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Abstract:

An error-dependent smoothing rule for
reducing the variance of local linear curve
estimators is suggested. It involves weighting
the
proportion to a power of the absolute value of
We

prove that asymptotic variance can be

bandwidth used at each datum, in

its residual. The optimal power is 2/3.

reduced by 24% in the case of Normal errors,

oEE LS

and 35% for
These

Jiang ng Fan's bounds on performance of

double-exponential errors.

results might appear to violate

local linear methods, but note that our
apprcach to smoothing produces nonlinear
Under

estimator has slightly better mean squared

estimators. Normal errors, our
error performance than that suggested by
Fan's minimax bound, calculated over all
estimators. However, these improvements
are available only for single functions. not
uniformly over Fan's function class. For
symmetric error distributions the method has
no first-order effect on bias. In the case of
asymmetric error distributions an overall
reduction in mean squared error is achievable,
involving a trade-off between bias and

varia:ice contributions.

Bandwidth,

regression,

kernel method.

tail
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There 1s a great variety of bias
reduction methods for nonparametric curve
estimation, ranging from high-order kernel
1995,

bandwidth

techniques (e.g. Wand and Jones,

Chapters 2 & 5) to local



adjustments (e.g. Abramson, 1982), methods
based on varying location and scale (e.g.
Samiuddin and el-Sayyad, 1990) empirical
transformations (e.g. Ruppert and Cline,
1994), weights (e.g. Jones, Linton and
Nielsen, 1995), and skew computation (e.g.
Choi and Hall, 1998). However, very few
methods have been suggested for reducing
the impact of variance. Those that do exist
involve principally deterministic adjustments
to bandwidth, altering the local trade-off
between variance and squared bias in the
context of mean integrated squared error. We
suggest a new and entirely different approach
to variance reduction. It involves adjusting
bandwidth in a stochastic way, with the aim
of providing improved performance by
giving greater weight to data pairs that
correspond to smaller absolute errors. The
method is also applicable to the case of
heteroscedasticity.
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Assume that (X.Y)),---(X,.Y,) are
independent and identically distributed data
pairs generated by the model

Y,=g(X)+¢,
where X
E(g)=0.
errors ¢, are known, define a bandwidth #,
by h =hH(g), with h=h(n) being a

sequence of positive constants and H a

(D
is independent of & . and

In the “ideal" case, where the

fixed positive function. Realistically, we

approximates; by a residual £ and put
};, = hH(E,). In either case, and for fixed x.
let (fz‘,};) denote  the  pair that
minimizes

nH

DAy —a—b(X, —x)F U K{(X, - x)/h,)

i=|

wher: K is a kernel function: and put
g(x)=a. Here K is taken to be a bounded,
compactly supported, symmetric probability
density. We expect H (x) to be an increasing
functon of |x in which case smaller
absolute errors produce lesser smoothing.
Suppose H is
E{H::g)2}<oo then we may standardize
Hso that E{H(g)z}zl. In  addition,
proviled the error distribution is symmetric

and £ is an even function, then
| i {

S=g+ %hzguzcz +(nh) 2 /3/'—'3/(30']\/,,
(2)
withx, = J'u?K(u)du,K = J-KE,O'z = var(g),
p’ = E{ng(g)*'}/a2 <l, and N, is a

random

+0/7(h3),

variable whose

asymptotic
distribution is N(0.1). Here, $f$ denote the
marginal density of X, assumed to exist in
a neizhborhood of x and f(x)>0. Note
that the expansion (2) holds for the classical
local inear estimator, except that the second
term does not contain the factor p. The
solution  to  minimizing p subject o
E{H(s)z}:l is that H(e) proportional

273 . .
tole]” ", in which case p* = p? where

oF = {qu'4/'3)}3/3 /o <1.
For Normal errors, our results are suggestive
of a version of Fan's (1993) Theorem 4 in
which his constant 0.869° is replaced by
1.00, tis being the value (to two decimal

places) of

(124308 )" :(1.243[2{1“(7/6)/7;”2}“]“)

~1.0024°, (3)
The fa:t that right-hand side of (3) exceeds 1

non-degenerate. [f



means that a realistic version of the nonlinear
ideal estimator ¢ cannot be expected to
achieve, in a uniform sense. Therefore, Fan's
(1993) results do not have close analogues
However, for

for our estimator. any

particular functions f and g with two
of

performance evinced by the ideal estimator

continuous  derivatives, the level

can be achieved. In this case a pilot
estimator g is first constructed, and used to
calculateg, =Y, - g(X,).  Then, possibly
after centering or thresholding these residuals,
we would compute the empirical bandwidth

};/. =hé " and use fz,. in place of A, to

;

construct ¢. Modulo regularity conditions,
formula (2) continues to hold in this case.
Since Fan's minimax function class C,
contains models where the error distribution
1s Normal, results such as those discussed
above do not relate to improvements in
performance that error-dependent smoothing
can achieve in the case of heavy-tailed error
distributions. Indeed, the value of p; tends to
be smaller for distributions with heavier tails.
Values in the cases of double Exponential,
Normal and Uniform errors are respectively
0.650, 0.757 and 0.842.
Student's t distribution on 5, 10 or 20 degrees
of freedom, the values are 0.676, 0.726 and

For errors with

0.743, respectively. For non-Normal errors
one can also construct estimators that are
more efficient than g by replacing local least-
squares by a robust method such as local
M -estimation.

Neither (2) nor (3)
uniformly in a function class such as Fan's
C,.
“o,(h*)" terms converge to 0 depends

1s available

One reason is that the rate at which the

(OS]

explicitly on the modulus of continuity of
both /" and g".and can be arbitrarily slow.
In the realistic case, this in turn influences
choicc of the pilot-estimator bandwidth.
Taking that quantity to be equal to a fixed

' results in inflation

constant multiple of »~
of va-iance relative to that achieved by the
“ideal" estimator. For sufficiently heavy-
tailed error distributions, such an inflation
still produces a reduction in variance, relative
to thet for a classical local linear estimator.
This is readily apparent in both theoretical
analysis and numerical simulations.  For
Normal data, however, slight oversmoothing
of the pilot estimator, and relatively large
sample sizes, are necessary in order (o
achie'se obvious improvements.

In a simulation study where the error
distribution was Student's ¢ with 5 degrees
of fre :dom, we found that when »n =100 the
Tideal"
smoo-hing rules reduced mean integrated
squared error (MISE) by 30% and 13%

respectively. Greater reductions occurred for

and realistic" error-dependent

larger values of n. In the case of Normal
errors, however, MISE reductions in the
“‘real: stic” case only became significant for
n=>5)0. this took
g(x) =4sin(2mx), used equally-distributed
(0,1), employed
biweizht kernel, and took the bandwidth for

In work  we

design points on the
the pilot estimator to be 25% greater than its

conventional asymptotically optimal value.

o AR A

[n large samples, while keeping the same bias

as the classical local linear estimators, our



method reduces the variance contribution to
mean integrated squared error by 24% in the
case of Normal errors, by 35% for double-
exponentially distributed errors, and by even
greater amounts for very heavy-tailed error
distributions.
violate the bounds asserted by Fan (1993) for

These figures might appear to

performance of local linear estimators.

However, Fan's result about asymptotic
optimality of local linear estimators applies
only within the class of linear techniques,
and (after error-dependent smoothing) our
estimators are nonlinear. Moreover, Fan's

other ~ minimax  bounds,  measuring
performance against nonlinear techniques, do
not specifically address the range of heavy-
tailed error distributions that are considered
in the present paper, since his class C, of
models for the “'max" part of ‘minimax"

contains models with Normal errors.
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