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Outline

2 or more r.v.
z transform
Laplace transform
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PDF for 2 R.V.

Marginal Density Function

2

( , ) [ , ];

( , )( , )

XY

XY
XY

F x y P X x Y y

d F x yf x y
dxdy

2 2

1 1
1 2 1 2

|

[ , ] ( )

Independent : ( ) ( ) ( ) Prob[X x]Prob[Y y]
( , )( | ) Prob[ | ]
( )

x y

XYx y

XY X Y

XY
X Y

Y

P x X x y Y y f xy dydx

F xy F x F y
F x yF x y X x Y y
F y

P. 4

Cheng-Fu Chou, CMLAB, CSIE, NTUCheng-Fu Chou, CMLAB, CSIE, NTU

Function of Random Variable

Func. of r.v.

One important r.v. is where Xi are independent
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Y = X1 + X2
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Convolution
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Convolution Ex.

• f(n)  
• 2/3 as n = 1
• 1/3 as n = 2

• g(n)  
• 1/2 as n = 1
• 1/2 as n = 2

h(n) = f(n) g(n) = ?
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Ex. (cont.)

h(0) = f(0)g(0) = 0
h(1) = f(1)g(0) + f(0)g(1) = 0
h(2) = f(2)g(0) + f(1)g(1) + f(0)g(2) = 1/3
h(3) = f(3)g(0)+f(2)g(1)+f(1)g(2)+f(0)g(3) = ½
h(4) = f(4)g(0)+f(3)g(1)+f(2)g(2)+f(1)g(3)+f(0)g(4) = 
1/6
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z transform

Consider a function of discrete time fn s.t.
– fn 0 for n = 0, 1, 2, …
– fn = 0 for n = -1, -2, …
–

0
( ) where ( ) n

n nn
f F z F z f z
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Examples

Ex1:

Ex2:
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Convolution Property
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Properties of z transform
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Properties (cont.)
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z Transform pair
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z transform : difference equation

Ex:
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z-transform and moment
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Laplace transform

Def:

Ex 1.

Ex 2.
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Convolution

f(t) and g(t) take on non-zero values for t 0

( ) ( ) ( ) ( )f t g t f t x g x dx
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Properties
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Properties (cont.)
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Differential eq.

Find f(t)
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Random Sum
1 2
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Given ... ,  find 
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Ex.

1 2 ...
are i.i.d. exponentally distributed, 

N is geometrically distributed.
(a) Find [ ].
(b) what is var[ ].
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