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Combined Methodology for
Analysis of Rotary Systems
This study develops a numerical method for analyzing the unbalanced effect of r
systems by combining the finite element method, the transfer matrix method, the
marching numerical integration method and the Houbolt numerical method. Prev
studies of the individual effects associated with the rotary inertia, gyroscopic phen
enon, shear deformation, axial loading and internal damping on the dynamic behavi
rotary systems are all incorporated and examined in this study. The calculated tran
and steady displacements of components in two systems are comparable with the
able data. The results show that maximum displacements occur in the transient sta
some critical speeds to assure the importance for analyzing the unbalanced effect
rotary systems. Compared with existing methods, this presently combined method
provides a faster converging speed. In addition, this model should improve the pred
results for the transient dynamic analysis of rotary systems than those obtained
existing models.@DOI: 10.1115/1.1385204#
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Introduction
Steady state responses are investigated in most analyses o

namic rotary systems. While the transient dynamic characteris
of the system before reaching the steady state are important,
are complicated. The transient dynamic behavior of the sys
has a significant effect on the steady state response of the sy
especially when it operates near the critical speed or with an
balanced force generated.

Adams @1# used the Jeffcott rotor formulation and Nelson@2#
used the finite element method to develop models for rotary
tems. Dokainish@3# combined the finite element method and t
transfer matrix method@4# to reduce the size of the global matrix
Kumar and Sankar@5# developed the discrete time transfer mat
method. Subbiah et al.@6# simulated the model with the Nelso
and McVaugh’s finite element model@7# to develop a new tran-
sient property transfer approach. The finite element method i
effective technique for the transient analysis. However, the
grees of freedom and the required computer memory increase
nificantly when the number of elements increases. Theref
there may be a loss in efficiency for large rotor systems. To
prove the efficiency for analyzing the dynamic behavior of a
tary system, the present study developed a numerical metho
combining the finite element method, the transfer matrix meth
the time marching numerical integration method and the Hou
numerical method@8#. Furthermore, individual effects due to th
rotary inertia, gyroscopic phenomenon, shear deformation, a
load and internal damping on the transient response of the sy
that have been analyzed by Nelson@2#, Dokainish @3#, Subbiah
et al.@6#, Nelson and McVaugh@7#, Özguven and O¨ zkan@9#, Sub-
biah and Rieger@10#, and Alam and Nelson@11# were all incor-
porated in the present study. It was hypothesized that this
posed methodology would improve calculated results with a fa
converging speed than existing methods and models, espec
for large rotary systems.

Finite Element Model of Components
A finite element as shown in Fig. 1 has eight degrees of fr

dom, qi , i 51,2,3, . . . 8. There are two translational displace
ments and two rotational displacements for each end. The
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proximated translational displacement and rotational displacem
at any point in the element of the shaft can be expressed, res
tively, by

H y~s,t !

z~s,t ! J 5Fc1 0 0 c2 c3 0 0 c4

0 c1 2c2 0 0 c3 2c4 0 G$q~ t !%

(1)

H uy~s,t !

uz~s,t !J 5F 0 2f1 f2 0 0 2f3 f4 0

f1 0 0 f2 f3 0 0 f4
G

3$q~ t !% (2)

where the distances is measured from the left end of the point o
interest @7#. The symbol$q(t)% is the displacement vectors o
nodal points at both ends of the element. The shape funct
c j (s) andfk(s) are the static displacement modes when one
has a unit displacement and another end has zero displacem
Both shape functions are functions of the location, geometry
material properties. The centroid locations of the cross section
elements are assumed to be a linear distribution.

Considering all of the effects of the rotary inertia, gyroscop
effect, axial loading, shear deformation and internal damping,
substituting kinetic energy, the potential energy and the virt
work due to the unbalanced force into the Hamilton’s equat
yields

~@MT
s #1@MR

s # !$q̈s%1~hV@KB
s #2V@Gs# !$q̇s%1F 11hH

A11hH
2

@KB
s #

2@KA
s #1S hVV1

hH

A11hH
2D @KC

s #G $qs%5$Fs% (3)

where the coefficient matrix@MT
s # is the function of the mass

length and transverse shear effect, the coefficient matrices@MR
s #

and@Gs# are the function of the mass, diameter, length and tra
verse shear effect, the coefficient matrices@KB

s #, @KA
s # and@KC

s #
are the function of the transverse shear effect and axial load
and the unbalanced force in an element can be expressed as

$Fs%5$Fc
s%cosVt1$Fs

s%sinVt (4)

where

ion
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$Fc
s%5E

0

l

m@C#TF V2 V̇

2V̇ V2G H y

zJ ds

(5)

$Fs
s%5E

0

l

m@C#TF V̇ 2V2

V2 V̇
G H y

zJ ds

The matrix of the gyroscopic effect is skew symmetric, and
other coefficient matrices are symmetric.

Similarly, considering the disk as a point mass with four d
grees of freedom and applying the Hamilton principle, the res
ing equation is

~@MT
d#1@MR

d # !$q̈d%2V@Gd#$q̇d%5$Fd% (6)

where @MT
d#, @MR

d # and @Gd# are matrices ofmd, I D
d and I P

d ,
respectively@7#. The unbalanced force of the disk is

$FD%5$Fc
d%cosVt1$Fs

d%sinVt1$Fg% (7)

where

$Fc
d%5mdF V2 V̇ 0 0

2V̇ V2 0 0

0 0 0 0

0 0 0 0

G 5 yd

zd

0

0
6

$Fs
d%5mdF V̇ 2V2 0 0

V2 V̇2 0 0

0 0 0 0

0 0 0 0

G 5 yd

zd

0

0
6 (8)

$Fg%55
0

2mdg

0

0
6

The bearing is assumed to consist of four springs and f
dampers as shown in Fig. 2, and the load acting on the bea
concentrated at the node is@9#

$Fb%52@Cb#$q̇b%2@Kb#$qb% (9)

where

Fig. 1 Coordinates of element
Journal of Vibration and Acoustics
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$qb%5H y

zJ
@Cb#5Fcyy cyz

czy czz
G (10)

@Kb#5Fkyy kyz

kzy kzz
G

From the Newmark method@12#, the Wilson method@13# and the
Houbolt method@8#, the angular acceleration and the angular v
locity can be expressed, respectively, as

$q̈~ t i !%5A~ t i !$q~ t i !%1$B~ t i !% (11)

and

$q̇~ t i !%5D~ t i !$q~ t i !%1$E~ t i !% (12)

where the coefficientsA(t i), D(t i), $B(t1)% and$E(t i)% depend
on the numerical integration used.

The force between the (n21)th and thenth elements in the
shaft is shown in Fig. 3. If the external load acting on thenth
nodal point is$Fn(t i)%, the loads acting on the right side of th
(n21)th element and the left side of thenth element are$ f n

L(t i)%
and$ f n

R(t i)%, respectively. The static balance equation is@14#

$ f n
R~ t i !%5$Fn~ t i !%2$ f n

L~ t i !% (13)

Substituting Eqs.~11!, ~12! and ~13! into Eq. ~3! yields

$un11
L ~ t i !%5@Tn

s~ t i !#$un
L~ t i !% (14)

where$un11
L % and $un

L% are the state vectors of the right sides
thenth and the (n21)th elements, and@Tn

s# is the transfer matrix.
The nth nodal point for the disk between two shaft elements

shown in Fig. 4. The external load$Fn
d% that is the resultant inter-

action force between elements and the unbalanced force of
disk is

$Fn
d~ t i !%52$ f n

L~ t i !%2$ f n
R~ t i !%1$FD~ t i !% (15)

Fig. 2 Bearing model

Fig. 3 Force between two elements
OCTOBER 2001, Vol. 123 Õ 429
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Substituting Eqs.~11!, ~12! and~15! into Eq. ~6! with the consis-
tent property of the nodal point

$qn
L%5$qn

R% (16)

yields

$un
R~ t i !%5@Tn

d~ t i !#$un
L~ t i !% (17)

where$un
R% and $un

L% are the state vectors on the left side of t
nth element and the right side of the (n21)th element, and@Tn

d#
is the transfer matrix.

The bearing between two elements of the shaft can be con
ered as a point element as shown in Fig. 5. The equation of f
balance of the bearing is

$Fb~ t i !%5$ f n
L~ t i !%1$ f n

R~ t i !% (18)

Substituting Eqs.~9!, ~16! and ~18! into the equation of motion,
the relationship of state vectors can be expressed as

$un
R~ t i !%5@Tn

b~ t i !#$un
L~ t i !% (19)

where$un
R% and$un

L% are the state vectors of the left side of thenth
element and the right side of the (n21)th element, and@Tn

b# is the
transfer matrix of the bearing. Applying the transfer mat
method, the relationship of state vectors for both ends of the
tem can be expressed as

$um
R~ t i !%5@Tm~ t i !#@Tm21~ t i !#••••@T2~ t i !#@T1~ t i !#$u1

L~ t i !%

5@Tsys~ t i !#$ul
L~ t i !% (20)

where@Tsys# stands for the overall transfer matrix@4#. Using the
Houbolt numerical integration method with the appropria
boundary condition and the quantities obtained from the previ
time step as the initial condition,$um

R(t i)%, $ul
L(t i)% and the state

vector at any location can be determined@8#.

Fig. 4 Force between disk and shaft

Fig. 5 Force between bearing and shaft
430 Õ Vol. 123, OCTOBER 2001
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Result
The first system analyzed is illustrated in Fig. 6 and consists

a disk at the center of a shaft that is supported by two ident
nonisotropic bearings at each end. The mass of the disk is
sumed to be concentrated at a point with an eccentricity from
disk center due to unbalance at timet50. Each bearing is simu-
lated by four springs and four dampers. The shaft is assumed t
uniform and flexible. The data for the system used in the anal
is obtained from Subbiah and Rieger@10# and shown in Table 1.

The shaft is divided into eight identical elements. There ar
total of 36 degrees of freedom for the system. The boundary c
dition has no load acting on either end of the shaft. The system
considered to be undamped at timet50, and the resulting dis-
placements are then used as the starting values for the subse
iteration of the damped system@10#. When the rotational speed i
40 rev/s, the system reaches the steady state within the third r
lution. The effects of the step number for each revolution,NC , on
the accuracy of result and the converging speed are studied.
maximum deviations between the calculated transient displa
ments and the data obtained by Subbiah and Rieger@10# for vari-
ousNC are shown in Table 2. The value ofNC equal to 30 is used
for further analysis. The calculated transient and steady displ
ments of the disk center and the data obtained by Subbiah
Rieger@10# are shown in Figs. 7 and 8, respectively. The symb
y and z are the displacements in theY and Z directions, respec-

Fig. 6 Rotary system

Table 1 Data of first system

Table 2 Effect of NC on deviation of maximum transient dis-
placement
Transactions of the ASME
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tively. The calculated transient displacements of the centers a
disk and bearings are shown in Fig. 9. The time required fo
rotary system to reach the steady state varies for different r
tional speeds. The maximum transient displacements at the
center versus the rotational speed of the shaft calculated in
study, obtained from Subbiah and Rieger@10# and obtained from
the software ANSYS are shown in Fig. 10. Similarly, the calc
lated maximum transient displacement of the bearing center
sus the rotational speed of the shaft is shown in Fig. 11.

The second system used in the analysis that is similar to
system as shown in Fig. 6 is an asymmetric system. The disk
a distance that is at the four fifth of the shaft length measu
from the left end of the shaft and the bearings are orthotropic.
data of this asymmetric system obtained from Alam and Nel
@11# who analyzed the steady state and transient state by usin
component mode synthesis are shown in Table 3.

Both ends of the shaft are free and the shaft is divided into
elements. With the disk as a point element there are twenty
degrees of freedom for the system. The calculated maximum t
sient displacements in theY andZ directions versus the rotationa
speed of the shaft and the data obtained by Alam and Nelson@11#
are shown in Figs. 12 and 13, respectively. The maximum ste

Fig. 7 Transient displacement of disk center with NCÄ30

Fig. 8 Steady displacement of disk center with NCÄ30

Fig. 9 Transient displacements of centers at disk and bear-
ings with NCÄ30
Journal of Vibration and Acoustics
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displacements of the disk center in theY andZ directions versus
the rotational speed and the data obtained by Alam and Ne
@11# are shown in Figs. 14 and 15, respectively. When the ro
tional speed of the shaft is 1550 rad/s, withNC equal to 30 the
transient displacement of the disk center is shown in Fig. 16.
system reaches the steady state within 45 revolutions, and
steady displacement of the disk center is shown in Fig. 17.
maximum displacement occurs at 0.2036 s. If the rotational sp
of the shaft is 3100 rad/s, the transient displacement of the
center withNC equal to 30 is shown in Fig. 18. The steady d
placement of the disk center that reaches the steady state w
80 revolutions is shown in Fig. 19. The maximum displacem

Fig. 10 Maximum transient displacement of disk center ver-
sus rotational speed with NCÄ30

Fig. 11 Maximum transient displacement of bearing center
versus rotational speed with NCÄ30

Table 3 Data of second system
OCTOBER 2001, Vol. 123 Õ 431
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Fig. 12 Maximum transient displacement of disk center in Y
direction versus rotational speed

Fig. 13 Maximum transient displacement of disk center in Z
direction versus rotational speed

Fig. 14 Maximum steady displacement of disk center in Y di-
rection versus rotational speed

Fig. 15 Maximum steady displacement of disk center in Z di-
rection versus rotational speed
432 Õ Vol. 123, OCTOBER 2001
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Fig. 16 Transient displacement trace of disk center at V
Ä1550 rad Õs

Fig. 17 Steady displacement trace of disk center at VÄ1550
rad Õs

Fig. 18 Transient displacement of disk center at VÄ3100
rad Õs

Fig. 19 Steady displacement of disk center at VÄ3100 rad Õs
Transactions of the ASME
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occurs at 0.0162 s. If the rotational speed of the shaft is 4
rad/s, withNC equal to 40, then the system reaches the ste
state within 130 revolutions and the maximum displacement
curs at 0.0097 s.

Discussion
Subbiah and Rieger@10# stated that the converging speed f

the analysis of rotary systems is faster and is more accurat
using the Houbolt method than the Newmark method or the W
son method. Therefore, the Houbolt method was used in
present combined methodology. The deviation between the ca
lated maximum transient displacements of the disk center and
data obtained by Subbiah and Rieger@10# decreases ifNC in-
creases as shown in Table 2. The calculated time increasesNC
increases. Therefore,NC equal to 30 is selected for furthe
analyses.

The calculated computer times are not available in most of
studies. Alam and Nelson@11# utilized the computer program
ARDS ~Analysis of Rotor Dynamic Systems! for the analysis of
rotary systems. However, neither Subbiah and Rieger@10# nor
Alam and Nelson@11# mentioned the type of computers used a
the calculated computer time in their studies. A personal co
puter, of which the calculated computer time is not available, w
used in this study in order to reduce the cost of using comput
Since either various computers or various schemes of comp
programs have different calculated computer times, comparis
for the calculated computer times are difficult to make. Althou
the calculated computer times for converging are not availa
Fig. 7 shows the converging speed withNC equal to 30 is faster
for this present method than in the method used by Subbiah
Rieger @10#. Therefore, the calculated computer time should
shorter for this present method than in the method used by S
biah and Rieger@10#. The deviation of the displacements ma
come from assumptions of the disk with the concentrated m
and the shaft without the mass made by Subbiah and Rieger@10#.
Due to the nonisotropic bearings, the trace of the displaceme
elliptical as shown in Fig. 8. Figure 9 shows that the transi
displacements of the disk center are larger than those of the b
ing center because the eccentricity of the disk is the sourc
vibration.

The calculated maximum transient displacements of the d
center for various rotational speeds of the shaft are closer to t
obtained from using the software ANSYS of the finite eleme
method than those obtained by Subbiah and Rieger@10# as shown
in Fig. 10. Therefore, the accuracy of the calculated result
improved compared with the results obtained by Subbiah
Rieger @10#. The deviation of the calculated results from tho
obtained from using the software ANSYS may come from diff
ent numbers of elements used. The maximum deviations betw
the calculated results and those obtained by the software AN
and Subbiah and Rieger@10# are 2.86 percent and 5.37 percen
respectively.

For the second system, the critical speeds of the first mode
second mode and the third mode of vibrations are 1550, 3100
4100 rad/s, respectively. These speeds are consistent with th
sults obtained by Alam and Nelson@11# as shown in Figs. 12, 13
14 and 15. When the rotational speed of the shaft is less than 1
rad/s, the maximum transient displacement of the disk cente
the Y andZ directions are similar to those obtained by Alam a
Nelson @11#. The deviations of the maximum transient displac
ments of the disk center in theY andZ directions increase when
the rotational speed of the shaft increases from 1550 to 4100 r
as shown in Figs. 12 and 13. The maximum transient displa
ments of the disk center in theY andZ directions are larger than
those obtained by Alam and Nelson@11# when the rotational spee
of the shaft is faster than 4100 rad/s as shown in Figs. 12 and
For various rotational speeds of the shaft, the maximum ste
displacements of the disk in theY direction are similar to the data
obtained by Alam and Nelson@11# as shown in Fig. 14. A com-
Journal of Vibration and Acoustics
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parison between the maximum steady displacements of the
center in theZ direction and the data obtained by Alam and Ne
son@11# indicates a maximum deviation of 3.45 percent when
rotational speed of the shaft is slower than 3700 rad/s. At
higher rotational speed of the shaft, the deviation is 6.07 perc
The maximum steady displacements of the disk center are
cm, 0.03 cm and 0.07 cm for the first mode, the second mode
the third mode of vibration, respectively.

When the rotational speed of the shaft is 1550 rad/s, a m
mum displacement of 5.4 mm occurs at 0.2036 s in the ste
state. When the rotational speed of the shaft is 3250 rad/s, a m
mum displacement of 0.5 mm occurs at 0.0162 s in the trans
state. When the rotational speed of the shaft is 4100 rad/s, a m
mum displacement of 1.0 mm occurs at 0.0097 s in the trans
state.

Conclusion
The results indicate that the maximum displacement may oc

at the transient state due to the unbalanced effect, highlighting
importance of studying the dynamic behavior in the transi
state. The selection of the time interval and the number of st
per revolution has an effect on the accuracy and the conver
speed of the calculated result. Also, the converging speed of
numerical method depends on the system analyzed. This s
shows thatNC between 25 and 35 can provide noteworthy resu
with a good converging speed by using the present method
cause it takes advantage of the individual methods used in
method. Therefore, the combined methodology in this study
provide calculated results with a faster converging speed and
improved accuracy.
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Nomenclature

@C# 5 damping coefficient matrix
c 5 damping coefficient
d 5 diameter

$F% 5 external load
$FD% 5 unbalanced force acting on disk

$ f % 5 interaction force between elements
G 5 shear modulus
g 5 gravitational acceleration

I D 5 diametral mass moment of inertia
I p 5 mass polar moment of inertia

@K# 5 stiffness matrix
k 5 stiffness
l 5 length

@M # 5 mass matrix
m 5 mass per unit length

$q% 5 displacement vector
s 5 distance from left end of element to cross section

@T# 5 transfer matrix
t 5 time

$u% 5 state vector
X,Y,Z 5 coordinates

y,z 5 translational displacement of center point inY andZ
directions

hv 5 viscous damping coefficient
hH 5 hysteretic loss factor

u 5 rotational displacement inY andZ directions
fk 5 rotational displacement function,k51,2,3,4
c j 5 translational displacement function,j 51,2,3,4
V 5 rotational speed of shaft

Subscripts
OCTOBER 2001, Vol. 123 Õ 433
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g 5 gravitation
i 5 sequence of time
n 5 nth element
T 5 translation
R 5 rotation
y 5 Y direction
z 5 Z direction

Superscripts

. 5 derivative with respect tot
b 5 bearing
d 5 disk
s 5 shaft
L 5 left end
R 5 right end
T 5 transverse matrix
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