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Abstract 

Data can be replicated to improve availability and 
performance in distributed systems. To ensure one copy 
serializability, many protocols have been proposed. Most of 
these protocols are based on the quorum set approach. 
However, some of them are dominated. Hence, these 
protocols can be further improved We devise a paradigm for 
refining protocols for managing replicated data based on 
theoretical analysis. Examples are presented to illustrate the 
usefulness of our methodology. 

1. Introduction 

Replicated data management has been intensively studied 
over decades. Recently, several structured quorums have been 
successfully proposed to reduce the quorum size sigruficantly 
[1][7][8]. Most of them take the quorum size and the data 
availability as the main performance measures. In the recent 
work [3][4], the authors not only present a new quorum- 
based scheme but also investigate another crucial measure: 
response time. By using simulation study, they claim that 
the Grid protocol has sigmfkant achievements in load 
sharing and response time for higher arrival rates as 
compared to that of voting schemes. Therefore, the Grid 
protocol is a high performance scheme. Nevertheless, we 
prove that there exist quorum schemes dominating the Grid 
quorum scheme. 

On the basis of theoretical analysis, we show that 
dominating schemes exist over the Grid protocol. The 
similar theoEm drawn f h m  the domination relation between 
coteries [2][5] is used to prove that some members in the 
quorum sets defined for the Grid scheme are not necessary to 
the correctness of the protocol. That is, the Grid protocol 
can be improved. This refinement paradigm can help 
designer to improve protocols. We also proposed two 
possible refmed quorum set pairs. 

2 .  Basic Concepts 

The resources such as data, files, etc., can be replicated in 
distributed systems to enhance availability as well as 
response time. However, a protocol must be used to 
maintain data consistency. The most famous approach is 
weighted voting proposed by Gif€od [6]. Carcia-Molina and 
Barbara summarized it into a general notion of quorums- 
quorum agreement [2]. Theoretically, quorum agreements 
should be used to maintain replicated data because its 
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“ a l i t y  and completeness. 
To make this paper self-contained, we review related 

concepts of quorum agreement [2]. For convenience, a set of 
nodes (copies) will be referred to as a group. 

Definition 1[2]. Coterie. Let U be the set of copies of 
a data object. A set of groups, S is a coterie under U iff 

1. G E  S * GCU A G43. 
2. (Intersection property) V G, H E S: G r l  H z0 .  
3. (Minimality property) V G, H E S: G (Z H . 0 

By their intersection property, the members in a coterie can 
be used as quorums to guarantee mutual exclusion in a 
distributed system. Now we review the domination relation 
of quorum sets. Interested readers can refer to [8][9] for more 
details. 

Definition 2[2]. Let S be a coterie under U. S is C- 
dominated iff there exists a group G such that U>G and 
(i) G is not a superset of any group in S. 
(ii) G has the intersection property. That is, V H E S: G n 
H #0. 0 

Note that we use the term C-dominated in order to 
distinguish it from Q-dominated that will be defmed later. 

Terminology 

Quorum set. A quorum set is the set of groups that can 
complete a critical operation. More formally, let U be the 
set of copies of a data object. A set of groups, Q, is a 
quorum set under U Iff 

l . G € Q = >  GGU A G*0. 
2. Wnimality property) V G, H E Q: G (Z H . 

Complementary quorum set. Given a quorum set Q, a 
complementary quorum set Qc is another quorum set, such 
that every group in one intersects every group in the other. 

Quorum set pair. The set q=(Q, QC } is called the quorum 
set pair. 

Transversal. A transversal of a quorum set Q under U is 
defined to be a set TCU such that for every group GEQ, 
GnT ;c 0. A minimal transversal is a transversal such that 
no proper subset of it is a transversal. 

Antiquorum set. An antiquorum set Q-l is the set of all 



minimal transversals of a quorum set Q. 

Quorum agreement. The set q={Q, Q'' } is called the 
quo-agreemed 

We rewrite Definition 2 as the following theorem so that 
two rules derived allow us to easily check whether a coterie 
is Cdominated. 

Theorem 1. A coterie S under U is C-dominated iff 
there exists a p u p  K U  such that for all HE S, WS, G 
t l  H +0 ancl at least one of the following conditions holds. 
(i) GCH (Elimination Rule) 
(ii) W H and HC G. (Addition Rule) 

proof: (i) There are one or more H1, H2, H3, .,., % E S  
such that K H 1 ,  H2, H3, ..., I-$,. Then R'(S-H1- H r  H3- 
...- Hn)U{G} is a coterie. (ii) R = SU{G} is a coterie. R 
dominates S. 

If S is dominated, there exists R dominating S; that is, 
R+S and, for each H E S, there is a HE R such that E H .  
Two conditions should be considered for R*S: SCR and 
SqR. SCR implies there exists G€(R-S); condition (ii) 
holds. SCR means S-(SnR)*0 and R-(SnR)+0( if R- 
(SnR)=0, RCS which is contradicted to R dominates S). 
Let HIE(S-(SnR)). There must exist G€(R-(SflR)) such 
that GCHl. The two conditions in this theorem are 
necasary and sd3icient for dominated coteries. 0 

Definition 3[2]. Domination for Quorum Sets. Let R, 
S be quorum sets under U. R Qdominates S iff for each 
HES thereisa G€R suchthat a. 0 

Theorem 2[2]. Given a quorum set Q, any 
complementary quorum set is dominated by Q'l 0 

In the Grid protocol, the write quorum set is a coterie. 
However, the read quorum set is only a complementary 
quonun set of the write quorum set, not a autiquorum set. 
This observation leads us to investigate how to improve the 
protocol. 

3. Implementation Considerations 

Not every quorum agreement is practical to be 
implemented. The brute force approach of quorum 
agreements represents the quorum sets as lists. In this 
scenario, Request-Set-Generating is to select one quorum 
(or quorums) among all quorums to request their 
permissions and Quorum-Containment-Test searches the 
quorum sets to see if reply set contains a quorum. This 
approach is hadly practical to be implemented because the 
memory requirement is extremely high even the number of 
copies is only moderate large. Moreover, the complexity of 
determining whether there exists a quorum that is subset of 
reply set is high Consequently, specific algorithms and data 
structures that can be efficiently implemented are devised. 
Some of them seem to be devised with minor consideration 

of theoretical (quorum level) efficiency constraint- no 
dominated quorum sets should be used. As a result, the 
schemes derived may be dominated. Due to this reason, any 
schemes that are not derived from a sound logcal design 
should be checked to see if there is room to improve. 

4. Quorum Set Pairs Refinement 

Quorum set pairs of practical protocols may be improved 
when they are not quorum agreements. That is, they are 
dominated. 

Definition 4. Domination for Quorum set pairs. 
Given two quorum set pairs, p = { Wp Rp} and q={ Wq 
where Wp, Wq are coteries, p dormnates q i f f p q ,  W z  

cl dominates Wq and Rp Qdominates q. 
Notice that Definition 3 may be further relaxed so that Wp 
and Wq are not required to be coteries. We impose this 
restriction to reflect the basis of the Grid protocol. 

Theorem 3. Let q be a quorum set pair, p = {Wp Rp} 
where Wp is a coterie. p is dominated iff 
0 Refinement of Wp 

There exists a p u p  K U  such that for all HE W p  WWP, 
G n H #0,  and for all I€ Rp G n I +0, and at least one of 
the following conditions holds. 
(i) GCH where there exists an HE Wp (Elimination Rule) 
(ii) G@ H AND HC G for all HE Wp (Addition Rule) 

There exists a group GCU such that for all HE Wp G a p ,  
G n H +0 and at least one of the following conditions 
holds. 
(i) GCI where there exists an I€ Rp (Elimination Rule) 
(ii) G@ I AND I$ G for all I€ Rp (Addition Rule) 

0 

(II) Refinement of Rp 

Proof It is similar to the proof of Theorem 1. 

By using Theorem 3, we can check whether a quorum set 
pair is dominated as well as whether improvement is 
possible. Two rules can guide us a possible refinement 
quorum set pair. One (Elimination Rule)% to explore if 
there is any unnecessary member in a group; that is, even 
eliminating tbat member the quorum sets still remains the 
correctness. When this is found, we can modify a protocol 
so that all aspects of the protocol- availability, 
communication cost, and response time could be enhanced. 
The other (Addition Rule) is to explore whether there is a 
nonsuperset group that can be added into the quorum set. 
This can enhance the availability of quonuns but some 
complexity will be introduced if the new added quorum can 
not be easily incorporated into the protocol. From the 
exploring complexity of view, the former rule is relatively 
easily to perform than the latter one. Hence, we highly 
recommend that the designer of a quorum-based protocol, 
especially those derived from implementation view, to check 
at least the first rule. 
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Fig. 2. A grid structure. 

gg 
Fig. 1. A two by two grid structure. 

Take the quorum set pair of the Grid protocol as an 
example. Four nodes are organized into a two by two grid 
structure %Figure 1. The Wp={{l, 2, 3), (1, 2, 4), (1, 3, 

the first rule, we check the first group in Wp can be reduced 
to { 1,2) while the Correctness is preserved. Consequently, 
the quorum set pair can be improved. Now the second group 
(1, 2, 4) is a superset of (1, 2). So we can mod@ the 
original protocol (Quorum-Containment-Test) such that 
only when those copies of { 1, 2) reply, the update of data 
object is allowed. Moreover, we modify the original 
protocol (Request-Set-Generating) such that the protocol 
sent requests to only { 1, 2) instead of { 1, 2, 3) and { 1,2, 
4). In this way, all measures such as the availability, the 
communication cost, and the response time could be 
enhanced. On the same original example, if we apply the 
second rule (Addition Rule) to the Rp, we can find that 
additional quorums (1, 2 )  and (3, 4) are valid for read 
quorums. They can be incorporated into the original 

The demonstration above shows that checking a small 
instance of a class of quorum set pairs allows us to gain 
insight on the possibility of refining protocols. 

41, {2,3,4)) d R p "  31, (2,313 (1,419 (2,411. using 

protocol. 

5. Two Proposed Refinements 

This section proposes two possible refinements of Grid 
quorum sets. The first one introduces the hierarchy concept. 
The second one keeps the responsibility of every node as 
equally as possible. Both quorum set pairs dominate the Grid 
quorum set pair. 

Definition 5. C-Cover(i,j). A set G of nodes is a C- 
Cover(i,j) if from column i to columnj each columns 
intersects with G. n 

Fig. 3. A wraparound mesh structure. 
For example, in Fig. 3, the set { 1, 4, 8) is a C-Cover(1, 

3) and the set {6,7} is a C-Cover(2,3). 
In our notations, the Grid protocol defines a write 

quorum and a read quorum as a member of the set Qrw and 
Qr respectively as follows. 

Qm={C-Cover(l, N) U Si 1 1 5 i s N) 
QI;;{C-Cover(L N)) 

where N denotes the number of columns in the system. For 
example, the set { 1,2, 3,4,7} is a write quorum where the 
set { 1,5,8} is a read quonun 

5.1. Review of Grid Quorum Set Pair 
5.2. The Level Quorum Set Pair 

The Grid quorum scheme proposed by Cheung [2][3] 
arranged the nodes storing copies of the data in a logical 
grid. By randomly choosing nodes to form a quonun, the 
grid quorum method can effectively share the transaction 
processing among the nodes storing the data copies and 
hence provides high data availability as well as low response 
time. All these benefits in the Grid quorum scheme can be 
applied to the scheme that uses our proposed quorum set 

To describe the quorum set pairs, we organize the nodes 
into an M by N grid structure as Figure 2. We denote the 
columns with a sequence of numbers from left to right. The 
set of all nodes in ~ 0 1 ~ m n  i is denoted as Si. 

pairs. 

A quorum set pair, named as Level quorum pair, 
dominating the Grid one is described as follows. 

Definition 6. The Level quorum set pair is defined as 

Qm=(C-Cover(1, i-1) U Si I 1 5 i 5 N), 
Q'itC-GVer(1, N)}, 

q={Qrw, Qrl where 

Qi Q'r U QIW. a 
It is obvious that the Level quorum set pair dominates 

the Grid quorum pair. We prove the correctness of the Level 
quorum set pair. 
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Theorem 4. The Level quorum set pair meets the 
requirement of the quorum set pair. (Proof Omitted) Cl 

Theorem 5. In Level quorums, when Mr2, q={Qm, 
Q} is a quorum agreement. (Proofomitted) 0 

5.3. Wrap-Around Mesh Quorum Set Pair 

Another quorum set pair, named as Wrap-Around Mesh 
quorum pair, dominating the Grid one is described as 
follows. To describe the new quonun pair, we define another 
set as LC-cover(f, i )  where 1 denotes how many columns 
should be covered directly before column i .  Note that nodes 
are 0- as a horizontally-wrap-around mesh 

Take Fig. 3 as an example. The set (2, 8) is LC-Cover(2, 
2). The set (3, 4) is LC-Cover(2, 3). The set (9) is LC- 
Cover(1, l}. 

Definition 7. The Wrap-Around Mesh quorum set pair 

Qrw={LC-Cover((N-l)n, i )  U Sj I 1 s i s N}, 
Qi{C-Cover(l, N)L 
QF Q‘r U Qrw, 0 

is defined as q={Qrw, Q} W h e R  

Take Fig. 3 as example, the &={ { 1, 2,3, 7}, { 1,2, 3, 
81, (1, 2, 3, 91, (1, 4, 5 ,  61, (2, 4, 5, 61, (3, 4, 5, 61, 
(4,7,8, 91, {5,7,8,9f, {6,7,8,9)). Any C-CoveW, N) 
is a member of Qr such as { 1,4,7), {2,6,7}. 

Theorem 6. The WrapAround Mesh quorum set pair 
meets the requirement of a quorum set pair. 

Proof (Write-Write Intersection) Those quorums including 
S j  intersect with those ones including S i  where the 
difference between i and j is within (N-l)D and j is in the 
left of i due to the C-Cover part. They intersect the 
remainder quorums due to their Sj  part. Hence, the write- 
write intersection properly holds. 

(Read- Write Intersection) Because each write quorum 
includes S j  part and C-Cover(1, N) intersects every Si,  
together with write-write intersection the read-write 
intersection property holds. 0 

When N is odd, N23, and Mr2, we believe that the 
WrapAround Mesh quorum set pair is a quorum agreement. 
If the mesh structure is not the case, some further 
improvement could be made. Whatever, the WrapAround 
Mesh quorum set pair dominates the Grid quorum set pair. 

Theorem 7. The Wrap-Around Mesh quorum set pair 
dominates the Grid quorum set pair. 
Proof Straightforward. 0 

As can be seen from the above discussion, the level 

quorums and the W r a p h u n d  Mesh quorums peIform better 
than the grid quonun method in view of the data availability, 
communication costs, and response time. Hence, we can 
conclude that replicated data management protocols derived 
from implementation view may be further improved by 
theoretical investigation such as the paradigm shown in 
section 4. 

6. Summary 

In summary, we have proposed a paradigm to improve 
the quorum-based replicated data management schemes. The 
alternative schemes for replicated data management are 
derived and their performance is even higher than a previous 
hgh performance scheme- the Grid protocol. A theorem 
based on the domination relation between coteries is used to 
prove that some members in the quorum sets corresponding 
to some protocols are not necessary to correctness of the 
protocols. Useful insights gained in this paper can help 
designer to improve their quorum-based replicated data 
management schemes. 
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