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A theoretical calculation of the generation and the time evolution of vibrational wave packets in diatomic ions is described.
Under the irradiation of a short laser pulse, the alkali—rare gas van der Waals molecule may undergo photoionization and the
ground state vibrational wavepacket is set up at the resulting alkali—rare gas ion potential. The temporal behavior and the spon-
taneous emission of the wave packets are described. The effect of the vibrationally and rotationally excited states of the initial
electronic ground state on the dispersion of the generated total vibrational wave packet is also discussed.

1. Introduction

Recent advances in the observation of the time
evolution of the molecular photodissociation process
[1-3] and the time-dependent spectrum originating
from the resonant excitation of the entire vibronic
manifold of the ground electronic state to some ex-
cited electronic state [4] have generated great inter-
ests in the dynamics of the molecular wave packets.
These studies rekindle the general interest in the the-
oretical aspects of the wave packet dynamics, espe-
cially in the vibrational motion of nuclei in the elec-
tronic potentials [5-7]. Historically, it was
Schrédinger [8] who first realized the classical dy-
namic behavior of Gaussian wave packets in the har-
monic oscillator (HO). As far as the dynamics of the
wave packets in one-dimensional potentials is con-
cerned, various forms of wave packets have been
constructed and tested in general potentials by Nieto
and co-workers [9]. The relationship between the
classical motion and the minimum uncertainty co-
herent states was also discussed [9]. Basing on the
dynamics of Gaussian wave packets, several groups
have developed time-dependent theories for the pro-
cesses of photodissociation and Raman light scatter-
ing [10,11].

In the above studies, the Gaussian coherent states
were used either as a basis set in describing the phys-
ical processes or as an experimentally generated
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idealized state. In most cases, such as the pumping of
the ground vibrational manifold to an excited elec-
tronic state by an ultrafast laser pulse, a general
mixed-state wave packet instead of a Gaussian co-
herent state is generated. Up to date the reported
studies are mainly concentrated on the bound dis-
crete electronic states. In this paper we report theo-
retical calculations on the generation of vibrational
wave packets in M*Rg diatomic ions through the
photoionization of MRg van der Waals molecules.
Here M represents the alkali atoms and Rg the rare
gas atoms. The time evolution and the spontaneous
photon emission rate of the wave packets are also re-
ported. The effects of the vibrationally and rotation-
ally excited states on the dynamics of the wave pack-
ets are also discussed. This study opens another
experimental possibility in investigating the funda-
mental properties of wave packets.

2. Generation of the vibrational wave packets in
diatomic ions

Let us consider the van der Waals molecules formed
between alkali atom M and rare gas Rg. Under the
irradiation of a short laser pulse, the system MRg may
undergo a single-photon ionization process. We shall
limit the present discussion to the photoionization of
the valence electron of M. Fig. 1 shows the adiabatic
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Fig. 1. Relative position of NaXe and Na*Xe adiabatic poten-
tials adapted from refs. [12,13]. The arrow at 4.95 A indicates
the minimum position of NaXe.

potentiais of NaXe and Na*Xe, a typical MRg and

M™*Rg system. The general relative positions of the
potential minima of MRg and M*Rg are quite simi-
lar among the alkali-rare gas van der Waals molecules.

The Hamilitonian of the molecular system, H,,,, plus
the molecule—electromagnetic interaction, H;,,, may

be expressed as

=Hm +Hinl- (1)
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be discussed later, and under the Born-Oppenhei-
mer approximation, the initial state may be written
as

10, N> = [0 1N, (2)
where |0) is the ground vibrational state supported
by the N-electron adiabatic potential with electronic

wavefunction |N). The final states are

i, N—=L,pd>=|v)|N=-1}|p), (3)

where |v) covers the range of the final vibrational
states supported by the (N—1)-electron adiabatic

potential with an electronic wavefunction of | N—-1)
and |p) is the wavefunction of the ionized electron
with linear momentum p. Since we are not consider-
ing the possible molecular dissociation accompanied
by the photoionization, the v values are assumed to
be discrete. In later calculations we shall see that this
is a very good approximation for MRg systems.

In the interaction picture, and neglecting the cou-
pling between the continuum states |p), the time
evolution of the system is governed by the following

first-order differential equations:

Clt) == <8 N=1, p  Hu1)10, N
Xexpli(0, +0)11Co )
Cotr==3 [ £ & N=1pIHum(0)10, N
Xexp[—i(w,+w,)1]C,p dp, (5)
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of |0, N> and v, N—1, p), respectively. The state of
zero energy is set at |0, N> and the vibrational en-
ergy is designated as the energy supported by the
electronic adiabatic potential. One also notes that
w,>> w, in the present consideration.

In the rotating wave approximation and under the
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assumption of weak energy dependence of the bound-

free matrix elements, the first-order perturbation so-
lution of C,,(¢) is
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The final photoionized state is
]
i
Jwe(2) > = J Y l-— ﬁ(.[ E(t')-F,D,
F 2 "0
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.
Xexp[—i(w,,+wu)t1|v,N—1,p>Jdp, (7)

where
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and E(t) is the electric field.
Expressing the laser field in the frequency domain,
the time integral of eq. (7) becomes

JE(t’ Yexpli(w,+w,)t' ] dt’
(4]

—expli(w, +w,—w)t] d
i(lw,+tw,—w)

=j.a(w) ! , (8)

where a(w) is the laser field amplitude at w. Under
the condition

1

> 9
! w,+w, )
one obtains the approximation [14]
1 —expli(w,+w,—w)t]
i(w,+w,—w)
~nd(w,+w,—w)—iP ! (10)

w,+w,—w’

where P represents the Cauchy principal value.
Substituting eqs. (9) and (10) into eq. (7), one
obtains

% zu: j a(w,+w,)-FoD,

F 4
xexp[—i(w,+w,)t]|v, N—1)|p) dp
+ principal value part . (11)

The Cauchy principal value of eq. (10) is an odd
function with respect to @ and would only cause the
shift of the energy levels in one-photon process in eq.
(11) [14].

In the case that the mean photon energy is well
above the ionization threshold and the photon field
is short enough such that the band width of the laser
field is much wider than the band width of w, al-
lowed by the Franck—Condon factors, one may ne-
glect the contribution of the principal value part and
take the approximation

a(w,+w,)=a(w,+0,)
+a' (w,+d,)Aw+..., (12)

where @, is the average value of w, allowed by the
Franck-Condon principle, and one obtains the first
approximation term of the final photoionized state

fwe(2) >
N — %‘(2 Fgexp(—iw,t)|v, N—l))

X Ja(w,,+cD,,)-D,,exp(—iw,,t)|p> dp (13)

P

(a’ is the first derivative of @). The above conditions
exclude the threshold behavior in our calculation.

The vibrational wavefunction would evolve ac-
cording to

Wi (1)) = T Foexp(—iw,0) s, N=1> . (14)

_In the limit of time zero, one recovers the ground state
vibrational wavefunction,

lli_{roll'//?"(t)>=l0,N>- (15)

The final results can be simply stated as follows: in
the sudden approximation, the vibrational wave-
function of the initial ground electronic state evolves
in the final ionic adiabatic potential after the pho-
toionization. In the above analysis, we have tacitly
neglected the coupling between the valence electron
and the core electrons. The photoionization effi-
ciency is assumed to be constant in the wavelength
region we considered. The momentum recoil process
of the ionized electron was also not taken into ac-
count. One should also note that there is a conceptual
resemblance between the analysis of the atomic inner
shell ionization process [15,16] and the analysis of
the present results. The advances of laser technology
in the pico- and femtosecond time domain [1-4], and
the ability to generate van der Waals molecules in
supersonic jet expansions {17], open the possibility
for experimental studies of these calculations.

3. The time evolution of the vibrational wave packets

In this section, we shall study the time evolution of
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the wave packets, especially those of the ground state
harmonic oscillator (HO) and Morse oscillator
(MO) wavefunctions in real potentials. As men-
tioned previously, the general systems are MRg and
M*Rg and the specific system is NaXe and Na*Xe.

The continuum contribution of the ground state
wave packet in the ionic potential may be estimated
by the energy dispersion of the wave packet in the
tonic Hamiltonian. Let H,,, and H,., represent the
Hamiltonians of the nuclear motion in the ionic and
neutral van der Waals potentials, respectively, and ¥,
be the eigenfunction of H,,

2

p

=L 4y
HlOn 2{1/ + lOn(R) b
p2
== 4V
Huow= 3+ Vaca(1) (16)

where 4, 4’ and p, p’ are the reduced mass and atomic
linear momentum of the neutral and ionic species,
respectively. Neglecting the kinetic energy of the
electron moving in the velocity of the center of mass,
the energy dispersion of x, in the ionic potential is

<AH>2=<Hi20n>—<anu>2
~ (AV?S — (AVY?, (17)

with AV="Vsn— Vyeu-

For the M*Rg systems, we can estimate the energy
dispersion of the wave packet analytically. The wave
packet can be approximated by a Ga}ussian form with
position at R, and a spatial dispersion of ¢°. AV is
approximated by the ion—induced dipole potential of
—oa/2R*for R> R,,;, and a mean finite value of ¢ for
R <R.;.. Here R, is the position of the minimum
potential of M*Rg and « is the electric polarizability
of Rg. One obtains

2y_oa? (2 1
<AV>‘4\/; R®

Rmin
xexp[ —20%(R—Ry)?] dR+4, , (18)
oa ZT 1
AV=-7 n J R

xexp[ —20%(R—Ry)?] dR+4,,

where 02=1.4830126 X 10w, fipp, With the vibra-
tional frequency of MRg, w., in units of cm ' and the

reduced mass of MRg, yngg, In units of amu. R, is
the minimum energy position of MRgin A. J, and 4,
are the integral values between 0 and R,;,..

Since the Gaussian wave packet is localized around
R,, one may use the asymptotic expansion method to
evaluate the integrals and obtain the leading term of
the energy uncertainty,

a2
2R3 ROU’

AH=/(AH>*~ (19)
where «/2R{ is just the ion-induced dipole
interaction.

For the NaXe case, €q. (19) becomes

AHNSXC=0.177;T"§. (20)
Comparing eq. (20) with the ion-induced dipole in-
teraction, the continuum contribution is less than
0.01% in the approximation of the normal distribu-
tion. The other MRg systems have the similar
properties.

Following the analysis of section 2, the vibrational
wave packet is governed by the time-dependent
Schrédinger equation,

., OY
lh at =HjonX - (21)

Two numerical procedures were used to solve the
equation. For the time evolution of the wave packet,
the direct integration method developed by Gold-
berg et al. [ 18] was used. For the confirmation of the
confinement of the generated wave packet within the
ionic bound state, the eigenenergies and eigenfunc-
tions of the ionic states were firstly solved by the Nu-
merov-Cooley method [19,20]. The wave packets
were then expanded on these bases and the percent-
age of the continuum contribution can be calculated.

For the NaXe and Na * Xe systems, the ground state
NaXe potential has been obtained by Okel and van
de Ree [ 12] using atomic beam scattering technique.
The ground state Na*Xe potential has been calcu-
lated by Waldman and Gordon [18]. Fig. 1 shows
the relative position of these two adiabatic potentials.

Using the Dunham procedure [21], the vibra-
tional spectroscopic constants, @, and w.x., of NaXe
were calculated from the ground state potential. The
vibrational wavefunction was then approximated by
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two kinds of wave packets calculated from these
spectroscopic data: harmonic oscillator (HO) and
Morse oscillator (MO) ground state wavefunctions.

Fig. 2 shows how the HO wave packet of NaXe
evolves in the Na*Xe ionic potential after the pho-
toionization. The mean energy of the wave packet is
—416 cm~! (zero-point energy is set at dissociation
state) and the energy dispersion is 76 cm~!. These
values are consistent with the estimated values of eq.
(20). The classical period at this energy is 0.8310 ps.
The uncertainty product of the position and momen-
tum of the initial wave nacket is found to be 0,49984%

iR O AAC AAAial P ARCT IS IVRAN W DT V.eFFSY,

which is slightly less than the minimum value al-
lowed by the Heisenberg uncertainty principle. This
is attributed to having neglected the momentum re-
coil process of the ionized electron. As time pro-
ceeds, the wave packet starts to disperse immediately.

For the MO wave packet, the mean energy and en-

209 d 72 em—1 tival
ergy dlsﬁers}gﬂ are —3Y2and /2 cm, respectivay.

The uncertainty product of the position and momen-
tum is 0.514%, and is slightly larger than the minimum
0.5%. The classical period of the vibrational motion
is 0.840 ps, and is slightly longer than that of the HO
wave packet because of the higher mean energy of the
MO wave packet.

The wave packet is uuuduy set up at the classical
outer turning point and propagates toward the inner
turning point and oscillates between these two turn-
ing points. Around the inner turning point, the repul-
sive wall disperses the wave packet considerably.
There is only a limited extent of localization in this
region. In the final stage of the first classical period,
the wave packet refocuses back partiaily at the outer
turning point. The spatial localization of the wave

packet essentially disappears in a few classical periods,

Since we are considering a coherent state and also
because the cigenstates involved are finite in num-
ber, the long time wave packet recurrence is bound to
occur. Following the argument proposed by Parker
and Stroud [22] the vibrational wave packet may be
represented by

()= ;bn(mexp(‘f"’)

=exp(— %‘) y b,,(R)exp{— %[A’(n—ﬁ)

+(%)(n-—ﬁ)2d”+...]} , (22)

where E,, is the eigenenergy, b, is the coordinate am-
r\htndn at F' E

nf tha
is the average energy of the wave

packet, 71is the average vibrational quantum number
at £, and 4’ and 4" are the first and second deriva-
tives of the energy spectrum with respect to the vibra-
tional quantum number at 7.

The classical period is To=h/4’, and the first long
time recurrence period is 7,=h/4". The higher-or-

ad A1 | opaN
de. werms <¢an bu Ubtﬂlllbu a\,CGfuius;_y r0or a p‘df{’,

ion-induced dipole interaction, the eigenenergy
spectrum is [23]

E(n)=D-Xo(np—n)*, (23)

where D, X, and np, are constants. The series of eq.
(22) is then cut off after the fifth derivative of eq.
{23). A return aimost t0 its initial wave packet form
is possible for these systems. This behavior is a gen-
eral property of the wave packet in a system of eq.
(23), no matter whether the wave packet is a HO or
a MO wave packet or other well-behaved general wave
packets.

For a further looking into the validity of egs. (22)
and (23), we consider the specific system of Na™* Xe.
The eigenenergy spectrum was firstly solved numer-
ically for the full potential of fig. 1. Through the well-
known fitting method of ref. [23], it was found that
for vibrational quantum number larger than 15 the
vibrational motion is essentially following eq. (23).
Straightforward calculations show that the predic-
tion of egs. (22) and (23) is in good agreement with
the full quantum mechanical calculation described in
the previous sections despite the fact that the me-
dium- and short-range interaction is not a strict ion—
induced dipole interaction. This observation also
demonstrates the important role the eigenenergy

spectrum plays in the dynamics of the wave packet.
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4, The spontaneous emission of the vibrational wave
packets

The electric dipole moment of M*Rg is

where —e is the charge of the electron; Zy and Zg,
are the atomic numbers of M and Rg, respectively;
and ¥; ym, and ygrg are the coordinates of the elec-
trons, M nucleus and Rg nucleus, respectively. Since
M+ and Rg both have electronic closed-shell struc-
tures, the dipole moment in the low frequency regime
originating from the nuclear motion may be approx-
imated by [24]
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Fig. 2. (a)-(c) show the time evolution of harmonic oscillator
wavepacket in the first classical cycle. The system is Na*Xe and
the classical period is 0.810 ps. Each consecutive number in (a)-
(c) represents a time interval of 0.1013 ps, one eighth of the clas-
sical period.

u= R g (25)

where mg, and m,, are the masses of Rg and the
M*Rg ion, R is the relative displacement from Rg to
M™. Because the internal states of the ions are in-
volved in the radiative transition, the origin of the
system should be set at the center of mass {24]. Judg-
ing from the variation of the induction force coeffi-
cient with respect to the internuclear distance R [25],
eq. (25) is a good approximation over the range of
the vibrational discrete states.

The total spontaneous emission power of the vi-
brating ion M+ Rg may be calculated from the expec-
tation value of the dipole operator [26],
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Fig. 3. Intensity of the spontaneous emission of the harmonic os-
cillator wave packet in Na*Xe ionic potential, The first long time
recurrence appears at 10.8 ps.

4e2m? o oo
P(0)= 3Gz <XI:RR:1D) (26)

where y is the vibrational wavefunction at the end of
the laser pulse, and R is the acceleration operator of
the dipole oscillator. The colons indicate the opera-
tor is normally ordered. Since the radiative lifetime
is much longer than the classical period of the wave
packet, to a good approximation eq. (26) can be
written in the form

4 2
P(ny= 3C3;1M+
X {x() 1 VVign (R) VYV (R) [x(2) >, (27)

where VYV, (R) is the gradient of the adiabatic po-
tential of the ion, and x(¢) is the time-dependent vi-
brational wavefunction. Fig. 3 shows the total emis-
sion power of the Na*Xe wave packet. As the wave
packet approaches the inner repulsive wall, the emis-
sion power reaches its peak. The long time recurrence
of the wave packet also reflects in the emission pro-
file. For the Na*Xe case, the first long time recur-
rence appears at 10.8 ps. Besides the differences in
the classical periods, the other M*Rg systems mani-
fest a similar behavior.

5. The effect of the rotationally and vibrationally
excited states on the spreading of the wave packets

Under the conventional preparation methods for
the van der Waals molecules, such as the supersonic
beam expansion technique, the molecules are usually
generated in a mixed state with the rotationally and
vibrationally excited states in a certain population
distribution. The detail of these distributions is de-
termined by the preparation conditions. During the
short photoionization period, a randomly distrib-
uted ensemble of molecules is excited. Because of the
vast distance between these gas molecules, one could
assume the independence of the dynamics of each
molecular wave packet. The macroscopic sponta-
neous emission or other experimental observations
could well be described by a statistical summation of
the individual molecules. The effect of the rotational
and vibrational motions on the dispersion of the vi-
brational wave packet can be calculated by just look-
ing to the behavior of the individually excited
molecules.

In a formal treatment, one could start from a fixed
rotational quantum number and set up an effective
electronic potential for the vibrational motion. The
vibrational wave packet could then be generated and
its time-dependent behavior could be solved accord-
ing to the general scheme discussed in the previous
sections. For a complete description, all the allowed
rotational and vibrational states should be calculated
and the resulting wave packets should be summed up
according to their statistical weight. The whole pro-
cedure is computer-time consuming and not physi-
cally illuminating.

Instead of going into the details of the calculation,
one could estimate the effect of the rotationally and
vibrationally excited states on the spreading of the
ensemble-summing wave packet according to the fol-
lowing observations. The interaction potentials of the
neutral species are consistently much weaker than
those of the corresponding ionic species. Therefore,
even in a vibrationally or rotationally excited state,
the wave packet is always generated at the outer at-
tractive branch of the ionic interaction potential
whose functional form could be well described by the
ion—-induced dipole potential. The corresponding ei-
genenergy spectrum is expressed as eq. (23). With
the help of eq. (22), one could estimate the time-de-
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pendent behavior of the wave packet reasonably
accurately.

In a supersonic expansion, the MRg van der Waals
molecules could be generated in a wide range of ro-
tational and vibrational temperature, ranged from a
few K to about 40 K [17,27,28]. For the present pur-
pose, we assume that a 5 K rotational temperature
and a 10 K vibrational temperature are generated in
NaXe van der Waals molecules. The vibrational fun-
damental frequency of NaXe electronic ground state
is 17.9 cm~! [12]. The Boltzmann distribution at the
first vibrationally excited state is only 8% with re-
spect to the ground vibrational state at 10 K vibra-
tional temperature. Because the central position of the
fundamental and the first vibrational overtone is the
same, according to eq. (22), both vibrational wave
packets will be set at the same position in the ionic
state and the time evolution of the central portion of
these two wave packets would be identical. The only
difference would be the spreading speed of the vibra-
tional wave packet envelope which is determined by
the spread of the vibrational states, i.e. n—7#. The
adding of an 8% first vibrational overtone to the fun-
damental state would not change the general behav-
ior of the total mixed-state vibrational wave packet,
except that the wave packet would have a wider en-
ergy dispersion and the spreading speed would be
faster depending on the relative weight of the vibra-
tionally excited state and the difference of n—7 be-
tween these two vibrational states. The 8% contribu-
tion would not appreciably change the dynamics of
the present calculation.

For a rotational temperature of 5 K, the maxi-
mum-probability rotational quantum number is 7 for
the NaXe system. The minimum position of the ef-
fective potential would shift 0.0043 A toward the
outer turning point. In other words, the vibrational
wave packet would be set up at this new internuclear
separation in the ionic state during the photoioniza-
tion process. For a rotational quantum number of 7
the centrifugal term is comparatively much smaller
than the ion-induced dipole interaction at this inter-
nuclear distance. The energy spectrum can still be de-
scribed by eq. (23). An 0.0043 A shift from 4.95 A
would at most change a few wave numbers of energy
in the ionic interaction potential. The dynamics of
these wave packets is not expected to be appreciably
changed in these rotationally excited states.

6. Discussion and conclusions

The separability between the vibrational motion of
the nuclei and the electronic motion of the ionized
electron expressed in eq. (13) comes from the pulse
excitation of the molecule. In the case of the mono-
chromatic or narrow band excitation, conservation
of energy will prevent the separability, and one would
only be allowed to consider the composite states of
the vibrational plus the electronic motion. According
to the generally accepted principles of quantum me-
chanics {29], any attempt to measure the energy of
either one of two spatially separated subsystem would
force the other into a definite energy state. As the laser
band width becomes narrower than the vibrational
band width allowed by the Franck-Condon princi-
ple, a separate description of the vibrational wave
packets and the electron motion is against the laws of
quantum mechanics.

The spontaneous emission of the wave packet is just
a specific form of the multilevel emission process and
the emission intensity shows the well-known quan-
tum beat behavior [26]. Its detailed structure reveals
the energy level spacings involved during the prepa-
ration of the wave packet.

There are many diatomic van der Waals mole-
cules, especially those formed from the rare gas at-
oms and the rest of the elements in the periodic table,
which could be photoionized and sustain their ground
state vibrational wave packets. The electric dipole
moments of the corresponding ions are also most
likely to be appreciable because of the different loca-
tions of the center of mass and the center of electric
charges, except for homonuclear ions, such as Arf.
Quantum beat behavior is also expected for these
systems.

The advantages of studying the alkali-rare gas van
der Waals molecules come from the following consid-
erations: first, there is only one valence electron in
the system which, having a ionization threshold en-
ergy of the order of 5 eV, is experimentally accessible
by the present laser technology; second, the final elec-
tronic state is well defined, and the other electronic
states are all well separated from this state; third, the
method for preparing van der Waals molecules has
been well established [17] and possible interferences
from the other accompanying molecular species, such
as alkali atoms, alkali dimers, and rare gases, are ex-
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pected to be virtually negligible. However, the direct
detection of the fast infrared quantum beat would
pose a challenge for the present experimental
technology.
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