + (y+h))
1 1+k +h)? 3—k 2(y+h
Uy =>— (11— 1J1> b+ h 22+<I1+ 1J1) i, )22 )
2 4 (2 + (v +h)) 4 (2 +(+h))
for material 1, and
—h X(y—h
Qb)zc:b > Y 2+J2 5 (y )22’
x4+ (v —h) (x> +(y—h))
2 x(y — h)? x
¢y:J2 5 22_12 5 2
2+ —=h)) X2+ (y—h)
1 1 +k X x(y — h)? @149
uf:— <]2+ 2J2> 2_-]2 4 2.2 |
21t 4 x*+(y—h) (¥ +(—h))

uzzi 1+k (v — h)’ 3k 2y — h)
2“2[@ ) <x2+(y—h>2)2+([2+ ) (xz+<y—h)2>2]’

for material 2, where I;, I, J; and J, are unknown coefficients. The expressions (2.13) and (2.14) are the
general solutions for applying the double force without moment along the x-direction and the center of
dilatation at the image points of material 1 and 2, respectively. The stress functions shown in (2.13) and
(2.14) have the 1/7? order of stress singularity. Setting y = 0 in (2.13) and (2.14), adding them to (2.11) and
(2.12), respectively, the stress functions and displacements at the interface are found to be

2 £, » h 2h
1 v
¢ 1x2+h2+n(1+k1)x2+h2+ ]x2+h2+ ](x2+h2)2’
x xh? x
J — 1
< +k1))x2+h2+1(x2+h2)2 "R
1 fh 1+k1 X Jl xh2
L L — J, _ oL
“ 2u [ n(l + k1)+ I AR 2 (24 k)

1 £, n? 1 1+ ky E 3—k x*h
r_ = Y - _
S (A‘+n(1+k1>>x2+h2+2ul K’l 4 J1>(x2+h2)2+ SRR

(2.15)
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for material 1, and

h? h x2h

2
=4 —1I —J
¢x 2x2+h2 2x2+h2 2(x2_|_h2)2’
) xh xh? X
=4 —1I
by 2x2+h2+J2 (x2—|-h2)2 22

4y | (2.16)

R RN TS

1+k x xh?
I J —J
(2+ 4 2>x2+h2 (2 )

A h? 1 1+k h 3—k xh

2 2 2 2
= — || L - J. + L+ J.

"y 2, X2+ h* 2, l( : 4 2) (x2 h2)2 < 2 4 2) (x2 hz)Z

for material 2. Imposing the condition of continuity of the terms with 1/7* type of stress singularities at the
interface, we have

)

)

h
S = Aoh — b,
n(l + k) (2.17)
l)fh 1 + kl 1 + kz '
Ah — —2—— L+———J | = —4Ah+1 Ja.
v n(1+k1)+v(l+ 4 1> Mt bt gk
Now, the remaining stress functions and displacements at the interface are
h? 1, h? h x*h
1 v
=4 1 Ji
& 1)cz—i—thrn(l—&—kl)xz—i—hz+ 1xz—i-h2Jr 1(x2—|—h2)27
L xh?
b= ey
1 —J1 Xh2
u

xzz—m(x2+h2)27

1 f, h2 1 1+k1 ]’l3 3 —k1 xzh
L _— 2 — (] — J I J
E 2 (Al +”(1 Jrkl)>xz +h +2/11 [< 1 4 (2 + n2)? A I (2 + h2)’

(2.18)
for material 1, and
h? h x*h
2
=A -1 —
=g ek (2 +m)*
' xh?
Pt
- Dk (2.19)

S ey

A IS 1 1 +Fk n 3—k x*h

2 2 2 2

S —— - J. +(n+ J

K 2uy x>+ 2 l( ’ 4 2) (2 + h2) <2 4 2> (2 4+ h2)’

for material 2. It is remarkable to note that every term in (2.18) and (2.19) has 1/7* type of stress singularity.

We therefore apply a suitable image singularity with 1/7* type of stress singularity only at the image point
of material 1, the corresponding solution being

7
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P st VL) S U2 ) N
(2 + (v +h)) (> + (v +h)7) (2.20)
B 2l E ) -

, U, = —_ .
2 (24 (+h)) T 2 (2 ()
Eq. (2.20) represent the solution for a double moment in the x-direction, applied at the image point of
material 1. Setting y = 0 in (2.20), and adding to (2.18), the continuity conditions at the interface are found
to be satisfied if
Jih+2E —J,h =0,
vJih 4+ 20E 4+ L,h = 0,

(A1 +ﬁfl2)h2+(ll +Ji+L+L)h+E=0,
1

<A1 +% A2>h2+(11 +L)h—E=0, (2.21)

1+ k
1J1>h+nE+ <Iz+3;k2J2> =0,

ofy 2
(!)A1+n(l+k1) Az)h +U<

1+k 1 +k
(0A1+(1—{k1) A2>h +U<11 4 1J1>hl)E+ <12 4 2J2> :O

We thus have eight equations, two of which are defined by (2.17), and the remaining six by (2.21), involving
only five unknowns, namely 7,, Ji, I, J» and E. However, a careful examination reveals that these eight
equations are not linearly independent. If these equations can be solved then the continuity conditions at
the interface are guaranteed. The first two equations of (2.21) immediately furnish

~1
J=0, E=—Jih (2.22)

Substituting (2.22) into the third and fourth equations of (2.21), we find that these two equations are
identical, having the simplified form

(Al—&-ﬁ—&)hz—i-(h—i-]z—&-z)h—o (2.23)

Similarly, the fifth and sixth equations of (2.21) are reduced to the single equation

11—k
(UA] +ﬁ 2)]’!2 + (l)[] +¥J1 +12)h =0. (224)

Hence, the eight equations of (2.17) and (2.21) actually become four equations expressed by (2.17), (2.23)
and (2.24) and only three equations are independent. The three nonzero coefficients /;, J; and I, can be
determined uniquely. Solving these equations, we obtain

L (=0 —k)fh  —4(L—v)fh
T a( ok (T k)T T w1+ ok (1 + k)
2(1 — v)f,h? (1 = ko + vky — v)vfyh

ﬂ(]-ﬁ-l)kl)(l-i-k])’ 27 7'C(1+l)k1)(l)+k2)
Since all the unknown coefficients have been determined, Green’s function for the bimaterial subjected to a

concentrated force f, is derived. The structure of image singularities of materials 1 and 2 for the bimaterial
will be discussed in what follows.

(2.25)
E=
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The expressions (2.7), which represent the image singularities for material 1, include the solution for an
infinite medium subjected to a concentrated vertical force f; and a dislocation with Burger’s vector b, both

acting at x =0 and y = —h. The magnitude of the concentrated force f and the dislocation &, can be
obtained from the relations
f 2u,b
—+ X =A s 2.26a
r(l+k) a(l+k) (2:26a)
1 -k fv/ b,

4 (k) w1k

where 4; and B; have been determined and are expressed in (2.10). The results for fy’ and b’ therefore
become

=B, (2.26b)

(k2 — k) f, p = S (vt k) — k(1 + vk)]
(v+ k) (1 + vky)’ 2 (v + k) (1 + vky)

Since the coefficients /; and J; in (2.13) have the relation J; = (—4/(1 — k))1; in view of (2.25), it follows
that (2.13) is a solution for a double force without moment along the x-direction. The magnitude of the
double force P, is given by

fl=

(2.27a)

Pk — 1)
=" 7 2.2
: 2n(l + k) (2.270)
Substituting from (2.25), the double force P, is found to be
2(1-v)
Po=———-fh 2.27
(1 —|— Ukl)ﬁ ( C)

Finally, the magnitude of the double moment along the x-direction M, can be determined by the following
equation
M,

E=—. 2.27d
: (2274)

From (2.25), the result is

2(1 —v) )
M=—" 72— fh° 2.27e
Hence, the stress function for all the image singularities and their magnitudes at the image point y = —h

of material 1, can be written in the following form

¢ =" + %+ ¢ 4 o™ (2.28)
Eq. (2.28) indicates that the image singularities for material 1 consist of a vertical concentrated force f7, a
dislocation with horizontal Burger’s vector 4, a double force without moment along the x-direction of
magnitude P,, and a double moment along the x-direction of magnitude M,. It is noted that ecach image
singularity has its own physical meaning, and is shown in Fig. 2, the magnitudes of these singularities being
given by (2.27a), (2.27¢) and (2.27¢).
The image singularities for material 2 also include the solution for an infinite plane subjected to a
concentrated force f; and dislocation &,. Using (2.10), the magnitudes of the image concentrated force and
dislocation of material 2 are obtained in a manner similar to that for material 1, and the results are
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Fig. 2. Image singularities of material 1 for bimaterials subjected to a vertical concentrated force f, applied at material 1.

(1 +vky) + k(v + k) /5 b — v[ka(l 4+ vky) — ki (v + k)1,
(v + k) (1 + vky) T 2 (0 k) (1 4 vky)

f=1 (2.29a)

From the condition J, = 0, the expression in (2.14) represents the solution for the center of dilatation
applied at (0, %), the magnitude of the center of dilatation D being
[(14vk)) = (v 4+ k)](1 + K)o

P T T I+ k)01 k) Ih. (2.29b)

Only three image singularities exist for material 2, and are expressed by the stress function

¢ =+ ¢ + ¢ (2.30)
The three image singularities of material 2 consist of a vertical concentrated force f, a dislocation with
horizontal Burger’s vector 4, and a center of dilatation D, as shown in Fig. 3.

The full field stress distributions due to point loads acting in an isotropic bimaterial have been obtained
by some authors. For a verification of the solution presented in this paper, we compare the normal stress o,,
according to this investigation with that obtained by Ma and Huang (1996). The full field two-dimensional
plane strain solution for the normal stresses o,, for the bimaterials are (Ma and Huang (1996), Egs. (75) and

(76)).

R Ut B ) ot St 0
i R T e
A—v) R (3 - +n))
(I=v))(1+v(3—4v)) (x2+(y+h)2)3
= (3= 4wy +m) (3 = v+ h))

+

2(1 =v)(14+v(3 —4v)) <x2+(y+h)2>2

C 31— 0%) + 4P — ) y+h
(+3—4n)(1+0B—4)) 2+ (y+h)? [ (2.31a)
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Fig. 3. Image singularities of material 2 for bimaterials subjected to a vertical concentrated force f, applied at material 1.

for material 1 and

s S )20 —4v) +o(S—6(vi +v) +8vim)]  y—h 2vy 2vh

e (v4+3—4v)(1+0(3—4v)) X2+ (y—h) u+3—4vz+1+u(3—4v1)

X —(y—h)’

— ¢, (2.31b)
E—

for material 2. After some algebraic manipulation, the solutions represented by (2.31a) and (2.31b) can be
rearranged as follows:

_ _ —h)(2* = (y—h)’
ol = - y_h 5 — 2 U )(x b 2) ) (Applied force) (2.32a)
W 2n X2+ (y—h) 1+ Kk (x2+(yfh)2>

(e =vk)f, y+h 2 @+hxf—%y+ﬂﬁ
2n(v + k) (1 + vky) x2—|—(y—|-h)2 1+ k (x2+(y+h)2)2

(Image force) (2.32b)

(!)kl + kiky — by — l)klkz)fy (y + h) <x2 - (y + h)2)
(1 +k)(v+ k) (1 + vky) <x2+(y+h)2)2

(Image dislocation) (2.32¢)

(y+h)* — @+ﬁf<@+hf—3f)
(2+ 0+ h)z)2 (24 0+ h)2)3

(Image double force without moment) (2.32d)

(1 —v)fph
(1 +k)(1 + vky)

(1—Fk)

4(1 —v)f,h? (v+h) ((y +h)? - 3x2)
S B ST

(Image double moment) (2.32e)
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_ _ =m(—h -2
o = v(l + 2ok + kika)f, y—h 5+ 2 ( 5 ) (Image force) (2.33a)
» 2n(v+k)(1+vk) |2+ —h)> l+hk (x2 - h)2>

v(vkiky — vky + ky — kika)f, | OV =) (x2 -- h)z)

(1 + ko) (v + ko) (1 + vky) (x2 (- h)2>2 (Image dislocation) (2.33b)

(1 =k + vk —v)fh (y—h)* —x*

Image center of dilatation). 2.33¢c
(v + k) (1 + vky) (x2+ (yfh)z)Z ( ) ( )

It is interesting to note that the complicated Green’s function given by (2.31a) and (2.31b) for a bimaterial
system subjected to a concentrated vertical force f, in material 1 can be represented by a combination of
several Green’s functions for a homogeneous infinite medium. For material 1, the complete solution given
by (2.32a)—(2.32¢) consist of two parts. The first term (i.e. (2.32a)) represents Green’s function for a con-
centrated force f, applied at (0,7%) in an infinite medium, which the other terms (i.e. (2.32b)—(2.32¢)) rep-
resent four Green’s functions for the infinite medium with loads applied at (0, —#), which is the image point
of material 1. The solution for material 2 can also be expressed as a combination of three Green’s functions
for an infinite medium by applying loads at (0, %), which is the image point of material 2.

Recalling that ¢,, = ¢, ,, we differentiate the stress functions ¢, of the singularities obtained previously,
and obtain the result for the stress o,, as
|

1 _ o1 f‘,r b; Py M
ny - (d)y,x)applied singularity + (d)yx + ¢y,x + d)y,x + ¢y’x)image singularity7 (234)
for material 1, and
2
2 _ 1y b, D
o2 = (¢ + P + @ ) 2.35
» (d)y > ¢} ~* ¢“‘ * image singularity, ( )

for material 2. The five terms in (2.34) are exactly the same as the terms in (2.32a)—(2.32¢), while the three
terms in (2.35) are exactly the same as those in (2.33a)—(2.33c¢).

2.3. Remarks and limiting cases
(1) Let the applied vertical force f, approaches the interface, i.e. # — 0. Then the values of 1}, >, J; and E in

(2.25) will be equal to zero, and Green’s functions of a bimaterial subjected to a vertical concentrated
force f, applied at the interface is reduced to

~ —f, v(kiky — 1) Inr — 2(k + v) sin” 0

¢1
oom (v +k2)(1 + kyv) ,
ol = = U+ 0)sin26 — (o1 + kks) + 240)6
Yo 2m (v+ k) (1 + ko) ) -
U= Sy (ka+0)sin20 + (ki (ks + v) — k(1 + kyv))0 .
toAmy (v + k) (1 4+ kyv) '

o fy 2kt v)sin®0 — [k(k +v) + k(1 + k)| Inr
T dmyy (v+k)(1 + ko) ’
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for material 1, and

—f, v(kiky — 1) Inr — 20(1 + kyv) sin® 0

=22
¥ 2n (v + k) (1 + ko) ’
5 = =/ v(1 + k) sin 20 — [v(1 + kikz) + 2k;0%]0
T 2n (D+k2)(1 +k10) ’ (2 37)
o Sy (Ut kw)sin20 — [k (ks +v) — ka(1 + k)]0 '
x 47'5/12 (l) +k2)(1 +k1!)) ’
e £ 201 + k) sin® 0 — [k (ky + ) + ko (1 + ko)) Inr

Ay, (v + k) (1 + ko) ’

for material 2, where r = (x? +y2)1/2, and 0 = tan~!(y/x). The solutions presented in (2.36) and (2.37)
are the same as those obtained by Ting (1996).

(2) The magnitudes of image singularities with stress singularity of order 1/7* (double force without mo-
ment and center of dilatation) and of order 1/7* (double moment) are proportional to 4 and h* respec-
tively. Hence, when the applied force f, approaches the interface (i.e. # — 0) these higher order
singularities will disappear. Only the concentrated force f, and dislocation b, with stress singularity
1/r will exist at the image point. Note that when the applied force approaches the interface, the object
point and the image point coincide. This indicates that the solution for a bimaterial subjected to a ver-
tical concentrated force applied at the interface, x = 0 and y = 0, is equal to the sum of the solutions for
an infinite homogeneous medium corresponding to vertical concentrated forces and dislocations ap-
plied at the point x =0 and y = 0.

(3) It is interesting to note that the highest order of stress singularity at the image points is 1/7* (double
moment) for material 1, and 1/7 (center of dilatation) for material 2.

Table 1

The structures and magnitudes of image singularities for bimaterials and special cases of half-plane and infinite plane subjected to

vertical concentrated force f,

Material Magnitude of image  Bimaterials Half-plane with free =~ Half-plane with rig-  Infinite
singularity boundary idly fixed boundary plane
1 f; vk £ ~f, 0
(v+ k) (1 + vky)”™”
Y (k1 (v + k) = k(1 +0k)fy (k= 1fy 0 0
* 2/1](U+kz)(1 +Uk1) 2/,!1
_2(1=v)fih 2f,h
P, —2fh = 0
i (1 + l)kl) f k]
M 2(1 —v)f,l? 2f,h? B 21,k 0
* (1+l)k1)(1+k1) 1+k1 (1+k1)k1
; o[(1 + vky) + ki (v + k2)f, . .
2 ' . 0 2f, }
1y 0+ k) (1 + k) Iy 5
b [l (14 vky) — ki (v + k)1 f, (1 —ki)fy 0 0
* 2, (0 + ko) (1 + vky) 2,
D (14 k)[v+ky — 1 — vki]f3hr 0 (14 k)1 —k)fh 0

(1 — kz)(l =+ l)k])(l) + kz)

(1 = ka)ky
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(4) The special case of a half-plane with free (or rigidly fixed) boundary, and that of an infinite plane, can
be obtained by letting p, — 0 (or p, — 00), and u, = y,, respectively, the corresponding results being
summarized in Table 1. The image singularities for a half-plane have been derived and discussed in de-
tail by Ma and Lin (2001).

3. Image singularities of bimaterials subjected to other types of force

The image singularities for bimaterial system subjected to a horizontal concentrated force or dislocations
will be discussed in this section following the similar procedure presented in the previous section. Leaving
out the algebraic details, only the final results will be presented.

3.1. Image singularities of bimaterials subjected to a horizontal concentrated force f,

Polar coordinate and matrix forms will be used in this section to present the solutions. The definitions of
the following new variables are illustrated in Fig. 4

—h
r=1/x2+ (yfh)z, 7y = \/szr(erh)z, 0, = tan™! L,
X

, = tan”! J%h, m(0,) = [cos0; sinb]

(3.1)
', and n(0)=[—sin6, cos0)]".
The solutions to the stress functions and displacements in an infinite plane subjected to a horizontal

concentrated force f, at the object point (0, /) are

- s fx i HT](]HI
¢ = {d)y}_W{SIHQIm(Hl)JF[—%Inrl]}’

. Uy : . klnr
t {”y}zm(nk,){smeln(gl)[ 10 IH

The components of image singularities for the bimaterial can be obtained by a procedure similar to that
used in Section 2.2. The image singularities of material 1 at the image point (0, —4) include a horizontal
concentrated force f/, a dislocation with vertical Burger’s vector &/, a double force with moment along the
x-direction equal to C,, and a double moment along the y-direction equal to M,.

The resultant solution for the image singularities can be denoted by the expression

¢ = BF+ ¢+ 9O + B, (33)

for the stress function, and by a similar one for the displacement.

(3.2)

6
object point (%))

image point

Fig. 4. The Geometric configuration of the definition for r, 6,, , and 6,.
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The solutions and magnitudes for the various image singularities of material 1 are expressed as

follows
— % In 1) ’

—p S . kilnr, , (ky — V*ky)fs
u _7){sm92n(92)—[ 0 ]}, fx_—(u+k2)(l+vk1)' (3.4)

o = ﬁ { sin 6m(6,) +

~ —b! S nr, fi (14 vk) — ki (v + k)]

b= sin0m(0 ? b =22 L 3.5
u n(1+k1){sm »n(0;) + —“2"‘021} T ot k) (14 k) (3.5)
- —C, 1+ k&

CY — X —

0] 0Tk ( 7 cos202>n(92),
R _C I 0 . 2(1 —v)

G- n(0,) + sin20,m(0,) ¢, C, = ——~fih. 3.6
! 27T/11(1+k1)”2{[0 kI] (62) am( 2)} ' (1+vk1)f (36)
gMy _M (sin 0,m(0,) — cos 0on(6s)), u = M, (cos 0.m(0,) + sin 6,n(6,))

3 ’ 2mpr? ’
20-0) e (3.7)

YT A+ k) (1 + vky)

For material 2, the image singularities at the image point (0, 4) consist of a horizontal concentrated force
/1, a dislocation with vertical Burger’s vector b, and a concentrated moment M, the result being

O = ¢+ P + M. (3.8)

The solutions and magnitudes of the individual image singularities are

s fx/ . HTkz@]

O iR {S‘“Ol“‘(o‘) T e, | [

Qf.‘,_fx’{ . B [kzlnrl}} - o[(1+ vky) + ki (v + k)]

S () L OO N B A S sy 39)

. *2/12b/< 0
b, —_ Trey 1 _
¢ (1 + k) { sin 61m(6) [lnrl} }’

~ ~b, Lo nr —f T (1 + vky) — ky (0 + ko))

Bo—— ) sin0n(0 2 L A 2 3.10
u n(1+k2>{S1n 1[]( 1)+ _14;_](201‘|}7 v 2,“1 (U+k2)(1+l)k1) ) ( )
- M - M o[(1 4 vky) — (v + k)]

M _— " m(0 M 0 M= “h. 3.11
¢ p— m( l), u 27‘[/,(21”1 n( l)a (U+k2)(1 +Uk1) f ( )
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3.2. Image singularities of bimaterials subjected to a dislocation with Burger’s vector by

The solutions to the stress functions and displacements for a dislocation with magnitude b, applied at the
object point (0, /) of an infinite plane for material 1 are

- —2ub, . Inr
e=zrrrr o= [ ]}

3.12
o, S
%lnrl '

The structure of image singularities at the image point (0, —/) of material 1 is

{ sin Oym(6,) +

TC(l +k1)

O = ¢+ P+ P+ . (3.13)

Eq. (3.13) indicates that the image singularities include a vertical concentrated force f, a dislocation with
horizontal Burger’s vector b, a center of extension along the x-direction equal to y,, and a double center of
expansion along y-direction equal to y, (see Fig. 5). The solutions and magnitudes of these image singu-

larities are
1k
v - Tl In 1"2‘| }
n(1+k) 1+qu92

— f . 0 o 2ubo[(v+ k) — (14 vky)]
= ) - = : :
2ru (1 + k) { sin 0m(02) [—kl In rj } Sy (v + k) (1 + vky) (3.14)

- —2u,b ] Inr,
Ll et 28 _
¢ (1 + ki) {sm On(6:) [ 0 1 }’

14;/»'1 92 . (02k1 _ kz)
R S Gk (3.15)
Zh nr, (v + ko) (1 + vky)

/

¢f = { sin 0,n(0,) +

/
b — x|
T+ k)

{ sin 021“(92) +

iz,

Fig. 5. Image singularities of material 1 for bimaterials subjected to a dislocation with Burger’s vector b, applied at material 1.
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f
bii+tx

—_—

h ‘y

X

Fig. 6. Image singularities of material 2 for bimaterial subjected to a dislocation with Burger’s vector b, applied at material 1.

Y =2y .
Voo — _ Trlix
¢ 20+ k) {n(0,) + sin20,m(0,)},
- y 1 —F 0 ) 2(1 —v)
oo -2 Y = bxh
R S { [ 0 3+ kl}m(%) - 92“(92)}’ T ok
%XV = _ Aty (cos 6hm(6,) + sin 0,n(65))
(1 +k)r3 ’
. 2) _
R (sin 6:m(6,) — cos 6,n(06,)), L vl b.h?

(1 +ki)r3 Ttk

(3.16)

(3.17)

For material 2, the image singularities consist of a vertical concentrated force f}’,, a dislocation with

horizontal Burger’s vector &', and a center of expansion y (see Fig. 6). The results are expressed as

¢ = 5+ @+ ¢,

where the solutions and magnitudes are

J)f{ _ K }/’ ino (0 ) + _% 11’11"1
— n(l —|—k2) s v1n(v; %91 ,
e f . 0 2u,b.0[(1 + vky) — (v + k)]
f), — y 0 0 1 1%x
‘ 2nuz(1+kz){sm () + {HH ’ (v -+ k2) (1 + vky)

o 72/1 b/ . lnrl
by 2% 0 0.) —
¢ —n(l +k2>{sm n(6) 0 ,

— / o [(v+ k) + ko (1 + vky)]
b= > sinOm(0,) + 2 b = 2 2 Uy
¢ n(l+k2){ m(6) o g ¥ (v + k) (1 + vky)
n —41 - 2y (1 + k) [(1 + vki) — (v + ko)
r= ML 49, W= — (e = beh.
¢ n(l—l—kz)n( D, n(1—|—k2)m( s x 2(v + k) (1 + vky)

3.3. Image singularities of bimaterials subjected to a dislocation with Burger’s vector b,

(3.18)

(3.19)

(3.20)

(3.21)

The solutions to the stress functions and displacements for a dislocation with magnitude b, applied at the

object point (0, /) of material 1 on an infinite plane are
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- =2wb, . 0 - =b . % Inr

(bm{smﬁlm(@l)— |:11’1V1:|}’ Mm{slneln(01)+ {_%91 . (322)
The structure of image singularities at the image point (0, —4) of material 1 is

O = ¢ + PP + P + Pt (3.23)

The image singularities for this case include a horizontal concentrated force f!, a dislocation with vertical
Burger’s vector b], a center of shear along the x-direction equal to x,, and a double center of expansion
along the x-direction equal to y,. The solutions and magnitudes for the image singularities in (3.23) are
— !
P = S/ { sin 0,m(0,) +

(1 + k) ~Sh ||’

—p 1 _ _ [kiln rz] } . 2ubyo[(1 +vky) — (v + k)]
T o (L k) {Sm Oan(02) { o | BT armtsk) (3:24)

o 72,“]1), 0
by _ y : _
¢ n(l+k) { sin 6,m(0,) [ln rj }’

. —b Lk 11'11"2 (Uzk —k )
b= Yl 2 oWk —Rk)
- (1l + ki) { sin an(B2) + — L, | [ by (v + k) (1 + vky) by (3.25)
e 72:“1Kx
Kx — 2
¢ FIEA 0,m(0;),
e Ky 1-k 0 ] 2(1—v)
u - m { |: 0 kl _ 1:|n(62) + 2 S 202m(92)}7 Ky = 1 + [)kl bvh (326)
= — 2L (G gom(6s) — cos an(6))
75(1 + kl)}’g !
Exx:i(cosemwﬂ—siné)n(ﬁ ) _ =D (3.27)
71:(1 +k1)}"§ 2 2 2 2))» L (1 +Uk1) yre . .

For material 2, the image singularities include a horizontal concentrated force f!, a dislocation with
vertical Burger’s vector &, and a concentrate moment M. The stress function can be expressed as

O = F + P+ M, (3.28)
and the solutions and magnitudes are

%fx’ - MIL—;{/Q){ sin O;m(6,) + :T:?;rl] },

W g { sin 6,n(60,) — {kz o ] } o= 2eb y(Effkf;(ﬁ(ikf) )] (3.29)

ubh = 0 (;i;kz) { sin Oyn(0,) + ?{é (;1 ] } b= L (i?k;(ﬁz(i :;ﬁv)kl)] by. (3.30)
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- M — M 2,ubh[(l)+k2)—(1+l)k1>]
u_ M M _ _ cthby
o7 = ry m(0), 27,1y 0, M (v+k)(1 + vky) (3:31)
3.4. Remarks

(1) The structure of image singularities for applied concentrated forces and dislocations are similar. For
material 1, there are four image singularities at the image point (0, —%). Two of them have a stress sin-
gularities with O(1/r), one of them has a stress singularity with O(1/7?) and the remaining one has a stress
singularity with O(1/7*). For material 2, there are three image singularities at the image point (0,%). Two of
them have stress singularities with O(1/r) and the other has a stress singularity with O(1/#?). It is to be
noted that there is no image singularity with O(1/7*) for material 2. The magnitude of higher order image
singularities, i.e. O(1/r?) and O(1/r?), are proportional to & and A? respectively. As the applied singularity
at the object point approaches the interface, i.e. # — 0, all the higher order image singularities disappear
and only concentrated forces and dislocations with stress singularity of O(1/r) remain.

(2) The resultant forces and dislocations for image singularities of the bimaterials are represented in the
following matrix forms. For material 1, the result is

M a 0 0 —c||fs
Sl 10 a ¢ 0]]|f
pl 1o b —a o6l (3.32)
o], b 0 0 —a]lb

and for material 2, the result is

[ 7] (d 0 0 c]|[f

S0 10 d — 0]]|f

Bl =10 =6 e 0f|b | (3.33)
_b;_ s b 0 0 el |b

where
_ (k2 - Uzkl) _ [kl(l) +k2) — k2(1 + Ukl)] = 2/,(2[(0 +k2) — (1 + Ukl)]
(v + k) (1 + vky)’ 2p, (v + k) (1 4 vky) (v+k)(1 + vky)
:x>[(1—|—vk1)—|—k1(n—|—k2)] oo k2 (1 + vky) + (v + k)] (334)
(U+k2>(l+l)k1) ’ (1+Uk1)(l)+k2) ' '

From (3.34), it is noted that a +d = 1 and e — @ = 1. From (3.32) and (3.33) and for the case of applied
concentrated force f, acting in material 1, the force and dislocation for the image singularities are
(f7), = af. and (b)), = —bf, for material 1, and (f), = df. and (}), = bf, for material 2. However, the
resultant force for the image singularities of materials 1 and 2 taken together is (f7), + (f)), =
(a +d)f, = fx, which is identical to the applied force, while the net dislocation for the image singularities is
zero, i.e. (b)), + (by), = 0. Similarly, the resultant dislocation for the image singularities of materials 1 and
2 due to a dislocation b, acting in material 1 is (b), + (b.), = (e — d)b, = b,, which is identical to the
applied dislocation, and the net force is zero. Hence, it is interesting to conclude that the resultant forces or
dislocations for the image singularities of the bimaterial are identical to the applied forces and dislocations,

respectively.
(3) For the special case of a half-plane with traction-free boundary condition, we have
ki —1
a=1, b=——, ¢=0, d=0, and e=2. (3.35)

2p,
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And for the case of a half-plane with rigidly fixed boundary, these quantities becomes

2 (I —k)
c= A ,
The resultant forces and dislocations for the special cases of the half-plane are obtained from (3.34) by

setting v = 0 for the traction-free boundary, and v = oo for the rigidly fixed boundary. The corresponding
results for the anisotropic case of the half-plane have been obtained by Ting (1996).

d=2, and e=0. (3.36)

4. Representation of image singularities in matrix form

The complete structure of image singularities for applied forces and dislocations has been determined and
discussed in the previous sections. In order to simplify these results, a representation of the solutions in
matrix forms is instructive. The behavior of all the image singularities obtained in this study involves three
different orders of stress singularity, which are (a) concentrated force and dislocation with stress singu-
larities of O(1/r); (b) double force, center of shear, center of extension, center of expansion, concentrated
moment and center of dilatation with stress singularities of O(1/7?); double center of expansion and double
moment with stress singularities of O(1/7*). However all the solutions for higher order image singularities
(i.e O(1/7*) and O(1/7*)) can be obtained by differentiation of the solutions for concentrated forces and
dislocations. We define the stress function ¢ such that

o' =¢"/M,
where the superscript 7 indicates the type of singularity and M is the magnitude of the singularity.
For instance, if 7 = f, or T = b,, we have

0" = (ol l) = (0, ¢") /S

or

QDbX = (q)fxa (pir) = (qs)b;a (rbi)()/bx

The stress functions for the higher order image singularities can be represented by the solutions of con-
centrated forces and dislocations as

—p ok o o
ox ¢ ox

. ag/{y 64\ x R 64\ x 64\ v
oM = — ¢ n @ 7 P =— @ n @ ,

Ox )% Ox dy
— aa)bJ e @(pbx — a?oby N aabx
(A P YT ox ay |’
R 0 aa/eraq)/»
¢ Ox \ Ox oy |’ ¢ oy \ Ox oy )’
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Hence, the fundamental solutions we need for constructing all the image singularities for the bimaterials are
only the solutions for concentrated forces and dislocations in an infinite plane. Finally, all the results of

image singularities that we have obtained in the previous sections can be summarized and represented in the

following compact matrix form. The image singularities for material 1 are

- r fy fe\ T
oo 0 (6s0~ L% )
T ox ox \ Ox dy
" : o [dph ok
Rl O (9o 99
- o T o 2| O ( ox Oy >
M —1o (00| %, | + o) 1170y ,
" _ D¢ 0 (9™ 0o™
o Ox Ox \ Ox oy
B R0k 2 oy . dgpbr
ox | L Ox \ Ox dy /|
where [Q] = [f; f, 2ubc 2u,b,] and
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The image singularities for material 2 are

5275

_ a(pr aq;/‘A ]
Ox oy
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#1=1013 (0] [ | +ao | ol
- 1 (pb" 2 3 a(pb), N aq)bx I
o Ox oy
oo’ b
__< o oy ) 1
where [O*] = [f; /) 21by 2u,b,] and
Fo((14vk) + ki (v+ k) 0 0 v(ka(1 4 vky) — k(v + k2)) T
(I +vk)(v+ k) (I +vk)(v+ k)
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70((1+0k1)_(0+k2)) ( ' 2)(0 ) ( " ())(D ) 7(1+Dk1)+k1(0+k2)
L (1+l)k1)(l)+k2) (l-l-l)kl)(l)-‘rkg) i
ro((1+vki) — (v +k))
(1 + vki)(v+ k) 0 0 0
0 (1 +hk)((1+vk) — (v+k)) 0 0
01] = (14 k)(1 + vky) (v + ko)
2 0 0 o(1 +k)((1 + vky) — (v+ k) 0
1 Ukl v kz
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5. Concluding remarks

The structures of image singularities for bimaterials have been obtained and discussed in detail in this
study. It shows that the Green’s function for the bimaterials consists of several Green’s functions for the
homogeneous infinite plane subjected to various types of singularities applied at the object and image
points. This is useful information that puts the solution in a different perspective. The image singularities
for different types of applied singularity in material 1 for bimaterials are summarized and listed in Tables 2
and 3. It is interesting to note that the image singularities for concentrated forces are not only force systems
but also dislocations. In addition, the image singularities of dislocations also include force systems. The
image singularities consist of concentrated forces and dislocations with O(1/r), together with higher order
singularities (O(1/7?) and O(1/r%)) for isotropic bimaterials. However, the image singularities for aniso-
tropic bimaterials are simply concentrated forces and dislocations, the location of the image point being
different for each image singularity, depending on the material constants (Ting, 1996).

It is shown in this paper that the solutions for higher order singularities can be derived by differentiating
the basic solutions for the concentrated forces and dislocations. Hence, the fundamental solutions required
for constructing the image singularities only those corresponding to the concentrated force and dislocation
in an infinite plane. All the image singularities of bimaterials are represented in a compact matrix form in
terms of the solutions of concentrated forces and dislocations. It is noted that the image singularities of
material 1 have stress singularities with O(1/r), O(1/7?) and O(1/7%); but stress singularities with O(1/r)
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Table 2
Applied singularities (concentrated forces and dislocations) and the correspondent image singularities for material 1

Image singularity Applied singularity

fx f b, b,
Horizontal body-force f; A A
Vertical body-force f; A A
Dislocation &/, A A
Dislocation &, A A
Double force without moment along the x-direction, P, A
Double force with moment along the x-direction, C, A
Center of extension along the x-direction, y, A
Center of shear along the x-direction, x, A
Double center-of-expansion along the x-direction, y, A
Double center-of-expansion along the y-direction, y, A
Double moment along the x-direction, M, V A
Double moment along the y-direction, M, A

Table 3
Applied singularities (concentrated forces and dislocations) and the correspondent image singularities for material 2

Image singularity Applied singularity

S Vs by b,

Horizontal body force, f; A A
Vertical body force, f; A A

Dislocation, b/, ) A A

Dislocation, b/, A A
Center of dilatation, D A

Concentrated moment, M A A
Center of expansion, y A

and O(1/7?) only exist for the image singularities of material 2. The magnitudes of higher order image
singularities, i.e. O(1/7%) and O(1/7*), are proportional to & and h* respectively. As the applied concen-
trated forces or dislocations approach the interface, the higher order image singularities disappear, and only
the image singularities with O(1/r), which correspond to concentrated forces and dislocations, remain in
the final solution. Based on the results obtained in this study, the image singularities for higher order
applied singularities (namely double force, center of shear, etc.) for bimaterials can be easily derived.
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