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ABSTRACT 
This paper exanlines the domain patterns and the macroscopic behaviour of 

single crystals of ferroelectric material using a theory based on energy 
minimization. A low-energy path is identified for domain switching and a novel 
configuration that yields very large electrostriction is identified. 

Ej 1. INTRODUCTION 
Ferroelectric crystals are widely used in a variety of applications including trans- 

ducers, capacitors and non-volatile data storage elements. In particular, poled cera- 
mics of ferroelectric materials are used commonly for their piezoelectric property in 
actuator applications (Huber et al. 1997, Uchino 1998). Their many advantages 
include a linear response of the induced strain to applied electric field, very little 
hysteresis and very-high frequency response. The strains and displacements that they 
display, however, are quite small. An improvement in the strain level would lead to 
an explosion of the applications of these materials as miniature solid-state actuators 
and sensors in a variety of structural applications. It has recently been recognized 
that it is possible to obtain large strains through electrostriction in single crystals 
(Shrout and Park 1997). 

Ferroelectric crystals are non-polar above the Curie temperature but are spon- 
taneously polarized with a spontaneous lattice distortion below the Curie tempera- 
ture. The interesting properties of ferroelectrics arise from the fact that it is possible 
to change the polarization and distortion through applied electric field or mechanical 
stress. Further, there is typically a reduction in crystallographic symmetry at the 
Curie temperature and this creates more than one symmetry-related, spontaneously 
polarized and distorted state below this temperature. The different states can coexist 
as ‘domains’ in very intricate and characteristic domain patterns (for example 
Hooton and Merz (1955), Little (1955), Tanaka and Honjo (1964), Arlt and Sasko 
(1980), Goo et al. (1981), Hu et NI. (19861, Li et al. (1992) Park and Chung (1994, 
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2022 Y. C. Shu and K. Bhattacharya 

1996) and Chou and Wayman (1997)). These domains can be switched and the 
domain patterns manipulated by the application of electric field and mechanical 
stress. Domain switching with its large change in polarization and lattice distortion 
provides a potent mechanism for obtaining large and unusual properties. 

This paper studies the domain patterns and the macroscopic properties of single 
crystals of ferroelectrics and proposes a new way of obtaining large electrostriction. 
We propose, in 3, a variational theory that describes the behaviour of a ferroelectric 
single crystal. We write the total energy of the crystal as a sum of the free (or stored) 
energy, the energy of the applied electrical and mechanical loads, the energy of the 
induced electric field and the domain wall energy; the state of the ferroelectric crystal 
is obtained as minimizers of this total energy. The stored energy density encodes 
phenomenologically the information that the crystal prefers a few given sponta- 
neously polarized and distorted states and can be non-convex with multiple wells 
owing to the presence of multiple such states. This theory is similar to the classical 
Landau-Ginzburg-Devonshire theory (Devonshire 1949, 1951, 1954) (see also 
Fatuzzo and Merz (1967) and Lines and Glass (1979) for lucid descriptions of 
the theory and its successes and Damjanovic (1998) for a recent review) with a 
few key differences. First. we allow for finite deformations which are quite impor- 
tant as the strains become large. Second, we carefully account for the energy of 
the electric field. both applied and induced. This turns out to be quite important 
in deciding between differently shaped specimens. Finally, we do not restrict 
ourselves to polynomials but use very general functions and impose only the 
conditions required by symmetry. 

We show in 9 3 that energy minimization based on this theory automatically leads 
to domain patterns and accurately predicts the observed domain patterns in common 
ferroelectric materials based on very few parameters. Energy minimization based on 
an energy with multiple wells leads to frustration which manifests itself as domains. 
The positions of the wells, the electrostatic energy and the mechanical compatibility 
determine very characteristic domain patterns. An important result is that many 
commonly observed domain walls have low energy and that this is a surprising 
and 1?01?-generic consequence of material symmetry. It follows from this observation 
that these domain walls provide a low-energy path for domain switching. This result 
is consistent with recent experiment (Li et al. 1991, 1992) on barium titanate 
(BaTiO,) single crystals which demonstrated that the critical compressive stress 
for the nucleation and removal of domains is below or around only 1 MPa. This 
section also provides a detailed analysis of many complicated domain patterns in a 
variety of materials and compares them with experimental observations. 

This theoretical framework and analysis are similar to those used recently with 
great success in the study of martensitic materials (Ball and James 1987, 1992, 
Bhattacharya 1991, 1992, Hane and Shield 1998), magnetostrictive materials 
(James and Kinderlehrer 1993), and ferromagnetic shape-memory alloys (James 
and Wuttig 1998, DeSiinone and James 1997, 2001). 

In $4 we turn to the study of electrostriction through domain switching 
and propose a novel large strain actuator using a carefully chosen configura- 
tion and electromechanical loading path. The basic idea is that domain switch- 
ing can give rise to large strains, and this can take place because of a suitable 
geometry and electromechanical loading path. The predictions of this section 
have been recently verified experimentally by Burcsu ef al. (2000) for BaTiO:, 
single crystals. 
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$2. CONTINUUM MODEL 

2.1. Kinematics 
Consider a ferroelectric single crystal and an arrangement of conductors shown 

in figure 1. The ferroelectric crystal occupies the region s2 c R3 in its reference 
configuration. The deformation of the crystal is described by the function 
y : Q 4 OX3, the deformation gradient is F = V,y : s2 - where MoI7'''' is the 
set of all i?i x i i  matrices and V, is the gradient with respect to the reference config- 
uration, and y(s2) is the region occupied by the crystal in the current configuration. 
We assume that the deformation is invertible, and that det V,y(x) exists and is 
positive almost everywhere in Q. Although we use a continuum theory, we have 
the following atomic picture in mind. Associated with the material point x, there 
is a lattice with lattice vectors { I , ,  I?, 13} in  the reference configuration. As the crystal 
deforms, so does the lattice: therefore, after deformation, the lattice has lattice 
vectors { I I 3  I , ,  13}. We invoke the Cauchy-Born rule (Ericksen 1984) which says 
that the overall distortion of the lattice follows the macroscopic distortion, or 

0 0 0  

We find it convenient to choose the undistorted non-polar phase at the Curie tem- 
perature as our reference configuration; therefore, {I:} is independent of X. 

We denote the spontaneous polarization at the point y in the current configura- 
tion as p(y). Since our deformation is invertible, we shall find it convenient at  times 
to 'pull back' p to the reference configuration, and we write p(x) = p(y(x)) with a 
slight abuse of notation. 

We apply a dead load to our crystal with fixed reference traction to : as2 - R3 
and use an arrangement of conductors C, c R3 with total charge Q and Cz c R3 
with a fixed potential 4 to apply an electric field. Let e0 : R3 + R3 be the electric field 
that would be present owing to the conductors C, and C, were the ferroelectric 
crystal absent. 

Figure 1. A ferroelectric-conductor system where SZ is the undistorted reference configura- 
tion of the ferroelectric crystal at its Curie temperature 0,; C1 and C; are the domains 
occupied by conductors with total charge Q and fixed potential 4 respectively. The 
crystal is subjected to a dead load to on some parts of its boundary. 
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2.2. Electroelastic Energy 
For a ferroelectric crystal at temperature B subject to a dead load t o  and an 

electric field eo as described above, we postulate that we can obtain the deformation 
and polarization as those that minimize 

where A E is a positive definite matrix, V, is the gradient with respect to the 
current configuration, W : M3x3 x R3 x R + R is the given ‘stored energy density’, 
co = 8.85 x lO-”C’ N-’ m-’ is the coefficient of permittivity of the free space and 
the electric potential 4 is obtained by solving Maxwell’s equation 

v,. (-6oVy 9 + P XyjQ)) = Pf on R3, (2) 

subject to 

9 + O  aslyl + m1 (3) 
for some free charge pf supported on aC, u aC,. 

Let us clarify the notation. Given y : Q + R3 and p : y(Q) i R3, we solve equa- 
tion (2) to obtain $ and substitute it back into equation (1) to obtain E(y,p). 
Maxwell’s equation (2) is of course solved over all space R3 with p = 0 outside 
y(Q); we emphasize this by writing p ~ , ( ~ , ,  where is the characteristic function 
of y(Q) so that x , ( ~ )  = 1 on y(Q) and x , ( ~ )  = 0 outside y(Q). The free charge pf is a 
measure supported on aC, U aC,, and we assume that it is of the form dpf = pr d S  
where pf : aC, u aC, 4 [w with an obvious abuse of notation. Thus, by equation (2), 
we mean 

V,.(-toV,$ + p) = 0 in y(Q), 

U - E ~ V ,  9 + p] en’ = pf 011 acl u ac2, 
where I[ ] denotes the jump across the interface and n’ is the norinal to the boundary. 

Each of the terms in the functional (1) has a physical interpretation. The first 
term penalizes changes in the polarization and thus is interpreted as the energy of 
forming a ferroelectric domain wall. The second term, the stored energy density, is 
the energy cost that the crystal must pay if the distortion and polarization deviate 
from the preferred states at that temperature; thus this builds in the information that 
the crystal prefers certain spontaneous distortion and spontaneous polarization at a 
given temperature. The third is the potential energy of the applied electric field, and 
this enforces the desire of the polarization to align with the applied electric field. The 
fourth is of course the potential energy of the dead-loading device. The final term is 
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Mucroscopic hehriviour of, ferroekctric muterids 202.5 

the electrostatic self-energy associated with the electric field generated by the ferro- 
electric crystal. 

The variational principle (1) may be justified by considering the total energy of 
the ferroelectric-conductor system described in 4 2.1: 

where the free charge density pf : aC, U aC2 -+ R and electric potential 4 : [w' -+ R 
are obtained by solving Maxwell's equation 

V , * ( - ~ ~ V , $ + ~ X ~ ( ~ ) )  = pf o n &  ( 5 )  

subject to 

Let $o be the electric field potential and po : aC, U aC2 i R be the free charge 
density that would be present if the ferroelectric were absent. They are obtained by 
solving Maxwell's equation 

(7) 

4 = 6 - 4 0 ,  Pf=Pf -PO,  e o = - V , 4 0 .  (8) 

2 
-to V, do = po on R~ 

subject to the boundary conditioiis (6) with 4 replaced by $o. Now set 

Then, it follows from the linearity of Maxwell's equation that $ : [w3 + R and 
pf : aC, U aC2 + R satisfy equation (2) subject to equation (3). Now note that 

where we have used the divergence theorem and Maxwell's equations (2) and ( 3 )  
repeatedly. Substituting equations (8) and (9) into equation (4), we have 
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2026 Y. C. Shu and K. Bhattacharya 

Note that the sum of the last two terms of equation (10) (the energy of the conductor 
system in the absence of the ferroelectric crystal) does not depend on y and p. 
Therefore removing them from the energy does not change the variational principle, 
but yields the functional (1). 

Although we have justified equation (1) in the special case of the ferroelectric- 
conductor system shown in figure 1, the functional is still valid if the applied field is 
created by some other arrangement (using for example other dielectrics) provided 
that we interpret eo as the electric field that would be present if the ferroelectric 
crystal were absent, and Maxwell's equation (2) were solved using appropriate 
boundary conditions. 

We make two comments for future use. First, we can rewrite the last term in the 
energy using Maxwell's equations as 

Second, we can replace Maxwell's equations by the following variational principle: 

over all q5 that satisfy equation ( 3 ) .  

2.3. Multiwell structure 
Let us now turn to the basic properties of the stored energy density W .  We 

(i) Frarne iizdiffc>rerice. We assume that W is objective; that is it is unaffected by 
a change in frame or an additional rigid body rotation of the current 
configuration: 

require it to possess the following two fundamental properties: 

W(QF, QP, Q) = W(F, P, 4 (13) 

for all Q t S0(3),  for all F E 
(ii) Material synzrnetry. We assume that W reflects the crystalline symmetry of 

the ferroelectric crystal. In other words, we assume that a change in 
reference configuration by a member of the point group PO (which is defined 
as the group of rotations that map the reference lattice back to itself) leaves 
W invariant: 

with det F > 0 and for all p E R'. 

W(FR, P, 0) = W(F, P, Q) (14) 

for all R E Po, for all F E M3xi with de tF  > 0 and for all p E R3. 

In considering these invariances, it is useful to recall that the polarization is 
defined in the current configuration. For future use we combine these relations 
and note that 

W(QR~FR,  Q R ~ P ,  e)  = W(F, p,  e)  (1 5) 

for all R E 'Po, for all Q E SO(3) and for all F E with det F > 0 and for all 

Ferroelectric crystals are non-polar above the Curie temperature with a preferred 
(stress-free) lattice structure but are spontaneously polarized below the Curie tem- 

p f R3. 
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perature with a spontaneous lattice distortion. Our stored energy function W should 
reflect this. We discuss this in detail for the special case of BaTi03, which is one of 
the most widely studied ferroelectric materials. This discussion can be adapted to 
other ferroelectrics; in particular we comment on lead zirconate titanate (PZT) at the 
end of this section. 

BaTi03 undergoes a series of three first-order phase transformations as suinmar- 
ized in figure 2. Above 120°C it is non-polar and has a cubic perovskite ABO? 
structure as shown at the bottom left of figure 2. Between 5 and 120°C it has a 
tetragonal lattice structure as shown at the bottom right of figure 2 and is sponta- 
neously polarized along the pseudocubic (100) axis. It is spontaneously polarized in 
a pseudocubic (1 10) direction and has an orthorhoinbic structure between -90 and 
5 'C and finally is spontaneously polarized in a pseudocubic (1 1 1) direction and has a 
rhombohedral structure below -90°C. 

Now consider a single crystal of undistorted BaTi03 at the Curie temperature of 
120°C and choose this as the reference configuration. First, note that Po is the point 
group of the cubic lattice or the 24 proper rotations that map the cube back into 
itself (see appendix A). Next, recall from $2.1 that we can represent the different 
states of the crystal by the pair (F,p) where F is the deformation gradient with 
respect to the reference configuration and p is the polarization. Thus, the cubic 
state is described by (I,O), the tetragonal state by (U:, pi), the orthorhombic state 
by (Uy, p?) and the rhombohedral state by (UY, pi) where I is the identity matrix, U: 
is the matrix that maps the cubic unit cell to the tetragonal (i.e. unit cell at the 
bottom left of figure 2 to that at the bottom right) and so forth. These depend on 
temperature (owing to thermal expansion); we ignore this here for simplicity but note 
that the theory can be easily be modified to account for it. 

Since different phases are stable at different temperatures, we conclude that the 
stored energy density W must have different minimizers at different temperatures as 
shown schematically in figure 3. In particular, (1,O) should minimize the energy 
above 120"C, (Ui,  pi) between 5 and 120°C and so forth: 

<I 10> polarized <loo> polarized Nonpolar 
orthorhornbic tetragonal cubic 

<I  11 > polarized 
rhombohedral 

I I c 

@ Baz' 
0 O2' 
0 Tiqe 

Cubic Tetragonal 

Figure 2. The spontaneous polarization and lattice structure of BaTi03 at different 
temperatures. 
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2028 Y. C. Shu and K. Bhattacharya 

T 

Figure 3. A schematic view of the stored energy density W. Here we do not show the (1 11) 
polarized states, and show only two of the six (12) possible (100) ((110)) polarized 
states. 

IV(I,O,Q) 6 W(F,P, 0) v(F,P),  1 2 0 ~  6 e, 
W(U!, p:, 0) 6 W(F,  p, 0) V(F, p), 5°C 6 0 d 12O"C, 

W(Uy,p:,Q) d W(F,P,Q) V(F,p), -90°C d 0 d 5"C, 

W(UI,pl;,B) 6 W(F.p,B) V(F,p), B 6 -90°C. 

However, frame indifference and material symmetry (as summarized in equation 
(15)) imply the existence of minimizers other than those described above. For exani- 
ple, between 5 and 12O"C, we conclude that W is minimized on the set 

{ (G,q)  : G = QU',R,q = Qp',, V Q  E S 0 ( 3 ) ,  VR E Po}.  

These sets have a very simple characterization based on which we conclude the 
following. 

(i) Non-polar cubic wells. Above 120°C, W is minimized on the set 

We = {(Q,O) : Q E SO(3)). (16) 

A rigid rotation of the crystal still keeps it in the cubic phase; so the cubic 
phase corresponds to the 'well' of all rigid rotations of the reference config- 
uration. 

(ii) (100) tetragorzal wells. Between 5 and 120'C, W is minimized on the set 

W ' =  { (QU~,&Qp~):  Q E S 0 ( 3 ) , i =  1,2,3}, (17) 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
E
B
S
C
O
H
o
s
t
 
E
J
S
 
C
o
n
t
e
n
t
 
D
i
s
t
r
i
b
u
t
i
o
n
]
 
A
t
:
 
0
1
:
1
3
 
2
2
 
D
e
c
e
m
b
e
r
 
2
0
0
8



Macroscopic belzaviour of .ferroelertric imterials 2029 

where 

0 0  0 0  

0 0 771 0 0 %  

2 and the measured values for BaTiOi are [' = 0.26 C m- , 7; = 1.0067 and 
17; = 0.9958 (Mitsui et u I .  1969). Note that, according to material symmetry, 
the crystal can be polarized in six equivalent { 100) directions; thus there are 
six symnietry-related variants of the tetragonal phase and this corresponds 
to the fact that W' consists of six wells. This set is shown in figure 4. 

(iii) (1 10) ortkor/ioinhic we//cs. Between -90 and 5"C, W is minimized on the set 

Wo = {(QUY, iQpP) : Q E S0(3), i = 1:.  . . ,6}, (19) 

where 

0 
Figure 4. Energy wells W' and domain walls of BaTiOi in its tetragonal phase. Let the plane 

of the paper be the set of all states (F, p). (U,,  pl), (U, ,  -p,), (U2, pz), . . . are the six 
crystallographically equivalent polarized states or variants, and the open circles repre- 
sent the states obtained from any of these states ( U j , p i )  by a rigid-body rotation 
(change in observer frame). The possible domain walls are shown as broken lines; 
any variant can form a 180" domain wall with the variant with the same stretch and 
opposite polarization, and one 90" domain wall with exactly one state of each of the 
other variants. Some of the lines are not shown to keep the figure reasonably com- 
prehensible. 
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PP = <"{L 1,0}, p; = <"{-l,l.O}, 

a" 6" 0 a0 -6" 0 

0 0 po 

and the measured values for BaTi03 are <" = 0.21 Cm-2, a" = 1.00329, 
Po = 0.9975 and 6" = 0.001 15 (Mitsui et ul. 1969). Note that, according 
to material symmetry, the crystal can be polarized in 12 equivalent (110) 
directions; thus there are 12 symmetry-related variants of the orthorhoinbic 
phase and W o  consists of 12 wells. This set is shown in figure 5. 

(iv) (111) rhonzbohedrul wells. Below -9O"C, W is minimized on the set 

W' = {(QUf,&Qp:) : Q E S 0 ( 3 ) , i  = 1,. . . ,4}? 

where 

P; = tr{l, 1,111 
a' 6' 6' 

u; = 6' Q' 6' 

PS = tr{l ,  1, -I}, 
i 6' 6' a' 

pi = E1{-l, 1, l}, 

( ar -6' -6' 

and the measured values for BaTi03 are I' = 0.19Cn1-~, a* = 0.99999 and 
6' = 0.00131 (Mitsui et al. 1969). Note that there are eight equivalent (1 1 I )  
directions and hence W' has eight wells. This set is shown in figure 6. 

PZT, a solid solution of lead titanate (PbTi03) and lead zirconate (PbZr03), is 
widely used in applications, especially at compositions close to the morphotropic 
phase boundary. Pure PbTi03 is cubic and non-polar above the Curie temperature, 
and (100) polarized tetragonal below it; so the wells at room temperature are given 
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00 
0 0 

Figure 5.  Energy wells W o  and domain walls of BaTiOi in its orthorhombic phase. The 
symbols have the same meanings as in figure 4. Any orthorhombic variant can form a 
180" domain wall with the variant with the same stretch and opposite polarization, a 
90" wall with each of the two variants with different stretch but same c axis, and either 
a 60" or 120" wall with each of the other eight variants. Some of the lines are not 
shown to keep the figure reasonably comprehensible. 

Figure 6. Energy wells W' and domain walls of BaTi03 in its rhombohedral phase. The 
symbols have the same meanings as in figure 4. Any rhombohedral variant can form a 
180" domain wall with the variant with the same stretch and opposite polarization, a i d  
either a 70" or a 109" wall with each of the other six variants. Some of the lines are not 
shown to keep the figure reasonably comprehensible. 
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by equations (1 7) and (18) with the measured values 71; = 0.9824 and 77: = 1.0453 
(Mitsui et a/. 1969). Pure PbZr03 is cubic and non-polar above its Curie tempera- 
ture, and antiferroelectric at room temperature; however, doping it with a small 
amount of Ti makes it ferroelectric with ( 1  11) polarization below the Curie tem- 
perature. Therefore the wells for PbZrO? are given by equations (21) and (22) with 
measured values ar = 0.9999,O' = 0.002 03 (Mitsui et a/. 1969). The solid-solution 
PZT is (100) polarized tetragonal in the Ti-rich region and (1 11) polarized rhombo- 
hedral in the Zr-rich region, with an exchange of stability at the 'morphotropic 
phase boundary' (at approximately Pb(Tio 4sZro 55)03 composition). Therefore at 
the morphotropic phase boundary the crystal can have either the (100) or the 
(111) polarization, and hence have both set of wells: the (100) wells (17) and 
(111) wells (21). The measured values are given by 11; = 1.0138, 775 = 1.0327, 
a' = 0.9999, and 6' = 0.0029 around the morphotropic composition (Mitsui et ul. 
1969). 

9: 3. DOMAIN PATTERNS 

In this section we show that the multiwell structure of the stored energy density 
W gives rise to minimizers that consist of domains of differently oriented polariza- 
tion. Further, these domains form very characteristic patterns. In this section we 
study domain patterns in a large ferroelectric single crystal held at  a constant tem- 
perature in the absence of external loadings, that is when e, = 0 and to = 0. 

Let us go back to the total energy of the single crystal described in equation ( I ) .  
Recall that the first term is the energy associated with spatial changes in polarization 
or domain walls. If this term is small or, equivalently, if the size of the crystal under 
consideration is large compared with the square root of the largest eigenvalue of the 
matrix A, then the crystal can form many domains if it chooses to, and this term does 
not influence the overall domain pattern and macroscopic behaviour. Thus, it can be 
neglected in a large crystal. This statement can be made rigorous by adopting the 
arguments of DeSimone (1993). 

Thus we are led to the problem of minimizing the energy 

where we obtain the electric potential q5 by solving Maxwell's equation (2). Above, 
we have dropped temperature from the notation. Further, since it is held constant, 
we assume that W is minimized on a suitable set W and that its minimum value is 
zero without any loss of generality. 

Note that each of these terms in (23) is positive, and thus to minimize it we need 
to minimize them individually. The first term thus requires that 

at each point x E 52 where W is the set of appropriate energy wells from among 
equations (16), (17), (19) or (21). The second term requires that the electric field be 
zero, and this in turn requires that p be divergence free: 

v,.p(y(x)) = o on [ w ~ .  ( 2 5 )  
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3.1. Doniniii Walls 
Consider a piecewise homogeneous state as shown in figure 1 with deformation 

gradient and polarization taking values (F+,p') in one part of the crystal aiid 
(F- ,p - )  in the other. Assume that the two parts are separated by a plane with 
normal n in the reference configuration. We assume that the deformation is contin- 
uous so that the crystal does not break apart. Then, the deformation gradients F+ 
and F- on the two sides cannot be arbitrary but must satisfy the Hadamard jump 
condition (for example Gurtin (1981)): 

F+ - F- = a ' @  n (26) 

for some vector a' where a'  g- n is the matrix with components (a' 18 n),, = q'i?, and 
a'  = (u:) ,  n = (ii,). Further, the interface has a normal 

in the current configuration. 
We now examine the necessary conditions for such a piecewise homogeneous 

configuration to be an energy minimizer. According to equation (24) we require that 
(F*, p') E W or, equivalently, 

F' = Q'U,, p+ = iQ'p,, 

F- = Q-U,, p- = i Q - p , ,  (28) 

for some Q* E SO(3) and for some i, 1. Further according to equation (25) inter- 
preted in the weak form, we require that 

(p+ - p-)-n'  = 0. (29) 

Setting Q = (Q-)TQ' and a = (Q-)Ta' we conclude the following from equa- 
tions (26)-(29). We can form an interface between variants i aiid j if and only if we 
satisfy 

QU, - U, = a Q n, 

(KQP, - P , ) * U ; ~ ~ ?  = 0 

(30) 

(31) 

Figure 7. A piecewise homogeneous state in the reference (left) and current (right) 
configuration. 
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for some Q E S0(3) ,  a E R3, n E R3, n = f 1. The first of these equations, the 
mechanical compatibility equation (30), is the same as the 'twinning equation' in 
martensites and guarantees the mechanical integrity of the interface. The second of 
these, the electrical compatibility equation (3 1). ensures that there are no bound 
charges on the interface. 

Let us now examine whether we can solve these equations for a given pair (Ui ,  pi )  
and (Uj, pi).  Ball and James have given the most general conditions for solving the 
twinning equation (30) for a given pair ( U i , U j ) .  They show that there are at most 
two solutions (Q', a', nl) and (Q", a", n"). In other words, the twinning equation 
completely determines the unknown quantities. Thus the system of equations (30) 
and (3 1) is overdetermined and generically has no solution. 

However, it is possible to have solutions under certain very special conditions on 
(Ui,p,)  and (Uj,pj). It  turns out that symmetry forces the satisfaction of these 
conditions in many materials of interest as demonstrated in the following lemma. 
A similar result has been independently derived by DeSiinone and James (200 1) in 
the context of magnetostriction. Thus the existence of low-energy domain walls is a 
consequence of symmetry. 

Lemma 1 (classification of domain walls): Let (U;, pi) and (Uj, pi) be given. 
((1) Suppose thut i = ,j. Then equations (30) and (31) are both sntisjied by Q = I, 

a = 0, n = - 1 and u ~ i y  n that satisjes n.U['p, = 0. This gives a 180" domain 
wall. Note that K, = + I  gives u degenerate solution since it iniplies that there i.s 
no difference between the two sides. 

( b )  Suppose that i # j .  Further suppose that the two sides ure reluted by n twofold 
rotntion, tlzut is let Uj and U; satisfi 

(33) 
T U; = RTU;R, pi = R pi, 

for some twofold rotntion R = -I + 2v @ v with axis v. Then, equutions (30) 
and (31) hiive two solutions given b!, 

where p is cho5en stich that l i i ( " ) l  = 1 .  Q(" and Q(") are obtained by substi- 
tuting these buck into equation (30). Moreover, the angles between the polar- 
ization on the two sides (p") between p, and K")Q(" p/.for the t jpe I twins and 
/3('') between p, and .('I)Q(I1) p, for the type II twitis) are given by 

cos pi1 = K ( ~ ~ ~ ~ )  fi,. [(ul + a(1.11) 8 n(1,11))~~-1]  fiJ (35) 

where p, = (1 /IpII) p, and pJ = (1 /lp//) pJ. Thus, these are /3(' 'I) domain 
walls. Finally, {f 

u, P, = PI, u, P, = P/ (36) 

for  soine coniinon X # 0, then 
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Proof: The case i = j is obvious. If i # , j  and if equation (32) holds, we can verify that 
(a('), n"') and (a("), fI(")) in equations (33) and (34) respectively solve equations (30) 
(Bhattacharya 1992). We now show that (n('j, .(Ii) and (n"", K(" ) )  satisfy equation 
(31). According to equations (33) and (34), 

3 (38) 

(39) 

I (40) 

R(I)fi(lj = fi(l) R(lIjfI(") = -fi(I1) 

so that, with an appropriate choice of K ,  

(.RTUFlpi - Uilpi)-n = nU;'pj-Rn - U J 1 p i * n  = 0. 

Further. one can verify that 
U;'a(') .n(I) = U;'a(JI) .n(Il) = 0 

Now from equatons (32) and (39), 

( K ~ T ~ ; l p i  - u i l p i ) . f i  = o H ( K ~ T ~ ; l ~ ~ T p ,  - u; ]p , ) . f~  = o 
H (.u;'pj - U;'p,).n = 0 

e ( K ( ~ ~ j ) - l ~ p i  - u;'p,).n = o 
H (KQP, - pi)*UFLi? = 0. 

The last identity follows since (QU,)-Tn = UTTn as a consequence of equations (30) 
and (40). This gives equation (31). It also follows from Ball and James (1987) that 
these are the only solutions. 

Finally, the angles /3(',11) between pi and K ( ~ ~ " ) Q ~ ' , ~ ' ~  pi follow from 

because of equation (38). This completes the proof. 0 
We have inherited the terininology type I and type I1 above from the twinning 

literature. In type I solutions, the interface is a crystallographic plane (rational plane) 
while in type I1 solutions the direction of shear (Vila) is a crystallographic direction 
(rational direction). If a solution has both rational interface and direction of shear, 
we call it a compound solution. 

Note that this lemma only gives us sufficient conditions for the existence of 
solutions. In other words it identifies a set of conditions under which we can find 
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a solution but does not exclude the possibility of finding other solutions even if these 
symmetry conditions are violated. In fact we shall see one such solution later when 
we study the tetragonal to rhombohedra1 transition. 

3.2. Doniaiii walls it.1 bavium titanate 
We now use lemma 1 to study possible domain walls in BaTiO; for tetragonal, 

orthorhoinbic and rhoiiibohedral phases. 

3.2.1. Trtrngorinl phase 
The energy wells W' of the tetragonal phase are described in equation (17) and 

shown in figure 4. We can clearly form 180" domain walls between points (QU,, Qp,) 
and (QU,, -Qp,) for any Q E SO(3) and i = 1 , 2 , 3  according to lemma 1. 

We now turn to domain walls with different strains on the two sides. First 
consider the case i = 1 a n d j  = 2. Note that R, a twofold rotation about the axis 
V = (1/2'/')(el + e?) satisfies R E Po (see appendix A) and equation ( 3 2 ) .  We can 
then conclude from lemma 1 that there are two possible solutions to equations (30) 
aiid (31) and they are obtained from equations (33) and (34) to be 

To obtain the angles P''''') between the polarizations on the two sides, note that 
U, pl = 7; pl and U2 p. = 7s p2. Thus, we conclude from equation (37) that 

whence from a standard trigonometric identity (tan (2p) = (2 tan p ) / (  1 - tan' p)) 

For BaTi03, @cr,rl) = 90.62". Thus, both solutions characterize 90" domain walls. 
To characterize these walls further, note that we could have obtained the same 

two solutions by choosing R to be a twofold rotation about v* = ( 1/2"*)(-eI + e 2 ) .  

Moreover, one can verify that the type I solution in terms of the rotation with axis v 
coincides with the type 11 solution in terms of the rotation with axis v*, and vice 
versa. As a result, these solutions are compound with a rational interface { 1 lo}, and 
a rational shear direction (1 10). 

The cases i = 1, j = 3 and i = 2. j = 3 similarly yield { 1 lo}, domain walls. 
Thus, the domain walls in tetragonal wells can be characterized as shown in 

figure 4. Any point on one of energy wells can form a 180" domain wall with a 
corresponding point on the well with the same strain but opposite polarization, and a 
90" domain wall with a point on each of the other wells. Further it is possible to show 
that these are the only domain walls that are possible in the tetragonal phase. This is 
in agreement with experimental observations (Hooton and Merz 1955, Jaffe et a/.  
1971, Xu 1991, Chou and Wayman 1997, Park and Chung 1997). 
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3.2.2. Ovthorlzornhic phnse 
The energy wells W o  of the orthorhombic phase are described in equation (19) 

and shown in figure 5. We can clearly form 180" domain walls between points 
(QUj,Qpj)  and (QU;, -Qpj) for any Q E SO(3) and i = 1 , .  . . , 6  according to 
lemma 1. 

To find the other domain walls, let us begin with a pair i, , j  such that U j  and U, 
have the same L: axis, that is the pair 1 and 3, the pair 3 and 4 and the pair 5 and 6. 
We shall first show that it is possible to form 90" domain walls with normal {loo},. 
between any of these pairs. Further these domain walls are obtained from compound 
solutions. Indeed, consider i = 1 and j = 2. Let R be a twofold rotation about the 
axis v = el .  Note that R E Po and satisfies equation (32). So we can obtain two 
solutions from equations (33) and (34), and they have normal n(') = e2 and 

that UI pl = $ p1 and U2 p2 = qp p2: 
n"" - - e l .  Further, we can calculate the angle between the polarizations by noting 

where 7$ = i (a" + So) ,  7/20 = 4 (ao - 6 O ) ,  $ = Po and N O ,  So,  and Po are lattice para- 
meters of orthorhombic variants (20). For BaTi03, = 90.13'. Finally, note that 
we obtain the same solutions by starting with a twofold rotation R about the axis 
v = el.  The pair 3 and 4 and the pair 5 and 6 are treated analogously. 

Now consider the remaining cases, that is when U, and U, do not have the same c 
axis. We shall show that here we can form a type I 120" domain wall with normal 
{110}, and a type I1 60" domain wall with an irrational normal. To be specific, 
consider the pairs (U, ,  &pL)  and (U4, &p3). Let R be a twofold rotation about the 
axis v = (1/21'2) (e2 + e3). Note that R E Po and satisfies equation (32). So we can 
obtain two solutions from equations (33) and (34). Further, one can verify that 
U, p1 = $ p, and U4 p3 = qe p4; so that the angles P(',I1) between the polarizations 
a re 

For BaTi03, @(I) = 120.27" and p(") = 60.27". The remaining pairs of variants are 
treated analogously. 

In summary, each point on any orthorhombic well can form a 180" domain wall 
with the corresponding point on the well with the same strain but opposite polariza- 
tion, a 90" domain wall with one point each on the two wells with different strains 
with identical c axis, and a 60" or 120" domain wall with one point on each well of 
the pair with different c axes. Further it is possible to show that these are the only 
domain walls that are possible in the orthorhombic phase. This is shown schemati- 
cally in figure 5 and is in agreement with observations (Jona and Shirane 1962, 
Huang et a/. 1995). 
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3.2.3. Rhonzhohedunl phase 
The energy wells W' of the rhombohedra1 phase are described in equation (21) 

and shown in figure 6. We can clearly form 180" domain walls between points 
(QU:,Qp:) and (QU:, -Qp:) for any Q E SO(3) and i = 1 , .  . . , 4  according to 
lemma I .  

We now turn to domain walls with different strains on the two sides. First 
consider the case i = 1 and j = 2. Note that R. a twofold rotation about the axis 
3 = (1/2'/')(e2 + e3) satisfies R E Po (see appendix A) and Us = RTU;R, 
p; = RTp;. We can then conclude from lemma 1 that there are two possible solu- 
tions to equations (30) and (31) and they are obtained from equations (33) and (34) 
to be 

(44) 

To obtain the angles per,") between the polarizations on the two sides, first note that 
in general there does not exist the common X such that equation (36) holds unless the 
lattice parameters of rhombohedral variants have certain special relation. Thus, we 
have to resort to equation (35) with the help of equations (44). It follows that 

(46) 
a'> + 10curSr+ 7hr2 c o s p  = - 

3 (d2 + 2 a' 6' + 3 b'?) . 
For BaTi03, pi') = 70.74" and p(") = 109.68'. 

To characterize these walls further, note that we could have obtained the same 
two solutions by choosing R to be a twofold rotation about v* = e l .  Moreover, one 
can verify that the type I solution in terms of the rotation with axis v coincides with 
the type I1 solution in terms of the rotation with axis v*, and vice versa. As a result, 
these solutions are compound. 

The remaining cases can be treated analogously. 
In summary, the domain walls in rhombohedral wells can be characterized as 

shown in figure 6. Any point on one of energy wells can form a 180" domain wall 
with a corresponding point on the well with the same strain but opposite polariza- 
tion, and a 70' or 109" domain wall with one point on each of the other wells 
with different strains. Further it is possible to show that these are the only domain 
walls that are possible in the rhombohedra1 phase. This is in general agreement with 
experimental observations of the rhombohedral domain configuration (Jona and 
Shirane 1962, Ricote et al. 2000). 

3.3. Rhornobohedrnl-Tetragonnl domain w d l  
We have discussed in 4 2.3 that PZT at compositions at the morphotropic phase 

boundary can be polarized in either the (100) or the (1 1 I )  directions, and the energy 
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has both the tetragonal and the rhombohedra1 wells. This material, therefore, can 
switch from the rhombohedral to the tetragonal phase and vice versa. Further, the 
rhombohedral-to-tetragonal phase transformation in relaxors is also the basis of the 
ultrahigh strains (Shrout and Park 1997). A similar transformation has recently also 
been observed in BaTiO? (Park et a/. 1999). 

We now explore whether it is possible to form a low-energy interface between 
with the (100) polarized tetragonal one side and the (1 11) polarized rhombohedral 
on the other. This would require us to satisfy the mechanical and electrical compat- 
ibility conditions (30) and (31) with Ui = Ul;, Ui = U1, pi = pi, pi = pi. Ball 
and James (1987) have given the most general conditions under which one can 
solve equation (30). According to their result, a solution is possible if and only if 
the eigenvalues XI, X2 and X3 of the matrix (U;)-' (Ui)2(U:)-1 satisfies 
0 d XI d X2 = 1 d X3. If these conditions are satisfied, then their result also provides 
us with a formula for n. Using this value of n we can look for solutions of equation 
(3 1). The calculations, which are omitted since they are tedious and unenlightening, 
lead us to conclude the following. 

It is possible to form a low-energy domain wall between the rhombohedral and 
tetragonal phases if and only if 

t 

(47) 

(48) 

(49) 

2 
71 - E = 711 , 

V ( V +  <I + dd drl+ 7% + E )  + 2E2, 

<r[2Tll + X€l  + (1 - A)€,] = /% [ X E l  + (1 - x)€3](ar + 26')E', 

where 

t t 
= 111, 772 = 7 2 ,  = (a')2 + 2(6')', < = 6'(2Q' f 6'), /% = fl, 2 = & I .  

Note that these are severe restrictions on 11'1 , ~ 6 ,  ar ,  6', I' which are given for 
any given material. We conclude therefore that only very special materials can form 
these low-energy rhombohedral-tetragonal walls. We speculate that materials whose 
parameters satisfy these special relations can undergo the rhombohedral-to-tetrago- 
nal phase transformation under much smaller driving forces, and thus with much 
smaller hysteresis, than the others. We wonder whether these relations have any 
connection to the relaxors that display ultrahigh strains. We note here that such 
special relations play a very significant role in the context of martensites where it has 
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been established that special relations can lead to very special microstructures 
(Bhattacharya 199 1). 

3.4. Other doniaiii patterns 

3.4.1. Banded dornaiii pntterns 
We now use the same ideas to examine the more complex domain patterns that 

are observed in ferroelectric materials. Consider a state shown in figure 8 (u) where 
(F', p') and (F-, p-) alternate in layers separated by parallel planes with normal n 
in the reference configuration. Notice that the necessary conditions that this layered 
structure be an energy minimizer are the same as those for forniing a single domain 

A A 

Figure 8. (u)  Rank-one lamellar domain patterns. (b)  Rank-two banded domain patterns. ( c )  
Predicted banded domain patterns for ferroelectric crystals in the tetragonal phase. (14 
High-rank domain patterns with very-fine-scale electric substructure within sublayers. 
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Mwmscopic hehnviour of fen.oelectric niatevinls 204 1 

wall. Therefore, the results above describe not only a single domain wall but also a 
laminate made of many parallel domain walls. 

Let us now turn to the more complicated banded structure shown schematically 
in figure 8 (h ) .  This is commonly observed (for example Jona and Shirane (1962) and 
Arlt (1990)) and consists of parallel ‘layers’ which themselves are made up of many 
parallel ‘sublayers’. The length scale of the sublayers is typically much smaller than 
those of the layers. For this structure to be an energy minimizer, the four states must 
belong to energy wells; let us label the corresponding wells i , j ,  k and 1. The sublayers 
must satisfy both the mechanical and electrical compatibility conditions (30) and (3 I)  
across the interfaces with normals nl and n2 as before. Finally the layers themselves 
must satisfy the mechanical and electrical compatibility conditions across the inter- 
faces with normal m. However, this compatibility is only on average (James and 
Kinderlehrer 1993). Since the sublayers are much finer than the layers, at the level of 
the layers we do not see the individual sublayers; instead we find the average defor- 
mation gradient and the average polarization and only require these averages to be 
compatible across the interface with normal h. Putting all this together, we conclude 
the following. 

We can form a structure shown in figure 8 (h)  as an energy minimizer if, for given 
i ,  j ,  k ,  I ,  we satisfy the equations 

where 

for some vectors al,a2,b,n1,n2 and m, for rotations QI.Q2  and Q and for 
K l . K 2 , K  = +1. 

Note that equations (50) and (51) are the same as equations (30) and (31) con- 
sidered earlier and can be solved using lemma 1. It turns out that it is rather difficult 
to solve equation (52) in general; we can find solutions to the first equation here, but 
the latter makes it over-determined. There are, however, some very interesting solu- 
tions that one can obtain using symmetry for the case when we have equal volume 
fractions y1 = y2 = 7.  Assume that the pair (U,, p,) and (U/, p,) and the pair (U,, pk) 
and (U/, pI) satisfy the conditions listed in lemma 1. Then one can obtain solutions to 
equations (50) and (51). Further, suppose that we can find a twofold rotation R 
about the axis 3 that relates the variants as follows: 
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2042 Y. C. Shu and K. Bhattacharya 

It follows that 

Q2 = RQ,R,  a2 = Ra, ,  n2 = Rnl 

F = R G R ,  P = R ~ .  

Therefore, with T~ = 72 = y / ,  

Now a slight modification of case 2 in lemma 1 shows that there are two solutions to 
equation (52) given by 

where p is chosen such that )6i('I)I = 1. 
Let us now specialize to tetragonal variants with energy wells (34). For the case 

i = 1, j = 2, k = 1, I = 2 involving only two variants, we can find solutions with 
normals 

For the case i = 3 , j  = 2, k = 3, I = 1, which involves all three variants as shown in 
figure 8 (c), we also have two solutions 

where 

Notice that, if ~ ; / q :  M 1, then m(Ir) M (1/2'l2)( 1 , 1 ,  O)T. All other sets of variants are 
obtained from the above by symmetry. 

Let us go back briefly to the case yI # y2. Here, as we have already noted, there 
are no generic solutions to equations (52). It is however, possible to form such 
domain patterns by simply introducing an 'electrical substructure' within the sub- 
layer as shown in figure 8 (4. Recall that, if (F, p) E W ,  then (F, -p) E W .  So within 
each sublayer we make a substructure of 180" domains so that the average polariza- 
tion is zero. We are then left with only the mechanical expressions in equations (50)- 
(52) ,  which have many solutions. 
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Finally, we note that we can form an infinite number of such patterns by iterating 
this construction and obtaining layers within layers within layers and so forth. 

3.4.2. Crossing dotnuin pat tern 
Consider the crossing pattern involving four different polarized states shown in 

figure 9. The key difference between this and the banded layered pattern shown in 
figure 8 (h)  is that here we do not have any separation of length scales, that is all the 
widths are comparable and all adjacent pairs form ‘exact’ interfaces. Therefore the 
material has to satisfy a much more restrictive condition to satisfy such a pattern to 
be an energy-minimizing state. 

The deformation gradient and polarization associated with the different states 
must belong to the energy wells. So, without loss of generality, let us assume 

(QjQkQIUI, for suitable choices of i ,  j ,  k, I and where as usual 
Qi, Qk,  QI E SO(3) and K ~ ,  5 ,  K ~ ,  K /  = f l .  Further these states must satisfy mechan- 
ical and electrical compatibility conditions (30) and (3 1) across the interfaces: 

that they are given by (Ui, Pi), (QjUj, KjQ,jPj)> (QjQkUk, f i j ~ , / c Q j Q k ~ k ) *  

QjU, - Ui = a, QI n,, ( K ~ Q ; ~ ~  - pi).UTTni = 0, 

Q,, Uk - U, = a2 @ n2, (qQkpk - p,)-UyTnj = 0, 

Q/U/ - uk = a3 8 ti3, - = 0, 

Q ~ U ~  - uI = a4 EI it4, ( K ~ Q ~ ~ ~  - pI).uyTnl = 0, 

Qi Qj Qk Q/ = 1, K j K j K p q  = 1, 

and n] ,  . . . , n4 must lie on a plane to ensure that the four interfaces meet along a line. 
It is easy to verify that these conditions also prevent the formation of singularities at 
the fourfold corner, and are sufficient for forming the pattern shown in figure 9. 

The crossing pattern was analysed in martensitic materials by Bhattacharya 
(1996), where one has to deal with only mechanical compatibility. In particular, 
he provided sufficient conditions for the expressions of mechanical compatibility 

Figure 9. A crossing domain pattern consisting of four states. The structure predicted by 
lemma 2: the i-j and k-1 interfaces are of type I twins and lie on the same plane, while 
the j-k and I-i interfaces are of type I1 twins and are related by a reflection. 
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in equations (63). It turns out, as in lemma 1, that these conditions are also sufficient 
to satisfy the electrical compatibility in equations (62) as well. The results are sum- 
marized in the following lemma which can be obtained by combining the arguments 
given by Bhattacharya (1996) with those in lemma 1. 

Lemma 2: Let U;, Uj, Uk, U I  aiid pi, pj, pk, PI be distinct (i.e., i,,j, k ,  1 are disrinct) and 
be related bji twofold rotations R ,  and R2 c i . s fd lo~~s :  

uj = R, T u;R,, uk = R?U,R,, uI = R T U / , R ~ ,  
P. ./ = RTP;, Pk = R?Pj, PI = RTPh (63) 

T 

R1 = -1 + 2V1 @ Vl, R2 = -I + 2V2 1% V2, 

where 3 ,  arid C2 are the uses oj'rotations for R1 arid R2 and satisfj 

v1 'V2 = 0, V&V2 # 0, (64) 

witlz V3 yerpe~zcliculur to both v, arid V2. Tlzeri, the ,following solves equations (62): 

d i e r e  p a i d  pl (ire cIioseri s u d i  t k i t  Inj\ = \n l \  = 1. 

Let us now study the consequences of this result. Note that, since the lemma 
requires all four states to be distinct, it gives no solution for the tetragonal phase. In 
fact, one can use the results of Bhattacharya (1996) to rule out all any crossing 
patterns in cubic-to-tetragonal transformations. 

On the other hand, the lemma delivers one set of solutions for the rhombohedra1 
phase. One solution corresponds to the choice 

i = l ,  , j = 2 ,  k = 3 ,  I = 4 ,  (66) 

and those obtained from this by symmetry. For the specific choice (66), we can 
satisfy the hypothesis in the lemma by choosing Vl  = el and V2 = 6,; we obtain 
the normal in the reference configuration to be: 

(67) 
1 1 

ni=e l ,  nj=-(e1 -e3) ,  n l c = e l ,  nI=-(e,+e3).  

In the orthorhombic phase, however, the lemma delivers two sets of solutions. 
One solution corresponds to the choice 

i = l >  j = 4 ,  k = 3 ,  I = 2 ,  (68) 
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and those obtained from these by symmetry. For the specific choice (68), we can 
satisfy the hypothesis in the lemma by choosing vI = (1/21/2)(e2 + e3) and V? = 6 , ;  
we obtain the normal in the reference configuration to be: 

1 ^ ^ A  1 ,  A 

ni = 21/' (e2 + e3), nj = e3> nk = (e2 + e3) ,  nl = e?. 
L 311- (69) 

The second solution corresponds to the choice 

i = l ,  j = 2 ,  k = 5 ,  1 = 6 ,  

and those obtained from these by symmetry. For the specific choice (70), we can 
satisfy the hypothesis in the lemma by choosing vl = e1 and v2 = (1/2'l2)(eI + e3); 
we obtain the normals in the reference configuration to be 

n, = e2, hI = - [-(qpZ + 1742 - 2qf)c1 + 2(qf - 7jp2) i i 2  + (qf + qf - 2q$)ii3l, 

n k  = e 2 ,  

, *  1 
P 

(71) 1 '  
P 

h[ = 7 [(qf + qf - 2q$)e1 + 2(qf - ?S2)e2 - (qf + ?,f - 2qf)e3j, 

where 71; = $ (ao + SO), q; = {(a" - SO),  730 = Po and a", So and Po are lattice para- 
meters of orthorhombic variants (20). 

3.5. Energy niininzization 
We now show that the ferroelectric crystal can reduce its energy to zero by 

forming domain patterns. We also explain why energy miniinization often forces a 
material to form very-fine-scale domain patterns. 

Let us begin by considering an isolated ferroelectric single crystal and recalling 
the total energy r^ in equation (23). Note that, for any (F, p) E W ,  the uniform state 
(y = Fx,  p) makes the first term in the energy zero. However, the second term is not 
zero, except in very special circumstances. To see this, note that, if n' is the normal to 
the body in the current configuration, it is not possible that p-n' = 0 everywhere on 
the boundary unless of course the body is a plate in the current configuration. This in 
turn gives rise to electric fields since Maxwell's equation (2) has to be solved over all 
space. Thus, generically, the uniformly polarized state does not have zero energy. 

Note, however, that, if (F, p) E W ,  then (F, -p) E W .  Further, according to 
lemma 1 we can forin alternating layers of the state (F, p), (F, -p) (with a suitable 
normal). Finally, if the layer thickness is small enough, we can satisfy p-n' = 0 on 
average, and this allows us to reduce the second term of the energy to zero as well. 
This can be made precise using the arguments given by James and Kinderlehrer 
(1993). In particular for a sequence (y('), P ( ~ ) )  of alternating layers of thickness I lk ,  

inf E^ = h i c c  lim [E^(y("), p(I;))] = 0. (72) 

We could of course construct many other sequences which have zero energy in the 
limit. We can use banded domain patterns of the type in $3.3.1 which involve 
different deformation gradients and thus even satisfy suitable mechanical boundary 
conditions. This has been studied extensively in the context of niartensitic phase 
transformations (Ball and James 1987, 1992, Bhattacharya 1991, 1992, Hane and 
Shield 1998). A general but simple characterization of all possible mechanical bound- 
ary conditions that can be achieved by sequences with zero energy is unfortunately 
unknown. 
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2046 Y. C. Shu and K. Bhattacharya 

Now consider a ferroelectric in contact with some conductor domains C2 as 
shown in figure 1. Since we solve Maxwell’s equation (2) with the condition 
V$ = 0 (see equation ( 3 ) )  on the conductors (by allowing the formation of surface 
charges), it follows that no electric field is generated even if p-n’ # 0 on that part of 
the ferroelectric that is in coiitact with the conductors. Therefore, we do not need fine 
patterns in the region that are ‘shielded’ by the conducting electrode. 

5 4. APPLICATION TO DESIGN OF LARGE-STRAIN ACTUATORS 

4.1. Flat-plate coilfigurrition 
Consider a ferroelectric crystal in  the shape of a flat plate with electrodes on the 

two faces as shown in figure 10. Let 0‘”’ be the reference domain of the crystal: 

d ’ l )  = {x E R3 : (S,,X2) E s, 0 < s3 < h } ,  (73)  

where S is the cross-section (bounded Lipschitz domain in two dimensions), h is the 
thickness of the ferroelectric plate. and {x,, x2, x3} is relative to an orthonormal 
reference basis c2, c3}. A uniaxial compressive stress and an electric field are 
applied to the crystal as also shown in figure 10. We shall now show that, if the 
thickness of the crystal is much smaller than the lateral size and we apply a fixed 
electric field eo and mechanical load derived from a constant tensor To, that is 
to = Ton on 852. then we can find the state of the crystal by minimizing the much 
simpler function 

G(F,p;eo,To)  = W(F,p)  - eo -p (de tF )  - T o - F  (74) 

instead of the functional E defined in equation (1). In particular, if the applied field is 
in the g3 direction (i.e. eo = eo&) and the applied stress is uniaxial compressive in the 
g 3  direction (i.e. To = - - C T ~ < ~  @ c3) as shown in the figure, then 

G(F,p;eo,To) = W(F.P) --o(det F)(P.C,) +flo(53*F<3). (75)  

The idea behind replacing & by G is the following. For the configuration under 
consideration, the electrostatic energy is negligible since the ferroelectric is shielded 

Figure 10. A ferroelectric crystal in the shape of a flat plate subject to a uniaxial compresive 
stress with magnitude oo and electric field eo obtained from a potential $o. The 
physical and crystal bases are <, and ei respectively as shown. 
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on the top and bottom faces, and the lateral surface is of negligible area. 
Furthermore, the minimizers are not forced to refine in the absence of the electric 
field, and therefore even the exchange energy is negligible. We are left with an 
integral over the body, which is minimized when the integrand (74) is minimized. 

To make this precise, define 

where IS1 denotes the area of S. We have the following theorem. 

‘Theorem 1: Given comtu im e, mid To, 

Proof: Since the first and last terms of the total energy E defined in equation (1) are 
non-negative, we easily find a lower bound: 

min [W(F, p) - eo-p (detF) - T,.F] 
1 

hl~( [Q( iz l  ( F.p 

= min [G(F, p; eol To)]. (78) 
F.P 

It therefore suffices to show the upper bound 

rnin [E(”’(y,  p)] d min [G(F, p; eol To)]. ) F;P 

Given any constants F, p, define .Of) to be the image of under F: 

QF) = {y : F-’y E Q(”)}. 

Note that, using equation (1 I), we have 

(79) 

where 

and 4(”) solves Maxwell’s equation (4) subject to 4”’’ = 0 on SF’ and Si;“’ which are 
the deformed top and bottom surhces of the electrodes. We now change variables 
from y to x and define 

$‘”)(x) = 4‘h)(Fx) and VP$” = $f)t, + $:)t2 (83) 
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2048 Y. C. Shu and K. Bhattacharya 

to obtain 

since $”‘) = 0 on the top and bottom surfaces of the electrodes denoted by S‘O’ and 
SthJ in the reference confi uration. 

We now show that E,!,, goes to zero with h. Recall from equation (12) that 
Maxwell’s equation is equivalent to a variational principle. Therefore we can con- 
clude by a change in variables that $(*) minimizes the functional 

8, 

over all 4 E H’(R3) that vanishes on S(O) and S(”’. To study this problem, it is 
convenient to introduce a second change in variables: 

1 
f l  

(86) Z ]  = X I ,  -12 = x2, z3 = -s3, 

and define 

~ ( z ( x ) )  = $(x), 52“) = { z :  (z~,z?,/Iz~) E d’)}, S“) = {Z : ( ~ 1 , : 2 , h ~ 3 )  E S‘”’}. 

The variational problem (85) is the same as minimizing 

(87) 

over all y E HI (R’) that vanishes on S ( O )  and S“).  Let the minimizer be cp(’”. Clearly. 

FT(”)(pt”)) 9 .T(”) (O)  = (pi2 detF. (89) 

Since (F-T~12 3 a!(v(’ for any vector v where a! is the smallest eigenvalue of F-’F-’, 
we conclude that 

1 I t  V,P‘”) l l p  f c, 117; cp;:” llL2 G c (90) 

for some constant C independent of h. This also iniplies that 

( /V,p(*) (Ip  < c. (91) 

Using the Polncari inequality, we conclude that there exists a subsequence of p(”) 
(not relabelled) and (p E H ’ ( R 3 )  that vanishes on S(O’ and S(’)  such that 

+ in H ’ ( R ? )  as + 0. (92) p“‘) - 

9;;’ + 0 in L’(R~)  as / I  -+ 0. (93) 

However, from the second of equations (90), we also have 
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Mncroscopic behaviouv of jevroelectric materials 2049 

From the uniqueness of the weak limit, we conclude that 

~ p , ~ ( z )  = 0 a.e. (94) 

Finally, since (p = 0 on S(O) and S(’)  and since 9“) is convex in z3, we conclude that 
@ ( z )  = 0 on Combining this with equation (92), we conclude that 

1 - jQi,, (F-’p) * (VPp(’’)) det F dz 4 0 as 17 -+ 0. (95) 

Changing variables back to x and comparing this with equation (84) we conclude 
that 

&gc --f 0 as11 --f 0. 

Combining equations (81) and (96), we conclude that 

G(F, p; e,, To) = lim sup &@)(Fx, p)] B lim sup min [E(”)(y, P)]) . (97) 
11-0 

This gives us the desired upper bound (79) and concludes the proof. 0 
We conclude this section with the following remark. In the preceding, we 

assumed that the applied field e, and load T, are held fixed while the crystal deforms 
to its minimum-energy configuration. Experimentally, it is possible to apply a fixed 
mechanical load but it is very difficult to apply a fixed electrical field. Instead, 
experimentally it is convenient to apply a constant potential to the faces as shown 
in figure 10. Note now that the field changes as the crystal deforms, and G in 
equation (74) should be replaced by 

G(F> P; 40,OO) = W(F> P> - % (detF)(P*F-T53) + ad53 .F5,), (98) 

where we have applied a fixed electric potential &, and compressive load crO as shown 
in figure 10. We can prove this using an argument very similar to that in theorem 1. 
Note that, if the deformation is small, then the difference between G and G in 
equation (75) with eo = & / h  is negligible. 

4.2. Phase dingrani 
The energy density W has multiple wells as described in $2. The functioii G (or 

G) in equation (74) (or equation (98)) inherits this multiwell structure; however, the 
heights of the individual wells are controlled by the applied loads a, and q+,. In 
particular, G does not satisfy the inaterial symmetry condition (14), and thus the 
different variants do not necessarily have the same energy. In short, the applied fields 
and loads can bias one variant over others; similarly it can change the transforma- 
tion temperatures. This information can be summarized in a ‘0,-4~ phase diagram’ 
which shows the variant that minimizes G for a given pair (a,, &). 

For example, consider a BaTi03 single crystal at room temperature oriented such 
that the pseudocubic [OOl) axis is normal to the plate (i.e. the crystal axes { e i }  
coincides with the physical axes { c l } ) .  The phase diagram is shown schematically 
in figure 11. All tetragonal variants are equally preferred in the absence of applied 
field and load (at the point 0). If we apply a moderate field and a small load as at (b), 
the crystal prefers the I0011 polarized state; in contrast, if we apply a moderate load 
and a small field as at  (a), the crystal prefers either a [IOO] or a [OlO] polarized state. 
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2050 Y. C. Shu and K. Bhattacharya 

Figure 11. The field-stress phase diagram at room temperature for BaTiO?. The basic 
experiniental idea is to apply a constant load and varying electric field to traverse 
the broken lines (a)-(b) or (a)-(c). 

The exchange of stability takes place across the line OT. Finally, if we apply a very 
large field and load as at (c), the crystal transforms to the orthorhombic phase and is 
either [loll or [Oll] polarized. Note that T is the triple point where all the different 
states have equal energy. The details of this phase diagram and others for different 
temperatures and different crystal orientations have been presented elsewhere 
(Burcsu 2001). 

4.3. Mmiinurn actuation strniii 
The phase diagram in figure 11 and the result in lemma 1 suggest one way of 

obtaining large electrostriction. Suppose that we apply a fixed moderate load oo and 
variable electric field do so that we cycle along the broken line (a)-(b) in figure 11. 
The material then cycles between the [010]- (or [loo]-) and [001]-polarized states. 
Further, the domain wall described in 3 3 between these states provides a low-energy 
path between the two end states. 

The phase diagram and the electrostriction depends on the orientation of the 
crystal. To find the orientation with the maximum electrostriction, let R be the 
rotation that maps the crystal basis to the physical basis: 

6, = RC,. (99) 

Then. the strain on switching from variant i to variant j is given by 

max ( < 3 . ~ ~ ~ i ~ i 1 ~ T < 3 )  - 
QcSO(3) 

so by maximizing over all crystal orientations and all pairs of variants, we conclude 
that the maximum actuation strain is given by 
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= niax m,ax max ( 5 3 . ~ ~ ~ I ~ ~ 1 ~ r ~ , )  - I .  
RE SO(^) I J  QtSO(3) 

For tetragonal variants we find that the optimal rotations are R = Q = I and the 
optimal variants are i = 1 a n d /  = 3, or i = 2 a n d j  = 3. This is exactly the situation 
considered along the line (a)-@) in figure 11. The maximum actuation strain is 

which for BaTi03 turns out to be 

c i - t )  M 1.1%. (103) 

Therefore we can obtain an electrostrictioii of 1 .l% with (001)-oriented BaTiO, at 
room temperature by using an electromechanical loading path (a)-@) in figure 11. 
This is about ten times larger than the strain induced by the current PZT piezo- 
electric actuators. The corresponding value is about 6.3% in PbTi03. Thus, a 
coupled electromechanical loading offers an attractive possibility for large electro- 
striction. 

For the orthorhombic variants, the calculation of maximum actuation strain is 
more complicated than the above case. However, if the lattice parameters in equa- 
tions (20) satisfy )a" - l )  << l ,  ID" - 11 << l and /6") << l, then 

where 8 = 2So//ao - /?"I. The optimal rotation Q M I, but now the optimal orienta- 
tion R and variants depends on lattice parameters. If 8 < 2'/', then the optimal pair 
can be chosen as (Uy, Uy) with 

if 8 2 2"', then the optimal pair can be chosen as (Us, Ug) with 

For BaTi03 in the orthorhombic phase, 

ti;'"' M 0.66%. (105) 

We now consider the possibility of a phase transformation from the tetragonal to 
the orthorhombic phase. If the lattice parameters in equations (18) and (20) satisfy 
1.11; - 11 << 1, 171; - 11 << 1, la'' - 11 << 1, [Po - 11 << 1 and ISo/ << 1, then 
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where 

and the associated optimal orientation R is 

(109) 
1 

RT53 = 21/2 (5 ,  + 5 3 ) ,  for the pair cu: , u9. 
Finally, we consider the possibility of a phase transformation from the tetragonal 

to the rhombohedra1 phase. If the lattice parameters in equations (18) and (22) 
satisfy 1.11; - 11 << 1, 17; - 11 << I ,  \nil - I \  << 1 and \h'\ << 1. then 

4.4. Conipnrison with experiment 
Burcsu et 01. (2000) have designed and built an experimental set-up to apply a 

constant mechanical load and variable electric field. They used a [00 11-oriented single 
crystal (approximately 5 mm x 5 mm x I mm) as suggested by the theoretical con- 
siderations above, applied a loading along the path (a)-(b) (see figure 11) and mea- 
sured the strain. Their experimental result is shown in figure 12. Note that the strain 
is almost 0.9% for moderate fields of about 2 KV m n - ] ,  and that this is close to the 
theoretically predicted value of 1.1%. We do not know the reason for this small 
discrepancy at this moment but speculate the following. First, our theory finds 
absolute minimum while the inaterial has to follow a suitable kinetic path which 
may become trapped in a local minimum. Second, the aspect ratio of the thickness to 
the lateral size of the specimen is 1 : 5 which may not be small enough to make the 
electrostatic end fields negligible. Further, there is some electric leakage on the 
electrodes in reality, giving rise to incomplete charge compensation. If the leakage 
is significant, the neglect of the depolarization energy is questionable. Finally, the 
specimen is not defect free; some microcracks extending from the edges to the centre 
of the specimen were observed prior to the experiment. This would cause electric 
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0.9 

4 , t W O j  ' ' ' -10000 ' ' ' ' ' 0 ' ' ' ' ' 1 0000 ' ' ' ' ' 20000 ' ' 
Electric tield (Wcm) 

Figure 12. Experimental observation of actuation strain versus various electric voltage for 
BaTi03. A constant uniaxial compressive stress with magnitude about 3.5 MPa is 
applied on the specimen. 

concentration around the crack tips which in turn could change the patterns of 
polarization switch. In any case, the agreement is encouraging and these specific 
issues will be addressed in future work. 
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A P P E N D I X  A 
Let el = [loo],, e2 = [ O l O ] ,  and e3 = [OOl],. be a set of an orthonormal crystal basis 
relative to the pseudocubic axes. The point group P" for a cubic lattice consists of 24 
elements: 

I, R""(e,), R"l2(e2), R"/'(e3). R n ( e l ) ,  R'(e2), R"(e3) ,  R3"12(e1), R3"12(e2), 
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where 

R"(e) = coswI + (1  - cosw) 8 c? e + s inweA 

is the proper rotation with 8 as  axis and w as rotation angle. 
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