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ABSTRACT

Hilbert transform plays an important role in the signal pro-
cessing. A generalization of Hilbert transform, fractional
Hilbert transform, was recently proposed, and it presents
physical interpretation in the definition. In this paper, we
develop the discrete fractional Hilbert transform, and ap-
ply the proposed discrete fractional Hilbert transform to
the edge detection applications.

1. INTRODUCTION

Hilbert transform plays an important tool for signal pro-
cessing, and it has been used in many areas, such as mod-
ulation theory[l], edge detection [2] and so on. For in-
stance, in communication the Hilbert transform is com-
monly used for single side-band modulation. This modu-
lation can save band width for transmission. Besides the
continuous Hilbert transform, the discrete Hilbert trans-
form, can also be used for digital communication and edge
detection of digital image[1] [2].

A generalization of Hilbert transform, fractional Hilbert
transform, was proposed in [3]. The fractional Hilbert trans-
form can process signal in the fractional Fourier plane in-
stead of conventional Fourier plane. The method for im-
plementing fractional Hilbert transform in [3] is using op-
tical instruments. It is still lack of digital implementation
for fractional Hilbert transform computation. The goal of
this paper is to develop the discrete fractional Hilbert trans-
form, which can have similar outputs as those of continuous
fractional Hilbert transform. Moreover, we will apply the
proposed discrete fractional Hilbert transform to the edge
detection applications.

2. HILBERT TRANSFORM

2.1. Continuous Hilbert Transform

The Hilbert transform of a continuous signal z(t) is com-

puted as: -
s)= [ Har 1)

The continuous Hilbert transform comsists of a % radian
phase shift (for positive frequencies only) in the frequency

domain[4]. Thus the transfer function of Hilbert transform
w>0

becomes: .
J
H)(w) = { 0 w=0 (2)

-Jj w<0
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2.2. Discrete Hilbert Transform

The transfer function of the discrete Hilbert transform is
defined as:[4]
O<w<m

J
Hw)=¢ 0 w=0andw=m (3)
-] —m<w<0

The discrete Hilbert transform can be computed through
the following steps:[4]

o Stepl: Compute the DFT of signal {x[k]}.
X[n] = DFT[x[K]] 4)

e Step2: X[n] is multiplied by the mask M;. The
mask M; is defined as:

If N is even,

Ml:[O7jvj7"'1j707—j)_j7"'7—j] (5)
e N —
g1 L |
2 2
If N is odd,
Ml:[07j>j7"'>j1_j7_j)"'7_j] (6)
e — e ———
N-1 N—1
2 2

o Step3: Compute the inverse DFT to obtain x[k].
%[k] = IDFT[X[n]M][n]] ")

Then x[k] will be the discrete Hilbert transform of
x[k].
The block diagram for implementing discrete Hilbert trans-
form is drawn in Fig.2.

3. DEVELOPMENT OF DISCRETE FRACTIONAL
HILBERT TRANSFORM

In (3], two alternative definitions for the continuous frac-
tional Hilbert transform have been developed. One is based
upon the modification of spatial filter with a fractional pa-
rameter, and its transfer function is defined as:

Hp(v) = cos pHo(v) + sin ¢ Hi (v) (8)

where ¢ = %’i. The definition of fractional Hilbert trans-

form in (8) is a weighted sum of the original signal and its
conventional Hilbert transform.
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The other fractional Hilbert transform is based on the
fractional Fourier transform(FRFT) that was introduced re-
cently in [5]. The FRFT operation indicates a rotation of
signal in the time-frequency plane. When a=0, the FRFT
is an identity transform. While a = 7, the FRFT will
become conventional Fourier transform.

The transfer function for the other fractional Hilbert
transform based upon the FRFT method is defined as:

Vo =F CH F° 9)
where F is the fractional Fourier transform with fractional
order . While @ = 1, the FRFT becomes the conventional
Fourier transform. Q = 2.

The block diagrams for implementing fractional Hilbert
transform are drawn in Fig.1. Fig.1(a) shows the block di-
agram for the spatial filter with fractional parameter P.
Fig.1(b) shows the block diagram for the FRFT method in
fractional Hilbert transform computation. Both fractional
Hilbert transform approaches were invented according to
the postulate: the first-order fractional Hilbert transform
should be consistent with the conventional Hilbert trans-
form.

Moreover, the above two definitions can be merged into
a general definition of fractional Hilbert transform. Thus
its transfer function is defined as:

Hpo =F HpF° (10)
The combination of the two fractional schemes is shown in
the Fig.1(c).

In the other way, the discrete fractional Hilbert trans-
form can also be defined in two ways. One is based upon
the modification of spatial filter with a fractional param-
eter; the other is based on the discrete fractional Fourier
transform(DFRFT). The methods for computing DFRFT
were recently proposed in [6] and {7]. Because the method
in [6] cannot provide the similar results as those of continu-
ous case, we adopt the DFRFT computation defined in {7].
Thus the kernel of DFRFT is defined as:

F9= Z e I3y, v

n

(11)

where vy, is the n-th order DFT Hermite eigenvector. While
Q =1, the DFRFT will become conventional DFT. Similar
to the continuous case, the two definitions of discrete frac-
tional Hilbert transform can also be merged into one. Thus
the discrete fractional Hilbert transform can be computed
through the following steps:

e Stepl: Compute the DFRFT of signal {x[k]} with
parameter (.

Xg[n] = DFRFTg[x[k]] (12)
e Step2: Xg is multiplied by the mask M p. The mask
Mp is defined as:

If N is even,

Mp = [cosa,e’®,e’™, -, &% cosa, e, e,

N
yo

If N is odd,
joo _jox ja _—ja _—jo —-ja
Mp:[COS&,f] ,6] [ 76117:2 ’ )€ ! y € ]4]
Ne1 No1
. Z
(14)

where a = P%.
e Step3: Compute the DFRFT with parameter —Q.

%[k] = DFRFT_o[Xq[n]Mp[n]] (15)

Then %[k] is the discrete fractional Hilbert transform
of x[k].
The responses in the fractional Fourier domain are defined
e’® and e~/ for positive and negative transform domains,
respectively. The first and central entries in the mask Mp
are both equal to cos a, which are defined as the midpoint of
the responses for positive and negative transform domains.

e el

5 (16)

cosa =
Then it can be easily verified that (5) (6) are just special
cases of (13) and (14). So the proposed discrete fractional
Hilbert transform is a generalized version of the conven-
tional discrete Hilbert transform. While P = 0, the mask

becomes:
MO:[I,l,l,‘--,l] (17)

The output of discrete fractional Hilbert transform is the
same as the input signal. In this case, the discrete fractional
Hilbert transform will become an identity transform. While
P = 2, the mask becomes:

M, =[-1,-1,-1,---,-1] (18)
The output of discrete fractional Hilbert transform is the
negative value of the input signal.

The block diagram shown in Fig.2 can also be modified
for the implementation of discrete fractional Hilbert trans-
form. The DFT and IDFT must be changed into DFRFT
with parameter @ and —@Q), respectively. And the mask Mp
in (13) and (14) must be used for the mask block in Fig.2.
Example 1:

The amplitudes of discrete fractional Hilbert transform
for a rectangular window are shown in Fig.3 and 4. It can
be observed that the discrete fractional Hilbert transform
of a rectangular function consists of two which mark the
edges in the signal. While 0 < P < 1, the positive edges
are emphasized. And the negative edges will be empha-
sized when 1 < P < 2. But in the case of Q = 0.5, there
is no preference either for the negative or for the positive
derivative.

The results in Example 1 are very similar to those of the
continuous fractional Hilbert transform for the continuous
rectangular window shown in [3]. This can help us to verify
that the proposed discrete fractional Hilbert transform is
our desired transform.

Example 2:

In this example, we will define and compute the dis-
crete fractional analytic signal for a sinusoids signals. The
transfer function of fractional analytic signal is defined as:

Ap(v) = cos pHo(v) + jsin pH1(v) (19)
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where ¢ = P7%. While P = 0.5, the output is the traditional
analytic signal. The definition in eq. (19) are similar to that
of eq. (8). Only the imaginary opertation are substituted
for the conventional Hilbert transform part. The spectrum
of the output signals for sinusoids signals are drawn in Fig.5.
It can be viewed that the outputs are a weighted summation
of spectrum of signal and its analytic signal.

4. EDGE DETECTION BY DISCRETE FRACTIONAL
HILBERT TRANSFORM

The conventional discrete Hilbert transform has been .ap-
plied to find out the edges of digital images [2]. In Exam-
ple 3 and Example 4, we will apply the discrete fractional
Hilbert transform to detect the edges for digital images.
The principle used in the following examples for edge detec-
tion through discrete fractional Hilbert transform is based
up on the idea in The edges occur in the (m, n) point if the
following equation is satisfied.

|hp..@. (M, n)|* + |hp, .0, (m,n)|> > Threshold  (20)

where hp, g, (m,n) is the output of the discrete fractional
Hilbert transform with parameters P, and Q. in the z-
direction for point (m,n). hp, q,(m,n) is the output of
the discrete fractional Hilbert transform with parameters
P, and @y in the y-direction for point (m,n). The selection
of threshold value is to control the amount of edges in de-
tection. The selections of parameters (P, P:, Q., Q) are
depended upon the desired edges in images. P, = 0 indi-
cates no detection in the z-direction; 0 < P, < 1 emphases
the positive edges in the z-direction. P, = 1 indicates the
edge detection in the z-direction no matter of positive or
negative edges. 1 < P, < 2 emphases the negative edge in
the z-direction. These cases are also the same for the Py
parameter in the y-direction.

Example 3:

In this example, we will apply the discrete fractional
Hilbert transform for the edge detection of digital image.
The original image is drawn in the upper left corner of Fig.6,
and it is a simple square. The other fifteen images are
the detection results. It can be observed that the edges
in digital images can be detected through the choices of
parameter P, and P,. The parameters Q. and @y, used in
this example are both equal to 1. While P, = 0.5 and P, =
0, only the horizontal positive edges are emphasized. When
P, = 1.5 and Py = 0, only the horizontal negative edges are
emphasized. These results can be viewed clearly in Fig.6.
The case, P, =1 and P, = 1, is the conventional discrete
Hilbert transform for edge detection, and all directions of
edges can be viewed in this case.

Example 4:

In this example, Lena image is used for our experiment.
Fig.7 shows the edge detection results for various choices
of parameters. The choices of parameters in this example
are only for P, and P,. The other two parameters (), and
Qy used in this example equal to 1. It can be observed
the edges in Lena image can be emphasized through dif-
ferent choices of parameters. The selections of threshold
in this example are using the moment preserving method
introduced in [8]. It can be observed that the edges can
be detected through the choices for parameters P, and Py.

The relations between selecting directions and parameters
are the same as those of Example 3.

5. CONCLUSION

The discrete fractional Hilbert transform is proposed in this
paper, and it has two ways to be defined the same as the
continuous case. Similar to the continuous case, these two
definitions can be combined into a general one. It is im-
portant that the proposed discrete fractional Hilbert trans-
form has similar results as those of continuous fractional
Hilbert transform. Moreover, the proposed discrete frac-
tional Hilbert transform can be used in edge detections for
digital images.
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Figure 1: Block diagram for implementing fractional

Hilbert Transform
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Figure 2: Implementation of Discrete Hilbert Transform

DFT

Mask >

Y

IDF

—-T

P=0.000,(3=1.000

P=0.200,Q=1.000

£=0.600,0=1.000

1.6 1.8
1.5 !
1 1
4
o.s 0.5
o.s
o o
) 100 200 ° 100 200 o 100 200
P=0.800,Q=1.000 P=1.000,Q=1.000 P=1.200,Q=1.000
2 2
1.6 1.5 1.6
1 1 1
o5 0.6 0.5
o o, ©
100 200 ) 100 200 © 60 200
P=1.600,Qm=1.000 P=1.800,G3=1.000 P=2.000,Q=1.000
2 1.8 1.6
1.5
1 1
1
0.5 0.6
0.5
o o o
© 100 200 o 160 200 ) 100 260

Figure 3: Discrete fractional Hilbert transform of a rectan-

gular window
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Figure 4: Discrete fractional Hilbert transform of a rectan-

gular window
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Figure 5: Fractional analytic signals of a sinusoids signal
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Figure 6: Results of Example 3
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Figure 7: Results of Example 4
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