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Abstract 

ule. A Lagrangian relaxation method is adopted t o  
solve the problem in dual space, where the synchro- 
nization constraint between machine setup and part  
processing is relaxed . An efficient heurzstic is de- 
veloped t o  adjust the dual solutzon t o  primal  feasibility. 
Network flow structures of both machine status change 
and art o’iw balance e uat ions aTe exploited f o r  al- 

that our methodology generates a n  optimal schedule 
o n  a small  ezample and a near-optimal solution o n  a 
multi-stage and multi-machine ezample using a rea- 
sonable amoun t  of CPU t ime .  

I Introduction 
Scheduling with se uence-dependent setup time 

consideration is one o? the most difficult classes of 
scheduling problems. When a machine switches from 
processing one production ty e to another, setup time 
may be incurred because o?changing the accessory. 
The flow time of production and machine setups is in- 
fluenced by production mix and production sequence. 
Processing in large batches may increase machine uti- 
lization and reduce setup time. But it also increases 
the flow time. Therefore the scheduling roblems with 
setup time consideration are to tradeofi the work in 
process level between flow time and machine utiliza- 
tion by selecting batch size and schedule. 

A one-machine sequence-dependent setup sched- 
uling problem is equivalent to a traveling-salesman 
problem [13] and is NP-hard. Machine setup time is a 
significant factor in the production scheduling of most 
factories; it may easily take more than 20% of machine 
available ca )acity if not well handled. 

The study of scheduling problem with sequence- 
dependent setup effects has attracted quite an amount 
of attention in recent years. However, most research 
neglected thie setup times or simplified the problem 
by combining setup time with processin time and fo- 
cused mostly on the single machine prohem. D nam- 
ic programring, integer pro ramming, b r a n d  and 
bound, and enumeration met%ods have been used as 

gorit K t  m evelopment.  i u m e r i c a l  results demonstrate 
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solution tools. Ovacik and Uzsoy presented a family 
of rolling horizon heuristic to minimize maximum late- 
ness on a single machine in the presence of sequence- 
dependent setup times [12]. Bai and Elhatsi studied a 
deterministic one-machine, 2-part-type setup system 
by using optimal feedback control frameworks 14. 

Multi-machine scheduling problems are more chal- 
lengin than single-machine ones because the alloca- 
tion ofmachines adds another dimension of complexity 
[13]. Many heuristics and rules have been published to 
solve the multi-machine problems [4][17]. Vemuaganti 
etc. used Lagrangian decomposition and network flow 
structure to solve this scheduling problem but only 
considered the setup cost [16]. Dietrich and Escud- 
ero considered a single-stage unrelated machines and 
multiple job-types by using branch & bound method 
[7]. In summary, very few researchers have succeeded 
in solving the multi-stage, multi-machine setup time 
scheduling probleni. 

In this paper, we focus on scheduling flexible flow 
shops (FFS) with sequence-dependent setup effects. 
The flows of work are unidirectional [6]. The sched- 
uling problem schedules the production and machine 
1) to meet customers’ due dates in just-in-time phi- 
losophy, 2) to reduce work in process (WIP), and 3) 
to reduce the machine setup times, while satisfyin 
the system constraints such as machine capacity, en8 
product demands, and precedence relationship. 

As we know, reduction scheduling determines 
when to process w at and where the oal is met and 
machine scheduling determines the jo%s sequence of 
a machine. In a feasible schedule, the production 
scheduling must synchronize with machine scheduling, 
as shown in Figure 1.1. 

Figure 1.1: Synchronization of Production 
And Machine Scheduling 

We formulate this scheduling problem into a large- 
scale integer linear programming problem which is 
NP-hard in computational complexity [13]. Instead of 
finding the optimal schedule of this NP hard-problem, 
we use a sub-optimal ap roach. A Lagrangian relax- 
ation and network flow-gased approach is develope- 
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d by extending Chang and Liao’s method for sched- 
uling flow shops of no setup effects[6]. We use the 
Lagrangian relaxation method to relax the synchro- 
nization constraints and then decompose this problem 
into roduction scheduling subproblems and machine 
scheiuling subproblems. The minimum cost linear 
network flow (MCLNF) model is applied to production 
scheduling subproblems as in [6]. In this paper we al- 
so apply MCLNF to machine scheduling subproblems 
with setup consideration. To find good Lagran ian 
multipliers, we simplify Tomastik and Luh’s metfod 
[14] to find the searching direction. We then develop 
an efficient heuristic to adjust the relaxed solution to a 
feasible one by exploiting the network structure. Pre- 
liminary numerical experiments are conducted to ex- 
amine the feasibility and optimality of our algorithm. 
Results demonstrate that our algorithm can obtain 
good solutions in reasonable amount of CPU times. 

The remainder of this paper is or anized as fol- 
lows. In Section 2 we formulate the scteduling prob- 
lem mathematicalfy. The solution methodology is de- 
scribed in Section 3. Numerical results are demon- 
strated and analyzed in Section 4. Section 5 concludes 
this paper. 

I1 Problem Formulation 
Consider a make-to-order flexible flow shop where 

machine setup times are significant as compared to 
the processing time. We assume that (1) setup times 
dependent on the job-processing sequence, (2) produc- 
tion flow of all types of parts go through all stages in 
the same sequence, (3) the processing of each stage is 
performed by a unique machine group, (4) there are 
a limited number of identical machines in each ma- 
chine group, (5) each order requests only one type 
of products with a iven due date and all demands 
are released at  the ieginning of the scheduling hori- 
zon, (6) machine failures are not considered, (7) one 
machine can only process one product at a time, (8) 
raw materials are in good supply, and (9) buffer space 
availability does not pose a significant constraint. 

To formulate the scheduling problem of this FFS, 
let us define the following notations : 
Input Variables: 
T: the time horizon of scheduling; 
I: total number of product types; 
J: total number of processing stages; 

K: total number of orders; 
Ek: the desired product type of order-k, k = 1, ..., K; 
Dk: the desired quantity of type-& in order-k; 
U k :  the earliness penalty coefficient of order-k; 
b k :  the tardiness penalty coefficient of order-k; 

hkb: the holding cost per unit of order-k in buffer b; 
dk: due date of order k; 

Clz,: cost of setting up a machine in group M, from 

Pa, : the time for processing a type-i product at stage- 

Alrj:  time for setting up a machine in group M3 from 

M3 : the set of machines which can process the produc- 
tion in stage-j, j = 1, ..J; 

processing type-1 to processing type-i 

j; 

processing typed to processing type-i 
Intermediate Variables: 
(2: (z = 1, if machine m is idle but ready to process 

type-i products at  time t;(F = 0, otherwise; 

B k j t :  the input buffer level of order-k products at  stage- 
j by the beginning of time period t with Bkll = 
Dk, for all k = 1, ..., K and t = 1 ,..., T. 

Decision Variables: 
uEt:  u g t  = 1, if one order-k product is loaded for pro- 

cessing sta e j by machine-m a t  the beginning of 
time peri&i t; ‘Llkjt = 0, otherwise; 

CY$: a$ = 1, if machine m starts to process a type-i 

EG: FG 7 1, if machine m starts to setup from pro- 
ty e-Z to type-i for stage-j at  time t ;  ESZ8, ot R erwise; 

In the flow line, a part of order k (type E k )  loaded 
onto a machine m for processing stage j-1 at time. t - 
P~~( j -1)  + 1 goes into buffer j after P~~(j-1) periods 
of processing. The production flows for an order in 
the line can therefore be described by 
Flow Balance Eauations: 

roduct at  time t;a$ = 0, otherwise; 

mEM; 

Bk(J+ l ) ( t t l )  = Bk(J+l)t 

The precedence relationship among operations of each 
part are implied in the flow balance equations. 

It is obvious that the scheduled rocessing require- 
ments must not exceed the availabye capacity of each 
machine, i.e. 
Capacity Constraints: 

I K  f 

U& < l , m = l ,  ..., M .  (5) 
i=l k = l , E k = i  T=t-Pi,+l 

If a machine m E M ,  starts to process a type-i 
product at  time t - Pij, is idle but ready to process a 
type-i product at  time t - 1, or starts to setup for pro- 
cessing ty e i products from being for t e 4  at time 
t - Al;j, t ien machine m becomes a v a d i l e  for pro- 
cessing ty e i products at  time t .  At time t ,  machine 
m can eitEei start to process type-i products, be set 
up to rocessing other types, or stay idle. Note that 
a machne can only be used for one thing at  a time. 
The above relation can be expressed by 
Machine Usage Balance Equation: 

I 

1=1,l#i 
I 

1=1,1#i 

with 
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(7) 
i=l l=l, l#i  

At last, part loading decisions must be synchronized 
with the machine rocessing decisions: 
Svnchronization &nstraints: 

K 

uZt =CY$,  m E M , , V j .  (8) 
k=l,E*=i 

Note that (5) and (8) imply that a; 5 1 and x;=laz I 1. 
One of the objectives of scheduling is to meet cus- 

tomers' due dates if possible. For this purpose we.set 
a enalty function for both early and late deliveries. d set an interval of w time units before the due date 
whitin which there is no penalty. The earliness and 
lateness penalty coefficients for each unit of order-k 
completed at  time t are defined by 

ak(dk - W - t), if t 5 dk - W ;  
if dk - W 5 t < dk; (9) 

b k ( t  - dk), if t > dk. 
Coefficients a k  and b k  can be different amon orders 
to reflect their relative importance. The p e n i t y  cost 
of one order is formulated as follow: 

t=1 m € M j  

T 

t=db+lm€Mj 
Other objectives of scheduling include the reduction 

of work in-process and setup costs [5]. The production 
scheduling problem is then to determine a schedule 
that minimizes the total production cost while satis- 
fying all the system constraints. The scheduling prob- 
lem (P) can now be formulated as 

I K  

T J  

t= l  b = 1  

subject to constraints (1)-(8), 
where the first term is incurred by penalty for early 
and tardy deliveries, the second by holding in-process 
inventories and the third by machine setups. 

I11 Lagrangian Relaxation and Net- 

Decision variables in (P) can clearly be divided in- 
to two groups:{uzt) for production schedule of parts 
and {az,<z:} for machine usage schedule. The cou- 
pling between these two groups is through synchro- 
nization constraint (8). If constraint (8) did not exist, 

work. Flow Approach 

problem (P) would essentially consist of two classes of 
independent scheduling subproblems. The first class 
would be production scheduling subproblems(PSS) for 
individual orders, which minimized the sum of delivery 
penalty cost and the in-process inventory cost subject 
to constraints ( 1 ) ~ ( 5 ) .  The second class would be in- 
dividual machine scheduling subproblem (MSS) which 
minimized the setup cost subject to constraints (6) 
and (7). The part flow balance equations (1)-(4) and 
the machine usage balance equation (6) render them- 
selves to a network structure. Intuitively, when all 
the machines satisfy their respective machine usage 
balance eqcations and the production schedulin of 
parts are synchronized with machine schedules, t!ere 
are then no capacity violation, i.e., constraints (6), (7) 
and (8) imply (5). 

Motivated by the above observations we adopt a 
solution approach based on Lagrange r e b a t i o n  and 
network flow optimization[6]. After relaxing the syn- 
chronization Constraints (8), the problem (P) could be 
decom osed into independent production and machine 
scheduying subproblems and have a network struc- 
tured constraint set each. 

Lagrangian relaxation can relax the complicat- 
ing constraints using Lagrangian multipliers and de- 
couples the decisian variables. As a result of re- 
laxing the constraints, the La ran ian dual function 
is formed which is a, function ofthetagrangian multi- 
plies. The subgradient method is frequently used as a 
method for updating the Lagrangian multi liers. To 
improve the convergence and computationafefficiency 
of subgradient method, Tomastik and Luh [14] have 
presented a facet ascend method which can search for 
an optimizing direction and move alon6 this direction 
to find a set of good La rangian multi liers. To re- 
duce the algorithm compyexit y, we simp7ify the direc- 
tion searching method of [14]. The optimizing search- 
in direction of our method is the intersection of two 
acljacent facets. 

Althou h it can be shown that the dual problem is 
concave, &e subgradient algorithm may be st ped 
before the dual optimum is found because ozimi-  
tation on available computation time. In such case, 
heuristics can be used to get a near-optimal, feasible 
solution of (P) baaed on the infeasible solution ob- 
tained from solving the dual problem. We also devel- 
o a feasibility adjustment heuristic that accounts for 
t fe  consideration of machine setup. The relaxation 
results of easier-to-solve subproblems provide a lower 
bound of the optimal solution to the original problem. 
The feasibility adjustment heuristic enerates an up- 
per bound of the optimal solution. 4he gap between 
the two bounds is called dualit a which indicates 
the optimality of the feasible scKe5uYe. 
111.1 Decomposition by Lagrangian Re- 

Applying Lagrangian relaxation to the s nchroniza- 
tion constraints, we form a Lagrangian Xnction for 

laxat ion 

T R ~r 
(P) as 
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j = l m € M ,  i=l t=l k= 1,Eb = i  

where {rimt} are Lagrange multipliers. 
The function above is separable in ‘Ilk, a, and tm, 

where u k  E {u&Vj,t,m}, where am Z {ag,vi , t}  
and t,,, G {(g, V i ,  t}. For a given set of Lagrange mul- 
tipliers x 3 {ri,t, V i ,  m, t} ,  we define for the required 
parts of order-k 

T M  

psk(uk, rBb) 5 (vk  + h k b B L b t )  
t = l  b = l  

T J  

t=l j=1 m € M ,  

where x~~ G { r B k m t ,  Vm, t}, and for machine m 
T I  I 

MSm(C,a , r )  C(C CfijCE 
t=l i=l J=l,?#i 

I 

+ C r i m t a z ) .  (13) 
i=l 

The dual problem to (P) after Lagrangian relax- 
ation can then be defined in the following form 

I K  

J 

subject to (1)-(7). 
For a given set of Lagrangian multipliers r (i.e. af- 

ter relaxing the synchronization constraints), there are 
two classes of independent subproblem in (D): 
1) production scheduling subproblem for the required 

parts of order-k, for k = 1 ,..., K, 

( P S -  I C )  minPSk(uk,r)  
I K  

i=l  k=l ,Eb=i  ub 

subject to constraints (1)-(5); 
2) machine scheduling subproblem for machine m, 

J 

subject to constraints (6)-(7). 
111.2 Network Flow Algorithm 
A. Production Scheduling Subproblem 

Each (PS-k) can be formulated as a minimum cost 
linear network flow (MCLNF) problem due to the net- 
work structure of the flow balance equations. Inter- 
ested reader may refer to [6] for more detail. 

B. Machine Scheduling Subproblem 
’ The machine usage balance equations (6) of (MS- 
m) can also be formulated as a MCLNF problem. 
We could construct a network representation for con- 
straint (6) of each machine. Figure 3.1 illustrated the 
network representation of a 2-type, 6-period example 
where the processin time for type-I is 3 units, and 
setu time is 2 units for setting up form type-1 to t pe 
2. Tie horizontal arcs correspond to making mactin, 
idle with cost as zero, and each lasts for one time in- 
terval. The curved arcs represent machine processing 
and the arc cost is the appropriate Lagrangian multi- 
plier in (MS-m). The others are machine setup with 
it ap ropriate arc cost. We adopt the RELAX code, 
whicl is developed by Bertsekas and Tseng, to solve 
these MCLNF problems [2]. 

IOnc Malchrnc 

1-3 t-2 L-1 I C + l  L + 2  1+3 

Figure 3.1: Network Flow Representation of 

111.3 Lagrangian Multipliers Adjustment 
After solving all the subproblems for a given set 

of Lagrangian multipliers (z), the dual function Q 
( x )  can be evaluated. Since the dual function is 
polyhedral concave, is made up of many facets and 
is nondifferentiableE141, we iteratively update (T) by 
modifying a facet ascending method of [14]. 

We have observed that two adjacent facets of dual 
function 9 (z) must form an intersection which often 
provides a ood searching direction. Our modification 
is designed: to reduce the algorithmic complexity of 
finding a good searching direction in [14]. Our method 
finds the intersection of two adjacent facets and takes 
this intersection as the searching direction. 
111.4 Constructing a Good Feasible 

The primal problem (P) is not a convex optimiza- 
tion problem because of the integer decision variables. 
The dual solution may be infeasible, i.e, some of the 
synchronization constraints may be violated. We de- 
velop an iterative algorithm that exploits the network 
structures of material flows and machine usa e to ad- 
just the dual solution to a near-optimal feasibye sched- 
ule. 

The heuristic first checks all production scheduling 
subproblems and machine scheduling subproblems 
over all time periods to identify whether the s nchro- 
niaation constraints are satisfied or not. We tien re- 
tain the parts of the schedule which satisfy the syn- 
chronization constraints. We then design a grouping 
algorithm that groups tem orality ad’acent processing 
of the same type on a mackne into a t a t c h  to increase 
machine utilization. 
CGFSA 
step 0: Initialize with the dual problem solution. 
step 1: Identify the feasible arts of production 

Machine Usage Balance Equation 

Schedule 

schedules according to mackine schedules. 
Do for m from 1 to M 

Do for i from 1 to I 
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Do for t from 1 to T 
Check if the synchronization constraint of 
machine-m and roduct type-i is not violated at  
time period-t. Ipso, retain the feasible schedule; 
if not discard the infeasible part of the schedule. 

dnddo 
Enddo 

Enddo 
step 2: Perform grouping of the feasible part of 

schedule identified by step 1 by the grouping al- 
gorithm described in the Appendix. 

step 3: Idenlify orders which are scheduled but the 
scheduled quantities are insufficient. Select from 
them an order with the earliest due date. 

step 4: Find the unscheduled machine times from 
machine schedules and construct the production 
network of the selected order, where the aths 
are the available machine-times of all neede8 ma- 
chine. Reschedule the insufficient amount of the 
selected order by solving a MCLNF for this order. 
Then erform grou in of these rescheduled parts 
into t i e  existing scRefu1e. 

step 5: If there are still orders with insufficient parts 
to be rescheduled, goto step3; 
else end. 

IV Numerical Results 
Numerical experimentation results are presented in 

this Section it0 demonstrate the feasibility and o t i  
mality of our algorithms. We first a p  ly our ago- 
rithm to a multi-machine, one-stage anftwo- roduct 
example, where an optimal schedule can be oitained 
by observation and some characteristics of our a1 o 
rithm can be examined. We then consider a m u k  
stage and multi-product example. In this example, 
we demonstrate that our algorithm could reduce the 
setup times and delivery penalty. We also make a com- 
parison with a scheduling method [IO] which combines 
setup time into processin time. 

Our algor.ithm is impkmented in C code and all 
of our experimentations are performed on a PC-486. 
The processing times and setup times of all sta es for 
examples 1 and 2 are listed in Tables 4.1 and 2.2 re- 
spectively. 

Table 4.2 Setup Time 

B - + A  

We set cost ifunction coefficients uh = 1, b k  = 10 V k ,  
h k b  = 1 V k ,  b and Clij(setup cost)=lO V l , i , j .  All the 
multipliers are initialized as zero. 

Example 1: A Simple Example 
This is a two-machine, single-stage example which 

schedules twlo orders over ten time periods. Order in- 
formation is given in Table 4.3. The schedule obtained 
by using our algorithm is shown in Figure 4.1. 

Table 1.3 Orders o f  Examolel 
Quantity I Due Date 

6 I 6 
6 10 

Time- I 2 3 4 5 6 7 8 9 IO 

M-2 E 
Type1 Setup Type-2 

Figure 4.1: Schedule of Example1 
In this example, order-1's due date is earlier than 

order-2's. The optimal schedule sets both machines 
M-1 and M-2 to process order 1 products startin from 

products. $he resultant duality gap of our algorithm 
for this example is 0% and CPU time spent is 1.16 
seconds. 

Example 2: Multi-Machine Multi-Stage Example 

In this example, there are two product orders of the 
same due date, each requiring two processing stages. 
There are two homo eneous machines for processing 
each stage. IntuitivAy, the optimal schedule of this 
example is to divide machines equally to process the 
products of order-1 and 2. The result of our scheduling 
algorithm is shown in Figure 4.2. 

Table 4 .4  OTdeTS of Example2 

time unit 3 and then sets them up to process or fi er-2's 

Order-No ]I Product I Quantity I Due Date 
1 11 A I a I 10 
2 II B I 8 10 

Time- I 2 3 4 5 6 7 8 9 IO 

M-l 

M-2 
Stag*! 

M-I E 
, M-2 

Figure 4.2: Schedule of Example2 
Solution to this example by our algorithm is as ex- 

pected where no setup times are incurred in the sched- 
ule ant! all products meet due date. The duality gap 
is 1.8375% and CPU time spent is 2.58 seconds. 

Now, based on the same production data, we use 
another scheduling system [lo] which combines the 
processing time and setup time to make a comparison. 
In this exam le, we assume that setup time takes 20% 
machine avaiable capacity, i.e. the processing times of 
scheduling system [lo] are longer than original value 
by 20%. The schedule obtained is shown in Figure 4.3 
(A). Based on the sequence of this schedule, we use 
the real processing times and the setup time consid- 
eration to obtain a. realistic schedule shown in Figure 
4.3 (B), where setup times are incurred and two units 
of order-2 are over-due. Clearly, the production cost 
of Figure 4.3(B) is higher than ours. 

' 

Time- I 2 3 4 5 6 7 8 9 14 I I  - .  
M-l 

Srage-I M.2 - 

Figure 4.3: Schedule of Example2 
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V Conclusion 
In this paper, an optimization problem formulation 

and solution methodolog are developed for solving 

ple stages, multiple machines and sequence-dependent 
setu times are considered. The solution algorithm 
comknes Lagran ian relaxation and minimum cost 
linear network #ow methods to  generate a near- 
optimal schedule. The machine usage relationship is 
represented by usin network structure and solved effi- 
cientl by using M&NF algorithm. Numerical results 
have iemonstrated the feasibility of the algorithm. In- 
dustrial ap lications of the proposed methodology will 
be reportej in the future. 

Appendix:Grouping Algorithm 
It is easy to observe that to satisf the precedence 

constraints, the processing of parts ;)before the stage 
of the maximum processing time in the part’s process 
Aow (j*) may be grouped foreward in the schedule, 
and the processing of parts in the sta es after j* must 
be grouped backward. In the metho81 the schedule of 
the first part of stage 1 and the last part of stage-J 

a flexible flow shop sche B uling problem where multi- 

are fixed. 
step 1: set j *  = argmaxj{Pij,Vj}, and set j$ = .- 

J o  = j * , n =  l , m =  1; 
step 2: set j,f = argm=j{Pij,j = I, ..., j,tl - I}; 
step 3: If jR # 1, n = n+I, goto step 2; 
step 4: set j; = a r g m a ~ j { P i j , j = j G - ~  + I , . . . ,J};  
step 5: If j ;  # J ,  m = m+l ,  goto step 4; 
step 6: Do from j $  to j :  

The first part of stage j$ are fixed, and the other 
parts of this stage are grouped foreward. 
When a part in stage j$ is scheduled to an earli- 
er time by k time periods, the processing of this 
part in stages between j$ and j&-ll can only be 
scheduled k time periods earlier. 
enddo; 

The last part of stage j; are fixed, and the other 
parts of this stage are grouped backward. 
When a part in stage j; is scheduled to a lat- 
er time by k time periods, the processing of this 
part in stages between j; and j[m-l) can only be 
scheduled k time periods later. 
enddo 

step 7: Do from j ;  to j ;  
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